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Abstract

A ;tudy has been made of the feasibility of accurate mumerical
determinations of the transmission of gamma rays through large thicknesses
of materials., The first procedure investigated consists in regarding the
total probability of photon tranamission, Nt' as the sum of the probabili-
ties Nn, where Nn is the probability of photon transmission with éxé.ctly n
scatterings, The total expected transmitted energy, Et’ is similarly
considered to be given byZEn. A numerical calculation of Nn and En has
been made for n = 0, 1, 2, 3 for a slab of uranium 20em thick upon which
photons are incident normally with energy « = 10 mc2. The maximum value
of Nn/lsl° occurs at n = 2 and of En/Eo at n = 1, These calculations are
also adapted tc a slab of lead 35cm thick. Consideration has been given
to the behavior of Nn and En for large n, and estimates are thereby made
for Nt and Et' The second procedure consists invderiving the transmission
through a thick slab from a succession of transmissions through thin slabs.
The transformation of an incident photon distribution into the distribution

transmitted through a thin slab is conveniently expressed as a matrix, and

the total transmission is then given by the iteration of the matrix on the

successive transmitted distributions. Numerical results obtained by thia

procedure for particular incident photon distributions are presented.
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I. INTRODUCTION

The purpose of the present investigation has been a study of the
feasibility of straightforward numerical determinations of the trans-
mission of gamma rays through large thicknesses of materials contalining
heavy elements. The limitation of the discussion to heavy elements mekes
possible some simplifications essentlially because of the large probability
of absorption by the photoelectric effect of photons which are degraded
to low energy. The present approach to the gamma ray tranamission problem
is based on the notion that one need consider only those transmitted gamma
rays which have suffered relatively few scatterings even Hr thicknesses
of materials of approximately 20 mean free paths. The validity of this view
is demonstrated by the results which are presented in the following sections.
Specific calculations have been made of the attenuation of gamna rays with
incident energy 10 m02 through thicknesses of uranium up to 20em., These
calculations are adjusted to give the attenuation through thicknesses of
lead up to 35 cm,

The elementary processes of gamma ray interaction with matter that
are taken into account are the photoelectric effect, Compton scattering,
and pair-production. Since the numerical results for gamma ray trans-
mission will depend upon the values taken for the absorption coefficients
for these processes, a partial table of the values for uranium and lead
used in the present caleculations is given in Table I. If a minor alteration
is made in these values, the effect on the transmission values given
here could be determined without great difficulty. The probability of
Compton scattering is assumed to be given by the Klein=Nishina formula

in which the effects of polarization of the radlation have been averaged
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out. Thus, the partial polarigation which arises upon scattering of
originally unpolarised radiation, and the alteration in the probabllity
of further Compton scattering, has been disregarded. The gamma ray energles
of present concern are sufficiently high so that these polarigzation effects
are believed to be uhimport.ant. The possible contribution to the trans-
mitted radiation from "Bremssthralung'' produced by Compton recoil electrons
1s not included in the present calculations; the range of gamma ray energies
considered here 1s known to be too low for this contribution to be signifie
cant.

Two methods for ths detemination of the probability of tranamission
of a photon through a slab of material of thickness a will be considered here,
In the first method, the total probability of transmission is taken as the
sum of the probability of transmission with no scattering, plus the proba-
bility of transmission with one scattering, plus the probability of trans-
mission with two scatterings, etc; In the second method the slab of thickness
& is divided into a series of thin slabs and the transmission through the
total thickness is determined from the transmission through the series of thin

slabs in succession.

II. 3Successive Scattered Contributions to the Transmitted Radiation

Consider a homogeneous slab of material which has infinite extent in the
¥y - and 2 = directions and which has thickness a in the x = direction,
0 <x < a. One may readily glve an integral expression for the

probability that a ganma ray incident on the face x = 0 is not
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absorbed in the slab and emerges after exactly n collisions from the face
x = a, Let the gamma ray enter with the energy a o in a direction making
an angle L with the normal to the face of the slab, travel a distance 8,
within the slab to the first collision, scatter (if it is not absorbed)
into a direction mﬁking an engle Ol with the original direction and an
angle ¢l with the normal to the slab face, travel a distance 8 to a
second collision, scatter into a direction specified by 02 and ¢2, and =o
on (cf. Fig. 1). After n collisions, the path angles are o, and ¢,» and
5, is the distance traveled from the (n-l1)th collision to the exit face of
the slab at x = a, The path line after the k'th collision is characteriged
by an azimuthal angle § K in addition to the angles Ok and ¢, ; these angles
are connected by the familiar relation

cos ¢, ., = °°°q'k°°s°k+l + gin %y ’j‘nek‘*l °°s¢k+l; k=0, 1, 2, seey(n=l1),

The energy of the photon between the k'th and the (k+1)th collision is o
in units of mcz, and the value of the total absorption coefficient for
this energy @ will be denoted by e The successive values of the energy

@, are related by the Compton formula:

. = Tl
k 1 - ak_l(l-cos Ok)

The probability, Nn’ that the photon will be transmitted after exactly

n collisions by any possible path is

n )
4/ p2 o N e UYL
V=2 e @ JT ® Y,y 99y Py 99, (1)
~ S s - k O

where v is the number of electrons per e’ in the slab material, r is the electron
radius, e%/me?, and q,,, 18 obtained from the Klein-Nishina differential

cross-section as:
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2 2
sin Okel 1+ cos® © + % (1-cos Oe1)
] 2 kl - T {I=cos 6,27 )
[lmk(l-coe Ok 4_12/ k kel

The 3n-dimensional space S over which the integration in Eq. (1)

a1

must be performed needs detailed description. A point (8,501 g 18159,8 00 ,
5.1 On, ¢ n) represents a path followed by the photon in reaching the n'th
collision and 18 a possible path or & point in S if all these collisions are
within, or at the boundary of, the slab, Any value of # k and °k is possible
as long as

0_<_¢k521t,

k-l’ 2’. . ‘7n0
0<é <= &

The first collision, however, will not be in the slab unless

0<s, cos ¢, <a.

Further, the value of the ar_zgle 4 - determines whether the first
.collision has given forward or backward scattering. If the scattering is
forward,

0<4¢ < n2,
then the second collision will be possible only if

0_<_slcosq,1 S a-s  cos ¢ .

o
If the scattering is backward,

) /2 < ¢1 < n ,
then the inequality
0231 qos ¢12-s° cos ¢°
must hold. Continuing in this way, one sees that the space S is defined
by the inequalities:

0<p, <2n H 0<oe, < n ; (2a)
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k=2 x
0<s _, cos q‘k—15a°§’i cos ¢y , 1f OS¢ <% (2b)
k=2 x
oz’k-1°°°"k-1?-‘;_o'i°°"’1' 1f S<¢ 4 S®. (2¢)

For each inequality of (2), k = 1, 2, «us, n; it is to be noted that for k = 1,
one replaces : '1‘ cos ¢1 by zero, the last inequality (2¢) which gives the
range of :k_licos wk-l .’!.e trivial, and the inequality defining the range of
4’1(-1 loses significance,

The space 3 divides naturally into 2n-l subspaces, where each subspace
represents a particular sequence of forward and backward scatterings. The
scatter forward or backward on the last, or n'th, collision does not figure
in these inequalities, but does enter by way of the imtegrand, For transmission,

L 1s defined by the relation

nel
sncos¢n-a-§aicos¢i, if05¢n5%, (3e)
and for reflection by
n-1 : .
n
ancostpn--%aicosq»i, if3<¢ <m., (3b)

Hence, the number of subspaces is increased to Zn, and one may expect that the
calculation of Nn as a practical matter will require separate treatment for
each subspace, |

The integral formula for Nn does not appear tractable to analytic treatment
of the integration over the angle variables, but it will be noted that the
integration with respect to the sk's may be readily performmed, In order not to
single out a particular subspace, one may cambine Egs, (3a) and (3b) into the

one relation
n=l .

5 cos ¢ =ma - > 8 cos ¢
n n n i-Oi h

where a  is assigned the value a or O according as (3a) or (3b) applies.
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Similarly, the integration limits on the variable s, as given by (2b) or
k=2

(26) will be taken to be 0 and a, - Z 8y 008 ¢y, where a, has the value

a or O according as the subspace defined by (2b) or (2c) applies. Then

Eq. (1) requires the integration of the function

n-1 n-l 7

coa O (a }___:aicosq,g/ exp Zfo“i’ij
: n=2 .

first with respect to 8 _y over the interval (o, a 4 - é s, cos 4’1)’ then

n-3
with respect to 8,,_, over the interval (0, a _, - ]Z.:'O e, cos ¢i), ete. This
series of operations has a recursive nature which can be made evident by the

following device. Let

K -
(exp[—kd(aj-iz;osi cos 4;1)_/- exp[- Zp.iai] for k > 03
ij-j

’ l exp [; Ay aij ’ for k = -1.

Then, if J represents the operation of integrating with respect to LN between
k=1
the limits O and 8 - 12:0 8, cos ¢i s oOne has

JIF Y EEAE R £ A 4 (4a)

A2 -ay ) ). (a:-a -'\t(a:ﬁ'gf )
S me v Vi T4 - Yo
ﬂ,{.i < F:ﬂ—/,{—z - & v )_/‘; -z - "i-/,i-_?‘
. . >y j
ug-:[dz(f:g’./_"}: (Pay=A) GO Yhny (Aaei=de) coe gy

VY ,,
Further iterations proceed similarly. It is evident that the s-integrations

in Eq. (1) are the end of a sequence of these operations of which
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(4a) and (4b) are the first two; the sequence in N is obtained from (4)

by these substitutions: k = n=l, j = n, §1= pn/cos ¢n. For n = 1, one has

L2 TMEp M(ama) 2
_yr e -e e
Nl(al) T2 Jj' (Xo-kl) cos ¢, q; 4, d¢l ’ (5)

51

and forn =2
2

N, (2y,25) ’<;;r2 >

J]/r{/ e-}\za&e-)\z(az.-a )e-koa A, (a,-a) e-)\,a,_e-)\,(a, -a )e-)‘.oa

L (A=A,) cos 4. (A.=A,) cos o
s, g = %) cos 4y 9) a,d#, 46, 46,40, .

(6)

Thus, the probability of a photon passing through the slab with exactly one

collision is given by Ege (5) as Nl(a), and the probability of being reflected
out through the ineident face of the slab with one collision is Nl(O). The
probability of transmission with exactly two collisions is given by Eq. (6)

as the sum of the twc probabilities Nz(a,a) and N2(O, a), and the proba-

bility of reflection out through the incident face with two collisions is

the sum of the two probabilities N2(a, 0) and NZ(O’ 0). If one defines

v, = kia, then these probabilities may be written as follows:
5 2 -y [ 1 = (vl-vo )
=28 © ;o l=e .
M) =—5= e 7 )] Tyoo s, 4 ¥ (7
0 o
s, (a)

DR ’ l_e-(vo-vl )
' q df, 46, ; (8)

_ 2T a
Nl(o) (&b-vijfcos ¢,
5,(0)
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Nz(a,a) -
2 l_e"(vz"vo) l-e-(vl "vo)
2 -y (v,=v,) cos 4, (v, -v) cos ¢,
(}); 'a> e ° } 9y 4f, 48 df, de, ;
Sz(a,a) ( vl'"}? cos ¢y
(9a)
Nz(O,a) =
—(VL-V ) 1_6"(v:."vo)
(v -v, ) cos ¢, (vi-wg) cos ¢,
(ﬂra / v q q, o, a6, df, do
S (0 a) (vo-vl) cos ¢l 2 71 2
(9v)
Nz(a,O) =
"o =(v,~v.) =(v,=v.)
/‘r%,\z [f‘f & ) cos ¢ _(1.3 ) cos ¢
Y I (v,=v,) cos ¢, V,-v,) cos ¢,
2 ) (o) 5o ¥ 9 q, df, do, df, <e, ;
32(330)
(10a)
NZ(O,O) -
2 :ﬂi - l-e‘(vé-vi) - l-e-(v“-v’)
/Y w@a\ - (v,=v.) cos ¢, (v,-v, ) cos ¢,
(=2 (vove) con 9 % 9 ) ®) df, a8, . (100)
5,(0,0) 17. 1
-v

One notes that e ° appears as a factor in all the transmisaion probabilities;

-

° is, of course, the probability that a photon is transmitted through the
slab without absorption or scattering.

In heavy materials, the probability of photoelectric absorption increases

very rapidly as the photon energy decreases, As & consequence, the
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tranamission probability for a path which includes two or more backward
scatterings will be unimportant compared with the transmission probability
for a path with the same number of collisions all of which are in the

forward direction; e.g., Nz(CQa) << N, (a{a). In termms of the integration
‘spaces, the subspace corresponding to a4 =8, " w8 "a is the important
one that need be considered of all the types Nn' This particular sequence

of probabilities has the form

n
nel
o8] '
Nn(a?a.'ooﬁ) - ( 2 cee fn(vn,fn_l,..-)fo) Z:g‘qk"ld¢k‘ldok’1 ’
5(3s850008) -
(11)
where
fo(vo) - g™ V0 ,
£f(vy) =2 (v)
L0, = T
o 1 o]
£ (v,v v ) _ fl(stvo) - fl(vl’vo) »
2V7°2#712 % (Vl-vz) cos ¢1
£ (Vg VeV ) = £.(v,, Vi, V)
fé(VE,vz,vl,vo) .22 %: o_ ) 3082; L o ’
2 3 2
etc.

The expected energy, En say, which is carried by a photon trans-
mitted or reflected is obtained if the integrand in Eq. (1) is multiplied

by an, where

a 44

o = n-l - 2 ,
n  l-(l- cos On)an__l Nl

7r7[l- (1- cos 9k+1) ak]

k=0
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so that
o) 2\ -y 8 n-l =~
r ces n n k :
E =@ <—15;> fg‘ ‘fe Llo e Py, 98y d¢k+1 o, .4 - (12)
S
n

In Eq. (12)
. qk
Pg = T = (1-cos 6,,)q,

Every formula developed for Nn has its counterpart for En.

The formulas summarized in Egse. (11) and (12) do not appear at all
amenable to analytic evaluation. Numerical integration, on the other hand,
cannot be carried out for large values of n in a reasonable length of time.

It would be of great interest, however, to have a quantitative notion of how
many collisions contribute significantly to the number of photons and the
energy transmitted through a large thickness of a heavy material. A numerical
calculation was therefore carried out for a slab of uranium 20 em thick upon
which photons are incident normally (¢° = 0) with energy a, = 10. The

results through the third scattered beam are given in Table II. It is
estimated that these values may be in error by as much as 10%. The error

is greatest, of course, for N3 and E3 and for these the error may be
pessimistically estimated to be as large as 209%.

These results may be used to obtain transmission values through a slab

of lead for photons incident under the same conditions: ¢o =0, a = 10,

It may be noted (cf. Table I ) that the total absorption coefficient, ula),

for uranium is larger than that for lead in the energy range from 1 to 10 mc2
by an almost constant factor of approximately 1.75. Consequently, the integrals

of the types (7), (8), (9), and (10) evaluated for 20 cm of uranium should
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have about the same values for 1l.75 x 20em = 35em of lead except for the
factor (7)1'2 a/2)n. The quantity in this factor which varies in going from
uranium to lead is 7 a, and the ratio of ¥ a for lead to its value for
uranium is 1.09. In this way, one gets the transmission values for lead
shown in Table IT.*

These results point to the interesting conclusion that the major
portion of the photons and of the energy transmitted through a slab of
heavy material of the order of 20 mean free paths thick is contained in
the contributions from the i:irst four or five acatter;ed beam:;. /If an
extrapolation is made in.a reasonable geametric fashion to higher values
of n, one gets for the tof.al energy and total number éf photona transmitted

through a slab of uranium
Et = 5.5 Eo s (13a)

N,= 10.8N_, (13v)

with the transmitted photons having the average energy

E
N—t‘ - 5 me? . (13¢)
t

Corresponding values for the slab of lead are

E, = 6. E, (Lka)

N, = 12,7 N, (14b)
B

ﬁ% - 5me* . (Lhe)

This extrapolation is not so daring as might appear, One would expect
that once En(a.) and In(a) begin to fall, they would decrease ever more
rapidly as n increases. This inference is strengthened by a qualitative

"Note added in proof: A 'd'i'r_e'é_tfzmzior} for 35 cm slab of lead has been made

T

N
for a_ = 10 with the following results: mt = 9.6, o2 = 3. = 1.8, = = 1.8 .
o w e following results: - 6, N% 3.k, E’i U, £e 1.8k

The agreement of these numbers with the Pb values in Table 91 ds verv eood.
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examination of the integrals for E; and I, which indicates for large a

a trend for a behavior of the following type

En(8) . (xa) ; (152)

1
EO nl

In(a) = (ca)?

I, n!l

s (15b)

where k and ¢ do not vary strongly with n. The first four values of
En/E, given in table II agree fairly well with Eq. (15a) with the value

k = .087cm'l; the value ¢ = .12em~L in Eq. (15b) gives a rough fit to the

tabulated values for N,/N,. Corresponding values for the slab of lead are k=.0Shem ™+

c = .O?Scm’l. It should be noted that Egs. (15a) and (15b) are of the form
which would be obtained from a one-dimensional calculation of the transmission
probabilities. Although the values for k and ¢ derived from a one-dimensional
calculation would depend on the kind of approximation made, one would not
expect that the one-dimensional form would underestimate the general trend
of the contributions to the transmission from large values of n. One may,
therefore, argue that one gets rapid convergence in E, and In, and that an
extrapolation made with k and ¢ chosen for the best fit over the first few
values of n which go beyond the maxira in T, and I, would be reasocnably
safe. Such an extrapolation, which uses Egqs. (15) to get the contributions
for n beyond these calculated, gives essentially the same results for Eg
and Ny as the geometric extrapolation mentioned above.

No effort was made to improve the accuracy of the computed values of

-
il

Zn and I presented in Table II because of the difficulty involved in this

3
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straightforward approach to the calculation, The functions involved have a
behavior unsuited to numerical methods and furthermore the numbgr of numeri=
cal quadratures which must be performed, for example, in the case n = 3
prohibits the ugse of more than a few points in each integration, The present
results were obtalned by using from three to five points for each integration,
So few points would indicate a poorer accuracy than stated if one were to
assume the use of an unadorned Simpson's rule, The worst function behavior,
however, is found with the functions pk(Ok) and qk(Ok) which are all of one
class so that they may be considered together. Further, the functions of
O, and ¢, arising from fn(vn’vn_l’...’vo) are also more or less of a class;
of these, the greatest difficulty for the numerical integrations comes from
a variation in which the function rises to & maximum and then falls rapidly
in roughly exponential manner,

A typical integral which must be evaluated is of the form

3

.ﬂgk

) £(6,) q (8,) do . (16)
)

Now if the function f (Ok) is approximated by a polynomial ¢, + 010k + oo

+tc, Oﬁ which passes through n polnts of f (q2 and if the integrals

"

6
;
J

O'
k
are evaluated, then an approximate value of (16) is obtained in which the

k .
oi 9 (ok) dOk » J=0,1,2, «eey n,

number of points required depends on the behavior of f (Ok) and very little
on that of q (Ok)' Such a procedure is useful since the functions q
(and pk) are amenable to the required analysis. A complete study of a few

typical integrals of the type (16) showed that three points can be used to
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approximate f (Ok) with sufficient accuracy to give an error of about
5 percent in the integrated value. It is easentially such & procedure which
the '
was followed with some care and control to give/results of TableIIin a

reasonable time,

IIT. Total Transmission as Successive Transmission through a Series of
Thin Slabs

It 1s clear from the preceeding results that the transmlisslon through
a slab one or two mean free paths thick should not require the evaluation of
scattered contributions beyond the two collision beam. Indeed, the twice
scattered photons would then conatitute only a small portion of the total
transmission. The calculation of the unscattered and singly scattered trans-
mission beams 1s a simple matter, and the ealculation of the doubly scattered
transmission beam is alsc not difficult if high accuracy in its numerical value
is not required. With a practicable method of evaluating the transmission
through a thin slab, one might propose to obtain the transmission through
a thick slab by considering it to be composed of a number of thin slabs, This
procedure may readily be examined in s formal manner..

Let O be the operator which transforms a distribution of photons
incident upon one face of a slab into the distribution of photons leaving
the second face, and let S be the operator which transforms the incident
distribution into the distribution leaving the incident face of the slab.
It is plausible, in view of the physical situiation, to assume for any dis-
tributions £ and r that operational relations

0(£+ r) =0+ Or,
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0£ + 52 = (0 + 5)¢,

0 (s£) =0 S &,
are valid, Consider two slabs in contact (efs Fige 2) and let £, be the
distribution entering the left face of the first slab, r the distribution

1
entering the right face, and Zi and ri the distributions leaving the left and
right faces respectively. Let 12, Ths li, ré be the corresponding distribu=-
tions for the second slab, The two slabs, for the general discussion, need not
be identical either in material or thickness so that the first slab has cperators
Ol’ Sl and the second slab has corresponding operators 02, 32. Then the

following relations holds

t

r- 01 41 +8, 1
1

L= Sl £, + 0l r; o
t

T, = 02 £2 + 52 T,

£ =S, £, +0, 1

2 ® Sy 4, 0Ty

and, since the distributions which leave one inner face must enter the other,

These six equetions reduce to

1
r1=01.81+31r1,

-

£

54 ‘l + Ol ry o
) ' (17)
r, =0, 1+ 5, T,

|—l

1
52 r ¢ 02 r, .

1
Substitution of the fourth of these equations into the first leads to

1 L]
r, = 0l £, + 59 02 r, + SY S, Ty
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and this relation when applied to itself gives
! ] 2 ]
ry= (0] +8)8,0)) £ +(8)0,+8) 8,8 0)r,+ (3 3)" r;

repetition of this process k times ylelds the relation

n ‘[ 0) 58,0 + (5152)201*"" (Slsz)k °1_7 4

2 k
{31 Oy + 8) 8, 8) 0, +(5;3)°81004 00 (8,8,)" 8, °2] T2

' (18)
4( Slsz)k‘l rl .

If one substitutes the first of Eqs. (17) into the fourth, and

iterates in a similar way, one finds
r-{-SO¢SSSO+(SS)ZSO+ +(s.3,)¥s, 0, | 2
1% %2 %0t %251 % Bt 9% S By e 2510 50 4
+0+SSO¢.0(SS)kO r
2 P2¥ Vo T 2”17 Y2 2 (19)

k+1l
l) + rl »
k+l

+ (323

The quantities (slsz) r; and (stl)m1 r, represent a distribution of

the
photons which have been reflected back and forth between/slabs k+1 times,
For k sufficiently large, these terms may be neglected. If Egs. (18)

and (19) so simplified are substituted into the second and third of Eqs. (17),

one finds
' 2
ll - [Sl + Ol 82 Ol + Ol 52 Sl 52 01 + 01 (5231) 52 Ol + ...J Il

2 } (20)
+[ol o2 + ol 5, 8y o2 + 0y (s2sl) 02 AJETTUEE PR

t “7 . 2 =
ry "fz 0) +0,8) 8,0 +0,(55))70 ¢ ] 4

(21)
i 2
+L52+02 5,0,+0,5 8,5 02+O2 (3132) 5, 02+...J r, .
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Egs. (20) and (21) give the two distributions emerging from the two outer
faces of the combined slabsa in tennajzge two eﬁtering digtributions. Rach
sum of operator products in the brackets of these equations represents an
operator (S or 0) for the composite slab in terms of the operators for the
two constituent slabs. It is clear that if a third slab is brought into

the system, the foregoing process could be repeated to obtain the operators
for the combination of three slabs, and this process may be extended for any
number of component slabs. In any such extension, the operator coefficient
of :1 will either be the transformation of this distribution incident on the
left face of the composite slab into the distribution transmitted out of

the last face on the right, or it will be the transformation which reflects
this distribution back from the incident face. The behavior in a general
cage of any number of component slabs is illustrated well enough by Egs, (20)
and (21). The coefficient of 4, in Eq. (21) consists of??lilowing operators:
020l which represents the operator for direct transmission through the two
slabs; 02 S1 82 O1 which represents transmission through the first slab, a
reflection from the second slab, a reflection from the first slab, and
finally a transmission through the second slabj ete. As would be expected,
this operator sum represents all possible successions of transmissions and
reflections which end finally in transmission. The other operator brackets
have similar interpretations,

The number of photons in the distributions 0 0,3, S, 0, ¢

201 4 955 3, 0p 45 0o
must be decreasing. Indeed, for a material with an appreciable absorption
¢ross section, one would expect that the important contribution to the
transmission would be accurately represented by O2 01' With this assumpticn,
the transmission through k identical slabs is given by the simple bperator Ok.
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Thie operational process is a promising apprdach and has the advantage
of giving details about the photon distribution at a succession of thick-
nessee of material. In this way a rather complete history of the attenuated
beam is obtained. .
The formulation in Section II gives the necessary basis for the
construction of the operator O, The distribution of photons incident
upon a slab may be specified in terms of the initial energy, LI and the
angle of incidence, ¢ . The variables g = l/cx° and Y = cos ¢ are somewhat
more convenient so that the incldent frequency distribution will be I (B,y).

Then, for the transmitted distribution, one has

' (8'y7") = 0 108,17,
Now O may be considered to be the sum of the operators Oo, Ol’ 02, cee
where O, transforms I1(8,v) into IL(B','Y'), and I; (B',y') i; the frequency
function for those phtons which are transmitted with exactly k collisions,
The firat of these operators, 00, is found at once., Those photons in the
incident distribution element I (3,y) dpdy, which are transmitted without
collision, have unsltered energy and directidn of travel and are diminished
in number by the factor exp [—ap.(ﬁ)/‘r], vhere u(3) is the total cross section
of the material for photons of energy 8 and a is the slab thickness, Hence,

Oo is defined exactly by the relation

L (8'5r") = exp [-au(p)/y | 1(8,7).
The operator Ol may be congstructed as follows, The number of photons
of initial energy 1/3 and incident on a slab of thickness g with the angle
cos —11 which are transmitted after exgctly one collision with energy and

angle within the intervals (B.,B' + dB' ) and (Y',Y' + dY'). is
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w)r a o=V 1 (o L
1 (2) = oy @ Stynh o’

The quantities v and v' in this expression are the Yo and vy respectively

of Section II. It follows that the number of transmitted photons in the
intervals (3 ,B8 +ds’) and &',y +dy ), which initially were in the incident

element I (8,y) dgdy, is I(B,y) dpdy dN,y (a)s Thus,

4 -y =v!
I (B’Y ) _‘\)l‘ 2 J}} I(BaY)fe(—v'%)— Q' 2 $|’3|) dydg .
g
yra ([ e’ B'g2e(1+2p"281%) 24(p7-2812) gepr?
-5 _JJ I(8sY) Tre— Yiev Y Y(1=cos? 6 - ~Y'2+ 2 cos o Y=y2) 1/2 dydg,

el
(22)

where cos 01 =1+ B-B'. It is evident that the operator 01 is a2 multi-
plication by a function fellowed by an integration over the proper space
in the variables g, v.

The operators 02,03, etc. can be defined in the same way., There
remains, however, the problem of performing the indicated transformations
with sufficient accuracy and speed, The essential features of one approach
to this problem will be illustrated with the operator 01. The incidernt
distribution I(8,y) is represented in the rance of interest or significance
by a set of discrete points, i ¢ k in number, taken from i values of g§:
B < BZ < eee< Bi’ and k values of v: Y1 < Yo < aee < Ty These values of
I(p Yt) are arranged in a column matrix //Ist/s e Then I (B Y ) as
determined by Eq. (22) can be evaluated at a given point (B »Y ) by performing

i numerical integrations over y(; successively fixed at Bl,ﬁz, "”Bi)
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followed by a numerical integration over . This procedure can consist of
multiplying each di ssrete velue of I{B,y) in the column matrix by a suitable
coefficient and accumulating the products. It is, thus, readily suggested that
one form a square matrix//OI// of order 1 « k in which the elements in the
first, second, third, etc., rows are respectively the coefficients for ob-
taining I;_ (81,71), I]'_ (Bl,yz), Ii (al;{a), etc, One has, consequently, a
matrix representation for the transformation 01. A matrix representation
)}ozll for 02 can also be found, and its derivation is entirely similar

to the above. The operator Oo, which is merely a multiplication by a func-
tion with no integrations, is represented by a diagonal matrix, For a slab
which is sufficiently thin so that the higher operators are negligible,

one has the total matrix

such that the total transmitted distribution I' is given by

i i

/}I')f - Il'o i x ﬁ I;!.
If an accurate calculation requires matrices of high order, the
feasibility of this procedure is brought inte question., The functions
involved are not well behaved which tends to make the order of the matrices
large. It may be noted, for example, that the integrand in Eq. (22) becomes
infinite at the boundary of the region of integration. This region is

defined by the simultaneous inequalities:

’ '
f=2<B<3 »

—_—

7' cos 01 - \3 l-»y'2 l-cos

2 01 SyY<LyY'cos B+ j l-y'2 ) l—c03201 »

Y 2 0.
The area so defined is clearly not rectangular so that there is the difficul-

ty of ending the numerical integration with respect to y (g fixed) on the
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H

boundary when no discrete point falls on the boundary. These difficulties,
however, are not insuperable and may be so treated as to make the method
feasible,

The transmission of four different distributions incident upon a slab
of uranium was calculated by this iterative method. The results are presented
in Tables III, IV, V, VI, and VII. Case A in these tables represents the
first attempt with this procedure and is largely an exploratory calculation,
The incident, or initial, distribution is constant in the reciprocal energy
range 0.l < 8 < 0,15 and is also constant over the range of cosine of
incident angle 0.8 < y < 1.0; the incident distribution is zero elsewhere.

A net of 49 points was used in the computation and their values are given
by B = 0.1, 0.125, 0.15, 0.20, 0.25, 0.35, 0,45 and y = 0, 0.2, 0.4, 0.6,
Oe8y 049, 1.0, As the calculations proceeded, it became clear that the
accuracy could be improved by a different arrangement of points without
great increase in their number. The improvement consists in taking a closger
spacing of y - values for small B and a larger spacing of v - values for
large B. Since the distributions which are operated on vary rapidly for
small g and are slowly varying for large B, it is clear that this non-
uniform net is advantageous. The improved net was incorporated in the
matrix operator for the incident distributions which are labelled Cases I,
II, and III. For each of these, the incident beam is mono=energetic,

B = 0.1, and the distributions over y are respectively 1, 5(y=0.8),

25 (7-0.8)2 in the interval 0.8 < v < 1 and zero elsewhere., This choice

of angular distributions was motivated by several considerations. Some
distribution of the incident beam over a finite range of y 1s indicated

for the practical reason that a mono-angular entering beam adds greatly to
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the computational difficulties, On the other hand, an incident distribution
with appreciable magnitude at or neér ¥ = O would tend to increase the
importance of the matrix ”S N which iavneglected. The incident distribution
of Case I is preci;ely the distributlion from an isotropic distant point
source out of which radiation in a cone of half-angle 36° 521 is accepted,
The successive distributions of Case ¥, II, and III may be regarded as the
first three elements of an infinite sequence of incideht di stributions
which converges to the mono-energetic and mono-angular beam (y=1, a=10)
considered in Section II,
The thickneas of the slab element; i.e., the ®thin® alab assoclated
with /[0 /|, has always been held at 2am. This thickness is less than 2
meas free paths, and reduces the contribution of the twice scattered beam
to /few percent of the total. The ratio of the total number of photons
transmitted to the number incident is given in Table IIT for thicknesses of
uranium from 2 to 20em in 2cm intervals, The expected energy transmitted
is similarly tabulated in Teble IV, It is clear that, for the sequence of
Cases I, II, and III, the mean angle of the initial distribution with the
normal to the slab decreases, and therefore the transmiasion should increase.,
One may examine the question as to how rapidly this sequence of cases is

approaching the mono-angular transmission values, For B = 0, vy = 1,0 and

a total slab thickness of 20em of uranium, one has for the ratio of the

number transmitted without scatter to the rumber incident, NO/Ni -

exp i-poa J = 2,89 x 10-8. This ratio and Eqs. (13) give for the mono-

angular distribution

N
=322 2075 22w 159 x 2077,

i i

=]
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These values compared with those of the sequences in Tables IIT
and IV show slow convergence to the mono-angular values. This same slow
convergence is found in the unscattered transmission which can be calculated
simply and accurately, For 20cm of uranium, the sequence of mono-energetic
cases considered here give for the unscattered transmitted number, Nu’ and

the unscattered transmitted energy, E» the successive values

N
2, g‘-‘ = 7.36 x 10775 1,14 x 108

Ny By

5 1.40 x 1072,

The limit value 2,89 x 10.8

indicates the convergence of the unscattered
transmission is fully as slow as the convergence of the total tranamission.
Tables V and VI summarize the values for the ratio of the total trans-
mission to the unscattered transmission. These ratios express the trans-
mission in a convenient manner, The unscattered transmission Nu and Eu
(or N, and E_ for the mono-energetic, mono-angular initial distributions)
are obtained by an elementary calculatioh which 1s subject to no computational
inaccuracy; further, Nu and Eu glve a rough order of magnitude of the
transmission., One may compare the behavior of the sequence of values of
Nt/Nu’ E,/E, for the cases I, II, and III with the mono-angular values of
Section II, The values in Tables V and VI stand in the proper relationship
with each other and with the limit. Again, the slow convergence of the
sequence of angular distributions toward the values for the mono-angular
case is evident, It is worthy of gotg that the effects of an initial
angular dlstribution, even though/T:ii;y sharp, are very evident in the
transmission values, and these effects persist as the angular distribution
is sharpened. Another such effect is to be noted in the behavior of the

average energy of the photons transmitted, These values are tabulated in
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Table VII, For 20cm, these average photon energies for the sequence are in
proper relationship with each other and with the limit value of 5§ mc2 for
the mono~angulsr case,

The distributions .for (ase I of the scattered photons emerging from slabs
of various thicknesses are shown in Fig, 3. For purposes of comparison,
these distribtutions have been divided by the total mmber of photons transe
mitted for the glven thickness, Therefore, the area under each distribution
curve gives the percentage of the tdal tranmmission which ecames from photons
which guffered at least one gollision., For slab thicknesses of 2, 6, 12, and
20cm, these percentages are 20.8, 49.0, 73.1, and 88,4 respectively.

The results for uranium may be adjusted to give estimates for trans-

mission through lead (Tables VIII and IX). The method follows closely the

one used in Section II. It is clear from the discuesion given in that

section that one may write

a 0 8]
N, = N, T
t v 2k
T/ ELL(“) Iy »
U gm0 % k=0

where Ik is the appropriate integral. The ratio of the absorption coefficient
for uranium to that for lead, it will be remembered, is roughly 1.75 in

the interval 1.0< a < 10,0, Therefore, Ik for a2 cm of uranium has approxi-
mately the same value for 1.75’2:1 of lead. However, because of the differ-
ences in the value of 7/ for lead and uranium, one must correct the k'th

term by multiplying it by the factor (1.09)k. In Section II, where the

first few terms in this sum were evaluated explicitly, this correction was

straight forward, but here one is given only the sum, Suppose, however,
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one agsumes that for a eu of uranium Nk/Nu - Kk/kl, as Egs. (15) suggests,

Then, 1f one selects K so that

@®

k K
;K/m’e - t/Nul

one has for 1.75a cm of lead Nt/N 0 " et 0%, phe assumption basic to this
easy transformation of rgsults is probably not, in view of its purpose,

too seriously in error/ s;k?: etra.nsformed result 1e mot very sensitive to

the manner in which Nt/Nu is distributed over the terms of the series. The
greatest divergence frmn the assunption occurs for thin slabs, but for these
the first term which needs none of this correction, glves most of the total
tranamnission,

As a general remark concerning the tabulated values, the use of
three significant figures might be taken as indicative of over-optimism
regarding the accuracy of the computations because of their extent and
complexity. However, it is estimated that a numerical result from cne
matrix iteration is accurate to 2% or better. Since the error may be
cumulative, it might be implied that 10 iterations, which carry the trans-
mission through 20em of uranium, could have an error of 20%. Such an
accumulation of errors cannot be diasmissed only by saying that it is im-
probable, However, the results of the various calculations support each
other with notable consistency, and this behavior has lead the writers to

the view that the results and the procedure have very acceptable accuracy.
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TABLE I. These values for the absorption coefficients
for lead and uranium were used in the calculations. a = photon
energy in units of mcz; oy = total absorption coefficlent

for uraniumj Hpp * total absorption coefficient for lead.

.
¢ Hy Hpy

0.2 68.8 57.0

0.5 12.0 6,10

1.0 3.07 1.686

2.0 1.339 . 768

4.0 «890 .51

6.0 .e2l 477

8.0 47 479
10.0 .868 XA |
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Transmission values for photons incldent

normally with energy 10 mc2 (uo = 10, Yo = 0). The values

for uranium apply to a plane slab of tﬁickness‘a = 20 emg

the values for lead apply to a slab of thickness a = 35 em,

Nn is the mmber of photons transmitted with exactly n

scatterings. En i8 the expected energy transmitted with

eactly n scatterings.

Tranamission values for U Transmission values for Pb
a =10, ¢,=0, a=20 cm aoﬂlo, ¢°-0, a=35 em

n Nn/ No En/ Eo Nn/No E:n/Eo

0 1.0 1.0 1.0 1.0

1 2.4 1.7 2.8 1.85

2 3.0 1.5 3.6 1.8

3 Re2 »88 2.85 1.15
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TABLE III. The values tabulated are the ratios of the

total number of photons transmitted, Nt’ to the mmber incident,

Neo for various thicknesses, &, of plane sglabs of uranium,

The four cases, 4, I, II, III, for which Nt/Ni is tabulated,

represent various incident photon distributions in energy and

angle and are specified in the text,

a (cm) A I 11 1T

0 1 1 1 1

2 2,36 x 107% 2422 % 107% 2.3, x 107F | 2.2 x 10T

A 5,20 x 1072 468 x 1072 5,21 x 107% | 5,50 x 1072

6 1.12 x 1072 9.80 x 107 1.1 x 102 | 1.23 x 1072

g 2,40 x 107 2,05 x 107 246 x 107 | 2,69 x 107
10 5,07 x 107% 4e29 x 107 5,28 x 107% | 5,85 x 107
12 1,07 x 1074 8,97 x 107 1.3 x 107% | 1.26 x 107
1 2.24 x 107 1.87 x 1070 240 x 107 | 2.71 x 1070
16 470 x 200 | 3091 x 1070 5,08 x 107 | 5.79 x 1070
1e 9.63 x 10°7 g 8,14 x 1077 1.07 x 107 i 1.23 x 1 -6
20 2,06 x 1077 | 1.70 x 1077 2,26 x 1077 | 2,61 x 1077

| |

—
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The values tabulated are the ratios of the

total expected energy tranmmitted, E,, to the incident energy,

Ei’ for the conditions of Table III.

a (em) A I I 111

0 1 1 1 1
2 2,05 x 107+ 1.85 x 10~ 1,97 x 107 | 2,03 x 107F
L L. x 1072 3.45 x 1077 3,86 x 1072 | 4,09 x 1072
6 g.34 x 107 6450 x 107 763 x 1070 | 2425 x 1073
e 1.69 x 1072 1.2 x 107 152 x 102 | 1.67 x 107
10 3.2 x 107 2442 x 107% 3.0 x 107 | 3,40 x 107
12 6,95 x 107 LaTh x 107 6,10 x 107 | 6,92 x 107
1 1.2 x 107 9.38 x 107 1.23 x 107 1.1 x 1077
16 2489 x 107 1.87 x 107 2.50 x 1070 | 2,88 x 10~°
1¢ 5,93 x 1077 3,75 x 1077 5,06 x 107 | 5,91 x 1077
20 1.22 x 1077 7.56 x 107° 1.04 x 1077 | 1,21 x 1077
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The values tabulated are the ratios of the

t'

to the number transe

mitted without scattering, Nu’ for the conditions of Table III,

a (cm) A 1 11 IIT
0 1.0 1.0 1.0 1.0
2 1.49 1.53 1.51 1.50
4 2,06 2.19 2.14 2612
6 2.73 3.07 2.95 2,91
8 3.55 ko2ly 1,.00 3.91

10 Lok 5,78 5.36 5,19

12 5.60 7.78 7.08 6.82

1 6.87 10.4 9.28 8.87

16 8.35 13.6 12.0 114

1¢ 9.98 17.8 ; 15.5 | L

20 11.8 23,0 1 199 | 186
| |
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TABLE VI. The values tabulated are the ratios of the
total energy tranamitted, Et’ to the energy transmitted with-

out scattering, Eu’ for the conditions of Table III.

a (em) A I I 111
0 1.0 1.0 1.0 1.0
2 1.31 1.28 1.27 1.26
4L 1.65 1.61 1.59 1,58
6 2,05 2.03 1.98 1,96
8 2.53 2457 2.7 243

10 3.08 3e25 3.08 3.01
12 E 3.72 41l 3.8k 3.73
Lo s 5.18 478 ka6
16 | s 6.53 5.9 5.69
16 | 66 | 820 36 7.02
20 : 708 | 103 | 9.2 | a3
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The mean energy in the transmitted beam,

Et/Nt, 1s tabulated for the conditions of Table III.

a (cm) A I II ITI
0 8,10 10,0 10.0 10.0
2 7.05 8436 8439 8.39
A 6 b5 7.36 7.42 7.43
6 6.03 6463 6,72 6,73
8 5.TL 6.07 6.18 6.21

10 5.46 5.63 5475 5.80

12 5027 5.28 5442 507

1 5.12 5,01 5,15 5.20

16 4499 L9 4492 ka9

18 4488 Le6l LJTh 4.80

20 - Lelib 559 Lol
L
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The values tabulated are the ratios of

the total number of photons transmitted, Nt’ to the number

transmitted wlthout scattering, Nu, for various thicknesses,

8, of plane slabs of lead. The four cases, A, I, II; I11.

represent the same incident distributions as were used to

obtain the results of Table III,

a (cm) A I IT I1T
0] 1.0 1.0 1.0 1.0
3.5 1.54 1.59 1.56 | 1.55
7.0 2,19 2.34 2,29 | 2,26
10,5 2,92 3.39 3.2 | 3.19
14.0 3.96 o hos bl
17.5 5.1 6.7 6.2 6.0
21.0 6.5 9.3 8.4, 2.1 |
2405 8.1 12.7 1.3 | 10.7 |
28.0 10.0 17.1 1.9 | 141 |
1.5 2.2 | 22,6 19.6 | 18. |
35.0 14.6 % 30,2 258 24.0 |
{
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The values tabulated are the ratios of the

total expected emergy, Et’ to the energy transmitted without

scattering, Eu’ for the conditions of Table VIII,

IIT

a (cm) A I 11

0 1.0 1.0 1.0 1.0
3.5 1.34 1.31 1.30 1.29
7.0 1,72 1.68 1.66 1,64
10.5 2.18 2.16 2,10 2.08
14.0 2.7 2.79 2,67 2,63
17.5 3440 3,60 3.40 3.31
21,0 42 Lab L3 b2
245 5.1 6.0 5¢5 5¢3
28,0 6.0 7.7 6.9 6.6
31.5 7.2 9.8 8.8 843
35.0 845 12,6 11.0 10.4




Figure. |
Geometric parameters of a typical photon path through a stab.

Mla-2



Figure. 2
A schematic representation of the incident, reflected, and
transmitted photon distributions for two component slabs |
and 2 and for the combtined slab.



_  Figure 3 -
The ratio of scattered transmitted photons Hglx) to the total transmitted photons N; is
Plotted as ordinate against the photon energy ¢ in units of mcalfor the.incident distri-
bution of Case III. The curvss are given for various thicknesses, a , of plane slabs
of uranium, and these curves are normalized so that the area under sach curve equals
the fraction of the tobal transmitted number which congists of scattered photons.

These fractions are indicated as percentages on each curve,



