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SUI-.Jv1AH.Y 

i\ simple procedure is £~iven to calculate 
the ootinel strate;:;;ies and the survival prob­
o.bility f<Jr ?. 'Sener<~l class of ,~w:r:es of s1;.rvival. 
Theore:'TJ 1 sho'::s th2.t for ~2mes of this particular 
type, the optimo.l strate~y for both players de­
pends only on the c:.mount of money held by the 
sesond ple yer. 

OF SU i?.VIV:\L 

~·Iel vin Hausner 

-1-

In H.r.l-7'76, the author considered ~~ames of the fo llm·1ing 

type. Players I ;;nd II play r:. zero-sum, 2 x 2 garne con-

t i:1u~1.lly, pl:1y c e_: s ina: when one of the plo. yers runs out of 

money. If the payoff natri x to I is 

R 1 1 , 3.;;:2 > 0 i a 1 2., a2.1 < 0, 

th1C)n the above r:3r'1e was shO'>'vn to h:3.ve a solution. The play for 

I's survival and II's ruin are equivalent for player I. Player 

I c.::m <~ssume hi.mself a probability vn(k) of survival (n is 

the a"Yiount of money in the g,qme, k is I' s initial share of 

the ''floney) if he JlAys optimally, vmile II can limit him to 

thi.s orob~bility of survival. 

The difficulty, in practice, lies in the calculation of 

v (k). (The optimc.l mixed strate~ies ore sim:)le functions of n 

v n ( k) • ) '.'I e ~i V8 a co_se where some .sen er:1l statements may be 
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made about the solution and 'liTh ere the computation is greotly 

shortened. ~.l e sholl always assume that n, k, and a .. lJ are 

integers. 

Lemr13. 1 : Suppose that I cannot lose more than unit 

of ::no:1ey; i.e. the payoff matrix is of the form 

( 1 ) ( 
a -1 ) ~ - . . -. - -1 b , a, b > 0. 

then, 

(2) vn+ 1 (k+1) = vn {k) + ~-vn (k)J vn+ 1 ( 1). 

Proof: Let II olay his opt irflal strater;y aR;P.inst the 

fo llovli ng strst esy of I' s: I reserves one unit of money <'md 

clays his optirr~Bl strrttegy for the reduced c;arne, where !'-lis 

calculate I's ~rob~bility of survival if both players play 

in the above f01shion • 

. ',,~~l1t ~. . ~ t~~~~~~ ~'{'' 
ol~yers str~te~y nrovided one of the olayers uses his optimal 

strategy. Assume that I h~s k+1 urits and II has n-k. 

::lince II plays his optimal strate~y, the payoff (I's probe.bility 

of :"3t1rvi val) is vn+ 1 (k+1). On th8 other hand, I can win in 

two mutually exclusive ways: he never falls down to one unit, 

or he does but comes hack to win. The first case occurs with 

probability v (k) 
n since T 

..L plays his optimal strategy in the 

reduced r;ame. The second case occurs with probability 1-vn(k) I 
of fc:tllinr; down to one unit, and the probability v +1(1) n of 
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tl;en surviving (since II plays optimally in the (n+1) :;arne). 

Hence, I's probability of survival is 

thus, 

( 2) vn+ 1 (k+1) = vn (k) + ~-v!1 (k)] 

~rovinG the lemma. 

Theorem 1: For a gome of the ty oe ( 1), I' s optimal strategy 

is to "reserve" one unit of m0ney .:-md play optimally in the re-

duced r;ame. 

By induction then, if I has k+1 unit of money and II 

has n, I's optimal strategy is to reserve k units of money 

and play optimally in ~he game in which he has 1 unit ~nd II 

has n. fience, I's optimal strategy depends only on the a:nount 

of money that II holds. 

Proof: Let I hnve k+1 units .:md let there be n+1 units 

in tl:e C"a:ne. Supr)ose I r1lays his (unique) optimal str2te:::;y 

a~ai~st any strategy of Il's. I's strategy and II's strategy 

i~duce strategies for the reduced (n,k) game. Let p be the 

:orob::Jbility of I winning the reducer:l ga11e (i.e. of his winning 

th'3 ori~in:-,1 g:1me vrithout ever beinr; reduced to one unit). Since 

I's strategy is optimal, 

vn+ 1 (k+1) = p + (1-p) vn+ 1 (1). 
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Ry (2), p = vn(k). This is so for every one of II's strategies. 

Hence, I' s re::l.uc ed st r3.t egy is opt irn::-l 1 in the reduced gamE, 

pro vi ns; tb e the;rems. 

::ith the help of formulR (h) of HM-770, vve have 

vn+1(1) = 
vn+ 1 (1+a) vn+ 1 (1+b) 

• 
v 

1
(1+a) + v 

1
(1+b) n+ n+ 

Using :formul2 (2), and substituting in this equation, we obtain 

The ~ () l ut i or. is : 

I 1 ' 
vn+1~ ), 

~vn{a) vn(b) 

hav~ng onJy one positive root. 

(J) 
= 1 + --J v (=a=) =v=::;::( b:=;)-

n n 

Using the trivial 

(4) v 2 (1) = 1 
it is possible to calculate v ( k) 

n 
in general by :induction on 

n ',vith the heJ_:J of (4), (3), and (2). The optirnal strategies 

TJ:'e then easily obtai !'led. Letting p ( k) 
n 

be the probability of 

I playing row 1 in his O~)timal strategy, we h2ve by formula (3) 

!)f '-''"-r.'76 . iL•, { 1 t 

( 5) 
v (1+b) 

p (1) =-n ___ _ 
n v (1+a) + v (.l+b) 

n n 

v ( 1 ) 
= __.n;.,._ __ 

v ( 1 +a) 
n 

This is ::.lso II's p!'Dbab:ility of playing column ::_r. his optimal 

str.:1ter;y \-vhen I has k Gn:its 3nd II has n-k. By theorem 1, 
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so th3t the probabilities p ( 1 ) 
n 

give all the optim.? l stret egie s 

which may occur. 

mhb 




