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GAMES WITH CIRCULAR SYMMETRY 

L. J. Savage 

Games~'difined b;v a. pay-off function 

(1) P(m,n) ~ JT( /o2
trf(x--r)dm(x)dn(y), 
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where .f'(t:) is bounded, measurable, of period 2rr , and where m and n are 

probability measures on the interval from 0 to 2 '0', have been of 

occasional interest to soae of us at RAID. ne purpose of this memorandwa 

is to characterl.ze the effective strateste.e of stteh a game. 

(2) 

The x-player can, with the strate«!es dm(x) = dx/211 , win 

P(a,n) = j J t(x-y)2'!rr dn(y) 

= j dn(y) in j dz.f'(z) 

= 2;_ J f(z)dz = rl
0 

• 

Similarly the y-player can with the strategy dn{.y) = dy/211 lose exactly 

rl
0

, independently of m. 'ftlerefore, the value of the game is ¢
0

, and the 

stratepes dx/211' and dy/21t' are effective .for the two players. 

Are there other effective strategies, and if so, do the,r also yield 

an income altogether independent of the beha.vior of the opponent? 

Fourier analysis leads naturally -to the answer. 'ftle function f and tbe 

measures m and n are characterized by their Fourier series coefficients 

¢k,Pk, and Vk respectively. 



(4) 

(5) 

(6) 

-"'k " J ~do!(z); 
~ • ~ eikzdn(z). 

By standard ar~ents 

~ = --z/ = 1. 
0 0 

(7) ,k • ¢_k; ,Ak • ..,.u_k; ~ = ~k· 
+ 00 - 1 

(8) P(m,n) = ~ ~ /t 2'k: • 
-o.o 
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THEOREM 1. The strategy m, (n) is effective if and only if ¢k ~ = 0 

(9Jk .Jk = 0) for all kf=o. It m,(n) is effective, P(m,n) = 9$
0 

irrespective or n,(a). 

Proof: Suppose ¢k--1c:: 0 {¢k2{ :: 0_ tor k fo, then it follows directly 

from (6)-(8) that P(m,n) = ¢0 • 

Consi~r on the other hand an m sueh that for some k' f. O, ¢k' .f"kt =1- O. 

Then ~' ~' • Gt ,L 0. Let· n be defined by . 

(9) dn(x) • 2~{1 + 21~1 {qe ik' x +Gie-ik'x ) J dx. 

It is eae,y to verity that n is a probability measure and that its 

Feurier coetfidents are 

~' = Dt/2\Ql ; 

i ' 0 if k is neither 0, k· or -k • 
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Therefore P(m,n) = ¢
0 

- lOti , so m is not effective. Similar 

consideration of n coapletes the proof. 

THmREM 2. The strateo- dx/2 'f(, (dy/2 iff) is the only effective 

strateu for the x-player (y-player) if and only if ¢k-=/=- 0 when k =J..o. 
Proof: The Whole theorem follows from Theorem 1 together with the 

remark that 

{11) 
dll(x) : 2; { 1 + COl kx ] dx 

dn(;r) : 2~ { 1+ COB k)'} dy 

detine probability measures. 

Extensions of these results to other hi!hly symmetric pay-off 

'functions suggest th..aelves. 

L. J. Savage 

LJS/hm 


