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SPACECRAFT PLASMA MODELING CHALLENGES

Spacecraft Propulsion Relevant Plasma:

From hall thrusters to plumes and
fluxes on components

Complex reaction physics i.e.
Discharge and Breakdown in FRC

Relevant Densities often Span
6+ Orders of Magnitude

Spatial scales of interest span
µm-100m range

Solution?
Multi-Scale and Multi-Physics

Adaptive Algorithms

Electric Propulsion Plumes
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Chamber Environment
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PRIOR MERGING TECHNIQUES

Numerous Previous Merge Methods:

2:1 - Cannot Conserve Energy
(Lapenta & Brackbill, JCP 1994)

Complex Macro-particles with
Internal Energy

(Hewett, JCP 2003)

Merge to Grid
(Assous et al., JCP 2003, Welch et al., JCP 2007)

All Introduce Significant Error
and/or Complexity

wm =
∑
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~vm =
∑

wi~vi/wm
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∑
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i !!!

R.S. MARTIN (ERC INC.) DISTRIBUTION A: APPROVED FOR PUBLIC RELEASE; UNLIMITED DISTRIBUTION; PA #TBD 4 / 19



PRIOR MERGING TECHNIQUES

Numerous Previous Merge Methods:

2:1 - Cannot Conserve Energy
(Lapenta & Brackbill, JCP 1994)

Complex Macro-particles with
Internal Energy

(Hewett, JCP 2003)

Merge to Grid
(Assous et al., JCP 2003, Welch et al., JCP 2007)

All Introduce Significant Error
and/or Complexity

wm =
∑

wi

~vm =
∑

wi~vi/wm

wmv2
m <

∑
wiv2

i !!!

R.S. MARTIN (ERC INC.) DISTRIBUTION A: APPROVED FOR PUBLIC RELEASE; UNLIMITED DISTRIBUTION; PA #TBD 4 / 19



PRIOR MERGING TECHNIQUES

Numerous Previous Merge Methods:

2:1 - Cannot Conserve Energy
(Lapenta & Brackbill, JCP 1994)

Complex Macro-particles with
Internal Energy

(Hewett, JCP 2003)

Merge to Grid
(Assous et al., JCP 2003, Welch et al., JCP 2007)

All Introduce Significant Error
and/or Complexity

wm =
∑

wi , ~vm =
∑

wi~vi/wm

T(int)
m =

(∑
wiT

(int)
i +

∑
wiv

2
i − wmv2

m

)
/wm

wm

(
v2

m + T(int)
m

)
=
∑(

wiv
2
i + wiT

(int)
i

)√

Particle Push with T(int)?...
Split if (T(int))1/2 � vm?...
In What Coord-System?...

R.S. MARTIN (ERC INC.) DISTRIBUTION A: APPROVED FOR PUBLIC RELEASE; UNLIMITED DISTRIBUTION; PA #TBD 4 / 19



PRIOR MERGING TECHNIQUES

Numerous Previous Merge Methods:

2:1 - Cannot Conserve Energy
(Lapenta & Brackbill, JCP 1994)

Complex Macro-particles with
Internal Energy

(Hewett, JCP 2003)

Merge to Grid
(Assous et al., JCP 2003, Welch et al., JCP 2007)

All Introduce Significant Error
and/or Complexity

Conserve Arbitrary Moments to Grid

Not Explicitly Conserved Lost?
Entropy Generation?

Shape Functions?
Grid Dependence?

R.S. MARTIN (ERC INC.) DISTRIBUTION A: APPROVED FOR PUBLIC RELEASE; UNLIMITED DISTRIBUTION; PA #TBD 4 / 19



PRIOR MERGING TECHNIQUES

Numerous Previous Merge Methods:

2:1 - Cannot Conserve Energy
(Lapenta & Brackbill, JCP 1994)

Complex Macro-particles with
Internal Energy

(Hewett, JCP 2003)

Merge to Grid
(Assous et al., JCP 2003, Welch et al., JCP 2007)

All Introduce Significant Error
and/or Complexity

Conserve Arbitrary Moments to Grid

Not Explicitly Conserved Lost?
Entropy Generation?

Shape Functions?
Grid Dependence?

R.S. MARTIN (ERC INC.) DISTRIBUTION A: APPROVED FOR PUBLIC RELEASE; UNLIMITED DISTRIBUTION; PA #TBD 4 / 19



CONSERVATIVE MERGE

Merge to Pair→ DOF for Conservation:

(n+2):2 yields Exact Mass,
Momentum, and Kinetic Energy
Conservation

Applied Spatially also Shown to
Conserve Electrostatic Energy

Though Energy Conserving,
Still Thermalizes VDF

(AFOSR Review 2006)

Selection of Near Neighbors in VDF
Limits Thermalization

(≈ Near Neighbor Pairs in 2:1 Merges that Limit Numerical Cooling)
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OCTREE BINNING

Phase-Space Decomposition

Given a Set of Particles...

Particles Binned in Octants

Octants Recursively Sub-Divided

Recursion Halted at 1-Particle/Bin or
Other Criteria such as Bin-Density

Restricts Phase-Space Diffusion to
Within Local Bins
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0D-MERGE EXAMPLES

Comparison of Random vs. Octree Merge Partner Selection
(Note: Mass, Momentum, and Kinetic Energy Both Exactly Conserved )
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BEAM IN POTENTIAL WELL

Collisionless Particles in Well
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Reproduces 3-4 Orders of Magnitude
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DC-BREAKDOWN

DC-Diode Test Case:

Full 3D Electrostatic-PIC

Averaged to 1D XT-Plot

250V Cathode→ Anode

MCC-Ionization Collisions

Secondary Emission at Cathode

Chain-Branching Needs Merge

Merge Overhead Rapidly
Negligible

Control: Parts/Cell ∝ Density

Merge: Parts/Cell Much
Reduced

Despite Identical Densities

Control Merged
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3D PARABOLIC WELL TEST

Multidimensional Concerns

Conserving [v2
x , v

2
y , v

2
z ]→ Axis Aligned

Preference?

3D Well: Φ ∝ (x2 + y2 + z2)

First: Bounce Aligned 30◦ to x+

Slice Results like 1D Well

Next: Offset Case more Challenging

Time Averaged Merge→Minor Scatter

Despite Multiple Merge/Split Cycles
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ISSUES WITH PARABOLIC CASE

Parabolic Test is Insufficient
Conserving tr(v2) important due to collisional invariance
Original Scheme also Conserved tr(x2)... Important?

Potential Energy Conservation via Taylor Expansion
O
(

∆x2
∣∣
max

)
Energy Conservation Requires Center of Mass, xi, Only

Next Order? Requires Full (x(p)
i −xi)(x(p)

j −xj) Tensor for Arbitrary Φ

But Parabolic Potential→ Diagonal Hessian!
∴ Accidental Exact Potential Conservation via Diagonal 2nd Moment Cons.

Φ =

∑k
p w(p)

[
Φ(xi)+ ∂Φ

∂xi

∣∣∣
xi
(x(p)

i −xi)+ 1
2

∂2Φ
∂xi∂xj

∣∣∣∣
xi

(x(p)
i −xi)(x(p)

j −xj)

]
∑k

p w(p)
+O
(

∆x3
∣∣∣
max

)

= Φ(xi) +
∂2Φ

∂xi∂xj

∣∣∣∣∣
xi

∑k
p w(p)

[
(x(p)

i −xi)(x(p)
j −xj)

]
∑k

p w(p)
+O
(

∆x3
∣∣∣
max

)
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ANNULAR TEST CASE

Increased Complexity First Attempt...

Annular Potential:
Φ ∝ log(r/rin)/log(rin/rout)

Non-Trivial Cartesian Derivative of Φ

Stable Spiral Required C.N. Push
Different Periods per Particle -
Non-Periodic unlike Parabolic Well
Part./Cell Drops & #-Cells Active Grows

Not a Good Repeating Merge/Split Test
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SPHERICAL TEST CASE

Increased Complexity Second Attempt...

Spherical Potential: Φ ∝ 1/r

Slight ∆X → Orbits Unsynchronized
Periods Synched via Orbital Mech. Eqns.
Periodic with Full Nonlinear-C.N. Push
Adding Merge & Split:

Energy Conservation OK
Accuracy: Scatter + Dispersion?

Source of Dispersion?

Without Merge & Split
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DISPERSION FROM INCOMPLETE 2nd MOMENT?

O(∆x3
cell) Potential Conservation:

Remap must Preserve Identical
Contraction, ∂i∂jΦ : ∆xi∆xj

2-Particle Only Reproduces Diagonal
with x(a/b)

i = xi ± εi if εi = ∆x2
i

1/2

Non-Degenerate ∆xi∆xj → 3-Eigenvalues

Non-Deg. → 4+ Non-Coplanar Particles
(3-Particles = Plane & λ3 =0; 2-Particles = Line & λ2, λ3 =0)

Same→ 4 Merge for 2nd-Vel. Moment

“Principal Component Analysis”

Improved but Non-Negligible Scatter and
Dispersion

Φxx Φxy Φxz
Φyx Φyy Φyz
Φzx Φzy Φzz

 :

∆x∆x ∆x∆y ∆x∆z
∆y∆x ∆y∆y ∆y∆z
∆z∆x ∆z∆y ∆z∆z


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DISPERSION FROM XV SCATTER?

Kinetic Potential Energy Scatter:

A Closer look at Merge→ 2

≈Match Sgn
(
ε
(v)
i

)
to Sgn(∆vi∆vj) Moments

Select Sgn
(
ε
(x)
i

)
to Match Sgn(∆xi∆vi)

Some Improvement Scatter & Dispersion

Why Stop at just XV Sign?
ε
(x)
i =

(
∆xi∆vi

)
/ε

(v)
i

Much Improved Scatter & Dispersion

Sphere Sensitive: Kinetic <-> Potential

K.E. & P.E. Conserved Independently...
XV-Moment→ Better Combination


− Sgn

(
ε
(v)
x ε

(v)
y

)
Sgn
(
ε
(v)
x ε

(v)
z

)
Sgn
(
ε
(v)
y ε

(v)
x

)
− Sgn

(
ε
(v)
y ε

(v)
z

)
Sgn
(
ε
(v)
z ε

(v)
x

)
Sgn
(
ε
(v)
z ε

(v)
y

)
−

 ≈


− Sgn
(
∆vx∆vy

)
Sgn
(
∆vx∆vz

)
Sgn
(
∆vy∆vx

)
− Sgn

(
∆vy∆vz

)
Sgn
(
∆vz∆vx

)
Sgn
(
∆vz∆vy

)
−


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REVIEW SPHERE TEST RESULTS

Merge Results after 1-Cycle

No Merge Random Sign PCA XV-Sign XV-Full

Note: Results Due to Extreme Case Sensitivity
C.N. Push Required for Stability
Period Sync Required for Initial Conditions

Result of Minor Velocity Difference Across IC Box
Merge Scatter in Cells < Synch ∆V
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FUTURE WORK: COMBINED PCA/XV MERGE

PCA + XV-Merge?

Both Partially Inhibited Dispersion

Extra Degrees of Freedom in PCA

Use Extra DOF for XV-Match?

XV-Dispersion Source of Error in
Lapenta’s MHD Slow Shock?
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Lapenta’s MHD Slow Shock?

Lapenta - JCP 181, 317-337 (2002)
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AFRL/RQRS M&S FUTURE WORK

Integrate R&D w/ Production TODO:

Combine PCA and XV Merges
(Martin/Lederman)

Remap <-> Vlasov <-> Fluid
(Martin/Bilyeu/TBD)

Implicit/Multiscale GPU-Accel. PIC
(Lederman/Gimelsheins/Martin/TBD)

GPU Accelerated Chemical Kinetics /
CR Ar-Ne-Xe-Molecular Models
(Le/Cole*/Kapper* PhD Research)

*Note: Former Co-op Student Work to be Integrated into Framework
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