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1. Summary 
 
 
It is well-known that low frequency electromagnetic (EM) signals are heavily attenuated in 
a medium with dense electron population. All signals below the plasma frequency of the 
medium get cut off. If we create in this medium a small population of relatively hot 
electrons the composite medium then supports low-frequency electrostatic oscillations 
known as electron acoustic waves (EAW) [e.g., Gary and Tokar,  Phys. Fluids, vol. 28, p 
2439]. The dispersion relation of this composite medium shows that it supports EAW in 
the frequency band where EM signals are cut off. Thus it is possible, in principle, to 
employ EAW to transmit signals across an overdense plasma medium. Our primary 
interest in this report is to study the radiation characteristics of a source current distribution 
embedded in a half-space of our composite medium. To enable this, we derive the Green's 
functions for our problem and hence study the radiation characteristics of antennas. When 
the source signal frequency is below the plasma frequency, only EAW exist in the 
composite medium, while only EM waves can exist in the free space above. We find that 
the far-zone radiation fields of any current distribution consist only of θ-polarized waves. 
Explicit expressions for the radiated fields are obtained for horizontally- and vertically-
polarized Hertzian dipoles embedded in our composite medium. We hence find that in both 
cases the radiation patterns are skewed towards the horizon. In particular, we find that the 
radiation pattern of a horizontal dipole has two lobes as opposed to one in the underdense 
case.
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2. Introduction 
 

When a space vehicle reenters the atmosphere it encounters a bow shock. The kinetic energy of 
the vehicle is translated into high heat and pressure in the shock layer. This initiates a variety of 
thermo-chemical processes [1], [2] and a dense plasma sheath surrounds the vehicle. It is well-
known that sensor performance aboard hypersonic vehicles is degraded to various degrees because 
of the dense plasma. In our study we have found that there will be periods in the course of the 
trajectory where the electron density of the plasma sheath is so high that the microwave signals are 
completely cut off. This is the famous ``communication blackout'' encountered during the Apollo 
missions in the 1960s. Indeed issues with communication with reentry vehicles were studied even 
before Apollo missions [3]. Such communication blackout problems are also encountered in many 
other space exploration missions [4]. Some of early schemes that were proposed are: use of electron 
beams [5], high frequency laser [6], strong static magnetic fields [5]-[8], and alteration of chemical 
composition [9]-[13]. 
 

Two articles that summarize early ideas are those of Rawhouser [5] and Rybak [14]. More 
recent ideas put forward are: three-wave scattering process [15], [16], Hall effect drift [17], 
electrostatic manipulation [17]-[19], and resonant transmission [20], [21]. These schemes exploit 
the wave phenomenology in the plasma sheath to transmit signals across the sheath. There have also 
been suggestions on mechanical structures that can avoid the blackout condition. One idea is that of 
a remote antenna assembly [22] just outside the potential dense plasma region. Also, the choice of 
shape of the hypersonic vehicle has an important influence on the character of the flow field [23]. 
Hence it is possible to choose the shape of the vehicle such that blackout situations are minimized. 
All these schemes have their share of advantages and disadvantages. None have been implemented 
successfully in any hypersonic vehicles thus far. Indeed there is a long way to go before any of 
these schemes can be implemented in operational hypersonic vehicles because there remain many 
theoretical and practical issues to be overcome. Some of the difficulties one faces are: (a) size, 
weight constraint, (b) engineering issues of implementation, (c) power resources constraint. 
Furthermore, the proposed concepts have been illustrated only for idealized models; the feasibility 
and success of such concepts are questionable under non-ideal conditions encountered in practice. 
Hence the issue of communication blackout is as ``topical" as it was during Apollo missions [24], 
[25]. Although there are now other means to communicate (via satellite) the sensor needs for 
modern hypersonic vehicles are now much greater and more critical. One concept that we are 
currently investigating is to employ electron acoustic waves (EAW) for carrying low-frequency 
microwave signals across the overdense plasma sheath [26]. The idea is to create a small population 
of high temperature electrons into the plasma sheath so that we have a two-temperature electron 
population. One way to create this composite medium is by injecting hot electrons by an electron 
gun as it was done during CHARGE-2B experiments [27]-[29]. Although EAW have not been 
popularly studied in the literature there are a few interesting papers [28], [30] where they play 
important roles in the context of ionosphere and space experiments. Indeed there are several 
instances where a two-temperature electron population occurs in nature. Some examples are: earth's 
bow shock [31], [32], undisturbed solar wind [35], interplanetary shocks [36]. In these contexts the 
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concept of EAW are sometimes employed to offer theoretical explanation to certain 
phenomenology. 
 

Note that it is not mandatory to have a two-temperature electron population to excite EAW. One 
may as well have a single electron population along with a resonant electron beam to excite EAW 
[37]. Although we have not explored this path in detail we feel that the domain of applicability of 
our scheme will be much larger than that using single electron population. These remarks are based 
on the assumption that the electrons have Maxwellian distribution. Furthermore, there are other 
ways (see for example, [37], [38]), besides that using a resonant electron beam, for creating a 
plateau near the region of phase velocity of EAW. However, not all such schemes are suitable for 
use in hypersonic vehicles. Since we have more familiarity and confidence in the beam concept for 
our application, our study is restricted to this idea. 
 
    In this report we show that the two-temperature electron population supports electron acoustic 
waves [39]-[41] in the frequency domain where the low-frequency electromagnetic waves are cut 
off. In fact the dispersion relation shows that the propagation characteristics of EM waves and EAW 
complement each other. Thus it is a promising idea to employ EAW to carry low-frequency 
microwave signals across an over dense plasma slab. However, there are issues: one of them is the 
phenomenon of resonant damping. A kinetic approach is taken to understand the damping 
characteristics of EAW. We also investigate the radiation characteristics of Hertzian dipole antennas 
embedded in the two-temperature composite medium. In this connection we derive the Green's 
function for our overdense plasma layer. We hence find that the radiation characteristics of antennas 
in an overdense two-temperature electron population are quite different from those in free space: (a) 
only θ -polarized waves are radiated, (b) radiation patter is skewed towards the horizon and (c) the 
radiation pattern of a horizontal dipole has two lobes as opposed to one in the underdense case. 
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3.0 Methods, Assumptions, and Procedures 
 
3.1 Electromagnetic Waves 
 
First we study the characteristics of electromagnetic waves (EMW) in our problem. Maxwell's 
equations are given as 

               4 4i
c c c
ω π π∇× + − =H E j J                  (1) 

                       i
c
ω∇× =E H                   (2) 

 Here J is the source current exciting the system; j  is the current distribution due to the plasma 
sheath given as 

oen= −j v        (3)   
where e  is the electron charge and on is the unperturbed electron charge density. The velocity v of 
the electrons is governed by the following linearized equation of motion: 
                                                    

o

T n e
t mn m

∇∂ + = −v E                                                                  (4) 

where T is the electron temperature and m is the electron mass. Note that we have neglected here 
the electron-neutral collisions1. The density and velocity of the electrons are connected by the 
continuity equation 
                                                   ( ) 0t on n∂ +∇ ⋅ =v                                                                          (5) 
On taking the curl of (2) and inserting (1) in it we obtain 
                                                2 2

42 4oi en i
c c

k π ω π ω∇×∇× − − =E E v J      (6) 

where k cω= is the free space wave number. From the equation of motion, we have 

              e
i mω=v E         (7)    

Substituting (7) in (6) we obtain the following equation for the electromagnetic waves 
                                               2

2 4 i
e c

k π ω∇×∇× − =E E J                                                                    (8) 

where  

( )2

2
2 2 1 p
ek k ω

ω
= −        (9) 

 and pω is the plasma frequency given as 

         
242 oe n

p m
πω =                 (10) 

 

                                                      
1 Collisions will not affect the fundamental character of EMW or the electron acoustic waves. They will only add attenuation to them. 
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When pω ω> , then 2
ek is less than 2k and is positive.This means that the medium will support 

propagating electromagnetic waves. On the other hand when pω ω< , 2
ek is negative and the 

electromagnetic waves here become evanescent 2. The dispersion relation of the EMW is given as 
                                                                   2 2 2 2

p ek cω ω= +      (11) 

Thus we see that pω is the cutoff frequency. All signals with frequency components below pω are 

cut off. Notice that pω is proportional on , and hence, the cutoff frequency increases with 

increasing density. The dispersion relation is graphically displayed in Figure 1. 

                   
                Fig. 1. Dispersion relation of electromagnetic waves for various electron densities 
 
 We have plotted frequency versus wave number for various electron densities ( 3cm− ). We have 
considered electron densities in the range 610  to 1610 . The range of parameters that describe the 
hypersonic environment is very large. Several factors such as velocity, altitude, trajectory, shape 
and size of the vehicle, and heat shield materials have strong influence on the environment. Notice 
that for 1010n = , GPS signals are cut off; at 1210n = , communications, telemetry, and radar signals 
are cut off3. Therefore the problem that we may encounter is quite serious. Although several 
remedies have been suggested, all have their share of limitations and shortcomings. For instance, 
there are engineering issues, size-weight constraints, and system integration issues. Also, most 
mitigation ideas have only been proposed and illustrated by assuming simplified ideal conditions. 
We are currently exploring the idea of employing the electron acoustic waves in a two-temperature 
electron population. One can inject a small population of hot electrons such that we have a 
composite medium consisting of cold and hot electrons. We find that such a composite medium can 

                                                      
2 This situation is called the overdense condition. The other situation when 

pω ω> is called the underdense condition. 

3 The interest in this report is the domain when the thickness of the plasma sheath is much larger than the skin depth of the EMW. 
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support stable electron acoustic waves. We see that the propagation characteristics of EAW in our 
medium complement those of EMW in the sense that EAW propagate in the frequency band where 
EMW are cut off. Hence it is a good idea to employ EAW to carry low-frequency EMW across an 
overdense plasma sheath.  
 
 
 
3.2 Electron Acoustic Waves 
 
We employ a hydrodynamic description of the two-temperature electron population problem. 
The governing equations are the same as in (1), (2), (3), and (5). But now the current due to the 
charge distribution has two components: one due to hot electrons and the other due to cold 
electrons. Hence 

oc c oh hen v en v= − −j          (12) 
where subscripts h  and v stand for hot and cold electrons. There are thus two linearized equations 
of motion (one for hot and one for cold electrons): 
                                               { },

o

T n e
t mn m h cα

αα α∇∂ + = − =v E        (13) 

Also, there are two continuity equations given as 
    ( ) 0t on nα α α∂ +∇ ⋅ =v          (14) 
We apply the divergence and time-derivative operator on the first Maxwell's equation to get 
                             { }2 4 4t oc c oh hE e n n iω π π ω∇ ⋅ + ∂ ∇ ⋅ + ∇ ⋅ = − ∇ ⋅v v J          (15) 

We have assumed that the unperturbed charge densities ocn and ohn are constants in our problem. 
For the case of cold electrons, we assume that cT is small and neglect the term involving cT in the 
equation of motion. Thus 
                                            e

t c m∂ −v E           (16)      
Further note that EAW are longitudinal and hence irrotational. Hence we express E  as the gradient 
of the scalar potential ψ . Thus 

   2 24 oc t c cenπ ω ψ∂ ∇ ⋅ = − ∇v            (17) 
where cω is the plasma frequency of the cold electrons. For the hot electrons we use the continuity 

equation to express h∇⋅ v  and use the following relation obtained from the linearized equation of 
motion: 

    h

oh

T e
hmn mn∇ − E                 (18) 

Thus 
               2

24
h

oh t h r
en ωπ ψ∂ ∇ ⋅ = −v            (19) 

 where hr  is the Debye radius of the hot electrons defined as 

         h

h

V
hr ω=                                   (20) 



7 
Approved for public release; distribution unlimited 

 

where hV and hω  are the thermal speed and plasma frequency of the hot electrons. On substituting 
(17) and (19) in (15) we obtain the following equation for EAW: 
                    2 2

2 2 4
c

i
ak π ω

ω ω
ψ ψ

−
∇ + = ∇ ⋅J            (21) 

with 
                   2

2 2 2
2 1

h c
a r

k ω
ω ω−

=            (22) 

where ak  is the wave number of EAW in our composite medium. Thus the dispersion relation for 
EAW is given as 

    
2

2 2
2

1
c

hk r
ωω − −+

=              (23) 

 
Notice that in contrast to EMW the plasma frequency is now the upper cutoff frequency. In other 
words, the medium supports EAW only with frequencies less than the plasma frequency of the cold 
electron population. The dispersion relation of EAW is graphically displayed in Figure 2. We have 
chosen the hot electron density to be 5% of the total electron population and its temperature to be 
20 eV. Since the cold electron temperature is taken as 0.2 eV we have a temperature contrast ratio 
of 100. 

            
Figure 2. Dispersion relation of electron acoustic waves for various total electron densities          
 

It is instructive to compare Figures 1 and 2. Both graphs have the same set of electron 
densities. Notice that for EMW the plasma frequency is the lower bound of its pass band. In 
contrast, for EAW the plasma frequency is the upper bound of its pass band. In that sense they are 
exact complements. However, there are differences in the manner in which they approach cutoff. In 

the case of EMW k cω → for peω ω . In the case of EAW, h e hk V n nω →  

for peω ω . 
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Two basic quantities characterizing waves are phase velocity ( pv ) and group velocity ( gv ), 

which are defined as 
                                        p kv ω=            g kv ω∂

∂=                (24) 

For the case of EMW, 

                                                     c
pv ν=            ( )

1
2 2

21 cv ω
ω

= −  cω ω>             (25) 

Since 1v < , the phase velocity of the EMW is larger than c  However the group velocity 
is cν  and hence is less than c . 
 
For the case of EAW, 

                           c
p kv ω δ=  ,      g pv v νδ=  

2 2

2 21
h

h

k r
k r

δ
+

=          (26) 

EMW may be considered as constant velocity waves (as is evident for large k ) while EAW are 
constant frequency waves. For large wave numbers the phase velocity of EMW approaches the 
constant value c . In contrast the phase velocity of EAW decreases with increase in k . Thus the 
group velocity of EAW vanishes for large k . However, we will see that EAW are weakly damped 
only for 1hkr  and, hence, we will operate in the domain where the group velocity is nonzero so 
that we can carry low-frequency signals across the overdense plasma sheath using EAW. 
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3.3 Green’s Function of Electron Acoustic Waves 
 

In order to understand the radiation characteristics of EAW we now derive their Green's 
function. The governing equation is (21). The conservation equation for source current there is 
given as 

0tq∇⋅ + ∂ =J                                                             (27) 
where q  is the charge density of the source. Inserting this relation in (21), we obtain 

                             2 2 2 24a a hk qk rψ ψ π∇ + = −        (28) 
Employing the Fourier transform we obtain the following solution: 

2 2

2 2( , ) 4a h

a

k r
k k

qψ ω π
−

=k        (29) 

Thus 

( )

2 2

3 2 2
1

2
( , ) 4a h

a

k r i
k k

qe d
π

ψ ω π ⋅
−

= ∫ k rr k       (30) 

To evaluate the integral we introduce polar coordinates , ,k θ φ as sin cosxk k θ φ= , 

sin sinyk k θ φ= , coszk k θ=  and assume, without loss of generality, that ˆR z=r . Thus we have 

                        

2 2 2

2 2

2 2 2

2 2

cos

0 0

( , ) sina h

a

ikR
a h

a

qk r k ikR
k k

qk r k e
k k

e d dk

dk

π
θ

π

π

ψ ω θ θ
∞

−

∞

−
−∞

=

=

∫ ∫

∫

r
                               (31) 

Since EAW undergo resonant damping (as will be seen in the next section) ak is complex. The 

integrand thus has two poles, at ak k= ±  as shown in Figure 3. Noting that ikR ik R k Re e e′ ′′−
= ( k′and 

k′′ are the real and imaginary parts of k ), we choose the contour of integration along the semi-
circle in the upper half plane as shown in the figure. Since the integrand vanishes along the semi-
circular path the integral in (31) becomes 

                                                      
2

2 2

ikR
a

a

k e ik R
k k

C

dk ieπ
−

=∫                                                                        (32) 

where C denotes the contour shown in Figure 3. Substituting this in (31), we obtain  

    
2 22( , ) a h aqk r ik R

R eψ ω =r          (33) 
 
From this we obtain the space-time potential of EAW as 

   1
2( , ) ( , ) i tt r e dω
πψ ψ ω ω
−∞

−

−∞

= ∫r          (34) 
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                                   Figure 3. Integration Contour for EAW in the k -plane.  
 
The propagation constant of EAW is given as 

                                                   2 2,
aa a h cck c rω ω ω= = −                                                      (35) 

where ac is the phase velocity of EAW which, as shown above, varies with frequency. 

This dispersive character makes the evaluation of (34) rather difficult. However, when cω ω , the 
phase velocity is approximately constant given as 

                                                 c

h

n
a h nc V=                          (36) 

Now we may proceed to evaluate (34) as 

                                      
( ){ }

( )

2

2

2

2

21
2( , ) exph

aa

h

aa

rq R
R cc

rq R
R cc

t i t d

t

πψ ω ω ω

δ

∞

−∞

= −

′′= − −

∫r
           (37) 

where δ ′′ is the second derivative of the delta function.Thus the space-time Green's function for 
EAW is written as 

                                    ( )2

2
( ')( , ; , ) h

aa

rU t t R
cc

G t t tδ−
′−

′ ′ ′′= − −r rr r             (38) 

where U is the Heaviside unit step-function.  Note that this form of Green's function for the EAW is 
valid only under the approximation that the phase velocity is a constant. As seen in Figure 2 the 
phase velocity is indeed a constant when cω ω . Therefore, if the signal bandwidth falls well 

below cω  the above Green's function is accurate. 
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3.4 Kinetic Approach to Electron Acoustic Waves  
 

Our study of EAW in the last section was based on a hydrodynamic description of plasma. 
Although the dispersion relation is correct it does not account for the phenomenon of resonant 
damping4 which has a major impact on the ability of EAW to carry low-frequency microwave 
signals. To assess this impact we adopt a kinetic approach. The fundamental quantity here is the 
velocity distribution function which is governed by the following equation. 

e
t vmf f f∂ + ⋅∇ = ⋅∇v E      (39) 

We have one such Vlasov equation for the hot and cold electron populations. Because of its slow 
velocity, ion population does not play any role in the estimate of resonant damping. We ignore 
collisions and use a linearized Vlasov equation along with the Poisson equation. Thus we arrive at 
the following dispersion equation 
                                 { } { }2 2 2 2

1 11 1 ( ) 1 ( ) 0
c c

c c c ck r k r
Z Zζ ζ ζ ζ+ + + + =     (40) 

where Z is the plasma dispersion function defined as 
2

1( ) ye
c yZ dyπ ζζ −

−= ∫                   (41) 

and 

2c kVα
ωζ =   { },c hα =        (42) 

EAW exist in the regime where the phase velocity lies well within the interval between the thermal 
speeds of hot and cold electrons. In other words we require that h cV k Vω  . This means that 

we need to keep 1cζ   and 1hζ  . The plasma dispersion function has the following asymptotic 

expansion for 1ζ  : 

                             { }2

2 4 6
3 151 1

2 4 8
( ) 1Z i e ζ

ζ ζ ζ ζ
ζ πσ − − + + + +        (43) 

where 

                                                

1

1

1

0
1
2

ζ

ζ

ζ

ζ

σ ζ

ζ

′

′

′

′′ >
 ′′ <
 ′′ < −

        (44) 

with iζ ζ ζ′ ′′= + . In the other limiting case when 1ζ   we use the following power series 

representation for Z : 

                                    { }2 4 62 2 4 8
3 15 105( ) 2 1Z i e ζ ζ ζζζ πσ ζ−= − − + − +     (45) 

On making use of these representations in (40) and equating the real parts we have 

                                                      
4 Resonant damping occurs in our problem due to the energy exchange between the electron acoustic wave and particles in the plasma [T.H. Stix, {\it 
Waves in Plasma}, Springer-Verlag, New York, 1992]. Those particles having velocities less than the phase velocity of the EAW will be accelerated 
by the EAW. As commonly done, particle velocities are modeled as a Maxwellian distribution function. Thus there are more particles with velocities 
less than the wave phase velocity. Consequently, there are more particles gaining energy from the wave, and this is the reason for plasma waves to be 
damped. 
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( ) { }2 2 2 2 2
1 1 1

2
1 Re 1 Im( ) 0

c c h
hk r k rζ

π ζ− + − =      (46) 

Assuming the frequency to be complex by letting iω ω ω′ ′′= + , and imposing the condition that 
ω ω′′ ′ ,  we obtain the following solution 

( )
1

2 2

2 21
c

hk r
ωω − −+

′ =          (47) 

which is identical to the result that we obtained using the hydrodynamic approach. We follow a 
similar procedure by equating the imaginary parts of (40) and obtain the following expression for 
damping rate: 

                                              1
2 2

c

h

n
n

ω π
ω
′′
′ = −           (48) 

We thus infer that the ratio c hn n  has to be very small in order to keep the damping rate 
acceptable. However, it is impractical to realize this, for example, in reentry applications. Therefore, 
to maintain an acceptable level of EAW energy we introduce an electron beam into the system. 
The density of the beam electrons can be small. However its velocity has to resonate with the phase 
velocity of EAW. With the addition of such an electron beam the dispersion equation now becomes 

                        { } { } { }2 2 2 2 2 2
1 1 11 1 ( ) 1 ( ) 1 ( ) 0

c h b
c c h h b bk r k r k r
Z Z Zζ ζ ζ ζ ζ ζ+ + + + + + =                 (49) 

where 

2 b
b kV

ωζ =            (50) 

 
    01

2
cosb

b

V
b b Vζ ζ θ= −           (51) 

0bV is the beam velocity and θ  is the orientation angle of the beam with respect to the plasma 

sheath. br , and bV  are respectively the Debye radius and thermal speed of the beam electrons. 

We keep the magnitude of bζ  between that of the hot and cold electrons. It is not possible to obtain 
a closed-form solution to the above dispersion equation. However, one can get an estimate of the 
damping characteristics by assuming that 1bζ >  and using the asymptotic expansion. Since 

b cn n is small we find that there is no significant change in the real part of the frequency. However, 
the imaginary part of the frequency is different and is given as 

                                                        { }2

2 2

1
1

2 2c h b

h b b b

n r
n r

ζω π
ω ζ ζ

−
′′′

′ ′ ′
= − +             (52) 

Notice that since bζ ′  is much smaller than bζ ′  the attenuation in the scheme with an electron beam 
is significantly less than without it. 
 

Indeed these estimates are based on asymptotic relations. In general one needs to solve the 
dispersion equation numerically to identify the regime which is most suitable for the application at 
hand. Below we present two examples to illustrate the dispersion characteristics of EAW. In the 
first example we choose the following set of parameters: 11 110 ccon −= , 0.6c on n= , 0.4h on n= , 
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1 eVcT = , and 20 eVhT = . The results obtained by a numerical solution of (49) are shown in 
Figure 4. 

The complex roots of the dispersion relation, viz., the real and imaginary parts of the 
frequency, correspond to the real frequency obtained by our hydrodynamic approach and to the 
wave attenuation due to resonant damping. In Figure 4 we have shown the normalized (normalized 
with respect to cold electron plasma frequency) frequency and attenuation. Note that the 
propagation constant is normalized using the Debye radius of the hot electrons. As predicted by our 
analysis, the damping is very high even though we have chosen the parameters favorable to the 
existence of EAW. In order to maintain an acceptable level of EAW we have introduced into the 
system an electron beam whose velocity resonates with the phase velocity of EAW. To illustrate the 
significance of the electron beam we have chosen an example with the following parameters: 

11 110 ccon −= , 0.9c on n= , 0.01h on n= , 0.09b on n= , 1 eVcT = , 20 eVhT = , 0.1 eVbT = , 
86.5 10 cm/sbV = × . The solution to the dispersion equation with these set of parameters is shown 

in Figure 5. Note that total electron density here is the same as in Figure 4. Yet the damping in this 
case is significantly less than in the case without the beam. Since our interest is in the regime when 
the operating frequency is much less than the cold plasma frequency, i.e. when the normalized 
frequency ratio is very small, we see that the damping is fairly small here. 

 
                          Figure 4.  Resonant Damping of Electron Acoustic Waves.  
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Figure 5. Resonant Damping of Electron Acoustic Waves in the Presence of an Electron Beam. 
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3.5 Current Sources in the Two-Temperature Electron Population   
 

We are interested in studying the radiation characteristics of a source distribution embedded 
in an overdense plasma sheath. If it is sufficiently thick (much larger than the skin depth) there will 
not be any radiation outside the plasma sheath. By injecting into it a small population of hot 
electrons we create a composite medium made of a two-temperature electron population. The 
embedded antenna can excite EAW which will then transform into EMW at the boundary of the 
sheath and hence radiate. The geometry of our problem is shown in Figure 6. The lower half-space 
is composed of the two-temperature electron population. Embedded in this medium we may have a 
distribution of current sources. We are interested in the radiation characteristics of these current 
sources in free space (upper half-space) outside the plasma medium. To facilitate this study we 
derive the Green's functions for the problem. We denote the lower half-space as Region 1 and the 
upper half-space as Region 0. Thus 11G denotes the Green's function when both the source and 
observation points are in the lower half-space. We saw that in our two-temperature electron 
population there can exist two types of waves, viz., EMW and EAW. Hence 11G consists of two 
parts as given below: 
                                                            11 e aa b Gα= + ∇∇G G              (53) 

where the first part represents EMW and the second part represents EAW. More specifically, eG  
represents the EMW in our problem and is governed by  

2 ( )e e ek δ ′∇×∇× − = −G G I r r            (54) 

aG represents the EAW for our problem and is governed by 
 
                                            2 ( )a a aG k G δ ′∇×∇× − = − −r r            (55) 

The constants a and b  in (53) are given as 
2

4 i
c

a π ω=  4
p

ib π
ω ε

=             (56) 

where 
2

21 p
p

ω

ω
ε = −               (57) 

α is a constant that will be determined on imposing the boundary conditions. The propagation 
constants ek (for EMW) and ak (for EAW) are given as 

( )
1

2 2

21 p
e ok k ω

ω
= −  

2 2
1
h c

a rk ω
ω ω−

=                         (58) 

The solution for our problem in the case when the source is in the lower half-space and the 
observation point in the upper half-space is represented by the Green's function 01G . Noting that the 
upper half-space supports only EMW the governing equation is given as 

2
01 01 0ok∇×∇× − =G G                        (59) 
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where ok cω= . The boundary conditions associated with these Green's functions are based on the 
following requirements. The tangential components of the electric and magnetic fields must be 
continuous across the interface 0z = , and the normal components of the velocity vectors of the 
cold and hot electrons must vanish at the interface. This second condition ensures that the charge 
distributions of the two-temperature electron population do not drift away and are confined to the 
geometrical bounds of the plasma sheath. These requirements lead to the following conditions on 
our Green's functions 

01 11ˆ ˆ( ,0; ) ( ,0; )z z⊥ ⊥′ ′×∇× = ×∇×G r r G r r                                             (60) 

 01 11ˆ ˆ( ,0; ) ( ,0; )z z⊥ ⊥′ ′× = ×G r r G r r                                              (61)     
2 2 2 ˆ( ,0; ) ( ,0; ) ( ,0; )d z a z a p eR G G k zα α⊥ ⊥ ⊥′ ′ ′∂ ∇ ∇ = ∂ ∇ + ⋅r r r r G r r                         (62) 

where 22
p ek k=  and dR  is the composite Debye radius defined as 

                         
2 2
c h

c d

r r
d r r

R
+

=              (63) 

where cr and dr  are the Debye radii of the cold and hot electron populations. 

                   
          Figure 6.  Geometry of the Radiation Problem. The antenna is located on the z -axis  
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3.6 Formulation of Green's Functions 
 

First we construct the Green's function 11G  as shown in (51). As given there, it is composed 

of eG  and aG as defined in (54) and (55). The solutions for eG  and aG can be readily written for 
our geometry. We use the following spectral representations: 

         ( ) ( ){ }2
1 1

8
( , ) e e e e ei i i i i

e d e R e e S e eηπ

+ − + − + ′⋅ ⋅ ⋅ ⋅ − ⋅> + − + + − +
⊥′ = + + +∫ k r k r k r k r k rG r r k h h h v v v        (64) 

          { }2
1

8
( , ) a a a

a

i i ii
a qG d e Se e

π

+ − + ′⋅ ⋅ − ⋅>
⊥′ = +∫ k r k r k rr r k            (65) 

where h and v are unit vectors representing horizontal and vertical polarizations of EMW.  The 
superscripts + and −  indicate whether the corresponding wave is propagating upwards or 
downwards. R  and S are the reflection coefficients of horizontally- and vertically-polarized waves, 
respectively, from the interface 0z =  when the EM wave is incident from below. ek  is the wave 
number vector of the electromagnetic waves, defined as 

ˆe ziη±
⊥= ±k k              2 2

pkη ⊥= + k           (66) 

Notice that η  is positive and hence the ẑ  component of ek  is imaginary. Thus the EMW in the 
lower half-space are evanescent in our frequency regime (overdense case). In contrast, the wave 
number vector of the EAW is given as 

ˆa azq±
⊥= ±k k  2 2

a aq k ⊥= −k          (67) 

where the ẑ component of the wave number vector is real and hence corresponds to propagating 
waves. The superscript  > on eG  and aG indicates that the representations are for the case when 

z z′> . The corresponding representations for the case when z z′< may be obtained using the 
following symmetry relations: 

( , ) ( , )t
e e
> <′ ′=G r r G r r           (68) 

( , ) ( , )a aG G> <′ ′=r r r r            (69) 
where the superscript t  denotes transpose. Using these Green's functions we may construct 

11
>G  and 11

<G . However, notice that we only need 11
>G for imposing the boundary conditions at the 

0z = interface. We construct 01G  noting that only EMW can exist in the upper half-space. Thus the 

spectral representation for 01G  is given as 

      ( ) ( ){ }2
1

01 8
( , ) o e a

a

i i ia i
o o o a aqd e X Y e Yb S eηπ

α
+ + +′ ′− ⋅ − ⋅ − ⋅+ + + + + + −

⊥′ = + + +∫ k r k r k rG r r k h h v v v k k    (70) 

The subscript o is used to denote the polarization vectors in the upper half-space. The propagation 
vector in the upper half-space is defined as 

ˆo ozzk±
⊥= ±k k  2 2

oz ok k ⊥= −k           (71) 
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On substituting the above representations of Green's functions in the boundary conditions one may 
obtain solutions for the various coefficients. Instead of trying solve this general boundary value 
problem it is much easy to obtain the solution that corresponds to a specific source current 
configuration. 
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4. Results and Discussion 
 
4.1 Radiation Pattern of a Hertzian Dipole 
 

With the availability of the Green's functions we may calculate the radiation characteristics 
of any source current distribution in our composite medium. Since we are interested in the far-field 
radiation pattern in the upper half-space we need the asymptotic form of 01( , )′G r r  when 1kr  . 
Evaluating (70) using the method of steepest descent we obtain the following asymptotic result: 

( ) ( ){ }2
1 1

01( , )
ik ro e a

ap

i ie i
o oz o o o a ac r qk

k k X Y e Y S eα
η

+ +′ ′− ⋅ − ⋅+ + + + − + + −′ − + − +k r k rG r r h h v v h v k k            (72) 

Note that all quantities in the above expression are evaluated at θ , which is the elevation angle 
associated with the observation point r . Using this representation of the Green's function we can 
calculate the far-zone radiating fields corresponding to arbitrary source current distributions 
embedded in our composite medium. Suppose J  is the source current distribution in our composite 
medium. Its far-zone radiation fields in the upper half-space are given as 

0

01( ) ( , ) ( )d
−∞

′ ′ ′= ⋅∫E r G r r J r r            (73) 

On substituting (72) in (53) we obtain the following expressions for θ and φ components of the 
electric fields: 

                                    1( ) ( ) i z
o oz crE k k X e e dη

φ
⊥ ′ ′− ⋅+ ′ ′⋅∫ k rr h J r r          (74) 

                            ( )2
1( ) ( ) a

a p

iq zi
o oz a acr q k

E k k Y S e e dα
θ

⊥ ′′ −− ⋅+ − ′ ′+ ⋅∫ k rr k k J r r         (75) 

For sources not too close to the interface we hence notice that ( )Eφ r  is exponentially small. 

Indeed, if the sources are very close to the interface the radiation will not be affected much by the 
overdense plasma and hence there is no need to create a two-temperature electron population. It is 
only in the case when the current sources are well away from the interface in the overdense plasma 
that we need to inject a hot electron population as suggested in this report to facilitate low-
frequency signal transmission across the plasma. Thus, for any source distribution which is not too 
close to the interface the radiated fields are entirely θ -polarized. In this sense the plasma sheath 
may hence be regarded as a polarization filter that filters out φ -polarized signals. 
 

More detailed characteristics of the radiation pattern may be inferred only when we know 
about the various coefficients that appear in the Green's functions. As mentioned earlier these 
coefficients are obtained by imposing the boundary conditions. For an arbitrary source distribution 
it is fairly complicated to evaluate the coefficients. We hence focus attention on two specific cases. 
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4.2 Vertical Hertzian Dipole 
 

In this case we choose the source current to be 
                                                  ˆ( ) ( ) ( )ozJ z dδ δ⊥= +J r r              (76) 

where oJ is its amplitude. Substituting this in (74) and (75) we obtain the following solution for the 
far-zone scattered fields: 

( )2
ˆ( ) 1ik ro a

p

i iq de
o oz ocr k

k k Y S J eαθ ⊥
⊥ ⊥= − −E r              (77) 

Further, employing the boundary conditions we obtain the following solutions for the various 
coefficients: 

2 2

2 2
sin

1
p

a a d

ik
q k R

θ
ηα⊥ +

=                (78) 

cos cos
cos cos

p p p o

p p p o

k k
k kS θ ξ ν θ

θ ξ ν θ
− −

⊥ − +=                (79) 

( )2 sin cos
sin 2 cos

p p p

p p o

i k k
iD kY ν θ θ ξ

θ αην θ⊥

−

⊥ +=                (80) 

iξ αη= −         p

o

k
p kν =                (81) 

cos cosp p p oD k kθ ξ ν θ⊥ = − +              (82)

            
Notice that the problem has azimuthal symmetry and hence the above expressions are independent 
of azimuthal angle. We have used the subscript ⊥  to indicate that these solutions are for the 
vertically-polarized Hertzian dipole. 
 

To illustrate the radiation characteristics of the vertical dipole, we have chosen the following 
numerical example. The electron density is chosen as 12 110 [cc ]− , 5 % of which constitute the hot 
electron population. The temperatures of the cold and hot electrons are 0.2 eV and 20 eV, 
respectively. The signal frequency of the antenna is taken as 1 GHz. Since the plasma frequency for 
this example is around 9 GHz, we are operating in the overdense region and hence we need a 
scheme like the two-temperature electron population to transmit signals across the plasma sheath. 
As explained in the report the EAW can carry low-frequency microwave signals across the 
overdense region. They get transformed into EMW at the plasma free-space interface and hence 
radiate. As mentioned earlier, the φ -polarized components of the electric fields are exponentially 
small and hence only the θ -polarized components radiate. A polar plot of the radiation pattern is 
shown in Figure 7. The radiation pattern of the vertical dipole embedded in the plasma is shown in 
red and that in free space is shown in blue. We see that the radiation is skewed at an oblique angle. 
This is typical for our problem. The skew angle may change depending on the parameters, but the 
radiation pattern is always found to be skewed at some angle. 
 

It is of interest to compare the radiated fields for this overdense case with those of an 
underdense case. When the electron density is sufficiently small such that pω ω< , we have the 
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underdense situation. The electron density in our example is 8 110 [cc ]− , which corresponds to the 
plasma frequency if around 90 MHz. This is the underdense situation. From the dispersion relations 
(58) we see that ek  now is real and ak  is imaginary. Thus the EAW are now exponentially small 
and it is now the EMW that carry the microwave signals. The radiated fields are given as 
                                            ˆ( ) sinik ro o a

p

ik q de
o ocr k

k YJ eθ θ−=E r          (83) 

where 

                                                2 cos
cos cos

p o

o p o

k
k kY θ

θ θ+=  

    { }
1
22 2 2sinp oq k k θ= −                                                       (84) 

The normalized magnitude of the radiated fields for this case is shown (green) in Figure 7 for 
comparison. 
 
                       

                     
 
                       Figure 7. Comparison of radiation patterns of a vertical dipole in plasma. 
 
We next turn our attention to the other important case when the dipole is oriented parallel to the 
interface. 
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4.3 Horizontal Hertzian Dipole 
 
We now choose the source to be 

ˆ( ) ( ) ( )ozJ z dδ δ⊥= +J r r          (85) 

where ρ̂ is a unit vector on the horizontal plane (that indicates the orientation of the dipole). 
Substituting this in (74) and (75) we obtain the following solution for the far-zone radiated fields. 
                                         ( )2

2ˆ( ) 1 cosik ro

p a

ie
o oz ocr k q

k k Y S Jαθ φ= − +E r 


       (86) 

where φ is the azimuth angle that the plane of observation makes with the -zρ plane. 
Further, employing the boundary conditions we obtain the following solutions for the various 
coefficients: 

             cos cos
cos cos

p o o

p o o

k k
k kR θ θ

θ θ
−
+=          (87) 

             2 cos
cos cos

p

p o o

k
k kX θ

θ θ+=           (88) 

               ( ){ }1
2

2

cos 2 2 2
2 sin

cos cos 4 sin cosai q
a p o a p o pq q kθ

η θ
α ν θ ν θ θ θ

ϒ
= ϒ ± ϒ +

      (89) 

 
( )
( )

2

2

cos cos cos sin

cos cos cos sin
a p o

a p o

iq

iq
S θ θ ν θ αη θ

θ θ ν θ αη θ

− +

+ −
=



 
        (90) 

2 2

2

2 cos

2 cos cos
p p

p o o

i k

D k k
Y ν θ

αη θ θ−
=




         (91) 

( ) 2cos cos cos sina p oD iq θ θ ν θ αη θ= + −
     (92)    

2 21 a dk Rϒ = +          (93) 
     
The subscript  is used to indicate that these solutions correspond to the case of the horizontal 
dipole. Notice that in this case there are two solutions for α

 . For the parameters of our problem it 

turns out that the solution with the positive value of the discriminant is nonphysical. Hence we take 
the value for α

 with the negative discriminant as the solution. As before, the φ -components of the 

electric fields are exponentially small; only their θ -components are radiated. Figure 8 shows the 
radiation pattern in the vertical plane parallel to the dipole. As before, the radiation pattern for the 
horizontally-oriented dipole embedded in the overdense plasma is shown in red. The corresponding 
results for the dipole in free space are shown in blue. Actually the blue curve is not visible because 
it is overshadowed by the green curve that represents the underdense case. For illustration, we have 
chosen the same parameters as for the vertical dipole. We see that there is a significant skew 
towards 90θ =  . More importantly there is a complete absence of radiation in the broad-side 
region. In other words, the radiation is close to the end-fire direction. Thus this configuration is not 
suitable for constructing phased arrays intended for beam sweeping around the broad side. 
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             Figure 8. Comparison of radiation pattern of horizontal dipole in plasma. 
 
We now look at the underdense case for the horizontal dipole. Again the EAW are exponentially 
small and hence our microwave signals are carried entirely by EMW. The radiated field in this case 
is given as 

                               { }ˆ ˆ( ) cos cos sinik ro z

z

ik de i
o oz ocr kk k e J Y Xθ θ φ φ φ−= − +E r           (94) 

where X and Y are given earlier. As expected, the radiated fields contain both θ - and φ -polarized 
waves. The normalized amplitude of the electric fields in the ρ - z  plane is shown (green) in 
Figure 8 for comparison. Note that the result coincides with the normalized amplitude of the electric 
field for the dipole in free-space. 
 
 
In the next section we turn our attention to the radiation characteristics of an arbitrarily-oriented 
Hertzian dipole. 
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4.4 Hertzian Dipole with Arbitrary Orientation 
 
The source current of the Hertzian dipole with arbitrary orientation is represented as 
   ( )ˆ ˆ( ) ( ) ( )zJ zJ z dρρ δ δ⊥= + +J r r            (95) 

where Jρ and zJ  are the components of the source current. As before, the amplitude of this current 

is oJ and its direction is denoted by the unit vector Ĵ . Using the results for the horizontally- and 
vertically-oriented dipoles we may construct the Green's function for our problem as 

01 ˆ ˆˆˆ( , ) zz ρρ⊥′ = ⋅ + ⋅G r r G G           (96) 

where 

( ) ( ){ }2
1

8
( , ) o e a

a

i i ia ib
p p o p o p o a p aqd e X Y e Y S eηπ

α
+ + +′ ′− ⋅ − ⋅ − ⋅+ + + + + + −

⊥′ = + + +∫ k r k r k rG r r k h h v v v k k   (97) 

and { },p = ⊥  . Thus the far-zone radiated field from an arbitrarily-oriented Hertzian dipole 

located at z d= − is given as 

01( ) ( ;0, )d= − ⋅E r G r J           (98) 
Thus we can calculate the radiation characteristics of an arbitrary source distribution embedded in 
the overdense plasma. 
 
We hence see that a two-temperature electron population may be used to transmit low-frequency 
signals across an overdense plasma. However, there are peculiarities and limitations. We found that 
only θ -polarized waves are radiated. Further the radiation is skewed towards large θ  values. This 
is not a major set-back for the vertically-oriented dipole. However, the horizontally-oriented dipole 
has serious limitations in its ability to be used in phased arrays intended for scanning in the 
broadside. 
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5. Conclusion 
 
We have studied in this report the radiation characteristics of a source distribution in an overdense 
plasma composed of a two-temperature population. Indeed, low-frequency EM signals will be 
completely cut off in this case and hence will not be able to radiate. However, the two-temperature 
electron population supports EAW whose dispersion relation complements that of the EMW in the 
sense that EAW propagate in the frequency domain where EMW are cut off and vice versa. Thus in 
principle one may employ EAW to carry low-frequency microwave signals across an overdense 
plasma. Unfortunately resonant damping can seriously limit this scheme. However, we find that 
with the introduction of an electron beam into the system it is possible to keep the damping rate to 
an acceptable level for our application5. 
 
We have ignored collisions in our analysis primarily to focus on the concepts of EAW without the 
complexities associated with the inclusion of collisions.  We admit that there will be collisions 
within the plasma sheath. However, we find that in the domain of our interest the collision 
frequency is much smaller than the plasma frequency [4].  As with any plasma wave process the 
electron acoustic waves will undergo certain amount of attenuation because of collisions. However 
attenuation due to resonant damping is far more significant than that due to collisions. Even in the 
region of resonant damping our analysis in Section V shows that the real part of frequency of the 
EAW is unaffected (see eqn (47)).  The primary consequence of resonant damping is increased 
attenuation. Therefore, collisions will not alter the fundamental character of EAW. In particular, the 
dispersion relation of EAW as shown in Figure 2 will remain unaffected. Our initial study confirms 
this. Collisions will only introduce additional attenuation of the electron acoustic waves. 
 
 
To facilitate our study of the radiation characteristics of an arbitrary source distribution embedded 
in this composite medium we derived the Green's function for our problem. We hence find that only 
θ -polarized waves can radiate from our system. To understand the characteristics of our system we 
computed the radiation patterns of vertically- and horizontally-oriented dipoles embedded in our 
medium. It is found that the radiation pattern of horizontally-polarized waves has two lobes (in 
contrast to the underdense case) which are strongly skewed towards the horizon. This property 
makes this configuration unsuitable for constructing phased arrays intended for beam sweeping 
around the broad side.  To summarize, we have found that one can use EAW to transmit low-
frequency signals across an overdense plasma. However, there are peculiarities and limitations that 
one should be aware of before embarking on the design of sensor systems aboard hypersonic 
vehicles. For instance, we have assumed that we can create a stable two-temperature electron 
population by injecting a small percentage of hot electrons into the cold electron population that 
constitutes the overdense hypersonic flow field. The hot electrons may be injected by means of an 
electron gun on board the hypersonic vehicle like it was done in the CHARGE-2B experiments 
[28]. However, more theoretical and experimental studies need to be carried out on how to 
                                                      
5 Indeed there are engineering issues that need to be addressed while implementing the ideas of this scheme in practice 
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successfully implement this scheme for our application. Another issue concerns the transformation 
of EAW to EMW. We are aware that this process is not as efficient as we would like it to be. There 
are limitations on the power of the antennas below which one needs to operate to implement this 
scheme. Investigation of these issues and finding ways to mitigate them requires further detailed 
study far beyond the scope of this report. We continue to actively work on these problems details of 
which will be reported in future publications. 
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List of Acronyms, Abbreviations, and Symbols 

 
Acronym                                      Description 
 
EMW Electromagnetic waves 

EAW Electron Acoustic Waves 

E Electric field 

J Source current 

on  Electron number density 

ek  Wave number of EMW 

ak  Wave number of EAW 

pω  Plasma Frequency 

Z  Plasma Dispersion Function 

,h cr r  Debye radii of hot and cold electrons 
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