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Summary: It is shown that every 
non-void weak* closed convex set 
of distributions on the unit 
interval is the set of all op­
timal strategies for one player 
in some game with continuous pay­
off over the square. 

OPTIMAL SETS FOR GAMES OVER THE SQUARE 

I. Glicksberg and 0. Gross 

t 
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In this note we shall call the set of all optimal 

strategies for one player in a game an optimal set. Optimal 

sets, in two-person zero-sum games with continuous payoff 

have the obvious properties of convexity and closure in the 

* . weak topology, so that one m~ght ask whether these pro-

perties characterize such sets. The answer, in the case of 

compact metric pure strategy spaces, is in the affirmative, 

as will be shown. 

We shall begin withgames over the square. Since the 

space C(0,1), of continuous functions over the unit interval, 

is separable, the space S of distributions over the unit 

* * interval is, in the weak (w ) topology, compact and metric. 
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r.1 
Let us set ( tD ,f) = I ~ (x}df(x) \ J 0 

for lf E C ( 0, 1 ) and f a 

distribution, so that [f 1 ( <.p ,f) ~c..} is a w* closed ha::..: 

space of distributions. 1 
The fundaL:ental fact t r.ot we need 

* is tffit any non-void w closed convex set K of distributior.s 
is the intersection of a sequence of such half spaces. This 
can be established via Brouwer's heduction Tr1eorem { cf. 

Hurev;icz and .iall:Jar., Dimension Theory, lndex) ~Jhich states 

the followin~: In a space satisfying the second ~xio~ of 

countability a family of close: sets, ·,;ith the property tLat 

e\rery decreasinf?: seque~_ce of elements of tt1e faiJily has its 
intersection in the fanJily, contains a minimal (or irreducible) 
eler::.er.t. S certainly sa tis fi ec tbe second axiom of counta.bili ty 

as a compact metric space, &nd if we take AS our fa~ilv of 

closed sets all countatle intersections of half spaces which 
coda::::..n E, 'r~e clearly r;,ay .s.pply the theorem to obtain c. 

J.Jinir:Jal f, et K
0 

~:hi ch is the ir. terse ct Lm of & sequer~ce of 

h:::.lf spc: ces <F:r:i ccmta ir:s E. 0ut certainly it can be r.o 

lar:;er thc:~r1 r~, for iff is in K
0 but r;ot inK ther, \'o'e h0.ve 

s. closed half snace H cont[lining K but not f, so that 

}~ 0 (; H is in the far:rily and properly co litained in K
0 

contra-

::..::..ctin£: the t:Jinimal che;_::-·~ cter of K • 
0 

'i'r1us •,-;e may write 

We may clearly take such functions lf and constants a to be bounded by 1, as we shall do below. 
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We way now construct a ga~e over the square having 
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K as the optimal set for, say, the :naxirnizing player. ,, e 

set 

M{x l) = l( 10 (x) - a ) 'n n In n ' n 1,2, ••• , 

and extend M tc a cor.tinuous fur,ctior: over the square by 

setting l'·l(x,OJ = 0 and interpolatinr; linearly alon_r:: vertical 

lir:es. ...;ince K i~ non-void, ::e have clearly 

for all n, 2nd thus for all y 

,.., 

j M(x,y)Jf(x) ~ 0 

for ff.K. Since 1··l(x,O) = O, U is the value of the ga'!le, 

and '>Je see that a distribution f is optimal or..ly if 

( (.f ,f) -a ~ 0 for all n, or ttat f is in t:. 'fhus K is 1n n 
the optirna:l. set for the LJax:imizirtg player in this ;:-arne. 

In the ca.se of a metric pure strategy spe1ce .;.,. for the 

~aximizing player the rrocedurc is similar, inasmuch as 

C(n) is ac~ain separable (this i.s only true \¥her, 1i is metric, 

so that tte mettod used for t~e square can only extend to 

:~ i~ c2toe) and again \ve obta::.:; our set K ac the intersection 
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of a sequence of half spaceH. In order to construct the 

approprio.te payoff we must require the minimizing player's 

pure strategy space ~ (which we assume co~pact though not 

necessarily netricJ be infinite. (Indeed if i3 contains 

just n points then tiB maxioizing player always may play 

just. n :;oint:=:: and :::o::1e sets E \'lill not be optirue1l sets. 1 

~i~ce d is infi~ite, at most one j)Oint y in ~ has 
. 0 

the ;::;rcnert:; L·.at eacl: of itE. open r.eL-rl-:cborhoods hc.s a 

finite cc:::c;lemer::.~ (if ·.~e had tv!O su cL points >'-'e v;oulj hc.ve 

di2joint r:eir;tbortCJods \\'itt finite co:npleoe::t s, c--.nJ. tr1e 

space~ would be finite;. Choose a poir;t y 1 r y 0 o.r:~ Ell, 

l 

~Jpe~1 r~e:.:.~~-:oor·}~oo:i .J 1 of Yr for -.:~'ticb i~. 1 {t1:e C:J!i:;'ler:ltJ..Lt o: 

I 

Since .. : 1 is C.l~ ir1~il~i t.e 

cc;:-:;pe<ct s-;-;ace -._-.'f: may find by the sane argumer~t- e. point 
I 

y._ ': ;.: 1 ·::itr. '' rs.:atjve open neirTtborhoo.:i ·,,"-r1 .i 1 (\'~.'here 
I 

is oneL in :J) 1-1ith infinit,e complement in .. 1 , ar.d thus by 

th~ re~ularity of o ar::. ooer: nei~~borhood V2 of y~ for which 

in .~ 1 of 

( i .. ' ·, 
' 'o-t 1 >...,/ ~ 4 .._. I 

Jbr,a.in a sequence ,y 
I. n 
\. / 

is 

o£' ooint~:; c.-tnd . V . of paindse ais:joint o,oer: neip:hborl:oocis. n - , -



open, ahd let h be a 
n 

continuous function, 0 ~ h ~ 1 h (y j = 1 v!hich vanishes 
n ' n n ' 

outside Un' and define M by 

where K = tl jfj((r;n,f) ~a 1. :Jince at most one term of 
l I Il..J 

the s:..;.rr. differs from zero l'l is vJell defined; it is easily 

seen to be continuous. ro~ given E > U and a point 

(x
0

,y
0

) E. .4.xl3,if y
0

E_ U Vn t:r.en y
0

£ Vk' and, in r.xVk, the 

function is tz hk(y) [Lfk(x) - ak] and neiE;hborhoods 

U of x
0 

and V of y
0 

exist for which 

for xE. -- y €. v' 0' 
by virtue of the continuity of hk and lfk· If v .i ·or v 

then y
0 

h;::s for eact n a neir;t borhood v(r:) for '.:hi ch 

V ( n ) !"\ ij--1 = vro,, k - 1 n so t h ,, t - ' ... ' ' •'-' K 

j jv; ( X I Y j J < ~ 

~~nee H is compact, ~v . has at least one cluster - n, 

k 

?Oint y 0 , and cleerl·y ·,-,·e must have ~.:(x y ) = 0 for all x. 
J. 0 

f: L, 
Since .\ .i''i(x,yidf(xJ = -n hn(y) [(LJ; ,fJ- a: i!: U for 

~ 1D TI" 

f [ K, the volae is 0, 2nd f i2 optimal or:l 'r 
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r'l J M(x, yn) df(x} 
1 ;-( fJ. , ~ 0 n L Lfn' - ~nJ 

or f€. K. 

In summary: If the pure strategy space of the max-

imizing player is compact metric and that of his opponent 

* is compact and infinite, every w closed convex set of his 

mixed strate~ies is an opti~al set for some continuous 

payoff. 

Unfortunately, this does not have an obvious bearing 

or: the important problem of deterrr.ining structure of 

solution sets, i.e. the pair of optimal sets in a [";arne. 

~o~ all possible pairs of optiffial sets, for example, are 

at taina l::le. Consider the f ollowinf' special case on the 

square. Let the optimal set for the maximizing player be 

the unifor:n distribution, f ( x! = x, and that of tLe min-

imizirjg player be trn set of c:.ll distrib'J.tions. 0uppose 1'' 

is tLe continuous payoff of a r:ame ".rit.:-1 this solution set, 

and let the vP..lue of the p.:arr,e be v. ~ince any pure strate~_:y 

is optimal for the rninirnizin~ olayer M(x,y) ' v for all 

x,y. If M(x,y) <.. v for ;,;orne point inthe square, then 

obviously this holds in a neiP:hborhood and J h(x,yJdx <.... v, 

\.Yhich contradicts the optimality of f. Therefore l'-'l = v, 

and all distributions are ootir.nl for the maximizinz player, 

a c ont radi cti on.. 


