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SUMMARY
Unless techniques are developed to solve special
classges of linear programming problems, it is likely that
only models involving between 100 and 200 equations will
Le successfully computed oy general technigues now avail—
atvle. Thizs raper discusses the need to oompﬁte large
ccale systems and peints out some of the éommon character—f

istics of nany practical models which promise to lead to
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STATUS OF SOLUTION OF LARGE-SCALE
LINEAR PROGRAMMING PROBLEMS

Talk before
Institute of Management Sciences
Pittsburgh, Pennsylvania
October 22, 1954
by

George B. Dantzig

The purpose of my talk is to discuss with you the possibilitiesf
for solving large scale linear programming problems. I shall sound
coth an optimistic and a pessimistic note. The pessimistic ndte
concerns the abllity of the problem formulator, either amateur or
professional, to develop models that are large scale. The pessi-
mistic note also concerns the inability of the problem solver to

compute models by general techniques when they are large scale. If

this is so, 1is not the great promise that the linear programming
appreoach will solve scheduling and long range planning problems with
substantial savings to the organizations adopting these methods but
an 1llusion and a snare? Are the blg problems going to be solved as
they have always been solved — by a detalled system of on—the-spot
somewhat natural set of priorities that resolve svery possible
alternative as it arises?

Let us conslder a modest planner who 1s concerned with the
expansion of motor production — let us say a spacial type motor
that requires a special type of steél and must use tools fabricated
from this steel and the tools which fabricate thesse tools also use

this steel. The tools that fabricate steel we will call steel



capacity, those that fabricate tools — tool capacity, and tnose

that fabricate motors — motor capacity. Tne planner 1s guite modest
because he 1is willing to consollidate all of the multitudinous
activities and items into these simple terms. He 1is 1nterested in
developing a program over two years by qguarters, tnat meels a speci-
fied schedule of known sales and creates the largest stockpile of
motors for any future sales that may develop. The initial inventory
must satisfy the following relations in detached coefficlent [formi

for first two time periods:

Activities (lst Period) Activities (2nd Period)
Motors |Steel |Tool Prod JExcess Cap. Motors; Steel Tool Prod. Excess Cep.
| o ] s & o &
o | o & 88 o | ol 838
A& @Al Cf s Al al Bl @ S S sl ol e B
T A
R R B R
Llaldlaa & 2aa 2|Aa&a a8 2as s
i
Variables b SR> SN, A, S, SR ¢ X X K X, - X X X X
L2 L s 6 T8 19 I g el e a3 ol o o 2 28 2 210
Initial Steel ;
Inventories Cap.= 1 1
Tool \
CaP~=é PR ETA IS h +1
Motor | ; |
Cap.=: 41 +1 } i
Steel v
Stocks = ¢ SRR RTINS
Motor
Stocks =/ _1 41
Inventory 0= -1 4 -1 1 +1
Balance |
(nd Period) O = , =1 -1 M| +1
0 =l-1 -1 S +1
0= -1 a L1 At
-4, = -1 -1 41
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The pattern must be repeated for eight time periods. If we
denote the upper and lower blocks by A and B respectively, the model

has the form

10 x &

=~ |

¥ |

| |

| B A |

* ?

| B A i

» |

| B A |
(1) 5 x8 |

i B A

i B A i
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| B A
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The resulting system of 40 equations in §9 variavles with the
objective to maximize a stockpile of motors can ve solved in a halfl
hour on a modern electronic computer. Let this planner now decide
that his model is entirely tfoo coarse and that he must plan by

mentng, distinguish two types of motors and two types of steel and

our resultant system becomes 7 x 24, 14 x 24 or lo4 x 336. At
this size the computation would require about one week using one shift
per day. From the viewpoint of the computer the planner 1is no‘longer
modest. However, for those of you in the audience who have ever

engaged in ovrogramming, it is clear that the so-called "detailed"
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model above is at best only useful as an over-all type of guilde,

but nardly detailed in a realistic sense.
cite an example from another area — the problem of
>
1% |
numoer of aircraflt of type k routed between city 1 and J—

Let me

routing cargo aircraft. Let the variable represent the

Let us distinguish between six types of aircraft, ten time periods,
and twenty cities. In addition, consider a second set of variables
Vs ;o which is the tons of cargo shipped between city 1 and J ll
_ on the way to £. Our equations become
(2)
fireraft in = Alrcraft out: Y % .= F X, (k=1...6)(c=1...20)
L Tejk o« Tick L
. Ty = (o B 5 = . { ..."O Cc= ...20
Cargo in = Cargo out: a , + ¥ o i Z Yics - (k=1...20)(c=1,...20)
J 1
Tonare Cap. > Tonage Reg.: Ap L% T Y'y4:E (1=1...20 Y= y..v?O)
) - - : - ‘u"“" - “‘LU:
L £
Fiave Months Avallable: 5 Y . X, .. = D,
- ‘- g LJ¥ 158
Ld
As we see again such a system involving only a few cities, type

aircraft, and cargo destinations generate easily a system in a 1000

equations in 10,000 unknowns. Superficially, a very discouraging

ituation.
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For a number of years research has veen golng on, now centered
at RAND, specifically directed toward the solution of large scale
systems and my talk to you today is in a nature of a progress report.
At HAND we have a simplex code which can successfully solve a system
of 100 equations in any number of unknowns in about five hours. By
successful I mean it has done so on a number of occasions and bas
produced accurate usable results.

Theoretically the machine could do 200 equations but it would
take so long that, with machine failures,'restarts, etc., 1t does
not appear practical to do so. We also have a special code for a
special type of problem called the "machine processing" model.
Mathematically, this may be descrived as a slightly generalized type
of transportation model. A transportation model as developed by

Hitchcock and later independently vy T. C. Kooprans 1s of the form

z Xij = a, Ci=1,2,...,Mm
o
7 < — A
{(3) -L’-\~X'ij”bj J=1,2,...,n
i
L
N oX. ... = Min
TR N R O

We can slightly generalize it by replacing the coefficient of

X, , in the first equation by A

LJ 17
The special RAND code which only works for a particular choice
of c¢,. can work out solutions to a 3U0—equation system of this

1]
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Basically, our approach has veen to gtudy o large number of
mocels as they arise in practice to discover if they have any char—
acteristic that can ke taker advantage of’ computationally. When we
have developed a theoretical approach we often take a watered—down
version of the model that can be solved directly by the general ccde
and compare this with the new method. Often these new methods are
powerful enough to do by hand what cannot be achleved by machine.
Of" course, situations of this sort are not new. A transportation
problem of the Hitchcock-Koopmans variety involving, say, a hundred
rows and cclumns combined or one involving 10 rows and hundreds of
columns can be nicely handled oty clierks. Recently, Cooper and
Charnes and others have reported that they were successful in solving
certain very large systems by hand methods. All of this gives en—
couragement to believe that many large scale systems will be
successfully solved in the future.

i

Except in nighly specialized models of the transportation type
or others where unusual characteristics can be taken advantage of),
greater progress will be made by developing in the first phase
consolidated versions of the model., There are ssveral reasons for
this. In the first place this effort results in a model which is
often very useful in itself. Seccondly, it provides an excellent

dry run for methodology. In a word, 1t is better for administrative

and technical reasons to keep the model initially small.
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Inevitably %the size of models does increase. I wish to discuss
some devices that can greatly reduce the amount »f computation. In
the first piace there appears to be a numcer of important character—
istics commonly found in practical modeils.

(a) Matrix of coefficients is composed of blocks of zeros.
(b) Within non—zero blocks most elements are zero.
(c) Matrix is often block triangular.
(d) Many variavles have simple upper bounds or satisfy
a system of secondary constraints, most of wnhicr are
non=active in any glven problen.

Block triangularity is one of the most promising characteristics
to exploit. The basis in the simplex method consists in a selected
subset of the columns of the coefficients. It 1z sguare, non—
singular matrix which from cone cycle fo the next is modified by one
column. Its inverse or equivalent 1s neceded on =zch iteration. If
the vasis is of tnis form (1}, ard let us suppcse the diagonal
submatrices designated & (but not necessarily th= same)‘are square
and non—singular. It it has this uproperty 1t will be referred to

as "square block triangular.”

This form 1is ideel because 1t is
neceggary only to nave the inverses of the diagonal submatrices.
Furthermore, from one iteration to the next it becomes only neces—
sary to modifly one of these smaller inverses. Strictly speaking

Fa

most bases taken from block triangular systems d» not cecnform to
this ideal situation but are very close to veing of the required
form. In this case, it is possible by transforming the matrix

.

slightly to get into the reqguired souvare vlock triangular form.
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When a matrix is composed largely ol zeros where the zeros are

e

in ro otvious pattern, it is often practical to solve directly for
the prices and the representations of the vectors entering the vasils
rather than to solve for them by means of the inverses of successive
bases. The transportation model is & classical case where thils
approcach has paid off.

When many variables have simple upper bounds, 1t is no longer
Fal

necessary to add one more variable and eguation for each sucr

r

{y

straint. Instead, i1t is possible to siightly modify the original
simplex algorithm and apply it to the system excluding ine upper
counds. Essentially, one replaces a variable by X = b — X where
b is an upper bound for x whenever in the simplex process X reaches
its upper obound.

In many problems there are eguations that may ve considered
as forming a set of side corditions; for example, conditions that
capacity of certain machines is never exceeded or the character—
istics of certain products; e.g., its viscosity is within
specifications, etc. In most problems only a small subset of these
"secondary" constraints are likely to ve active, 1l.e., at their
eritical value-—the others being well within specifications or
capacities. In such cases it is recommended that the linear
programning prevlem be first solved withoutl regard to these secondary
constraints. Then the system 1s enlarged to include the secondary
constraints and an initial basis is obtained by augmenting the -

final basis of the smaller problem. This will result in a basis
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in wnich not all variables associated with the secondary constralirits
are positive,. jowever, in this form the dual simplex procedure of
Lemke may be employed. Often in practical cases only a few iter—
ations are needed to clean up the negative variables and obtain an
optimum solution.
Details of the three pfocedures outlined above may be found

in RAND"Notes on Linear Programming: Parts VIII, IX, X — Upper
Bounds, Secondary Constraints, and Block Triangularity in Linear

Programming,' dated 4 October 1954,



