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SUMMARY 

This paper discusses the general linear learning 
model in one dimension. 
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A MATHEMATICAL TREATMENT OF LEARNING MODELS. I. 

Samuel Karlin 

This note presents a complete mathematical analysis of transi­

tion operators arising in some learning models introduced by Bush 

and Mosteller [ 1] , Estes [2] and others. These first two papers 

shall. examine in detai 1 the one dimensional models arisirig ·in 

their theory. They can be described as follows: A particle on 

the unit interval executes a random walk subject to several im-

pulses. We restrict ourselves in this work to two motions. If 

it is located at the point x(e < x < 1) , then with probability 

~(x) the particle moves to the position ( 1-d-1 + ot-x ( 0 <tA< 1 ) and -- '• 

with probability 1 - ~(x) the transition takes place from x to 

6x(O :::6 ~ 1). This complete work is devoted to studying all pos­

sible models arising from different linear functions taken f'o•:r" 

~(x). In subsequent papers, we shall present the complete n 

dimensional analogues of these models with also other extensions 

obtained by removing the linearity restriction imposed on ~(x). 

The method used is to introduce two linear operators, one 

representing the transition law describing the change of the 

distribution giving the position of the particle after each ex-

periment and the other operator corresponding to the essential 

dual of this operator which maps continuous functions into con­

tinuous functions. §1 treats the special case where ~(x) = Xo 

This particular model was independently treated by R. Bellman, 
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* T. Harris, and H. N. Shapiro. This paper includes essentially 

all their results and presents several new results valid for this 

model. §2 examines the case where ~(x) is monotonic increasing 

with [$(x) -$(yU ~p < 1. §3 deals with the case where ~(x)=1-x. 

This case behaves differently from all the preceding and possesses 

many interesting new features. §4 considers the case where $(x) 

is linear and monotonic decreasing. 

§1. A particle undergoes a random walk on the unit interval 

subject to the following law: If the particle is at x then 

x ~~+(1-ol..)x with probability x and x~ 6x ".vith pro·bability 

1-x where 0 <oL, 6 < 1. If F(x) represents the cumulative 

distribution as to the location of x with the understanding that 

F(x) : 1 for x > and F(x) = 0 for x < 0- then the new 

distribution describing the location of the particle is easily 

seen to be given by 

( 1 ) G(x) TF =I 
0 

X 

6 
x-c;l.J 
1-oL-

( 1-t) dF ( t) + I tdF ( t) • 
0 

This represents the transition law for the particular Markoff 

process on hand. 

The transformation T is easily seen to be a continuous 

bounded mapping of the space of functions of bounded variation on 

the unit interval into itself. Furthermore, T takes distributions 

into distributions and is of norm 1. The problem is to study the 

it-erates Tn and to find whatever limiting behavior exists for Tn o 

* RM-878 "Studies on Functional Equations Occurring in Decision 
Processes," The RAND Corporation, 1 July 19 52. 
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We consider the mapping U applied to the space of con-

tinuous functions defined on the unit interval given by 

(2) (Un) (t) (1-t)n(6t) + tn(d-+(1-6.)t) 

The operator U has a probabilistic interpretation which we 

shall speak about later but its relevance to T is given in 
1 

-3-

Theorem 1 • The inner product notation ( n, F) = J n ( t) dF ( t) . will b 

0 

be extensively used. 

Theorem 1 • The conjugate map u* to u is T. 

Proof: It is necessary to verify that (Un,F) = (n,TF) for any 

continuous function n(t) and any distribution F(t) with F(t) -
t > 1 and F(t) = 0 for t < 0- . Indeed 

(Un,F) =/(1-t)n(6t)dF(t) +}tn(oL+(1-ol-)t)dF(t) • 

By a change of variable, we get 

i· 

} 
t t ; t- cL t- o... 

( Un, F) = ( 1- '9-l n ( t) dF ( 6-) + n ( t) l=j:. dF ( 1_ d) 

= jn ( t) dG ( t) where G ( t) = TF • 

The value of Theorem 1 is that by studying the iterahes of un 

we deduce results about the conjugate operators Tn. ~'le proceed 

now to study this operator U. In essence, we should denote the 

l, 
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operator by u6 a... but where no ambiquity arises we shall drop the 

subscripts. Let W denote the isometry Wn(t) = n(1-t). Clearly 

-1 W = W. We now observe the identity 

The mapping o,d.. ~( 1- a., 1- d-) has the effect of mapping the 

portion of the unit square bounded above by 1-d.-o = 0 into the 

other triangle located in the unit square. Consequently, 1{1 the 

future we restrict ourselves to the case where 1-o}.,- 6 > 0. 

Corresponding results for the circumstance where 1 -d--- 6 < 0 are 

deduced easily by virtue of the identity ( 3) • 

The next two theorems which we state for completeness, are 

immediate_,_'from ( 2) • 

Theorem 2. The operator U preserves the values at 0 and 1. 

Theorem J. The operator U is positive i.e., it transforms positive 

continuous functions into positive continuous functions. 

In particular, if•'-1;t;fE!2 i.e., for all t, then Un 1_2:Un 2 • 

Theorem 4. If n, n', ••• n(n) > 0, then Un, (Un)' 

Proof: A simple calculation yields 

(Un) (n) ( 1-t ) 6nn ( n) ( 6t) +t ( 1- ~) nn ( n) (c)... + ( 1- d.-) t) 

+ n ( 1 - cl- ) n- 1 n ( n- 1 ) ( 0- + ( 1- d--) t } 

- n6(n- 1 ) n(n- 1 )(6t) 

(Un) (n)>O. 



~-921 

Sine e 6t < t <0...+ ( 1- d--) t, we conclude as n ( n- 1) ( t) is monotonic 

increasing that n(n- 1 )(ol-+(1-d-)t) > n(n- 1 )(6t) > 0. The assump­

tion 1 -cL2: 6 implies that (1-0..)n- 1 > 5n- 1 • As n(n) (t)2:0 

it follows that (Un) (n)> 0. The same conclusion and argument 

apply to (Un)(i) for 0 < i < n-1 • 

In particular, U transforms positive monotonic convex 

functions into functions of the same kind. Although in the proof 

of Theorem 4 we assumed the existence of derivatives, the argument 

can be carried through routinely at the expense of elegance using 

the general definitions of convexity and monotonicity. 

Theorem 5. If c ~ n(i) (t) ~ 0 for 0 < i < n , 

for 0 < i _< n, and hence (Urn){i)(t) < K. - ~ 

then (Urn)(i)(1)<K. - ~ 

Proof: The proof is by induction. Suppose we have established the 

result for the ith derivative with 0 < i < n- 1. Equation (4) 

yeilds 

(5) (Un)(n)(1)'""n(n)(1) 

where c 1 ( Q\;) and c 2 ( 6) are constants depending only on oJ.. and 6 

respectively and on n. If n(n) (1) > M(ol, cr, c) where 1\.'l is a 

constant sufficiently large, then (5) yeilds fUn)(n)(1) < n(n)(1). 

Since c 1 (d-) and c2 (6) do not depend on k and by the induction 

hypotheses I(Ukn)n- 1 (x) I< M uniformly in k and x, we find in 

general that when ( Ukn) ( n) ( 1) becomes larger than M{ oL, 6, c) , 

then (Uk+1n)(n)(1) < (Ukn)(n)(1). ~onsequently, the iterates 
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(Ukn) (n) (1) for k ~ k 0 is bounded by M( oL,o,c) + c 1 (oL)NI + c 2 (6)M. 

This trivially implies the conclusion of Theorem 5. 

Theorem 6 (Bellman) There exists at most one continuous solution 

Un = n for which n(O) = 0 and n(1) = 1. We present the proof 

for completeness. 

Proof: (By contradiction) Let n 1 and n 2 denote two solutions 

with the prescribed boundary conditions. Put n 0 

n 0 (0) = n 0 (1) = 0. Let t 0 be a point where n0 achieves its 

maximum. S inc e 

we deduce that 6t0 is also a maximum point. Iterating, we find 

by continuity that n(O) : 0 is the maximum value of n(t). 

A similar argument shows that 0 = min n(t) which implies that 

Theorem 7. For any fu-nction n(t) =vtr with oo> r > 1, Un(tr) 

converges unifo rrnly as n ~ oo • 

Proof: Clearly t ~ tr > p(t} where p(t) 
0 for 0 :::: t :::: t 0 

- t-t ' 
1 -t~ for t 0 ~ t ~ 1 

where t 0 is close to 1 with r fixed. Since U(t) is convex 

and the values at 0 and 1 are fixed, we find that t > Ut. 

Hence, U0 t > Un+ 1t > 0 and lim Unt = @(t) for every t. Since 

e(t) is convex and by Theorem 5 the derivatives of Unt at 1 
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are uniformly bounded, we conclude that 9(t) is continuous. 

By Dini's Theorem the convergence of Unt to 9(t) is uniform. 

Trivially ue = 9. On the other hand, if t 0 is close to 1, 

then (Up)'(1) < p'(1) (see the proof of Theorem 5). Since 

Theorem 4 guarantees the convexity of Up and the slope at 0 

is O, it follows that Unp _::: Un+ 1p and hence lim Unp = ~(t). 

Again ~(t) is a continuous fixed point and therefore by Theorem 

6 we infer that ~(t) = 9(t). On account of Unt 2: Untr > Unp,. 

we deduce that lim Untr = <P(t) with. the convergence beii'lg uniform. 

We denote the unique fixed point of U by ~6 ,ol.- (t). · or Ql{t) 

whenever no ambiguity arises. 

Theorem 8. The iterates un converge strongly. 

Proof: The constant function are fixed points of Un. Consequently 

by Theorem 7, Unq converges uniformly for any function q(t) in 

the linear space L 'spanned by (1,tr). The set L is dense in 

the space of continuous functions. Moreover, as !IUnll = 1, by a 

well-known theorem of Banach Un converges strongly when applied 

to any continuous function q(t). 

The acutal limit is easily seen to be given by 

( 6) 

This is an immediate consequence of the fact that the fixed points 

of U consililt of the two dimensional space spanned by the constants 

and ~6 d-• Equation (6) shows that two functions q 1 and q 2 

' 
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which agree at 0 and 1 have the same limit. This enables us 

to show 

Theorem 9. If q(t) is any bounded function continuous at 0 and 

1' then Unq t 1 converges s rong y. 

Proof: Let q(t) in addition to being continuous at 0 and 1 

possess finite derivatives at 0 and 1. Then clearly there 

exists two rontinuous functions hj{t) and h2 (t) vlith 

h 1 (t) 2: q(t) 2: h 2 (t) where h 1 (0) = h2 (0) and h 1 (1) h 2 (1) ., 

We condlude the result from this using the argument of Theorem 7 

and equation (6). If now q(t) is only continuous at 0 and 

then we can find for any e a ~(t) satisfying the properties 

assumed about q(t) in the first part of the proof with 

!q(t) - qE(t) [ < E e As IJunll = 1, the conclusion of the theorem 

now follows by a standard argument. 

Theorem 10. If q ( i) ( t) _> 0 for 0 < i < n and Ji)( 1) < c. , - ]. 

then lim [umq(£·)] (r) converges uniformly for 0 < r < n-2 • 
m~oo 

Proof: We prove the result only for (Umq) ( 1 ) since the proof 

for general (r) is similar. Theorem 4 shows that the functions 

(Umq){ 1 ) are all convex monotonic and positive. By Belly's 

selection theorem we select a sequence (Uniq)( 1 ) ~ m(t) • Again, 

. m(t) is convex monotonic and positive and by virtue of Theorem 5 

is continuous for all 0 < t < 1. This implies easily that (Un1q) ( 1 ) 
n. 

converges uniformly to m(t). As U 1 q converges uniformly to a 

fixed point W, we find that m(t) = W'(t). Since the limit is the 

same for any subsequence the conclusion follows. 
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Theorem 11. If q(t) belongs to en (n continuous derivative), 

then lim [Umq(t)] (r) converges uniformly for 0 < r < n-2 • 

m->oo 
Proof: This follows directly from Theorem 10 since we can add to 

th 
q(t) a polynomial of n degree with large positive coefficients 

so that the hypothesis of Theorem 10 are ~atisfied. 

Theorem 12. The 

with <P(r) > 0. 
(J ,o.--

fixed point ~ is analytic for 
'~'a ,<Y 

0 < t < 1 

Proof: Let p(t) denote a function infinitely differentTable 

with p ( r) ( t ) > 0 By virtue 6/ Theorem 11 

and Theorem 4 we deduce that lim (Unp) (r) $~:L~ o. Therefore 
n~oo ~ 

and p(O) = 0 p(1) = 1. 

~(r) is absolutely monotonic and hence by a well-known theorem 

is analytic. 

00 

Theorem 13. The functions ~m(t) = L:: Un(t(1-t)) converge 
n=m 

geometrically to 0. 

Proof: It is immediate from (6) that Un(t·(1-t)) = Wn(t) tends 

uniformly to zero. Since the derivative at 0 and of t(1-t) 

::.r: .::ts-a~ 'n0~:) co::'~~~~i;-;if;tii:t;~~~,{~.,~.,.2u~ 
Let kn0 denote the last interger k for which kn0 S m. \'le 

obtain, 

A.k 
n 0 -1 

0 S $m(t) ~ ~kno(t) < 1-}.. L u1 ( t ( 1-t) ) < C..L k 

i=O 
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(n0 +1)k 
< Cp < CPm 

1 
n0 +1 

where I" = l\. < 1 • 

-10-

Theorem 14. If q(t) is continuous, lq'(1) I< oo and lq'(O) I< oo, 

then lim un[q(t)J converges geometrically. 

Proof: We first establish the result for the special functions 

< r < oo • A simple calculation shows that 

-Ct(1-t) < U(tr) -tr < Ct(1-t) 

For n < m, we obtain upon continued application of U and 

summation that 

n 
-CL 

n 
ui(t(1-t)) < Un(tr)-Um(tr) < C ~ Ui(t(1-t)) • 

i=m i=m 

The conclusion now follows from Theorem 13. The general function 

q(t) satisfying the hypothesis of Theorem 14 can be bounded from 

above and below by two polynomials P1 (t) and P2 (t) which agree 

at 0 and 1. The result now follows directly from this fact 

and tne first part of this proof. 

We observe easily the identity Ut- t = (ol-+o-1)t(1-t) o 

Applying successively U and adding, we obtain 

00 

t + ( d-- +cr-1 ) C u~ ,~ t ( 1-t) 
n=1 

This is useful for purposes of calculation. 
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Some remarks describing the dependence of ~cr,OL on ~ and 

d-v are in order. Wei, Gf)P.s.ider -t.b-:e ,fQJ,;J.9W;Lng---l!jl~p~ity:-

(a) u~.~- u~·~· J~;"P~~~~?"~~~~~:)~::ui~~~ 
If f(t) is any function with bounded derivatives, then we 

obtain by the mean value theorem that 

I ( u 6 , <t--u o , ~, ) r I ~ I < 1-t ) [ r < 6t ) - r ( 6' t ) J + t [ r <d. + ( 1 - ol.-) t l · 

- f(d.-'+(1-d.!)t)]l:::: C(l6-6'1 + lol-d...'i)t(1-t). 

Applying equation 8 to f(t) = ~6, d-' , and remembering that in­

equalities are preserved 

n-1 
lu~,d-- ~<Y's-.' - ~o-'Q..' I < c(1cr-cr' I + I d...- 0--' I) L ui(t(1-t)) 

i=O 

Allowing n to go to oo , we have easily that 

I ~<Y,O... -<Pcr'O! I ::=: K( I cr-6' I + !O...- 0..' I) 

is finite provided that 

It is worthwhile to discuss the nature of ~cr,c:).. for (<J, o..) 

lying on the boundary of the unit square. First, we observe by 

direct verifiGation that when g...+6 = 1 that <Po-d- (x) = x • Next 
J 

let <:}.. = 0 and r:r < 1 , then 
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u~ = (1-x) ~(~x) + x$(x) 

Therefore, if $ is a fixed point with $(0) = 0 and $(1) = 

then for x + 1 we have that ~(x) =.Q>(6x) and hence Q>(x) _ $(0)=0 -

(O<x<1) provided that <!l is continuous at 0. Similarly, when 

6 = 1 andol< 1 then the only fixed point $ continuous at 1 

and $(0) = 0, $(1) = 1 is ~{x) ; 1 for 0 < x < 1. On the 

other two boundaries of the unit square the solutions are easily 

calculated and turn out as follows: If 0 < () <1 is ·arbitrary 
00 

and d...= 1 , then $
6

, 1 = 1 --!-! (1-6rx) while when (S·= 0, 
r=O 

0 <~< 1 then 

00 

lTLrx 

r-=@ -~ 

where 10 = I and the operation L applied to x gives 

cL +(1-d..)x. Finally for cl = 0, 6 = 1 the operator U reduces 

to the identity mapping. We now investigate the dependence of 

$
6

,0.. on (} and d-.. as we allow (J and 0-. to tend to the boundary. 

We limit ourselves for definiteness to studying the case where 

(ir, 0..) -7 (<To ,0). with <~o < 1 and we 'show that $6' d-. converges , 
pointwise to 0 for 0 < X< '1 and <j)6":d. (1) = 1 otherwise. 

' Moreover, the convergence is uniform in any int erval O<x< -[< 

Let (6n,.,~ .. h) ......;. ((J0 ,0), then without loss of generality we may 

assume that 1-6n- ~n > 0 • Therefore, <1>0'"~,~ are convex, mono­

tonic increasing and positive with $6 d--. (0) = 0. Also, for any 
n n 

1 • ·-
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interior interval 
I 

0 < x < 1- b < 1, the first derivatives are <l>:c:ro~--
-n' n 

are equi-continuous uniformly oourrl ed. Since this implies ~6 c:)v­
n, n 

over the sub interval and as 0 ~ ~~ cV ~ 1 , we can select 
m, n 

a subsequence which may be denoted as ~6 ~ converging to 
r r 

uniformly for any interval of the form O<x<1 

and similarly ~ tS c/J ( 1 ) = 1 , we get 
r, r 

¢(1) = 1 

- b < 1. 

ljr(O) = 0. 

As 

uniform convergence of guarantees the continuity of 

l!J(t) 

The 

at zero. Put u = r u 
6'o,o and We 

consider the following identity: 

W - UoW = (W - ¢ ) + (¢ - U l!J) + (U W - UoWl r r r r 

·~ w:~c~~s~~~~'-a ~tx~~-- -x~--~---~~S.n_!r~via·~!:__J!~-- + iW - ~r·L ;~i $--.~' 
~en r is 5Q ff1qteht"l y large. Also 1 I"l = I~ .... ur 'qJ! :; JU i~~ .;..:tf . -· . ··. - r - - - ... _r. _.,1". ·--·-·-

= I ( 1-x) [ ¢ ( <J x) - l\T ( cr x)] + x [$ (d.: + ( 1- oL ) x) - W (oL + ( 1- o1- ) xJ I rr r rr r r r 

But for x = x0 < 1 fixed, we observe that o(.r + ( 1- d.-r) x0 varies 

in an interval < 1 - b as Or~ and the same applies to ~rx. 
The uniform convergence of ¢ ~W inside 0 < x < 1-a yields r 

that II2I ~ ~. By construction, II 3 1 ~ E for r large. Thus 

we infer the equality 1IJ = U0$ for 0 < x < 1 and by direct veri­

fication for 1. However, the fixed point to the equation U0 $ = ljJ 

with ljr(O) = O, ljr(1) = 1 and W continuous at 0 is $(x) = 

for O<x< and 1IJ ( 1 ) = 1. Thus the limit function ljJ is the 

same for every subsequence of ~6 cJ- and h·ence we deduce that 
n, n 

$
6 

cJ- ....;.a pointwise. We furthermore note that 1jJ is independent 
n,n 
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of ~0 < 1. A similar analysis applies to the case where 

(o-,c:L) -7 (1, oL) (ol-> 0). The other two boundaries yeild to 

simpler analysis. Summarizing, we have established the following 

theorem. 

Theorem 15. The fixed points Q> satisfy the following con-
cr' eJ.J 

tinuity properties: For 0 < a~ d.., d-.' ~ 1 and 0 < <>, fJ' ~ 1 - S" , 
then ' l ~ <Y,QL.. -Ql <1'' ,d.! I ~ K ( ~) [1 0"-o-t I + lot..- oU I]. If (~,oe) -7( o-0 ,0) 

with O"o < 1 ' then Qlo,a-(x) ~0 pointwise for O<x<1 and 

<ll~CII.. (1) - 1 • If (o-,oL) ~ (1,da) with olo:»>' then. <lla-,oL (x)-;;. 1 

' 
pointwise for 0 < x< 1 • 

Finally a word cone erning convergence of Unn for n continuous 

when the parameter values lie on the boundary. When oL;:::; 0 <J< 1, 

then Unn converges pointwise. The same comclusion holds when 

c:J.... > 0 and o-;:::; 1. On the other two boundaries the convergence is 

uniform for n 
U n. Vie omit the proofs. 

We now return to the study of the operator T• 

Theorem 16. For any distribution the iterates TnF converge in 

the sense of distributions to the distribution 

where I 0 (x) and I 1 (x) are the distributions concentrating 

fully at 0 and respectively. 

Proof: From the convergence of Unn for any continuous function n 

and Theorem 1 follows the weak>:c convergence of TnF. This is 

equivalent to the convergence of TnF in the sense of distributions. 



[-921 -15-

The actual form of lim TnF 
u-7oo 

G as given in the theorem follows 

directly from (6). 

§2. In this second model the random walk is described as follows: 

If the particle is at x, then x -7d- + ( 1- d-)x with probability 

~(x) and X~ 6x 1rlith probability 1 - Ql ( x) where IQ>(x)-¢(yl I 

~p< 1 . The analogous transit ion operator to ( 1 ) becomes 

X x-r:J..; -o- 1-cl-

(9) (l(x) = TF =I ( 1-Q>(t)-(dF(t) +I ¢ (t ).dF(t) 
0 0 

with the same understandings concerning F applying as before. 

Let 

( 10) Un [1-<1> ( t) J n ( 6t) +<!> ( t) n (c;,t.+ ( 1- ol-) t) 

In this section, we take O<ot-, o< 1 although the boundary values 

for d- and o are easy to handle but not of great interest. The 

spaces on which they operate are the same as in section 1. Again, 

ih a similar manner to Theorem 1 we obtain 

Theorem 17. The operator T is conjugate to the operator U. 

Vle now further asSlime that <I> ( t) is monotonic increasing. 

Theorem 18. The operator U preserves positivity and positive 

monotonic increasing functions. 

Proof: Direct verification. 

Since the hypothesis on $(t) implies either ¢{1) < 1 or Q>(O) > 0. 

We analyze the case where ¢(1) < 1. The other circumstance can 
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be treated in an analogous manner. Furthermore, we now assume 

that if $(0) 0, then ell' (0) exists and is finite. 

Theorem 19. If n(t) is monotonic increasing bounded and positive, 

then Unn 'f 1 t t t converges un1 orm y o a cons an • 

Proof: We observe first that 

Un(1)- n(1) = [1-ql(1)][n(C1)- n(1)] < 0, 

( 11 ) 
Un(O) - n(O) $(0) [n(d..) - n(O)] > 0 • 

On account of Theorem 113, we conclude that 

and C> Unn(O) ~ un- 1n(O) and hence lim 
n~oo 

0 ~ Unn ( 1 ) ~ un- 1 n ( 1 ) 

Unn(1) and lim Unn(O) 
n~co 

exist. Since 1-$ ( 1 ) > 0. ( 11 ) shows that lim 
n~oo 

Unn ( o-) = lim Unn ( 1 ) • 
n~oo 

As Unn are monotonic increasing and bounded, by virtue of Helly' s 
n. 

Theorem we get a subsequence U 1n(t) convergent to a limit g(t) 

which is monotonic increasing. The above argument shows that 

g(cr) = g(1) and hence g(t)-£ g(1) for <J< t < 1. By (10), 
n. 

it follows that lim U 1n(62) = g(1) and hence g(t) a g(1) for 
i-;.oo 

62 < t < 1. Continuing in this way, we get that g(t) _ g(1) for 

0 < t< 1. If cll(O) > O, then by (11) it follows that 

lim 
n~oo 

n U n (d..) • 

0 S 4> 1 ( 0) < oo , we find that 

On the other hand when Q>(O) 0 as 
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(Un) '(O) n 1 (0) ( 6-1 ) n' ( 0) + $ 1 ( 0) [n (0..) - n ( 0) ] o 

Q>t (O) 
Consequently, if 1t 1 (0) > 1_<T C , then Un 1 (0) < 1t 1 (0) and 

therefore we infer easily that (Unn) 1 (0) are uniformly bounded. 

From this we conclude easily that lim Unn(G) = g(1) • The 
n~oo 

limit function g(t):: g(1) is thus uniquely determined by 

lim Unn ( 1) and is there fore independent of the subsequence 
n~oo 

chosen. Since g(t) is continuous we obtain as Unn are 

monotonic that Unn(t) converges uniformly to the constant g( 1). 

The hypothesis on Q>(t) easily yields the fact that. the only 

continuous fixed points of Un = n are constant functions. This 

:£'act directly connects . ..,.~ th.e restJ.lt of Theorem 2f b~lew. F;~s~;, 

tinuous function n(t). 

Theorem 20 ., The operators Unn converge uniformly for any con-

tinuous function. 

Proof: Since II Un II = 1 and the space of all monotonic positive 

continuous functions span a dense subset of the set of all con-

tinuous functions the theorem follows a wlll-known theorem of 

Banach. 

Theorem 21. For any distribution F the distributions TnF 

converge as distributions to a unique distribution G for which 

TG = G which is independent of F. 

Proof: The weak* convergence of TnF follows directly from 

Theorem 20 and Theorem 16. To complete the proof we must establish 
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that if lim TnF = G and lim TnH = K, then G = K. Indeed, 

let $ denote any continuous function. We have that 

($, G-K) = lim ($, Tn(F-H) 
n~oo 

= lim (Un$, F-H) = a ( _/ dF -I dH) :.0 
n-;:.oo 

as F and H are distributions. Hence, j11J(t)dG(t) = /W(t)dK(t) 

for any continuous function tiJ and therefore G ~ Ko 

It seems extremely difficult to determine the nature o:f this 

unique fixed distribution G. We denote it <through F 
o-,~ 

Theorem 22. The di stri but ion F <J .d-- is a continuous function of 

' 
<J,o/J i.e. if (<Jn ot--n) ~ (<J,oL;) with 0 < r::J,~< 1, then , 
F

0 
q... 7 FrroL- at every point of continuity of Fo-,cJ.,• 

n, n ' 

Proof: Let (<In ,O...n) -7 (a-; oL) and by Helly' s theorem we choose 

a subsequence converging to the distribution F 

everY continuity point. Denote Tr for TO" ~ and 
n n r, r 

T for 

TO.cL-. Let n(t) denote any fixed continuous function. We , 
consider the quantity 

Since F r ~ F as distributions, we find for r sufficiently 

large that I (n,F-Fr) I < E: • Now, we note that 

at 
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Since Ur = Ucr coL- converges strongly to U = U6",oL,, it follows 
nr nr , 

thcit Urn converges uniformly to Un. \'/hence, as Fr are dis-

tributions, we infer that I (U n-Un,F ) I< max IU n-Unl< E when 
r r - t r -

r is chosen large enough. Evidently, with r large we get as 

before that 

Therefore, we obtain for r large that I ( n ,F-TF) I ,S 3 E and 

hence (n,F) = (n:,TF). Since n is any continuous function, we 

infer F = TF and therefore F = F cr -::h by Theorem 21. Consequently., 

as any limit distribution of Fer ~ 
n, n 

of Theorem 22 is now immediate. 

J 

must be F cr,o.. the conclusion 

§3 The model considered in this section is as before with Q>(x) 

The operator U becomes 

(12) Un(t) tn ( 6t) + ( 1-t) n ( 1- cJ- + cLt) 

1-x. 

Note that we have replaced d-- by 1- & • This is only for con­

venience in Theorem 28. In this model the closer the particle moves 

to the ends 0 and the greater probability there is· of moving 

back into the interior. -Again, it is easy to show that the only 

continuous fixed points Un = n are the constant function. There-

fore, we shall find as in section 2 that the distributions describing 

the position oft he particle con~erge to a limit distribution in­

dependent of the initial distribution. We first proceed to analyze 
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convergence properties of un • In this case it is no longer 

true that U preserves the class of positive monot~nic functions. 

Only positivity is conserved by the mapping U. However, a:'new 

quality as described in Theorem 23 serves here well. 

Throughout this section in order to avoid changes of proof 

and different results at times, we suppose that 0 <rr, tr < 1. 

Theorem 23. If n(t) has a continuous derivative, then. 

Max I (Un) '(t) I <Max In' (t) I with equality holding if arid only if 
t - t 

n(t) is linear. 

Proof: By direct computation, we obtain 

Un'(t) = t6n 1 (6t) + (1-t)J..:n 1 (1-ol.+clt) + n(6t)- n(1-oL-+oUt) • 

Hence, with the aid of the mean value Theorem we get 

< [to- +(1-t)oL-+ 1-d.--((}-d1t] max In' (t) I 
- t 

max In 1 ( t) I . 
t 

If equality holds, then let t 0 denote a point where 

max In 1 ( t) I = In' (to) I 
t 

It follows easily from ( 13) that 
:-':i·";' 

( 14) Max In' ( t) I = In' ( otJ I = In' ( 1-d+cl.ta) I n( 6t 0 ) - n( 1-J..+d..t 0 ) I 
6t0 - (1-0..) -ol..t 0 

This yields that n ( t) is linear for ot 0,:::t.::;1- 0-- + d-..t 0 or otherwise 

• 
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somewhere between 6t 0 < and 1- d..+cX.t 0 the slope has greater 

magnitude than the slope of the chord subtended by n(t) at these 

points. Equation (14) also yields that 6t 0 and (1-D4olt 0 ) are 

maximum points of n'(t). Thus repeating this argument then shows 

that equality in (13) requires n(t) to be linear. 

Theorem 24. If n(t) belongs to em (n(t) possesses m continuous 

derivatives), then max I (Unn) (r)(t)l are uniformly bounded· in n 
t ; ·' 

for each r (0 < r S m) • 

Proof: The proof is by induction. For r = 1 r; the theorem -is an 

easy consequence of Theorem 23. For r = 0, the result is trivial 

since U preserves positivity and the constant functions are fixed 

points of U. Suppose we have established the result for r = m-1. 

We note that (Un))m)(t) tO"mn(m)(C5t) + (1-t)O..mn{m)(1-oL-+d--t) 

+ m6m- 1n(m- 1)(6t)- m~m- 1 n(m- 1 )(1-d.-+olt) • 

This easily yields with the mean value theorem that 

(15) Max 1Un(m) (t) I < [t6m + (1-t) d-m + md-m- 1 (1-'d.--t(cr-~)t] max ln(m) (t)l 

t 

I 
...rn-1 m-1

1 + . mo -m oJ... max 
t 

The coefficient L ( t) of Max In (m) ( t) I in ( 15) being linear in 

t achieves its maximum at 0 or 1. We get 

.m m-1 m-1 m 
L (0) = o;:.. + mel ( 1-~-) = met. - (m-1)ot;; < 1 

for any fixed c:J.. < 1. If 6' > c;;l..., then 

-m m-1 m-1 m 
1(1) = o +mo..: (1-6) S mo- -(m-1)o- < 1 
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In the case where ~> o the inequality ( 15) remains valid with the 

coefficient of max ln(m)(t}1- equal to to!P + (1-t)d--.m + mdl'-- 1 [1-d--+(<J-a.)~ 

and t:h.e estirna tes go through as Before. Thus 

Max !Un(m) (t) I <)..max ·ln(m) (t) I + C max lnm- 1 (t) 
t - t 

where C denotes the constant lm<fl- 1-moL-m- 1
1 and A< 1.; Therefore, 

Max I (Ukn) (m) (t} I < )\.max I (Uk- 1n) (m} (t) I + C 
t 

max 
t 

< J\ max I ·cu ( k- 1 ) n} ( m) ( t) I + K 

using our induction hypothesis. Iterating this last inequality gives 

that 

This establishes the theorem. 

Theorem 25. If n(t) possesses two continuous derivatives and o + c.J..., 

then Unn converges uniformly to a constant. 

Remark: The reason why the tw0 cases <J =d. and · <J + oL. are 

distinguished and necessarily so will be explained later. 

Proof: In view of Theorem 23 and Theorem 24 the first and second 

derivatives of unn are unifonnly bounded. Thus Unn and {Unn} .. , 

constitute equi-continuous families of functionso We can thus select 

Di 
a subsequence ni such that U n converges uniformly to ~(t) 
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and 

that 

n. ' 
(U ~n) 

n.+1 
U ~ n 

converges uniformly to 

tends uniformly to U~ 

by virtue of Theorem 23, 

-23-

~ ( t) • It follows trivially 

and 
n.+2 z 

U ~ 1t • U"~ • Moreover, 

Max l (Unin) 'I >max 1 (Uni+
1
n) 

1 1 >max I {uni:t1n) 
1 I 

t t t 

Hence, 

n. ' 
lim max I (U 1 n) I 
i~ t 

n. +1 1 
= lim max I ( U ~ n) I 
i~oo t 

n.+2 , 
= lim max I (U l. R) I • 
i~<D t 

Therefore, by the uniform convergence of the derivatives we secure 

Max l ~ 1 ( t ) I = max 
t t 

j(U<!J)'(t)l =max 
t 

Invoking theorem 23 yields that $(t) and U$(t) are linear. 

Hmvever, if d- + () and $(t) contains a tenn with t, then U~ is 

quadradic. This impossibility forces $(t} tp be identically a 

constant Let i be chosen sufficiently large so that 
n. 

I U 1~ - c I < € • Then, 

p.+1 n. n. 
lur;r+ 1 ~- cl < t !U 1 <jl(6t) - cl + (1-t) IU 1 (1-d.-+d.t) - cl <E. 
,...; 

n.+p 
Repeating this argument shows that IU ~ -c I ,:::: €: for any p. 

Hence, this establishes that Unn converges uniformly to Co 

Theorem 26. If n ( t) is continuous and <5" + d-, then Unn converges 

uniformly. 

Proof: The space of all functions with two continuous derivatives 

span linearly a dense subset of the space of all continuous functions. 
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Since I!Unll ::: 1, we obtain the result using Theorem 25 and a well 

known theorem of Banach. 

In the next two theorems we establish the uniform convergence 

n 
of U n for the case where 1 > o =dv> 0. We note in this case the 

interesting fact that U applied to a polynomial does not increase 

its degree. Particularly, Uxn = [oLn- n~- 1 (1-cl..)] xn + Pn_ 1 (x) 

where Pn_ 1 {x) denotes a polynomial of degree n- 1. 

Theorem 27. If P(t) is any polynomial, then ukp converges unifonnly 

to a constant. 

Pro6f: The proof is by induction on the degree of the polynomial. 

Clearly if P is a constant = c then ukp E c. Suppose we have 

shown for any polynomial p 
n-1 of degree < n-1 that the iterates 

k U .··P 1 n- converge·mniformly. To complete the proof it is enough to 

k n n n-1 
verify that· U x converges uniformly. Let "A= Q._ -n cl..,· ( 1- oL) , 

then I A I < 1- since ~ >d.> 0. We obtain 

Uxn = Ax.n + p n-1 (x) . Repeating, we get for k > 1 

ukxn k n k-1 
)\.r uk-r-1 =A X + C p 

n-1 . This last sum is of the form 

r=O 

k 
ck ~ ar b with L lar I <ro and lim bk {x) exists. 

k-r k=oo 

It is a well known theorem that lim ck(x) exists uniformly whenever 

?k(x) uk- 1Pn_ 1 converges unifo~ly. Thus, ukxn converges uniformly 

to a fixed point which must be a constant function. 
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Theorem 28. If n(t) is continuous and o-= 0..> O, then 

Unn converges uniformly. 

Proof: Sim:ila r:Lto Theorem 26 sine e the set of all polynomials 

are dense. 

We now note the important example that when d- = 6'" = 0 it-

is no longer true that Unn converges. It is easily verified 

that in this case u2nn and u2n+1n converge separately but 

that a periodic phenomenum occurs otherwise. The argument of 

Theorem 27 breaks down in this case as the quantity A. is -1. 

We only mention that other difficult convergence behavior occurs 

when ~ ,o traverse the boumary of the unit square.for this model. 

We return now to the hypothesis cr <d.., 6' < 1. 

Theorem 29. If n(t) belongs to then for 

o·~ r ~ m converges uniformly. 

Proof: This follows easily from Theorems 24, 26 and 28. 
-& . x+~ -1 

Let TF = J'tdF(t) + j a: ( 1-t) dF(t). This :represents the 

0 0 

the transition law for the distribution describing the position of 

the particle. By using arguments analagous to the preceeding 

sections we can establish the following theorems using the conjugate 

relationship between T and U. 

Theorem 30. For any distribution F the distributions TnF 

converge as distributions to a unique distribution F6'; d-.- for 

which TF (J'j 0-- = F <J, d- which is independent of Fe 
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Theorem 31. The distributions F <:J,d- constitute a continuous 

family of distributions in the sense of Theorem 22. 

-26-

Again it seems very difficult to determine any more explicit 

information about F o-;~ •. 

.§4. The model examined here is of the form where 1-Q>(x) -=.Ax+ p 

with A+ p S 1 and at least 1 >'A or 0 < P· The operator U 

has the form 

(16} Un = (A.x+p)n(6x) + (1-)\x-p)n(1-ol...+~x) 

Of course, as before 0 < 0.., c:J< 1. Convergence questions for Unn 

turn out to be very elementary in this case in view of the following 

theorem: 

Theorem 32. If n(x) has a bounded derivative, then 

Max I (Un) 1 (x) I < a max In' (x) I 

X X 

with a < 1 • 

Proof: By direct computation, we get 

(Un)' = (7\x+p)d'"n 1 (o-x) +el-(1-)\x-p.) n 1 {1-o<.+o..x) 

+ A[n(O'"x) - n(1- d-.+clx)] 

Using the mean value Theorem, we secure 

Max 
X 

I (Un) '(x) I S [{A.x+p)O'" +Q..-(1-)\x-p) +A (1-ol..-<fx +oLx}] max ln':(·x}! 

= a max In' (x) I 
X 
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where a = p<r + ol( 1-p) + (1-ol..)?\.. The assumptions on p and A. 

yeild that 0 < a< 1. Indeed, the max of a as a function of 

oC is achieved when d-is 0 or 1 • But, a(O) = p6"' +A< 1 

as p +)\ < 1 ' f >O and 0 < o< while a ( 1 ) :i: po-' + ( 1-·p) < 1 

since G< o-< and p > 0. 

An immediate consequence of Theorem 32 is that (Ukn)' 

conyerges geometrically to 0. This easily yields that ukn 

converges geometrically to a constant. Let T denote the 

transition operator for this model. In the standard way, we 

obtain 

Theorem 33. For any distribution~~ distributions TnF converge 
,_i,f' 

?- to. the qJptrr9¥,:tion F cJ, QL. which ·.~\8··· a continuous function of 

(o,ot...J,.~·an~d:r~TF<J, c;).... = Fcr;o.- • Mo;feover, Fo, cL is independent 

of F. 

mhb 


