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The Electron-Ion Hybrid instability, a transverse velocity shear-driven instability with frequency near the lower hybrid frequency, has been 
observed theoretically and experimentally. It was shown previously that the scale length of the gradient in the velocity must be much smaller than 
the ion gyroradius and larger than the electron gyroradius in order to generate the short wavelength electron-ion hybrid mode. In this paper, the 
original theory for the electron-ion hybrid instability has been extended to include finite gyroradius radius effects and electron-neutral collisions 
with the intention of applying this theory to the plasma region surrounding hypersonic vehicles. In this plasma layer, these sorts of transverse 
sheared flows can exist in a collisional plasma. While this dense layer of plasma can itself impede communications, the density structures created 
by the lower hybrid turbulence can also be a source of scattering for these electromagnetic signals. 
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I. INTRODUCTION

Over the past twenty years, there have been numerous studies both theoretical1–9 and

experimental10–15 into the destabilizing effects of inhomogeneous electric fields transverse to

the ambient magnetic field. It has been demonstrated that the electric field gradient scale

length LE is the key length scale that determines the nature of the instability16. If LE is on

the order of the ion gyroradius ρi, then the instability will be driven by the dynamics of the

ions and could be an electrostatic ion cyclotron wave or an Alfvén wave depending on the

plasma β15. However, if ρe � LE < ρi, then the ions do not E×B drift and the instability

will be driven by the dynamics of the electrons. These waves are primarily electrostatic

lower hybrid waves in the VLF range. All of these velocity shear-driven instabilities are

primarily azimuthally propagating in the direction of the E×B drift.

In this report, we will focus on the electron-ion hybrid instability (EIH), which is observed

in the case where ρe � LE < ρi. This case has been studied in relation to boundary layer

conditions in the plasma sheet and in laser generated plasmas, where lower hybrid waves

have been observed in environments with sharp electric field gradients that are required for

the instability. We want to extend this work to include the plasma environment created

around hypersonic vehicles. Depending on the speed of the vehicle, the plasma densities can

become quite large such that the plasma can cutoff any communications signals to and from

the vehicle. However, we are interested in densities below the point where communication

blackout occurs. The plasma layer that is created also has a velocity profile due to motion

of the vehicle through the neutral medium. This sheared plasma flow can give rise to

similar instabilities to those described above. These plasma instabilities in their nonlinearly

saturated state can form coherent density structures that can also disrupt communication

signals. It is these nonlinear structures and their effects on electromagnetic radiation that we

wish to study. To that end, we will extend the EIH theory to include finite electron-neutral

collisions and finite larmor radius effects to include important facets of the hypersonic vehicle

plasma environment.
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II. THEORY

In order to extend the existing theory for the EIH instability, we start the derivation from

the fluid equations for a species α with no temperature gradient:

∂nα
∂t

+∇ · (nαvα) = 0, (1)

∂vα
∂t

+ (vα · ∇)vα =
qα
mα

(E + vα ×B)− ναn (vα − vn)− Tα
mαnα

∇nα. (2)

We linearize the equations assuming A ∼ A0 +A1(x) exp [i(kyy + kzz − ωt)]+ ... higher order

terms that we neglect. We take the inhomogeneity to be in the x̂ direction: E = E0(x)x̂+E1,

the magnetic field to be B = B0ẑ, and the equilibrium drift along v0α = v0αŷ.

From the continuity equation to first order, we arrive at the following expressions:

n1α =
n0

ω1α

(
−i∂v1αx

∂x
+ kyv1αy + kzv1αz

)
, (3)

where we have assumed that the equilibrium electron and ion densities are uniform and

equal to n0 and defined ω1α = ω − kyv0α.

From the momentum equation to first order, we arrive at the following expression:

v1αx =
i

Dα

(
kyΩα − ω̂α

∂

∂x

)(
qα
mα

φ1 +
v2
tα

n0

n1α

)
, (4)

v1αy =
1

Dα

(
kyω̂α − ηαΩα

∂

∂x

)(
qα
mα

φ1 +
v2
tα

n0

n1α

)
, and (5)

v1αz =
kz
ω̂α

(
qα
mα

φ1 +
v2
tα

n0

n1α

)
, (6)

where we have defined Dα = ω̂2
α − ηαΩ2

α, ω̂α = ω1α + iναn, ηα = 1 + 1
Ωα

∂v0α
∂x

, Ωα = qαB0

mα
, and

v2
tα = Tα

mα
.

Substituting Equations (4-6) into Equation (3), we can write a general expression for the

perturbed density for a species α.[
1 +

v2
tα

Dα

ω̂α
ω1α

{
Dα

∂

∂x

(
1

Dα

∂

∂x

)
− k2

y +
kyΩα

ω̂αDα

∂Dα

∂x
− k2

zDα

ω̂2
α

}]
n1α

= − qαn0

mαDα

ω̂α
ω1α

[
Dα

∂

∂x

(
1

Dα

∂

∂x

)
− k2

y +
kyΩα

ω̂αDα

∂Dα

∂x
− k2

zDα

ω̂2
α

]
φ1

(7)

We assume that the ions are an unmagnetized cold fluid and that ion-neutral collisions

can be ignored. These assumptions imply that the ions do not E×B drift v0i = 0, ηi = 1,
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ω1i = ω, νin = 0, and Ti = 0. In addition, the frequency of interest ω is near the lower hybrid

frequency such that Ωe � ω � Ωi. This implies that Di ≈ ω2. Under these assumptions,

we can rewrite Equation (7) for the ions as:

n1i = − en0

miω2

[
∂2

∂x2
− k2

y − k2
z

]
φ1. (8)

The electrons are taken to be a warm magnetized fluid, and we keep the electron-neutral

collision frequency. The electrons E×B drift at v0e = vE = − E
B0

. As for the ions we treat

the frequency such that Ωe � ω � Ωi, which implies that De ≈= −ηeΩ2
e. We also consider

these equations in the small shear limit such that 1
Ωe

∂vE
∂x
� 1. Under these assumptions, we

can rewrite Equation (7) for the electrons as:[
1− ρ2

e

ω̂e
ω1e

{
∂2

∂x2
− k2

y +
ky
ω̂e

∂2vE
∂x2

+
k2
zΩ

2
e

ω̂2
e

}]
n1e = − en0

meΩ2
e

ω̂e
ω1e

×[
∂2

∂x2
− k2

y +
ky
ω̂e

∂2vE
∂x2

+
k2
zΩ

2
e

ω̂2
e

]
φ1.

(9)

The partial x derivative has a scale size equal to the electric field gradient scale length LE.

Since ρe � LE < ρi, which is why the electrons E×B drift and the ions do not, we can drop

the second derivative of n1e since it goes like ρ2
e/L

2
E. This leads to the following expression

for the perturbed electron density:

n1e ≈ −
en0

meΩ2
e

[(
1− ρ2

eκ
2
)(

1 + i
νen
ω1e

)(
∂2

∂x2
− k2

y

)
+

ky
ω1e

∂2vE
∂x2

+
k2
zΩ

2
e

ω2
1e + iνenω1e

]
φ1, (10)

where κ2 =
(

1 + i νen
ω1e

)(
k2
y −

ky
ω1e+iνen

∂2vE
∂x2
− k2zΩ2

e

(ω1e+iνen)2

)
.

We substitute Equation (8) and Equation (10) into Poisson’s equation, ∇2φ1 + e
ε0
n1i −

e
ε0
n1e = 0, and after a mess of algebra, we arrive at:[
ω2

(
1− 1

2
R2

{
k2
y −

ky
ω1e

∂2vE
∂x2

})
− ω2

LH + i
νen
ω1e

{
ω2

(
1 + 2δ2

1 + δ2
+ i

νen
ω1e

δ2

1 + δ2

)
− ω2

LH

}](
∂2

∂x2
− k2

y

)
φ1 + ω2

(
1 + i

νen
ω1e

)
δ2

1 + δ2

ky
ω1e

∂2vE
∂x2

φ1 + ω2M
ω2
LH

ω2
1e

k2
zφ1 = 0,

(11)

where δ = ωpe/Ωe, R
2 = 2δ2ρ2

e/(1+δ2), M = mi/me and we have ignored terms with factors

of νenR
2.

III. NUMERICAL SOLUTIONS

Equation (11) is an eigenvalue equation that can be solved numerically for the wave po-

tential profile and the complex eigenvalue ω. We can rewrite Equation (11) using normalized
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quantitites as follows:
∂2φ1

∂x̄2
−Q (x̄, ω̄)φ1 = 0, (12)

where we have defined Q as

Q (x̄, ω̄) = k̄2
y −

ω̄2

F

[
Mk̄2

z

ω̄2
1e

+
δ2

1 + δ2

(
1 + i

ν̄en
ω̄1e

)
k̄y
ω̄1e

∂2v̄E
∂x̄2

]
(13)

and we have used the lower hybrid frequency ωLH and the electric field scale length LE to

define our characteristic time and length scales for the normalized quantities, e.g. k̄y = kyLE

and ω̄ = ω/ωLH . It follows that the characteristic velocity scale is ωLHLE such that v̄E =

vE/(ωLHLE). It should also be noted that

F = ω̄2

[
1− 1

2
R̄2

(
k̄2
y −

k̄y
ω̄1e

∂2v̄E
∂x̄2

)]
− 1 + i

ν̄en
ω̄1e

[
ω̄2

(
1 + 2δ2

1 + δ2
+ i

ν̄en
ω̄1e

δ2

1 + δ2

)
− 1

]
. (14)

For our numerical calculations, we will be using the following expression for R2 that is derived

from a kinetic treatment17 instead of the expression determined in the previous section from

the fluid approximation:

R2 =


3λ2

Di, for Ωe � ωpe

3

4
ρ2
e + 3ρ2

i , for Ωe � ωpe

(15)

where the ion Debye length is λ2
Di = Ti/(4πne

2).

If we consider large x̄ values, where we can take v̄E and its derivatives to be zero, Equation

(13) has no spatial dependence and Equation (12) can be immediately solved to yield:

φ1 (x̄) = A exp
(
k̄xx̄
)

+B exp
(
−k̄xx̄

)
, (16)

where k̄x = ±
√
Q (x̄→ ±∞, ω̄). To start, we choose the same electric field profile used in

Ganguli, Lee, and Palmadesso2:

E (x̄) =
E0

cosh2 (x̄)
ˆ̄x. (17)

We use a standard numerical shooting code18 to solve Equation (12). Using the asymp-

totic solution given in Equation (16), we start the the numerical integration with a purely

decaying solution for a large negative value of x̄ for a given guess for ω̄. We determine the

values of the coefficients, A and B, from the result of the numerical integration for a large

positive value of x̄. We adjust ω̄ to minimize the coefficient in front of the growing asymp-

totic solution. Figure (1) (a) shows the real (solid black line) and imaginary (dashed red

4



FIG. 1. Plot (a) shows the real (solid black line) and imaginary (dashed red line) parts of a typical

eigenfunction solution of (12) with kyLE = 1.0, δ = 10.0, α = 0.l, and ω = (1.9 + 0.94i)ωLH . Plot

(b) shows profiles of the real frequency (solid black lines) and growth rate (dashed red lines) as

functions of kyLE for three different values of δ.

line) parts of a typical eigenfunction solution of (12) for the following parameters: k̄y = 1.0,

k̄z = 0, δ = 10.0, v̄E = 0.1005, M = 1833, ν̄en = 0, and ρ̄e = 0. The resulting complex

eigenvalue is ω = (1.9 + 0.94i)ωLH . Figure (1) (b) shows profiles of the real frequency (solid

black lines) and growth rate (dashed red lines) as functions of k̄y for three different values

of δ. These results are consistent with figures in the Ganguli, Lee, and Palmadesso paper2,

which were determined for similar parameters. With these benchmarks for the shooting

code, we can now look at how ν̄en and ρ̄e effect these solutions.

IV. DISCUSSION

The plasma environment near hypersonic vehicles can be highly collisional, so we wish to

investigate the effects of neutral collisions on the electron-ion hybrid instability. Since the

ions are already considered as being unmagnetized, the effects of ion-neutral collisions will

be minimal, and consequently we ignored them in the above derivation. The frequency of

the EIH instability tends to be near the lower hybrid frequency though it can be Doppler-

shifted significantly due to the presence of the nonuniform electron flows. We expect to

5



FIG. 2. Plot shows the growth rate as a function of normalized electron-neutral collision frequency

for three values of δ and the same conditions used in Figure (1b).

start to see the effects of the electron-neutral collisions when νen ≈ ωLH . Due to the drift

approximation that we made in the above derivation, there is an upper limit to the collision

frequency we can study with Equation (12), νen < 0.1 Ωe such that νen/Ωe � 1. Figure (2)

shows typical profiles of growth rate as a function of the electron-neutral collision frequency

normalized to the lower hybrid frequency for the same three values of δ used in Figure (1b),

where the range of the abscissa is [10−5 Ωe, 0.1 Ωe]. As can be seen there is a sudden

drop in the growth rate for the three curves, but the plasma is not completely stabilized

by electron-neutral collisions. The critical values where collisional effects become important

are dependent on the value of δ: for δ = 10.0⇒ νen = 0.22 ωLH , δ = 1.0⇒ νen = 0.22 ωLH ,

and δ = 0.5⇒ νen = 1.35 ωLH .

We seek to investigate the nonlinear saturation of this instability. Specifically, we wish

to study the formation of coherent stationary structures that result from the nonlinear
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FIG. 3. Plot shows profiles of real frequency (solid black line) and growth rate (dashed red line)

as functions of kyρe. These profiles were calculated using the following parameters: δ = 0.35,

µ = 40.0, α = 0.002, k̄z = ν̄en = 0, and ρ̄e = 0.046.

coupling of the instability in the lower hybrid range and ion acoustic waves by means of

the modulation instability. In order to have this nonlinear pathway be dominant, we search

for solutions that are centered around the lower hybrid frequency and that have unstable

solutions for a narrow range of kyρe. Figure (3) shows profiles of real frequency (solid black

line) and growth rate (dashed red line) as functions of kyρe. These profiles were calculated

using the following parameters: δ = 0.35, µ = 40.0, α = 0.002, k̄z = ν̄en = 0, and ρ̄e = 0.046.

For these conditions, the unstable solutions are centered in a small range around the lower

hybrid frequency and occur in a narrow range of kyρe. In future studies, the following

nonlinear equations from Sotnikov et al.19 will be solved to investigate the development of
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the nonlinear coherent stationary structures:

∂2

∂t2

[(
1 +

1

2
R2∇2

)
L̂2

1∇2φ1 +Mω2
LH

∂2φ1

∂z2
− δ2

1 + δ2
L̂1
∂2vE
∂x2

∂φ1

∂y

]
+ ω2

LHL̂
2
1∇2φ1 =

δ2

1 + δ2

∂2

∂t2
L̂1

{
δn

n0

, φ1

} (18)

∂2δn

∂t2
−
(
v2
ti + v2

s

)
∇2δn = − i

4πM

ω2
pe

ΩeωLH
∇2 {φ1, φ

∗
1} , (19)

where we have used the following definitions

{a, b} =
∂a

∂x

∂b

∂y
− ∂a

∂y

∂b

∂x
and L̂1 =

∂

∂t
+ vE (x)

∂

∂y
.

V. CONCLUSION

We have extended the work of Ganguli et al. for the electron-ion hybrid in order to

include important effects for the plasma environment surrounding a hypersonic vehicle and

written the necessary shooting code to solve this new system. We have shown that the

instability is robust; the effects of electron-neutral collisions take effect when νen ≈ ωLH .

However, even electron-neutral collision frequencies near 0.1 Ωe do not fully stabilize the

plasma, and above this threshold the notion of an E × B drift is no longer valid. With

finite larmor radius effects included, we have obtained an operating range where we can look

for the development of nonlinear stationary structures due to the nonlinear coupling of the

unstable shear-driven lower hybrid mode and low frequency ion acoustic waves.
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