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SPACECRAFT PLASMAS

Spacecraft Propulsion Relevant Plasmas:

Plumes from hall thrusters

Discharge and Breakdown in FRC

Relevant Densities can Span
6+ Orders of Magnitude

Good Statistics in Plume Requires
Computationally Prohibitive Particle
Numbers in Engine

Tiny Early e− Populations Critical to
Ionization Induction Delay

Solution?
Adaptive Physical:Computational Weights

Electric Propulsion Plumes
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Ionization Breakdown
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PRIOR MERGING TECHNIQUES

Numerous Previous Merge Methods:

2:1 - Cannot Conserve Energy
(Lapenta & Brackbill, JCP 1994)

Complex Macro-particles with Internal
Energy

(Hewett, JCP 2003)

Merge to Grid
(Assous et al., JCP 2003, Welch et al., JCP 2007)

All Introduce Significant Error and/or Complexity

?
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CONSERVATIVE MERGE

Merge to Pair→ DOF for Conservation:

(n+2):2 yields Exact Mass, Momentum, and
Kinetic Energy Conservation

Applied Spatially also Shown to Conserve
Electrostatic Energy

Though Energy Conserving,
Still Thermalizes VDF

(Cambier, AFOSR Review 2006)

Selection of Near Neighbors in VDF
Limits Thermalization

(Like Near Neighbor Selection in Advanced 2:1 Merges to Limit Numerical Cooling)
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OCTREE MERGE

Advantages of Octree Sort:

Octree Prevents Merge
Across Distribution

Limits Thermalization

Conserves Entropy up to
Octree Quadrature
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0D-MERGE EXAMPLES

Comparison of Random vs. Octree Merge Partner Selection
(Note: Mass, Momentum, and Kinetic Energy Both Exactly Conserved )
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BEAM IN POTENTIAL WELL

Collisionless Crossing Beams:

Particles in Parabolic Potential Well

Constant Potential

Collisionless -> Known Trajectory, x(t)

Sinusoidal Path from Initial Velocity

Analytical Solution for Density, n(x, t)

Crank-Nicolson Particle Simulations

C-N is Stable and Non-Dissipative for
Re(λ)=0

φ

x
av

T

E = T+φ = const.
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BEAM IN POTENTIAL WELL

6000 Unmerged Particles

Reproduces 3-4 Orders of Magnitude

Random Merge -> Thermalization

3000 First Point, 1500 First Cross

Bi-Maxwellian Specifically Difficult

Octree Merge Significantly Better

Merge & Split Adapts Particle Count

Despite Continuous Weight Scaling,
Similar Results over Several Bounces
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COLLISIONAL BEAMS IN POTENTIAL WELL

Initial Bi-Maxwellian Distribution in
Potential Well

NTC Collisions Results in Beam
Thermalization
Fractional-NTC Collisions Produce
Same Behavior
Particles/Cell Dramatically Different
Fringe Extends to Lower Densities with
Variable Weights
Relative ‘Error’ Unknown without
Analytical Solution or High Fidelity
Simulation
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GAS BREAKDOWN

Merge Needed w/ Exponential # Growth

Examples...
Chain Branching: H2 + M→ 2H + M
Ionization: Ar0 + e− → Ar+ + e− + e−

Ionizing Breakdown in 6kV Potential

Electrons Flow from Cathode→ Anode

Inelastic MCC with Background

Potential Function of e− and Ar+

Merge Retains Features and Magnitude

While Controlling Computational Cost
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Ionizing Breakdown in 6kV Potential

Electrons Flow from Cathode→ Anode

Inelastic MCC with Background

Potential Function of e− and Ar+

Merge Retains Features and Magnitude

While Controlling Computational Cost
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HIGHER ORDER MOMENT CONSERVATION

Moments defined as Integrals of VDF: Q =
∫

Qnfdvi

Discrete Version: nf → w(p)δ(v(p)) such that Q =
∑

w(p)Q/
∑

w(p)

Merged Particles have 4 DOF each: w, vx, vy, vz

Number of Moments Conserved from Number of DOF

Moment Order

Mass 0th ∑
w(p) = w

Mass Flux 1st ∑
w(p)v(p)

i = w · vi

Momentum Flux 2nd

Energy Flux 3rd ∑
w(p)v(p)

i (v(p))2 = w · viv2

Cartesian Moments
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w(p)v(p)
i = w · vi

Momentum Flux 2nd

Energy Flux 3rd ∑
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i (v(p))2 = w · viv2

1 Particle - Mass & Momentum

Cartesian Moments

w &
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Cartesian Moments
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vxvz vyvz vzvz



JEAN-LUC CAMBIER (AFRL/RZSS) DISTRIBUTION A: APPROVED FOR PUBLIC RELEASE; UNLIMITED DISTRIBUTION 12 / 14



HIGHER ORDER MOMENT CONSERVATION

Moments defined as Integrals of VDF: Q =
∫

Qnfdvi

Discrete Version: nf → w(p)δ(v(p)) such that Q =
∑

w(p)Q/
∑

w(p)

Merged Particles have 4 DOF each: w, vx, vy, vz

Number of Moments Conserved from Number of DOF

Moment Order
Mass 0th ∑

w(p) = w
Mass Flux 1st ∑

w(p)v(p)
i = w · vi

Momentum Flux 2nd ∑
w(p)v(p)

i v(p)
j = w · vivj

Energy Flux 3rd ∑
w(p)v(p)

i (v(p))2 = w · viv2

3 Particles - Mass, Momentum, Full 2nd: P & τij

Cartesian Moments

vxvx vxvy vxvz
vxvy vyvy vyvz
vxvz vyvz vzvz



JEAN-LUC CAMBIER (AFRL/RZSS) DISTRIBUTION A: APPROVED FOR PUBLIC RELEASE; UNLIMITED DISTRIBUTION 12 / 14



HIGHER ORDER MOMENT CONSERVATION

Moments defined as Integrals of VDF: Q =
∫

Qnfdvi

Discrete Version: nf → w(p)δ(v(p)) such that Q =
∑

w(p)Q/
∑

w(p)

Merged Particles have 4 DOF each: w, vx, vy, vz

Number of Moments Conserved from Number of DOF

Moment Order
Mass 0th ∑

w(p) = w
Mass Flux 1st ∑

w(p)v(p)
i = w · vi

Momentum Flux 2nd ∑
w(p)v(p)

i v(p)
j = w · vivj

Energy Flux 3rd ∑
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4 Particles - Mass, Momentum, Full 2nd, Energy Flux: qi

Cartesian Momentsv2vx
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EXTENSION TO HYBRID METHODS

Merge Quantities Needed for Hybridization:

Reconstructed VDF Natural extension to
Fokker-Planck/Boltzmann Solvers

Higher Moment Merges would Facilitate
extension to Hybrid Euler, Navier-Stokes,
13-moment, and Beyond

Reversal of VDF/Moments to Particles
would Enable Particle Generation in
Transition Zones
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END

Thank You

Questions?
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