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Abstract 

A study has been made of the feasibility of accurate numerical 

determinations of the transmission of gamma rays through large thicknesses 

ot materials. The first procedure investigated consists in regarding the 

total probability ot photon transniasion, Nt' aa the sum of the probabili­

ties N 1 where N is the probability of photon transmission with exactly n 
n n 

scatterings. The total expected transnitted anergy, Et' is similarly 

considered to be given byLE • A numerical calculation of N and E has 
. n n n 

been made for n "' 01 11 21 3 for a slab of uranium 20cm thick upon which 

photons are incident normally with energy a • 10 mc2• The maximum value 

of Nn/N
0 

occurs at n • 2 and of En/Eo at n • 1. These calculations are 

also adapted to a slab of lead 35am thick. Consideration has been given 

to the behavior of N and E for large n, and estimates are thereby made 
n n 

for Nt and Et. The second procedure consists in deriving the transmission 

through a thick slab from a succession of transmissions through thin slabs. 

The transformation of ~~ incident photon distribution into the distribution 

transmitted through a thin slab is conveniently expressed as a matrix, and 

the total transmission is then given by the iteration of the matrix on the 

successive transmitted distributions. ~.JUI!l.erical results obtained by this 

procedure for particular incident photon distributions are presented. 
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I. INTRODUCTION 

The purpose of the present investigation has been a study of the 

feasibility of straightforward numerical deternrl.nationa of the trans­

mission of gamma rays through large thicknesses of materials containing 

heavy elements. The limitation of the discussion to heavy elements makes 

possible sane simplifications essentially because of the large probability 

of absorption by the photoelectric effect of photons which are degraded 

to low energy, The present approach to the gamma ray transmission problem 

is based on the notion that one need consider only those transmitted gamma 

rays wtrl.ch have suffered relatively few scatterings even :fbr thicknesses 

of materials of approximately 20 mean free paths. The validity of this view 

is demonstrated by the results which are presented in the following sections. 

Specific calculations have been made of the attenuation of gamna rays with 

incident energy 10 mc2 through thicknesses of uranium up to 20cm. These 

calculations are adjusted to give the attenuation through thicknesses of 

lead up to 35 em. 

The elementary processes of gamma ray interaction with matter that 

are taken into account are the photoelectric effect, Compton scattering, 

and pair-production. Since the numerical results for gamma ray trans-

mission will depend upon the values taken for the absorption coefficients 

for these processes, a partial table of the values for uranium and lead 

used in the present calculations is given in Table I. If a minor alteration 

is made in these values, the effect on the transmission values given 

here could be determined without great difficulty. The probability of 

Compton scattering is assumed to be given by the Klein-Nishina formula 

in which the effects of polarization of the radiation have been averaged 
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out. Thus, the partial polarisation which arises upon scattering ot 

original.l.7 unpolarised radiation, and the alteration in the probability 

of further Compton scattering, has been disregarded. The gamma rq energies 

ot present eoncem are sui'fi.cient.l.y high so that these polarization effects 

are believed to be unimportant. The possible contribution to the trans-

mitted radiation tram "Bremssthralung" produced by Compton recoil electron• 

ia not included in the present calculationsJ the range ot gamma rq energies 

considered here 18 known to be too low tor this contribution to be signifi.-

cant. 

Tw methods tor the determination of the probability ot tranamiaaion 

o! a photon through a slab of material of thickness~ will be considered here. 

In the first method, the total probability of transmission is taken as the 

sum of the probability o! tranamission with no scattering, plus the proba­

bility of tranmnission ldth one scattering, plus the probability of trans-

mission with two scatterings, etc. In the second method the slab of thickness 

~is divided into a series of thin slabs and the transmission through the 

total thickness is determined !rom the transmission through the series or thin 

slabs in succession. 

II. SueeessiYe Scattered Contributions to the Transmitted Radiation 

Consider a homogeneous slab of material which has infinite extent in the 

y - and z - directions and which has thickness ~ in the x - direction, 

0 S x S a. One may readily give an integral expression for the 

probability that a gamma ra:y incident on the face x • 0 is not 
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absorbed in the slab and emerges after exactly n collisions from the race 

x • a. Let the ganma ray enter with the energy a
0 

in a direction making 

an angle ..,
0 

with the normal to the face of the slab, travel a distance s
0 

within the slab to the first collision, scatter {if it is not absorbed) 

into a direction mald.ng an angle 01 with the original direction and an 

angle ..,1 with the nol"JI1&l to the sl&b face, travel a distance sl' to a 

second collision, scatter into a direction specir.ted by 9
2 

and ~2, and so 

on (cf. Fig. 1). After n collisions, the path angles are Q and ~ , and n n 
•n is the distance traveled from the (n-l)th collision to the exit face of 

the slab at x • a. The path line after the k 1 th collision is characterized 

by an azimuthal angle¢ k in addition to the angles Qk and ~; these angles 

are connected by the familiar relation 

cos ~+l • cosq.kcosQk+l + sin q.k sin~•l cos¢ k+l; k-0, 1, 2, ••• ,(n-1). 

The energy or the photon between the k'th and_ the (k+l)th collision is ak 
2 in units of me , and the value or the total absorption coefficient for 

this energy ak will be denoted by ~· The success! ve values of the energv 

~ are related by the Compton fonn.ula; 

ak-1 

The probability, N , that the photon 'Will be transmitted after exactly n 

n collisions by any possible path is 

n '/ 2 ---v r , 
N a,--

n ~ 2 / , 
~__, 

... 
s 

(1) 

where ~ is the number or electrons per cm3 in the slab material, r is the -electron 

21, 2 radius, e 1 mc , and qk+l is obtained from the Klein-Nishina differential 

cross-section as: 
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The 3n-dimensional space S over which the integration in Eq. (1) 

must be performed needs detailed description. A point (a
0

,Ql' S\ ,sl'Q2,¢z. • , 
"n-l' Qn' ¢ n) represents a path followed by' the photon in reaching the n'th 

-
collision and is a possible path or a point in S it all these collisions are 

within, or at the boundary ot, the slab. Any value or ¢k and Qk is possible 

as long aa 

k • 11 2, ••• ,n. 
0 s Qk s 1t • 

The first collision, however, will not be in the slab unless 

0 < 8 COB 4 <a. 
- 0 0-

Further, the value or the angle 41 . determines whether the first 

. collision has given forward or backward scattering. If the scattering is 

forward, 

0 S ~ S n/2 1 

then the second collision will be possible only if 

0 S s1 cos~ 

If the scattering is backward, 

then the inequality 

< a-s cos 4 • 
- 0 0 

0 > s1 cos 41 > - s cos 4 
- - 0 0 

must hold. Continuing in this way, one sees that the space S is defined 

by the inequalities z 

(2a) 
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k-2 
0 S Bk_1 COB ~-1 S a - ~ Bi COS cit 1 

'R 
it o S ~-1 S2 J (2b) 

k-2 
0 ~ ~-1 COB ~-1 ~ - ?..d a1 COS ct1 t 

'It 
if 2 < ~-1 s 11 • (2c) 

For each inequality of {2), k • 1, 2, ••• , n; it is to be noted that for k • 1, 
k-2 

one replaces ~ a1 cos t1 by zero, the la.at inequality ( 2c) lddch g1 vea the 

range of ~-1 coa "k-1 ~a trivial, and the inequallty defining the range or 
4k_1 loses signit.icance. 

n-1 The space S divides natur~ into 2 aubapaces, where each subspace 

represents a particular sequence of forward and backward scatterings. The 

scatter forward or backward on the last, or n•th, collision does not figure 

in these inequalities, but does enter by way of the integrand. For transmission, 

en is defined b7 the relation 

n-1 
•n cos 4n • a - Z: si cos t 1 , 

1•0 

and for reflection by 

n-1 
8 COS t • - ~ Bi COS 41 1 
n n i..O 

(3a) 

'It 
if -2 < 4 <'It • n- (3b) 

Hence, the number of subspa.ces is increased to ;f1, and one may expect that the 

calculation of Nn as a practical matter will require separate treatment for 

each subspace. 

The integral formula for Nn does not appear tractable to analytic treatment 

of the integration over the angle variables, but it will be noted that the 

integration with respect to the sk • s may be readily perfonned. In order not to 

single out a particular subspace, one may canbine Eqs. (.3a) and (.3b) into the 

one relation n-1. 
en cos 4 • a - L s1 cos 41 1 n n i-o 

where 9n is assigned the value ~ or 0 according as (Ja) or (3b) applies. 
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Similarly, the integration limits on the variable ~ as given by (2b) or 
k-2 

{2o) 'Will be taken to be 0 and 'it- L: •1 cos ca.1 , where ~has the value 
1~ .. 

~ or 0 according as the subspace def'lned by {2b) or (2c) applies. Then 

Eq. (l) requires the integration of the function 

r ~ n-1 l [ n-1 l 
exp Lcoan4n (an-"£ 81 cos 4~- exp - ~ Jli aij 

n-2 
first with respect to •n-l over the interval (0, an-l - ~ s1 cos 41 }, then 

~ with respect to •n-2 over the interval (0, an_2 - k a1 cos q'i), etc. This 

series of operations has a recursive nature which can be made evident by the 

fork • -1. 

Then, i.f' Jk represents the operation of integrating with respect to ak between 
k-1 

the limits 0 and ~- :[; s1 cos 41 , one has 
ia() 

' 
(4a) 

(4b) 

Further iterations proceed similar~. It is evident that the a-integrations 

in Eq. (1) are the end of a sequence of these operations of which 



P-155 
- 7- 9 June 1950 

(4a) and (4b) are the first two; the sequence in N is obtained from (4) n 

by these substitutions: k = n-1, j = n, A = ~ /cos 4 • n n n 
For n = 1, one has 

and for n = 2 
2 

N2 (al'a2) .(.Y2 r2) 

(A -A
1

) cos 4 
0 0 

(5) 

Thus, the probability of a photon passing through the slab with exactly one 

collision is given by Eq. ( 5) as N1 (a), and the probability of being reflected 

out through the incident face of the slab with one collision is N1 (0). The 

probability of transmission with exactly two collisions is given by Eq. (6) 

as the sum of the two probabilities N
2
(a, a) and N

2
(o, a), and the proba­

bility of reflection out through the incident face with two collisions is 

the sum of the t>vo probabilities N
2
(a, 0) and N

2
(o, 0). If one defines 

v. = A.a, then these probabilities may be written as follows: 
1 1 

' 2 
r ( -(vl-vo) -v I ; N

1
(a) '-' r a 0 1-e 

ql d¢1 dQl =-- e I ) 2 )J \vl-vo cos 40 s
1

(a) 

(7) 

) r 2a ff 1-e 
-&o-vl) 

N
1 

( 0) =-- ( v
0
-v1 ) cos 40 

ql ct¢1 dQl 2 

s
1 

(O) 

(8) 
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1-e-(v~-v0 ) 1-e-(v, -V0 ) 

(v.l.-v0 ) cos ti»o- (v, -v<J cos ~" 
----------- q1 q2 d¢1 d~ d¢2 de2 ; 

( v1-Yi cos 41 

( II"- /" /~ 

, . 2 j ,, ! I 
( -z) r2a \ · / I 
\ 2 j ) j) 

s2(a,O) 

-v 

l-e-(v~:.-v,) l-e-(vl.-v") 
(v"' -v1 ) cos 4o - (v:. -v.,) cos h 

(v
0
-v1) cos q,

1 

One notes that e 0 appears as a factor in all the transmission probabilities; 
-v 

0 e is 1 of course, the probability that a photon is tran3!11 tted through the 

slab without absorption or scattering. 

In heavy materials, the probability of photoelectric absorption increases 

ver,y rapidly as the photon energy decreases. As a consequence, the 

(9a) 

(9b) 

(lOa) 

(lOb) 
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transmission probability :tor a path which includes two or more backward 

acattering1 will be unimportant compared with the tranllllission probability 

!or a path ld th the aame number of collisions all of which are in the 

!orward direction; e.g., N2(o~) < < N
2 

(a~a). In terms of the integration 

spaces. the subspace corresponding to ~ • a2 • ••• • an • a is the important 

one that need be ooneidered of all the typea Nn• This particular sequence 

ot probabilities has the form 

where 

t (v ) o o- • 

etc. 

n-1 

fn(vn,vn-1•··~o) /T qk+1d¢k+1dQk+1, 
k-0 

(11) 

, 

The expected energy, E say, which is carried by a photon trans-
. n 

mitted or reflected is obtained if the integrand in Eq. (1) is multiplied 

by a , where 
n 

an • i-(1- cos 0 )a 1 n n- - ao 

7/[1- (1- cos ok+1 ) ~J7 
k•O 

, 



- 10- P-155 
9 June 1950 

so that 

En. 00 (V ~2)";1)'·:· _r.-~n8n n-1 
7T 
k=O 

(12) 

n 

In Eq. (12) 

Every formula developed for Nn has its counterpart for En. 

The fonnulas summarized in Eqs. (ll) and (12) do not appear at all 

amenable to analytic evaluation. Numerical integration, on the other hand, 

cannot be carried out for large values of n in a reasonable length of time. 

It would be of great interest, however, to have a quantitative notion of how 

many collisions contribute significantly to the number of photons and the 

energy transmitted through a large thickness of a heavy material. A numerical 

calculation was therefore carried out for a slab of uranium 20 em thick upon 

which photons are incident normally (4 = 0) with energy a • 10. The 
0 0 

results through the third scattered beam are given in Table II. It is 

estimated that these values may be in error by as much as 10%. The error 

is greatest, of course, for N
3 

and E
3 

and for these the error may be 

pessimistically estimated to be as large as 20%. 

These results may be used to obtain transmission values through a slab 

of lead for photons incident under the same conditions: ,1, = 0 0: = 10. 
'Yo ' o 

It may be noted (cf. Table I ) that the total absorption coefficient, ~(a), 

2 

for uranium is larger than that for lead in the energy range from 1 to 10 me 

by an almost constant factor of approximately 1.75. Consequently, the integrals 

of the types (7), (8), (9), and (10) evaluated for 20 an of uranium should 
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have about the same values for 1. 75 x 20cm • 35cm of lead except for the 

factor (-Jr2 a/2)n. The quantity in this factor which varies in going from 

uranium to lead is ..) a, and the ratio or -J a for lead to its value for 

uranium ia 1.09. In this wa;r, one gets the trananis~on values for lead 

shown in Table II.* 

These results point to the interesting conclusion that the major 

portion of the photons and of the energy transmitted through a slab ot 

heavy material of the order of 20 mean free paths thick is contained in 
f 

the contributions from the first four or five scattered beams. It an 
~ 

extrapolation is made in.a reasonable geometric fashion to higher values 

of n, one gets for the total energy and total number or photons transmitted 

through a slab of uranium 

E ~ 
t-

with the transnitted photons havinR the average energy 

Et 2 
- 5 Nt - me • 

Corresponding values for the slab of lead are 

Et ::::. 6.4 E
0
', 

Nt :::: 12.7 N
0 

, 

Et 2 
- ::::: 5 me • 
Nt 

This extrapolation is not so daring as might appear. One would expect 

that once E (a) and I (a) begin to fall, they would decrease ever more n n 

rapidly as n increases. This inference is strengthened by a qualitative 

(13a.) 

(l3b) 

(13c) 

(1.4a} 

(l4b) 

(14c) 

~'Note add~d -i"n- p.roof: · A .d.ire-c_t_ calculation for 35 em slab of lead has beer. made 
N N E E 

for a0 = 10 with the ·following results: ~ = ~ .6, ;.? = 3 ~u, .:=1 ,., l.Eu, ..2 = 1 .eL . o ,J 0 ~ E0 

The avreement of these numbers y,ri th the Pb values iY"l Table 'II is vRrv P"oorL 
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examination of the integrals for En and In which indicates for large ~ 

a trend for a behavior of the following type 

~(a) (ka) (15a) 
Eo n! 

In(a) (ca)n 
Io nJ 

(15b) 

where k and c do not vary strongly with n. The first four values of 

En/E 0 given in table II agree fairly well with Eq. (l5a) with the value 

k = .087cm-1; the value c = .12cm-l in Eq. (l5b) gives a rough fit to the 

tabulated values for Nn/N0 • Corresponding values for the slab of lead are k:.OS4cm-1 ; 

c ~ .075cm-1• It should be noted that Eqs. (l5a) and (l5b) are of the form 

which would be obtained from a one-dimensional calculation of the transmission 

probabilities. Although the values for k and c derived from a one-dimensional 

calculation would depend on the kind of approximation made, one would not 

expect that the one-dimensional form would underestimate the general trend 

of the contributions to the transmission from large values of n. One may, 

therefore, argue that one gets rapid convergence in En and In, and that an 

extrapolation made with k and c chosen for the best fit over the first few 

values of n which go beyond the maxirra in ~ and In, would be reasonably 

safe. Such an extrapolation, which uses Eqs. (15) to get the contributions 

for n beyond those calculated, gives essentially the same results for Et 

and Nt as the geometric extrapolation mentioned above. 

No effort was made to improve the accuracy of the computed values of 

En and In presented in Table II because of the difficulty involved in this 



P-155 
- lJ - 9 June 1950 

straightforward apProach to the calculation. The functions involved have a 

behavior unsuited to numerical methods and .furthermore the number of numeri-

cal quadratures which must be performed, for example, in the case n • .3 

prohibits the use of more than a few points in each integration. The present 

results were obtained by using from three to five points for each integration. 

So few points would indicate a poorer accuracy than stated if one were to 

assume the use of an unadorned Simpson's rule. The worst function behavior, 

however, is found with the functions pk(Qk) and qk(Qk) which are all of one 

class so that they may be considered together. Further, the functions of 

Qk and d... arising from f (v v 1 ••• v ) are also more or less of a class; 
'k n n1 n- 1 , o 

of these, the greatest difficulty for the numerical integrations comes from 

a variation in which the function rises to a maximum and then falls rapidly 

in roughly exponential manner. 

A typical integral which must be evaluated is of the fonn 

(16) 

Now if the function f ( Qk) is approximated by a polynomial c0 + c1 Qk + ••• 

+ en Q~ which passes through n points of f ( ~ and if the integrals 

g" 
r k j 

J gk qk (Qk) dQk • 
I 

j • 0 1 1, 2, ••• , n, 

gk 

are evaluated, then an appro:rimate value of (16) is obtained in -wilich the 

number of points required depends on the behavior of f (Qk) and very little 

on that of qk ( Qk). Such a procedure is useful since the functions qk 

(and pk) are amenable to the required analysis. A complete study of a few 

typical integrals of the type (16) showed that three points can be used to 
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approximate t (~) with sufficient accuracy to give an error o! about 

5 percEI!lt in the integrated value. It is essentially such a procedure which 
the · 

wae followed with some care and control to give/results of Table II in a 

reasonable time. 

III. Total Tranamisaion as successiTe Transmission through a Series ot 

Thin Slabs 

It is clear !rom the preceeding results that the transmission through 

a slab one or two mean free paths thick should not require the evaluation ot 

scattered contributions b8.fond the two collision beam. Indeed, the twice 

scattered photons would then constitute only a small portion of the total 

transmission. The calculation of the unscattered and singly scattered trans­

mission beams is a simple matter 1 and the calculation of the doubly scattered 

transmission beam is also not difficult if high accuracy in its numerical value 

is not required. With a practicable method ot evaluating the transmission 

through a thin slab, one might propose to obtain the transmission through 

a thick slab by considering it to be composed of a number of thin slabs. This 

procedure may readily be examined in a fcnmal manner •. 

Let 0 be the operator which transforms a distribution of photons 

incident upon one face of a slab into the distribution of photons leaving 

the second face, and let S be the operator which transforms the incident 

distribution into the distribution leaving the incident face of the slab. 

It is plausible, in dew of the physical situation, to assume for any dis­

tributions ~ and r that operational relations 

0 (~ + r) • Ol + Or, 
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are valid. Consider two slabs in contact (cr. Fig. 2) and let t 1 be the 

distribution entering the left face of the first slab, r 1 the distribution 

I I 

entering the right face, and ~ and r1 the distributions leaving the left and 

right faces respectively. Let t 2 , r 2 , t2• r2 be the corresponding distribu­

tions for the second slab. The two slabs, for the general discussion, need not 

be identical either in material or thickness so that the first slab has operators 

01, s1 and the second slab has corresponding operators 02 , s2• Then the 

following relatione holds 

' rl • ol tl + sl rl ' 

' tl • sl tl + ol rl ' 

' r2 • 02 t2 + s2 r2 ' 

' t2 • 82 £2 + 02 r2 ' 

and, since the distributions which leave one inner face must enter the other, 

These six equations reduce to 

(17) 

I 

rl = s2 rl + 02 r2 

Substitution of the fourth of these equations into the first leads to 
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and this relation When applied to itself gives 

repetition of this process k ttmes yields the relation 

(18) 

It one substitutes the first ot Eqs. (17) into the fourth, am 

iterates in a similar way, one finds 

rl •r 52 01 + S2 S1 S2 01 + (Sz1_)2 S2 01 + ••• + (S21_)k S2 01] .tl 
'-

+ [ 02 + 52 51 °2 •···• (s2sl)k 02 ] r2 (19) 

k+l 
+ (S2Sl) rl • 

. k+l I ( k+l 
The quantlties (s1s2 ) r1 and s2s1 ) r1 represent a ~~=tribution of 

photons which have been renected back and forth between/ slabs k+l times. 

For k sufficiently large, these terms may be neglected. If Eqs. (18) 

and (19) so simplified are su;>stituted into the second and third of _Eqs. (17), 

one finds 
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Eqs. (20) and (2l) give the two distributions emerging from the two outer 
of 

faces or the combined slabs in terms/the two entering distributions. Each 

sum of operator products in the brackets of these equations represents an 

operator ( S or 0) for the compos! te slab in tenns 1of the operators for the 

two constituent slabs. It is clear that if a third slab is brought into 

the system, the foregoing process could be repeated to obtain the operators 

for the ca:nbination of three slabs, and this process may be extended for any 

number of component slabs. In any such extension, the operator coefficient 

of .e1 will either be the transformation of this distribution incident on the 

left face of the canposi te slab into the distribution transmitted out of 

the last face on the right, or it will be the transformation which reflects 

this distribution back from the incident face. The behavior in a general 

case of any number of component slabs is illustrated well enough by Eqs. (20) 
the 

and (21). The coefficient of .e1 in Eq. (21) consists of/following operators: 

o2o1 which represents the operator for direct transmission through the two 

slabs; o2 s1 s2 01 which represents transmission through the first slab, a 

reflection from the second slab, a reflection from the first slab, and 

finally a transmission through the second slab; etc. As would be expected, 

this operator sum represents all possible successions of transmissions-and 

reflections which end finally in transmission. The other operator brackets 

have similar interpretations. 

The number of photons in the distributions 02 o1 ~J! ~2 s1 s
2 

o1 £p ••• 

must be decreasing. Indeed1 for a material with an appreciable absorption 

cross section, one would expect that the important contribution to the 

transmission would be accurately represented by 02 01 • With this assumption, 

the transmission through k identical slabs is given by the simple operator ok. 
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This operational process is a promising approach and has the advantage 

of giving detaile about the photon distribution at a succession ot thick-

nesaes of material. In this way a rather complete history of the attenuated 

beam is obtained. 

The formulation in Section II gives the necessary basis for the 

construction of the operator o. The distribution of photons incident 

upon a alab may be specified in tenns of the initial energy, a
0

, and the 

angle of incidence, q.
0

• The variables ~ • 1/a and y • cos 4 are somewhat. 
0 0 

more convenient so that the incident frequency distribution will be I (13 1 y). 

Then, for the transmitted distribution, one has 

f I I 
I (p ,y ) • 0 I(~ 1 y)~ 

Now 0 may be considered to be the sum of the operator& 0
0

, o1 , o2 , .,~ 

I I I f I I 
where Ok transforms I(iJ,y) into Ik(l3 ;y ), and Ik (p ,y ) is the frequency 

function for those phtons which are transmitted with exactly k collisions. 

The first of these operators, 0 1 is found at once. Those photons in the 
0 

incident distribution elenent I {~ 1 y) d~d~which are transmitted without 

collision, have unaltered energy and direction of travel .. and are diminished 

in number by the factor exp [ -aJ-L{ f3 )/r J, where J-L(I3) is the total cross section 

of the material for photons of energy f3 and~ is the slab thickness. Hence, 

0
0 

is defined exactly by the relation 

t I I - I lb (13 ,y ) • exp L-a ... (p)/rj I(f31 y). 

The operator o1 may be constructed as follows. The number of photons 

of initial energy 1/13 and_ incident on a slab of thickness A with the angle 

cos -ll which are transmitted after exactly one collision with energy end 
I I I I I I 

angle within the intervals (13 ,~ + d~ ) and (y ,y + dy ) is 
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dN (a) • ~ r2a 
1 2 

-v -vi 
e -e 
yfv•-v) ' q 

I 
The quantitiee v and v in this expression are the v

0 
and v1 respectively 

of Section II. It follows that the number of transmitted photons in the 
t t I t I I 

intervals (rJ ,~ +dlJ ) and qr ,y +dy ), which initially were in the incident 

element I (~;y) ~dy, ia I(~1y) d~dy • dN1 (a). Thus, 

I~ <U) • -J~2a J J I(~,rlyi:~=:;v• q' ~ ~~:!J,) d~ . 

o-

(22) 
I 

where cos Ql • l + 13-13 • It is evident that the operator 01 is a :nu.lt.i-

plication by a function followed by an integration over the proper space 

in the variables ~. Y• 

The operators o
2
,o3, etc •. can be defined in the same way. There 

remains, however, the problem of performing the indicated transformations 

with sufficient accuracy and speed. The essential features of one approach 

to this problen will be illustrated with the operator o1• The incident 

distribution I(~ 1 y) is represented in the ranre of interest or significance 

by a set of discrete points, i .~ k in number, taken from i values of ~: 

~l < ~2 < ••• < ~i' and k values of y: r1 < r2 < ••• < yk. These values of 
'} : ' t t I 

I(j3
5 
yt) are arranged in a column matrix 1: I

5
t I' • Then I (~ ,y ) as 

I I 
determined by Eq. (22) can be evaluated at a given point (13 ,y ) by performing 

1 numerical integrations over y(~ successively fixed at ~1 ,132, ••• ,131 ) 



P-155 
- 20- 9 June 1950 

followed by a n\Dilerical integration over ~. This procedure can consist or 

multiplying each di sorete value o! I(~ 1 y) in the column matrix by a suitable 

coefficient and accumulating the products. It is, thus, readily suggested that 

one form a square matrix J/ 01 J/ ot order i • k in which the elements in the 

first, second, third, etc., rowe are respectively the coefficients tor ob-

• ' t taining I 1 (~1,r1), 11 (~1,y2), I1 (~l'y3 ), etc. One haa, consequently, a 

matrix representation !or the transformation 01 • A matrix representation 

/lo2 /l for 02 can also be found, and its derivation is entirely similar 

to the above. The operator 0
0

, which is merely a multiplication by a func­

tion with no integrations, is represented by a diagonal matrix. For a slab 

which is sufficiently thin so that the higher operators are negligible, 

one has the total matrix 

II o /! - !i 0 li 
0 

+ 

such that the total transmitted distribution I 
1 

is given by 

11 f I i 

, 1 I I/ - /') 0 /! 
1
1 d X /j I !i • 

il / i 
!/ 02 /. 

It an accurate calculation requires matrices of high order, the 

feasibility of this procedure is brought into question. The functions 

involved are not well behaved which tends to make the order of the matrices 

large. It may be noted, for example, that the integrarrl in Eq. (22) becomes 

infinite at the boundary of the region of integration. This region is 

defined by the simultaneous inequalities: 

I I 

~ - 2 ~ ~ ~ ~ ' 

y' cos g1 - ll-yr2 )l-cos2 Ql :S y :S yt cos Q1 + J l-y• 2 ') l-cos2~ 
y > o. 

The area so defined is clearly not rectangular so that there is the difficul-

ty of ending the numerical integration with respect to y (~ fixed) on the 

' 
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boundary when no discrete point falls on the boundary. These difficulties, 

however, are not insuperable and may be so treated as to make the method 

feasible. 

The transmission of four different distributions incident upon a slab 

of uranium was calculated by this iterative method. The results are presented 

in Tables III, IV, V, VI, and VII. Case A in these tables represents the 

first attempt with this procedure and is largely an exploratory calculation. 

The incident, or initial, distribution is constant in the reciprocal energy 

range 0.1 S 13 S 0.15 and is also constant over the range of cosine of 

incident angle 0.8 < y < l.OJ the incident distribution is zero elsewhere. 

A net of 49 points vas used in the computation and their values are given 

by ~ • 0.1, 0.125, 0.15, 0.20, 0.251 0.35, 0.45 and y • o, 0.2, 0.4, 0.6, 

o.s, 0.9, 1.0. As the calculations proceeded, it became clear that the 

accuracy could be improved by a different arrangement of points 'I'd. thout 

great increase in their number. The improvement consists in taking a closer 

spacing of y - values for small ~ and a larger spacing of y - values for 

large f3. Since the distributions which are operated on vary rapidly for 

small ~ and are slowly varying for large p, it is clear that this non-

uniform net is advantageous. The improved net was incorporated in the 

matrix operator for the incident distributions which are labelled Cases I, • 

II, and III. For each of these, the incident beam is mono-energetic, 

p • 0.1. and the distributions over r are respectively 1, 5(y-o.e), 
25 (y-o.a)2 in the interval 0.8 5 y 5 l and zero elsewhere. This choice 

of angular distributions was motivated by several considerations. Some 

distribution of the incident beam over a finite range of y is indicated 

for the practical reason that a mono-angular entering beam adds greatly to 
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the computational difficulties. On the other hand, an incident distribution 

with appreciable magnitude at or near y • 0 would tend to increase the 

importance of the matrix )is }/ which is neglected. The incident distribution 

of Case I is precisely the distribution from an isotropic distant point 

source out of which radiation in a cone of half-angle )6° 52' is accepted. 

The successive distributions of Ca•e I, II, and III may- be regarded as the 

first three elements of an intinite sequence ot incident distributions 

which converges to the mono-energetic and mono-angular beam {y•l, a•lO) 

considered in Section II. 

The thickness of the slab element; i.e., the -thin" slab associated 

with// 0 JJ, has always been held at 2cm. This thickness ia less than 2 

mean free paths, and reduces the contribution of the twice scattered beam 
a 

to/few percent of the total. The ratio or the total number of photons 

transmitted to the number incident is given in Table III for thicknesses of 

uranium from 2 to 20cm in 2cm intervals. The expected energy transmitted 

is similarly tabulated in Table IV. It is clear that, for the sequence of 

Cases I, II, and III, the mean angle of the initial distribution with the 

normal to the slab decreases, and therefore the transmission should increase. 

One may examine the question as to how rapidly this sequence of cases is 

approaching the mono-angular transmission values. For ~ • 0.1, y a 1.0 and 

a total slab thickness of 20cm of uranium, one has for the ratio of the 

number transmitted without scatter to the number incident, N
0
/N1 • 

- I -$ 
exp L -~0a j • 2.89 x 10 • This ratio and Eqs. (13) give for the mono-

angular distribution 
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These values compared with those of the sequences in Tables III 

and IV show slow convergence t.o the mono-angular values. This same slow 

convergence is found in the unscattered transmission which can be calculated 

simply and accurately. For 20cm of uraniwn, the sequence of mono-energetic 

cases considered here give !or the unscattered transmitted number, Nu' and 

the unacattered transmitted energy, Eu' the successive values 

Nu ~ 9 -a -a N. E • 7.36 X 10- J 1.14 X 10 J 1.40 X 10 • 
i i 

-8 The limit value 2.89 x 10 indicates the convergence of the unecattered 

transmission is .tully as slow as the convergence of the total transmission. 

Tables V and VI summarize the values for the ratio of the total trans-

mission to the unscattered transmission. Thewe ratios express the trans-

mission in a convenient manner, The u nscattered transmission N and E 
u u 

(or N and E for the mono-energetic, mono-angular initial distributions) 0 0 

are obtained by an elenentar,y calculatioh which is subject to no computational 

inaccuracy; further, Nu and ~ give a rough order of magnitude of the 

transmission, One may compare the behavior of the sequence of values of 

N.Jnu' Et/Eu !or the cases I, II, and III w1 th the mono-angular values of 

Section II. The values in Tables V and VI stand in the proper relationship 

~th each other and with the limit. Again, the slow convergence of the 

sequence of angular distributions toward the values for the mono-angular 

case is evident. It is worthy of note that the effects of an initial 
it is 

angular distribution, even though/fairly sharp, are very evident in the 

transmission values, and these effects persist as the angular distribution 

is sharpened. Another such effect is to be noted in the behavior of the 

average energy of the photons transmitted. These values are tabulated in 
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Table VII. For 20cm, these average photon energies for the sequence are in 

proper relationship with each other and with the limit value of 5 mc2 tor 

the mono-angular caae. 

The. distributi01S .for Ol.se m of the ucattered photons energing from slabs 

of various thicknesses are sholm in Fig. ). For purposes of canparison, 

these distributions have been di 'Vided by the t.otal number or photons trans-

mitted for the given thickness. Therefore, the area under each distribution 

curve gives the percentage of the td:a.l transniasion which canes from photons 

which suffered at least one collision. For slab thicknesses of 2, 6, 121 and 

20cm.1 t.."lese percentages are 20.81 49.01 7.3.11 and 88.4 respectively. 

The results for uranium may be adjusted to give estimates for trans­

mission through lead {Tables VIn and IX). The method follows closely the 

one used in Section II. It is clear from the discussion given in that 

section that one may write 

where Ik is the appropriate integral~ The ratio of the absorption coefficient 

for uranium to that for lead, it will be remembered, is roughly 1.75 in 

the interval 1.0 :S a :S 10.0. Therefore, Ik for~ em of uranium has approxi-
.a. 

mately the same value for l. 75"cm of lead. However, because of the differ-

ences in the value of-) for lead and uranium, one must correct the k 1th 

te:nn by multiplying it by the factor (1.09)k. In Section II, where the 

first few terms in this sum were evaluated explicitly, this correction was 

straight forward, but here one is given only the sum. Suppose, however, 
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one assumes that .f.'or A an of uranium N/Nu • ~/kl, a.e Eqs. (15) suggests. 

Then, if one selects K so that 

(]) 

L Kk/KJ ,. eK • Nt~ ' 
k..O u 

one has .f.'or 1. 75~ em of lead Nt/Nu • e1•09k. The assumption basic to thie 

easy transformation of results is probably not, in view of its purpose, 
since 

too seriously in error/ the tranaformed result ie mt very sensitive to 

the manner in whtch Nt/Nu is distributed over the tems of the series. The 

greatest divergence from the assumption occurs for thin slabs, but for these 

the first term which needs none of tbis correction, gives most of the total 

transmission. 

As a general remark concerning the tabulated values 1 the use of 

three significant figures might be t.a.ken as indicative of over-optimism 

regarding the accuracy of the computations because of their extent and 

complexity. However, it is estimated that a numerical result from one 

matrix iteration is accurate to 2% or better. Since the error may be 

cumulative, it :night be implied that 10 iterations, which carry the trans-

mission through 20cm of uranium, could have an error of 20%. Such an 

accumulation of errors cannot be dismissed only by saying that it is im-

probable. However, the results of the various calculations support each 

other with notable consistency 1 and this behavior has lead the writers to 

the view that the results and the procedure have very acceptable accuracy. 
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TABLE I. These values for the absorption coefficients 

for lead and uranium were used in the calculations. a • photon 

energy in units or mo2; J.&u • total absorption coe!ficien~ 
!or uranium.J ~ • total absorption coefficient for lead. 

Q 
J.&u ~ 

0.2 68.8 57.0 
I 

0.5 12.0 6.10 

l.O 3.(17 1.686 
' 

I 2.0 1.339 .768 
! 

4.0 .890 .514 

6.0 .824 

r 

.477 

8.0 .FJ47 .479 

I 10.0 .868 .494 
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TABLE II. Transmission values for photons incident 

2 normally w.1. th energy 10 me (a
0 

• 10, 4
0 

• 0). The values 

for uranium apply to a plane slab of thickness a • 20 cmJ 

the values for lead apply to a slab of thickness a • 35 em. 

Nn is the rmrnber of photons transnitted with exactly n 

scatterings. E is the expected energy transmitted with n 

~tly n scatterings. 

Transmission values for U Transmission values for Pb 
a •10, 4 •O, a=20 em 

0 0 
a al01 4 -o, a=.35 em 

0 0 

n N /N I E /E Nr/No En/Eo n o I n o 
' 

0 1.0 1.0 1.0 1.0 

l 2.6 1.7 2.8 I 1.85 

2 3.0 1.5 3.6 1.8 

3 2.2 .ss 2.85 
I 

1.15 



a (em) 

0 

2 

4 

6 

8 j 

i 

10 I 
12 I 

I 
14 I 

i 
' 

I 16 I I 

I 
I 

1L I 
! 

' I : 
! 20 ! 
~ ' I 
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TABLE III. The values tabulated are the ratios of the 

total number of photons transmitted, Nt' to the number incident, 

Ni' for various thicknesses, _!1 of plane slabs of uranium. 

The four cases, A, I, II, III, for which Nt/N1 is tabulated, 

represent various incident photon distributions in energy and 

angle and are specified in the text. 

A I II III 

1 1 1 1 

-1 i -1 ; -1 -1 
2.)6 X 10 2.22 X 10 2.34 X 10 2.42 X 10 

-2 5.20 X 10 4.68 X 10-2 -2 5.21 X 10 5.50 X 10 -2 

1.12 X 10-2 9.80 X 10-3 1.14 X 10-2 -2 1.23 X 10 

2.40 X 10-J 2.05 X 10-J 2.46 X 10-3 2.69 X 10-J 
I 

5.07 X 10-4 I 4.29 X 10-4 I 5.28 X 10-4 5.85 X 10-4 

1.07 X 10-4 8.97 X 10-S 1.13 X 10-4 1.26 X 10-4 

2.24 X 10-S 1.87 X 10-5 2.40 X 10-S 2.71 X 10-S 

-6 4.70 X 10 
-6 ).91 X 10 ;.os x 10-6 -6 

5.79 X 10 

9.83 X 10-7 8.14 X 10-7 1.07 X 10-6 -6 1.2) X 10 

2.06 X 10-7 1.70 X 10-7 2.26 X 10-7 2.61 X 10-7 



a (em) 

0 

2 

4 

6 

8 

10 

12 

I 14 
i 
I 16 

20 
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TABLE IV • The values tabulated are the ratios of the 

total expected energy trananitted, Et' to the incident energy, 

E1 , for the conditions of Table III. 

i 

I 
I 

A 

1 

-1 2a05 X 10 

4.14 X 10-2 

8.34 X 10-.3 

1.69 X 10-.3 

3.42 X 10-4 

6.95 X 10-5 

1.42 X 10-S 

-6 2.89 X 10 

5.93 X 10-7 

1.22 X 10-7 

l 

I 
i 

I 

1 

-1 1.85 X 10 

-2 3.45 X 10 
_'< 

6.50 X 10 __, 

1 • .24 X 10-J 

2.42 X 10-4 

4.74 X 10-5 

-6 
9.38 X 10 

-6 1.87 X 10 

3.75 X 10-7 

7.56 X 10-S 

I 
I 

I 
I 
i 

II 

1 

le97 X 10•1 

3.86 X 10-2 

7.63 X 10-3 

1.52 X 10-.3 

3.04 X 10-4 

6.10 X 10-5 

1.23 X 10-S 

-6 2.50 X 10 

5.08 X 10-7 

1.04 X 10-7 

1 
I 

i 

III 

1 

2.03 X 10-1 

4.09 X 10-2 

-3 8.25 X 10 

1.67 X 10-4 

3.40 X 10-4 

; -5 o.92 x 10 

1.41 X 10-5 

2.88 X 10-6 

5.91 X 10-7 

1.21 X 10-7 

j 

! 
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TABLE V. The values tabulated are the ratios of the 

total number or photons transmitted, Nt, to the number trans­

mitted without scattering, Nu' for the conditions of Table III. 

a (em) A I II III 

0 1.0 1.0 1.0 1.0 
: 

2 1.49 1.53 1.51 1.50 

4 2.06 

I 
2.19 

I 
2.14 2.12 

6 2.73 3.0'7 2.9; 2.91 
! 

8 3.55 4.24 i 4.00 3.91 

10 4.49 5.78 5.36 I 5.19 I 

12 5.60 7.78 7.08 I 6.82 

14 6.87 10.4 I 9.28 
I 

8.87 I 
i 

I 
I 

16 13.6 I 12.0 ll.4 ! 8.35 

I 
i I 

18 9.98 17.8 15.5 I 14.6 
j 

i 
I 

18.6 20 I 11.8 23.0 19.9 ! ! 
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TABLE VI. The values tabulated are the ratios of the 

total enere;y transmitted, Et' to the energy- transmitted with­

out scattering, Eu' for the conditions of Table III. 

a (em) A I II III 

0 1.0 1.0 1.0 l.o 

2 1.31 1~28 1.27 1.26 

4 1.65 1.61 
I 

1.59 1.58 ' 

6 2.05 2.03 1.98 1.96 

8 2.53 2.57 2.47 2.43 

10 3.08 3.25 3.08 3.01 

12 3.72 4.ll 3.84 3.73 
j 

14 4.45 5.18 4.78 4.61 

16 5.24 6.53 5.94 5.69 
'· 

18 l 6.16 
' 

8.20 7.36 7.02 
i 
! 20 I 7.18 10.3 9.12 I 8.63 

, ___________________ j_ _________ --'-___________ _:__ 



I 

I 

P-155 
9 June 1950 

TABLE VII. The mean enereY in the transmitted beam• 

EtiNt• is tabulated for the conditions of Table III. 

a (em) A I II III 

0 8.10 10.0 10.0 10.0 I 

I 

2 7.0') 8.36 8.39 8.39 

4 6.45 7.36 7.42 7.43 
J 

I 6 6.03 6.63 6.72 6.73 I 

I 
8 5·71 6.07 6.18 6.21 I 

I 
I 

10 5.46 5.63 5.75 5.80 I 
i 
' 

12 5.27 5.28 5.42 5.47 i 
I 

14 5.12 5.01 5.15 5.20 

16 I 4.99 4.79 4.92 4.98 

18 I 4.88 4.61 4.74 4.80 ! I 

i I 
20 I 4.00 4.46 4.59 I 4.64 

1 

! 
i i : 
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TABLE VIII. The values tabulated are the ratios of 

the total number of photons transmitted, Nt' to the number 

transmitted without scattering, Nu, for various thicknesses, 

~~ ot plane slabs of lead. The four cases, A, I, II, III. 

represent the same incident distributions as were used to 

obtain the results of Table III. 

a (em) A I II III 

l 
l 

0 1.0 1.0 1.0 1.0 

3.5 1.54 1.59 1.56 1.55 

7.0 2.19 2.34 2.29 2.26 

10.5 2.98 3.39 3.24 3.19 

14.0 3.96 4.8 4.5 4.4 

17.5 5.1 6.7 6.2 6.0 

21.0 6.5 9.3 8.4 8.1 

24.5 8.1 12.7 11.3 10.7 
i i 

28.0 10.0 17.1 14.9 14.1 

31.5 12.2 22.6 19.6 18.4 

35.0 14.6 30.2 25.8 24.0 
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TABLE IX. The values tabulated are the ratios of the 

total expected energy, Et' to the energy transmitted without 

scattering, Eu' for the conditions of Table VIII. 

a (em) A I II III 

0 ~.0 1.0 1.o 1.0 

3.5 1.34 1.:u 1.30 1.29 

7.0 1.72 1.68 1.66 1.64 

10.; 2.18 2.16 2.10 2.08 

14.0 2.74 2.79 2.67 2.63 

17 • .5 3.40 3.60 3.40 3.31 

21.0 4.2 4.6 4.3 4.2 

24 • .5 ;.1 6.0 5.5 5.3 

28.0 6.0 7.7 6.9 6.6 
I 

31 • .5 7.2 9.8 8.8 8.3 

35.0 B.; 12.6 11.0 10.4 



Figure. I 
Geometric parameters of a typical photon path through a slob. 
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Figure. 2 
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2 

A schematic representation of the incident, reflected, and 
transmitted photon distributions for two component slabs I 
and 2 and for the combrned slab. 
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'l'he ratio of scattered transmitted photons N8 ~a) to the total transmitted photons Nt is 
plotted as ordinate against the photon energy o; in units of mc2 for the. incident distri­
bution of Case III. The ~s are given for various thicknesses, a , of plane slabs 
of uranium, and these curves are :normalized so that the ar.ea under each. curve equals 
the fraction of the total transmitted number which col)siats ot scattered photons. 
These fractions are indicated as percentages on each curve. 


