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Abstract. In this paper, we address the problem of jamming in a communica-
tion network within a team of mobile autonomous agents. In contradistinction
with the contemporary research regarding jamming, we model the intrusion as
a pursuit-evasion game between a mobile jammer and a team of agents.

First, we consider a differential game-theoretic approach to compute opti-
mal strategies for a team of UAVs trying to evade a jamming attack initiated
by an aerial jammer in their vicinity. We formulate the problem as a zero-sum
pursuit-evasion game, where the cost function is the termination time of the
game. We use Isaacs’ approach to obtain necessary conditions to arrive at the
equations governing the saddle-point strategies of the players. We illustrate the
results through simulations. Next, we analyze the problem of jamming from
the perspective of maintaining connectivity in a network of mobile agents in
the presence of an adversary. This is a variation of the standard connectivity
maintenance problem in which the main issue is to deal with the limitations in
communications and sensing model of each agent. In our work, the limitations
in communication are due to the presence of a jammer in the vicinity of the
mobile agents. We compute evasion strategies for the team of vehicles based
on the connectivity of the resultant state-dependent graph. We present some
simulations to validate the proposed control scheme. Finally, we address the
problem of jamming for the scenario in which each agent computes its con-
trol strategy based on limited information available about its neighbors in the
network. Under this decentralized information structure, we propose two ap-
proximation schemes for the agents and study the performance of the entire
team for each scheme.
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1. Introduction.

An object in possession seldom retains the same charm that it had

in pursuit.

-Galius Plinius Secundus

Situations involving pursuit and evasion frequently arise in combat scenarios.
Game theory, especially differential games, is an important tool in analyzing such
situations of conflict. One of the earliest works that illustrates the connection
between differential games and pursuit-evasion is the seminal work of Isaacs that
culminated in his book [27]. A general framework based on the concepts in classical
game theory and the notion of tenet of transition was used to analyze pursuit-evasion
problems. Classical problems like the Lion and the Man, Homicidal Chauffeur and
Maritime Dogfight were introduced in this book. In addition to the formulation
of these problems that relate to real-life scenarios, Isaacs’ book also provides the
necessary conditions for optimal trajectories for the players. In 1967, within two
years after the publication of Rufus Isaacs’ book on differential games, Leitmann
developed an analysis similar to that of Isaacs in [15], by building on his own
geometric approach to control theory [34]. He based his geometric viewpoints on
the properties of certain surfaces which contain the optimal trajectories: the limiting
surfaces in control theory and the game surfaces in differential games. An elaborate
history of the various generalizations and modifications of the classical problems in
pursuit-evasion and the formulation of new problems, is presented in [5] and [40].
In the past, most of the problems in pursuit-evasion games, for example [33], [35],
[38] and [37] have tried to relate the performance of the players to their agility and
on-board energy. In this paper, we investigate a novel pursuit-evasion game that
relates the agility of the agents in a team to their capability to maintain a secure
communication network in the presence of an adversary.

The problem under consideration in this paper is inspired by recent discoveries
of jamming instances in biological species [63]. Jamming is a malicious attack
whose objective is to disrupt the communication of the victim network intentionally,
causing interference or collision at the receiver side. Jamming attack is a well-
studied and an active area of research in wireless networks. [9] provides a list of
references on wireless networks related to the problem considered in this paper. In
contradistinction to the contemporary research on jamming which mainly deals with
spectral techniques to initiate as well as mitigate jamming, our current work focuses
on mobility as a means to evade the jamming attack within the communication
network present among the agents in a team. The effectiveness of a jamming attack
depends on the vicinity of the transmitter and receiver from the jammer. This gives
rise to various scenarios involving pursuit-evasion games for a mobile jammer in the
presence of a mobile transmitter and receiver. Moreover, our previous work in [13]
highlights the fact that optimal motion strategies for the receiver and transmitter
to evade a jamming attack are difficult to compute in real time. This work is in
the same vein with an additional emphasis on efficient approximation techniques
that maintain a balance between the complexity and the optimality of the resultant
strategies for the agents in the following scenarios; large team size, and partial state
information for each agent.

The main contributions of this paper, based on our prior work in [9, 10, 7, 25],
are as follows. First, we use a differential game theoretic approach to analyze the
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jamming evasion problem in mobile networks, which has never been seen in the
pursuit-evasion literature, and provides a novel application domain of significant
interest. Second, we extend the current work on connectivity maintenance problems
in multi-agent systems to include antagonistic scenarios that might arise due to
the presence of an adversary in the vicinity. Third, we address the problem of
decentralized decision making in adversarial situations in context of the jamming
problem, which is a topic of interest to researchers in the areas of games, control
and decision-making.

nodes we used the notion of state-dependent graphs to model the problem. Ap-
plying tools from algebraic graph theory on the state-dependent graphs provided
us with locally optimal control strategies for the agents as well as the jammer.
Finally, we proposed two approximation techniques for the agents in the face of de-
centralized information pattern. First, we assumed that each agent has a knowledge
about the value function under perfect state information, beforehand. Due to lack
of information about all the agents in the team, each agent is constrained to make
a local decision based on the information about his neighbors. We proposed an
online algorithm under decentralized information pattern for convergence for each
player. We proposed an approximation scheme for the agents based on averaging,
and provided bounds on the time of termination for the proposed scheme. Next, we
investigated an estimator-based control strategy for a scenario in which the agents
have a process noise in addition to the decentralized information structure.

The rest of the paper is organized as follows. Section 2 presents the jamming and
communication models for the nodes. Based on the aforementioned models, a multi-
player pursuit-evasion game is analyzed in Section 3 between an aerial jammer and a
pair of UAVs. Section 4 generalizes the jamming problem introduced in the previous
section to address the scenario when there is an arbitrary number of agents/players
in the network. Section 5 presents an approximation scheme for the players based
on a decentralized information structure. In Section 6, we analyze a discrete-time
version of the jamming problem with process noise and decentralized information
structure, and propose an estimator-based strategy for the players. Finally, we
conclude in Section 7 with some current challenges and future research.

2. Jamming model. In this section, we first introduce a communication model
between two mobile nodes in the presence of a jammer. Consider a mobile node
(receiver) receiving messages from another mobile node (transmitter) at some fre-
quency. Both communicating nodes are assumed to be lying on a plane. Consider
a third node that is attempting to jam the communication channel in between the
transmitter and the receiver by sending a high power noise at the same frequency.
This kind of jamming is referred to as the trivial jamming. A variety of metrics can
be used to compare the effectiveness of various jamming attacks. Some of these met-
rics are energy efficiency, low probability of detection, and strong denial of service

[50] [48]. In this paper, we use the ratio of the jamming-power to the signal-power
(JSR) as the metric. From [53], we have the following models for the JSR (ξ) at
the receiver’s antenna.

1. Rn model

ξ =
PJT

GJRGRJ

PTGTRGRT

10
n log10(

DTR
DJR

)
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2. Ground Reflection Propagation

ξ =
PJT

GJRGRJ

PTGTRGRT

(hJ

hT

)2(DTR

DJR

)4

3. Nicholson

ξ =
PJT

GJRGRJ

PTGTRGRT

10
4 log10(

DTR
DJR

)

where PJT
is the power of the jammer transmitting antenna, PT is the power of

the transmitter, GTR is the antenna gain from transmitter to receiver, GRT is the
antenna gain from receiver to transmitter, GJR is the antenna gain from jammer
to receiver, GRJ is the antenna gain from receiver to jammer, hJ is the height of
the jammer antenna above the ground, hT is the height of the transmitter antenna
above the ground, DTR is the Euclidean distance between transmitter and receiver,
and DJR is the Euclidean distance between jammer and receiver. All the above
models are based on the propagation loss depending on the distance of the jammer
and the transmitter from the receiver. In all the above models the jammer to signal
ratio is dependent on the ratio DTR/DJR.

For digital signals, the jammer’s goal is to raise the ratio to a level such that the
bit error rate [54] is above a certain threshold. For analog voice communication,
the goal is to reduce the articulation performance so that the signals are difficult to
understand. Hence we assume that the communication channel between a receiver
and a transmitter is considered to be jammed in the presence of a jammer if ξ ≥ ξtr
where ξtr is a threshold determined by many factors including application scenario
and communication hardware. If all the parameters except the mutual distances
between the jammer, transmitter and receiver are kept constant, we can conclude
the following from all the above models:

If DJR/DTR ≤ η for some positive constant η, then the communication channel

between a transmitter and a receiver is considered to be jammed.

Here η is a function of ξ, PJT
, PT , GTR, GRT , GJR, GRJ and DTR. Hence if

the transmitter is not within a disc of radius DJR/η centered around the receiver,
then the communication channel is considered to be jammed. We call this disc as
the perception range. The perception range for any node depends on the distance
between the jammer and the node. For effective communication between two nodes,
each node should be able to transmit as well as receive messages from the other
node. Hence two nodes can communicate if they lie in each other’s perception range.

In the rest of the paper, we will use the above jamming and communication
model.

3. Aerial jamming in a UAV communication network. In this section, we
envision a scenario in which an aerial jammer intrudes the communication link be-
tween two UAVs. In the past few years, a lot of research has been devoted to
deploy multiple UAVs in a decentralized manner to carry out tasks in military as
well as civilian scenarios. In general, the mode of communication among UAVs
deployed in a team mission is wireless. This renders the communication chan-
nel vulnerable to malicious attacks from aerial jammer flying in their vicinity. In
the past year, there have been reports of predator drones being hacked [24, 43],
resulting in intruders gaining access to classified data being transmitted from an
aircraft. Motivated by such incidents, our first scenario addresses the problem of
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evading a jamming attack launched by an aerial jammer flying in the vicinity of
two UAVs that are trying to mutually communicate among themselves. We model
the intrusion as a continuous time pursuit-evasion game between the UAVs and
the aerial jammer. Such dynamic games governed by differential equations can be
analyzed using tools from differential game theory [40][27]. In the past, differential
game theory has been used as a framework to analyze problems in multi-player
pursuit-evasion games. Solutions for particular multi-player games were presented
by Pashkov and Terekhov [52], Levchenkov and Pashkov [39], Hagedorn and Break-
well [26], Breakwell and Hagedorn [17] and Sriram et.al.[56]. More general treatment
of multiplayer differential games was presented by Starr and Ho [16], Leitmann [36],
Vaisbord and Zhukovskiy [65], Zhukovskiy and Salukvadze [70] and Stipanović, Ho-
vakimyan and Melikyan [62]. The inherent hardness in obtaining an analytical
solution to Hamilton-Jacobi-Isaacs equation has led to the development of numer-
ical techniques for the computation of the value function. Recent efforts in this
direction to compute an approximation of the reachable sets have been provided
by Mitchell and Tomlin [47], Stipanović, Hwang and Tomlin [61] and Stipanović,
Sriram and Tomlin [60]. In contrast to the previous work in pursuit-evasion games
that formulate a payoff based on a geometric quantity in the configuration space of
the system, we formulate a payoff based on the capability of the players in a team
to communicate among themselves in the presence of a jammer in their vicinity. In
particular, we are interested in computing strategies for spatial reconfiguration of
a formation of UAVs in the presence of an aerial jammer to reduce the jamming on
the communication channel.

In the following subsection, we describe the kinematic model of the UAVs.

3.1. System model. In our analysis, each node is a UAV. We consider two UAVs
(UAV1 and UAV2) in the presence of a third UAV (UAVj) that is trying to jam
the communication link in between them. We assume that the UAVs are having a
constant altitude flight. This assumption helps to simplify our analysis to a planar
case. Referring to Figure 8, the configuration of each UAV in the global coordinate
frame can be expressed in terms of the variables (xg

i , y
g
i , φ

g
i ). The subscript i is

either 1, 2 or j depending on the UAV being referred. The pair (xg
i , y

g
i ) represents

the position of a reference point on UAVi with respect to the origin of the global
reference frame and φg

i denotes the instantaneous heading of the UAVi in the global

reference frame. Hence the state space for UAVi is Xi
∼= R

2 × S1. In our analysis,
we assume that the UAVs are a kinematic system and hence the dynamics of the
UAVs are not taken into account in the differential equation governing the evolution
of the system. The kinematics of the UAVs are assumed to be the following:

dxg
i

dt
= Wi cosφ

g
i ;

dygi
dt

= Wi sinφ
g
i ;

dφg
i

dt
= σi, (1)

where Wi and σi are the speed and angular velocity of UAVi, respectively. In this
paper, we assume that σi ∈ [−1,+1] ∀i. Moreover, we assume that Wi = 1 ∀i.

The state space of the entire system is X1 ×X2 ×Xj
∼= R

6 × (S1)3. In order to
reduce the dimension of the state space we analyze the system in a coordinate frame
fixed to UAV2 as shown in Figure 8. In the new coordinate frame, the system can be
modeled using six independent variables and the equations of motion of the UAV1
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φi

xi

y
i

O

y

x

Figure 1. Configuration of a UAV

and UAVj with respect to the new coordinate frame are given by the following [56]:

˙









x1

y1
φ1

x2

y2
φ2











︸ ︷︷ ︸

x

=











−1 + σ2y1 + cosφ1

−σ2x1 + sinφ1

−σ2 + σ1

−1 + σ2yj + cosφj

−σ2xj + sinφj

−σ2 + σj











︸ ︷︷ ︸

f(x,σ1.σ2,σj)

(2)

In the above expressions (xj , yj, φj) and (x1, y1, φ1) represent the relative position
and orientation of the UAVj and UAV1 in the reference frame attached to UAV2

which are the state variables of the system. Hence the state space of the reduced
system is isomorphic to R

4 × (S1)2.

φ

φ

θ

θ

j

1

1

j

x

x

y

y

j

j

1

1

UAV

UAV

j

1

UAV2

Figure 2. Relative configuration of UAVs
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3.2. Problem statement. From the communication and the mobility models pro-
posed in the previous subsections, we formulate the following problem. Consider a
situation in which UAV1 and UAV2 are not communicating initially in the presence
of a jammer (UAVj). The objective of the jammer is to maximize the time for which
it can jam the communication between UAV1 and UAV2. The objective of UAV1

and UAV2 is to minimize the time for which communication remains jammed. The
game terminates at the first instant at which UAV1 and UAV2 are in a position
to communicate. We need to compute the optimal strategies for each UAV. We
assume that each UAV has a complete knowledge about the state of the system.

3.3. Analysis. We consider a situation in which UAV1 and UAV2 are not commu-
nicating initially in the presence of a jammer (UAVj). The termination condition is
defined as the first instant at which UAV1 and UAV2 are in a position to commu-
nicate. The cost function of the game is the time of termination of the game. The
objective of the jammer is to maximize the time for which it can jam the commu-
nication between UAV1 and UAV2. The objective of UAV1 and UAV2 collectively
is to minimize the time for which communication remains jammed.

In order to obtain the optimal strategies of the players we need to compute
the saddle-point strategies since this is a zero-sum game. A set of strategies for
the players are said to be in saddle-point equilibrium if no unilateral deviation in
strategy by a player can lead to a better outcome for that player. Hence there is no
motivation for the players to deviate from their equilibrium strategies. In scenarios
where the players have no knowledge about each other’s strategies, equilibrium
strategies are important since they lead to a guaranteed minimum outcome for the
players in spite of the other player’s strategies.

For a point x in the state space, let J(x) represent the outcome if the players im-
plement their optimal strategies starting at the point x. In this game, it is the time
of termination of the game when the players implement their optimal strategies. It is
also called the value of the game at x. Let ∇J = [Jx1 Jy1 Jφ1 JxJ

JyJ
JφJ

]T

denote the gradient of the value function. The Hamiltonian of the system is given
by H = 1+∇J ·f(x, σ∗

1 , σ
∗
j , σ

∗
2 , t). From the equations of motion of the system, the

Hamiltonian is given by the following expression:

H = 1 + Jx1 ẋ1 + Jy1 ẏ1 + Jφ1 φ̇1 + Jxj
ẋj + Jyj

ẏj + Jφj
φ̇j

Since the jammer wants to maximize the time of termination and the UAV’s want to
minimize the time of termination, we get the following expressions for the controls
from Isaacs’ first condition.

(σ∗
1 , σ

∗
2 , σ

∗
j ) = argmax

σj

min
σ2σ1

H

Since the Hamiltonian is separable in its controls, the order of taking the extrema
becomes inconsequential. Hence the optimal control of the players are given as
follows.

σ∗
2 = −sign[Jx1y1 − Jy1x1 − Jφ1 − Jφj

−Jyj
xj + Jxj

yj ] (3)

σ∗
j = sign(Jφj

) (4)

σ∗
1 = −sign(Jφ1) (5)
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The retrogressive path equations (RPE) for the system lead to the following equa-
tions.

J̊x1 = −σ∗
2Jy1 , J̊y1 = σ∗

2Jx1 (6)

J̊xj
= −σ∗

2Jyj
, J̊yj

= σ∗
2Jxj

(7)

J̊φ1 = −Jx1 sinφ1 + Jy1 cosφ1 (8)

J̊φj
= −Jxj

sinφj + Jyj
cosφj (9)

˚denotes derivative with respect to retrograde time.

JAMMER

UAV

PLANT

PLANT

σ2
* −J x +J y )xyφ j

j j j
j

 

y11x φ1

x1= −1+   y +cos σ2 φ1 1

y
1
= −   x +sinσ2 1 φ1

φ
1
= −   +σ2 σ1

1σ*

σ1
* = sign( φJ j

)

Jx1
Jy1

J  = −   J  J  = −   J  ,x1
σ

2 y
1

y1
σ

2 x1

Jφ1

= sign− (Jx1
y
1 −Jy1

−x
1

Jφ1
−J

=

x j yj φ j

x j = −1+   y +cos σ
2 j φj

yj =−   x +sinσ2 j φ j

φ j = −   +σ
2

σ j

σ j*

σ j =−sign (Jφ1
)

JJx j y j

J  = −   J  , J  = −   J  y j
σ

2 x j
σ

2 y
j

x j

Jφ=
*

*
*
* *

* *

*
*

* *

* *

sin  −   cos

Jxj
sin  −   cosφ Jyj

φjj

Jx1
Jy

1
φ φ

1 1

σ
2
*

1

CONTROLLER

CONTROLLER

σ2*

σ j*

σ1
*

SENSOR

SENSOR

Figure 3. The Control Loop for the System

Figure 3 summarizes the entire control algorithm. The controller of each UAV
takes as input the state variables and runs the RPE to compute the control. This
control is then fed into the plant of the respective UAV. The plant updates the state
variables based on the kinematic equations governing the UAV. Finally the sensors
feedback the state variables into the controllers. In this case the sensors measure
the position and the orientation of each UAV.

3.4. Termination situations. In order to compute the optimal strategies, we need
to compute the boundary conditions for the dependent variables of the differential
equation. In order to do so, we characterize the terminal conditions of the game
in the state space and compute the value of ∇J at the terminal conditions. This
section presents the computation of the terminal value of the dependent variables
of the differential equations governing the game.

From the communication model, we can conclude that UAV1 can communicate
with UAV2 when the following condition holds:

ηmin[d(UAVJ ,UAV1), d(UAVJ ,UAV2)] ≥ d(UAV1,UAV2)

where d(UAVi,UAVj) is the Euclidean distance between UAVi and UAVj . Hence
the boundary of the game set is the set of positions of the UAV’s that satisfies the
following condition:

ηmin[d(UAVJ ,UAV1), d(UAVJ ,UAV2)] = d(UAV1,UAV2)

This leads to two termination manifolds in the state space.
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1. The first terminal manifold is characterized by the positions of the UAV’s such
that UAV1 is at the boundary of the perception range of UAV2 and UAV2 is
inside the perception range of UAV1. In the coordinate system of UAV2 the
terminal manifold is represented by the hypersurface F1(x1, y1, φ1, xj , yj , φj)
which is given by the following expression:

(
√

x2
1 + y21 − η

√

x2
j + y2j = 0) ∩

((x1 − xj)
2 + (y1 − yj)

2 − (x2
j + y2j ) ≤ 0)

2. The second terminal manifold is characterized by the positions of the UAV’s
such that UAV2 is at the boundary of the perception range of UAV1 and
UAV1 is inside the perception range of UAV2. In the coordinate system at-
tached to UAV2 this terminal manifold is represented by the hypersurface
F2(x1, y1, φ1, xj , yj, φj) is given by the following expression:

(
√

x2
1 + y21 − η

√

x2
j + y2j = 0) ∩

((x1 − xj)
2 + (y1 − yj)

2 − x2
j + y2j ≥ 0)

Both the terminal surfaces are five dimensional manifolds with boundary. Hence
they can be parameterized using five independent variables x1, y1, xj , φ1 and φj .
Since J ≡ 0 on the terminal manifold, ∇J satisfies the following equations at an
interior point in the manifold:

J0
x1

+ J0
yj

∂yj
∂x1

= 0, J0
y1

+ J0
yj

∂yj
∂y1

= 0

J0
xj

+ J0
yj

∂yj
∂xj

= 0, J0
φ1

= 0, J0
φj

= 0 (10)

In addition to the above equations Isaacs’ second condition leads to the following
equation.

H(x,∇J, f(x, σ∗
1 , σ

∗
2 , σ

∗
j )) = 0 (11)

The value of ∇J at the terminal manifold can be obtained from Equations (11)
and (12). Since there are two different terminal manifolds, we have to analyze both
of them separately. At first, we compute the value of ∇J on terminal manifold 1.
Substituting the expression for F1(x1, y1, φ1, xj , yj , φj) in Equation (11) and (12),
we obtain the following value of Jyj

.

J0
yj

= y0j [
√

(x0
j )

2 + (y0j )
2(
1

η
− 1) + (x0

j −
x0
1

η2
)]−1 (12)

From the values of ∇J , the optimal control for the players and their higher
derivatives at termination are given as follows:

• σ∗
1 :

σ∗
1 = −sign(J0

φ1
)

J0
φ1

= 0

J̇0
φ1

= 0
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Figure 4. Figure shows the players leading to Termination con-
dition 1 for Problem 1. The value η = 1. The player in red is
the jammer. The players in green and blue are UAV1 and UAV2

respectively. Figure (b) shows the control of the UAV1. Figure (c)
shows the control of the UAVJ . Figure (c) shows the control of the
UAV2.
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Figure 5. Figure shows the players leading to Termination con-
dition 2 for Problem 1. The value η = 2. The player in red is
the jammer. The players in green and blue are UAV1 and UAV2

respectively. Figure (b) shows the control of the UAV1. Figure (c)
shows the control of the UAVJ . Figure (c) shows the control of the
UAV2.

J̈0
φ1

= −σ∗
1

η2

√

(x0
1)

2 + (y01)
2[
√

(x0
j )

2 + (y0j )
2(
1

η
− 1) +

(x0
j −

x0
1

η2
)]−1

= σ∗
1c1(x

0) (13)
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• σ∗
j

σ∗
j = sign(J0

φj
)

J0
φj

= 0

J̇0
φj

= 0

J̈0
φj

= −σ∗
j

√

(x0
j )

2 + (y0j )
2[
√

(x0
j )

2 + (y0j )
2(
1

η
− 1) +

(x0
j −

x0
1

η2
)]−1

= σ∗
j cj(x

0) (14)

• σ∗
2

σ∗
2 = −sign[Jx1y1 − Jy1x1 − Jφ1 − Jφj

− Jyj
xj + Jxj

yj]

(Jx1y1 − Jy1x1 − Jφ1 − Jφj
− Jyj

xj + Jxj
yj) = 0

˙(Jx1y1 − Jy1x1 − Jφ1 − Jφj
− Jyj

xj + Jxj
yj) =

(y0j −
y01
η2

)[
√

(x0
j )

2 + (y0j )
2(
1

η
− 1) + (x0

j −
x0
1

η2
)]−1 (15)

From equation (9) we can conclude the following

• J̈0
φ1

> 0 ⇒ J̇0
φ1

< 0 ⇒ J0
φ1

> 0 ⇒ σ∗
1 < 0 ⇒ c1(x

0) < 0

• J̈0
φ1

< 0 ⇒ J̇0
φ1

> 0 ⇒ J0
φ1

< 0 ⇒ σ∗
1 > 0 ⇒ c1(x

0) < 0

From equation (10) we can conclude the following

• J̈0
φj

> 0 ⇒ J̇0
φj

< 0 ⇒ J0
φj

> 0 ⇒ σ∗
j > 0 ⇒ cj(x

0) > 0

• J̈0
φj

< 0 ⇒ J̇0
φj

> 0 ⇒ J0
φj

< 0 ⇒ σ∗
j < 0 ⇒ cj(x

0) > 0

From the expressions of σ∗
1 and σ∗

j , we can conclude that sign(c1(x
0)) = sign(cj(x

0)).

This implies that if at termination c1(x
0) < 0 then J̈φ1 = 0 ⇒ σ∗

j = 0 and if

cj(x
0) < 0 then J̈φj

= 0 ⇒ σ∗
1 = 0.

Repeating the same analysis at the second terminal manifold leads to the follow-
ing values for the J0

yj
and controls at termination.

J0
yj

= (y0j − y01)[

√

(x0
1)

2 + (y01)
2

η2
+ (

√

(x0
1)

2 + (y01)
2+

√

(x0
J )

2 + (y0J)
2)(cos(φ0

1 − φ0
j )− 1)− x0

1

η2
)]−1

• σ∗
1 :

σ∗
1 = −sign(Jφ1)

J0
φ1

= 0

J̇φ1 = [y0j cosφ1 − x0
j sinφ1]p(x

0)

• σ∗
j :

σ∗
j = sign(Jφj

)

J0
φj

= 0

J̇0
φj

= [y0j cosφ1 − x0
j sinφ1]p(x

0)
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• σ∗
2

σ∗
2 = −sign[Jx1y1 − Jy1x1 − Jφ1 − Jφj

− Jyj
xj + Jxj

yj]

(J0
x1
y01 − J0

y1
x0
1 − J0

φ1
− J0

φj
− J0

yj
x0
j + J0

xj
y0j ) = 0

˙(J0
x1
y01 − J0

y1
x0
1 − J0

φ1
− J0

φj
− J0

yj
x0
j + J0

xj
y0j ) =

− y1
η2

p(x0)

where p(x0) = [

√
(x0

1)
2+(y0

1)
2

η2 +
√

(x0
J )

2 + (y0J)
2(cos(φ0

1 − φ0
j )− 1)− x0

1

η2 )]
−1
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Figure 6. Figure shows the players leading to Termination con-
dition 1 for Problem 2. The value η = 2. The player in red is
the jammer. The players in green and blue are UAV1 and UAV2

respectively. Figure (b) shows the control of the UAV1. Figure (c)
shows the control of the UAVJ . Figure (c) shows the control of the
UAV2.

3.5. Results. Figures 4, 5, 6 and 7 show trajectories of the players along with
their optimal controls for various terminal conditions and different values of η. The
position of the players corresponding to the termination situation is shown by a
small circle in the plots showing the trajectories of the players. Each figure shows
the trajectory of the players just before termination for a small time interval. From
the expression of the optimal controls in equations (4), (5) and (6), we can infer that
the controls of the players are bang-bang. This is also verified from the simulation
results. From the nature of the controls and kinematics of the system, we can infer
that the optimal paths comprise of arcs of circles and straight line trajectories as
motion primitives. Arcs of circles are generated when the UAV keeps its angular
velocity saturated at one extrema for a non-zero interval of time. Straight line
segments are obtained due to rapid switching between the extremal value of the
controls (chattering). An instance of such a behavior is exhibited by UAV2 in
Figure 4.
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Figure 7. Figure shows the players leading to Termination con-
dition 2 for Problem 2. The value η = 1. The player in red is
the jammer. The players in green and blue are UAV1 and UAV2

respectively. Figure (b) shows the control of the UAV1. Figure (c)
shows the control of the UAVJ . Figure (c) shows the control of the
UAV2.

4. Connectivity maintenance in the presence of an adversary. Next, we
investigate the problem of jamming in a mobile network having an arbitrary num-
ber of agents, and analyze it from the perspective of maintaining connectivity in a
network of mobile agents in the presence of a mobile intruder. Substantial research
has been done in the recent past to address the problem of maintaining connectiv-
ity among autonomous agents. Based on tools from potential field methods and
algebraic graph theory, centralized algorithms have been proposed in [68] and [66]
to maintain connectivity in mobile networks. The authors use the dynamics of the
Laplacian matrix in order to obtain feasible controls that maintain connectivity in
addition to satisfying the differential constraints on the motion of each agent. In
[58], the notion of geometric connectivity robustness is introduced as a measure of
the local connectedness of a network. Furthermore, the authors show that under
special conditions the new notion provides a sufficient condition for global connectiv-
ity of the network. In [31], the authors use the weighted graph Laplacian technique
proposed in [30] to guarantee connectivity while achieving formation stabilization.
In [21], a decentralized algorithm is presented for maintaining connectivity using
the Laplacian of the proximity graph. In [23], the problem of maintaining connec-
tivity is addressed for agents having second-order dynamics. The authors establish
an existence theorem for connectivity maintenance and present optimal controls
to maintain connectivity in a distributed fashion. In [67], [69], the authors pro-
pose a distributed feedback and provably correct control framework for connectivity
maintenance in addition to accounting for communication delays as well as collision
avoidance. In [32], verification for the correctness of the asynchronous and parallel
computation proposed in [67] is provided by experimental analysis on a team of
robots. Most of the prior work deals with the problem of maintaining connectivity
due to the distributed architecture of sensing and communication in multi-agent
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systems, which provides increased efficiency, performance, scalability and robust-
ness. In contradistinction, this section focuses on maintaining connectivity for a
network within an arbitrary number of mobile agents in the presence of a mobile
jammer in the vicinity.

We assume that there are m agents in the network in the presence of a jammer.
Let the dynamics associated with the ith agent be given by the following equation:

ẋi = fi(xi, ui) (16)

where, xi ∈ R
ni , ui ∈ Ui ≃ {φ : [0, t] → Ai | φ(·) is measurable}, where Ai ⊂ R

pi .
fi : R

ni ×Ai → R is uniformly continuous, bounded and Lipschitz continuous in xi

for fixed ui. Consequently, given a fixed ui(·) and initial point, there exists a unique
trajectory solving (16) [1]. Let the state of node i be denoted as xi ∈ Xi ⊂ R

ni .
Let X• denote the state-space of the jammer. We assume that the jammer has

the following dynamics associated with itself:

ẋ• = f•(x•, u•) (17)

where x• ∈ R
n• , u• ∈ U• ≃ {φ : [0, t] → A• | φ(·) is measurable}, where A• ⊂

R
p• . f• : Rn• ×A• → R is uniformly continuous, bounded and Lipschitz continuous

in x• for fixed u•.
Let X = X1 × · · · ×Xm ×X• ⊂

⊕

i R
ni × R

n• represent the entire state of the
system, where,

⊕
represents the Cartesian product of the Euclidean spaces R

ni .
Let u = [uT

1 · · ·uT
m]T be a column vector that represents the control of all the agents

in the network.
We define the workspace [19] as the ambient space in which the agents exist.

Since we are interested in vehicular networks, the ambient space of the nodes is
either R2 or R3. Since all the agents reside in the same ambient space, we use Ω to
denote the workspace for all agents. Let x̄i denote the coordinates of the ith agent
in Ω. We assume that Ω is equipped with a distance metric ρ : Ω× Ω → R.

As a simple example to highlight the difference between the state space and
the workspace, consider the following second order agent that can only move in a
straight line with u as the control input.

ẋ1 = x2

ẋ2 = u

The state space for the system can be represented by the vector x = [x1 x2]
T .

The state space is two dimensional but the agent can only move on a straight line
and hence the workspace is Ω = R

1. For any state x, x̄ = x1. For two states
x∗, x∗∗ ∈ Ω, ρ(x̄∗, x̄∗∗) =| x∗

1 − x∗∗
1 |.

Based on the above definitions, the network connectivity maintenance problem
is formulated as the following zero-sum differential game between the jammer and
the nodes in the network.

G1:Consider a situation in which the network is initially connected in the pres-

ence of a jammer. The instantaneous states of all the agents and the jammer are

known to all the players till termination of the game. The objective of the jammer

is to minimize the time in which it can disconnect the communication network by

jamming the communication channel between agents. The objective of agents is to

maximize the time for which communication link between them remains operable.

The game terminates at the first instant at which the agents are about to lose their

links. We need to compute the optimal strategies for each agent. Disconnection
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refers to a situation in which there are agents i and j such that there is no path in

the communication network to transmit messages between them.

As in the previous section, we want to compute the saddle-point strategies of the
players in the game. In [12], we have analysed the scenario of multiple jammers and
multiple UAVs flying in a formation. We analyzed the problem in the framework
of differential game theory, and provided analytical and approximate techniques to
compute non-singular motion strategies of the UAVs. Analytical solutions to the
associated Hamilton-Jacobi-Bellman-Isaacs equations becomes extremely difficult
to compute as the number of players. Moreover, the non-linearity present in the
dynamical equations of the players makes it difficult to obtain an analytical solution
to the optimal control problem addressed by the Isaacs’ conditions. Many computa-
tional techniques have been proposed to compute the optimal trajectories for such
problems but they are computationally intensive even for systems evolving in low
dimensions [47], [61], [60].

Due to the inherent difficulty in solving the above differential game, we propose a
greedy strategy for the agents. In the following sections, we model the connectivity
of the network as a graph, and formulate a cost function based on it.

4.1. State-dependent graphs. In this section, we model the underlying commu-
nication network within the agents as a graph. The connectivity of the network
depends on the position of the agents relative to the jammer. Since the agents
and the jammer are assumed to be mobile, the connectivity of the network evolves
in time rendering the graph to be dynamic in nature. Moreover, topology of the
graph depends on the state of the nodes and therefore, we can use the framework
of state-dependent graphs introduced in [46] to map the state of the system to a
graph. A state-dependent graph is a mapping, gc, from the state space X, to the
set of all labeled graphs on m vertices, G(m), i.e.,

gc : X → G(m)

Node i in the graph represents agent i. It is assumed that the order of these graphs
at all times is m since the number of agents is independent of time. Let E(gc(x))
denote the edge-set of the graph under consideration. Now we specify how the
existence of a communication link dictates the existence of an edge between a pair
of vertices in the state-dependent graph G. For nodes i and j with states xi ∈ Xi

and xj ∈ Xj respectively, we consider the subset Sij ⊂ Xi× Xj to define the edge
between i and j if the following condition is satisfied:

ij ∈ E(gc(x)) if and only if (xi, xj) ∈ Sij (18)

The jamming model proposed in Section II leads to the following definition of Sij .
Let d = ρ(x̄i, x̄j), where x̄i and x̄j are the coordinates of the nodes i and j in the
workspace Ω equipped with a distance metric ρ. Let Br[p] = {y ∈ Ω | ρ(y, p) ≤ r}.
From the above discussion we can conclude the following:

Sij = {(xi, xj) | x̄• /∈ Bηd[x̄i] ∪Bηd[x̄j ]} (19)

The above statement along with (18) means that if the jammer lies within a distance
ηd from either of the nodes then the communication channel is assumed to be
jammed. The collection of edge states is denoted as

S = {Sij}i,j∈[N ],i6=j with Sij ⊂ Xi ×Xj
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From [46], the state dependent graph is defined as follows:

Definition: Given the set system S, the map gc :X→ Gm with an image consisting
of graphs of order m, having an edge between vertex i and j iff (xi, xj) ∈ Sij is
defined as a state-dependent graph with respect to S.

Now that we have a mapping gc from the state of the system to a graph on m
vertices, we can study the properties of the graphs based on the state of the system.

4.2. Dynamic networks. In this section, we present control strategies for con-
nectivity maintenance based on the algebraic properties of graphs that quantify the
connectivity of the underlying communication network. In order to do so, we need
to define the following mathematical objects associated with a graph G having m
nodes:

1. Adjacency matrix : It is an m×m matrix with entries given as follows:

aij =

{
1 if an edge exists between i and j
0 if no edge exists between i and j

2. Laplacian of a graph (L(G)) : It is an m × m matrix with entries given as
follows:

(a) aij =

{
−1 if an edge exists between i and j
0 if no edge exists between i and j

(b) aii = −∑m
k=1,k 6=i aik

In a dynamic network, since G is a function of x∈X, its adjacency matrix is also
a function of the state x. Let A(x) denote the adjacency matrix of the graph G.
The element aij = 1 if an edge exists between nodes i and j or else it is zero =⇒
aij = 1 iff (xi, xj) ∈ Sij . Let di = ρ(x̄•, x̄i), dj = ρ(x̄•, x̄j) and dij = ρ(x̄i, x̄j).

Changes in A(x) occur at discrete points in time. On the other hand, the
dynamics of the nodes and the jammer are continuous in time. In order to relate
the discrete nature of A(x) to the continuous-time dynamics of the nodes we use
the following continuous approximation for aij :

aij(x) = û(di − ηdij) · û(dj − ηdij)

where û(·) is a continuous approximation to the Heavyside step function given by
the following logistic function:

û(y) =
1

1 + e−ky

As limk→∞, the logistic function takes the following form:

û(y) =

{
1 y≥0
0 otherwise

Hence k can be used as a parameter to vary the rate at which the exponential
function decays in the neighborhood of zero. The dynamics of the aij(x) can be
written as follows:

ȧij(x) = ∇xaij(x) · ẋ (20)

where ∇xaij(x) denotes the mn× 1 vector which is the gradient of aij(x) w.r.t x.
The second-smallest eigenvalue of L(G) is called the Fiedler value, denoted as

λ2(L(G)). It is also called the algebraic connectivity of G. It has emerged as an
important parameter in many systems problems defined over networks. In [22], [49],
[29], it has also been shown to be a measure of the stability and robustness of the
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networked dynamic system. Since this work deals with connectivity maintenance
in the presence of a malicious intruder λ2(L(G)) arises as a natural parameter of
interest for both players.

For a graph G to be connected, λ2(L(G)) > 0 [14]. Therefore, in order to
maintain connectivity, the nodes in the network must move in the presence of a
jammer so as to satisfy the above condition. On the other hand, the jammer must
move in a way to make λ2(L(G)) = 0. In the remaining part of this section, we
assume that the network is initially connected.

From the above discussion a control law can be designed for the nodes so as

to keep λ2(L(G)) a non-decreasing function of time =⇒ ∂(λ2(L(G)))
∂t

≥ 0. Since
∂(λ2(L(G)))

∂t
is also a function of the controls of the jammer it might not be possible

for the nodes to satisfy the above condition at all times. Instead the following
objective leads to a feasible control for the nodes at all times:

Maximize :
∂(λ2(L(G)))

∂t
(21)

On the other hand, the jammer must move in a way so as to make λ2(L(G)) =
0. Therefore, a plausible strategy for the jammer is keep λ2(L(G)) a decreasing
function at all times. As in the previous case such an objective might not lead to a
feasible control strategy at all times. Therefore, the jammer can have the following
objective in order to yield a feasible control at all times:

Minimize :
∂λ2(L(G))

∂t
if λ2 6= 0 (22)

Since L(G) is a symmetric positive semi-definite matrix, all its eigenvalues are non-
negative. Therefore the jammer cannot decrease λ2(L(G)) once it reaches 0. This
leads to the additional constraint in its objective.

In order to satisfy the above objective for the players we need a relation between

the control of the agents and ∂λ2(L(G))
∂t

. Since λ2(L(G)) is a function of the relative
positions of the agents in a network we can get a relation between λ2(L(G)) and
the ui. From [28], we obtain the following expression:

∂λ2(L(G))

∂L =
v2v

T
2

vT2 v2
(23)

where v2 is the eigenvector corresponding to the λ2(L(G)).

Consider agent i having state xi ∈ R
ni . Let xi = [x

(1)
i , · · · , x(ni)

i ]T . Let fi =

[f
(1)
i , · · · , f (ni)

i ]T . We can use the chain rule to obtain the following expression:

∂λ2(L(x))
∂x

(k)
i

= 〈∂λ2(L)
∂L ,

∂L
∂x

(k)
i

〉 (24)

where, 〈A,B〉 , tr(ATB), an inner product for the space of matrices. Hence we

obtain the following relation between ∂λ2(L(G))
∂t

and the control ui of each agent:

∂λ2(L(G))

∂t
=

m∑

i=1

ni∑

k=1

〈∂λ2(L)
∂L ,

∂L
∂x

(k)
i

〉fk
i (x

(k)
i , ui) +

n•∑

k=1

〈∂λ2(L)
∂L ,

∂L
∂x

(k)
•

〉f (k)
j (x

(k)
• , u•)
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Therefore, a locally optimal control law for the agents is a solution of the follow-
ing optimization problem:

1. Node i: u∗
i = maxui

∑ni

k=1〈
∂λ2(L)

∂L , ∂L

∂x
(k)
i

〉fk
i (x

(k)
i , ui)

2. Jammer: u∗
• = minu•

∑n•

k=1〈
∂λ2(L)

∂L , ∂L

∂x
(k)
•

〉f (k)
j (x

(k)
• , u•)

In the next section, we present some simulations based on the above control law
for the agents.

4.3. Results. We consider a network of agents moving in a plane in the vicinity of
a jammer. All the agents, including the jammer, are holonomic kinematic agents
with fixed speeds. The differential equation governing the motion of agent i is as
follows:

xi = ui cos θi

yi = ui sin θi

The differential equation governing the motion of the jammer is as follows:

x• = u• cos θ•

y• = u• sin θ•

Using the control laws from the previous section, we obtain the following controls
for the agents and the jammer:

1. Node i:

(cos θi, sin θi) || (〈
∂λ2(L)
∂L ,

∂L
∂xi

〉, 〈∂λ2(L)
∂L ,

∂L
∂yi

〉)

2. Jammer:

(cos θ•, sin θ•) || −(〈∂λ2(L)
∂L ,

∂L
∂x•

〉, 〈∂λ2(L)
∂L ,

∂L
∂y•

〉)

Figures 8 and 9 show simulations for 20 agents (m = 20) for which the above
control scheme is implemented. In Figure 8, the speed of all the agents is same

as that of the jammer. In Figure 9, the speed of ith agent is u• + (i−1)
m

− 0.5.
The simulations are run till the jammer succeeds in disconnecting the network for
the first time. Figures 8(a) and 9(a) show the Frobenius norm of the error in
approximating the Laplacian matrix as a function of time. Figures 8(b) and 9(b)
show the variation of the Fiedler value with time.

Until now, we assumed that at each instant all the agents had a complete knowl-
edge about the entire state of the system. In order for this to be possible, each agent
has to continuosly communicate its state information to all the other agents. This
can lead to a congestion in the communication network of the formation leading to
unwanted delay in information dissemination. In the following sections, we present
strategies for each agent based on limited state information about other agents in
the network.

5. Decentralized decision making due to communication constraints. In
this section, we investigate decentralized techniques for maintaining connectivity
among agents in the presence of a mobile jammer in the vicinity. In the past, deriva-
tion of distributed algorithms for the computation of non-cooperative equilibria of
certain classes of games has been addressed in [4, 41]. It has been shown in these
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Figure 9.

papers that when the cost function is convex or if the system is linear with quadratic
cost, then the policy iteration algorithm converges to the Nash equilibrium. In the
absence of centralized information, decentralized decision making has been proven
to be intractable for discrete static team decision problems [51, 64, 3]. Some ap-
proximation schemes are available for discrete team decision problems under limited
information [20]. However, there has been limited work on solving differential game
problems under limited information [18]. In this section, we consider a scenario in
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which each agent makes a decision based on a limited information available to it
regarding other agents in the network. Additionally, we assume that each agent
has a knowledge about the value function of the game addressed in the previous
section, under perfect state information, beforehand. Due to lack of information
about all the agents in the team each agent is constrained to make a local deci-
sion. We propose a decentralized algorithm for each agent, and provide a bound
on its performance compared to the optimal solution obtained under a centralized
information pattern.

We investigate two different approximation schemes for the agents. In the first
scheme, we assume that each agent has a knowledge about the solution of the game
under the assumption that the information pattern is centralized. Based on this
solution, the players device averaging schemes in order to approximate their optimal
control actions.

In the previous section, we introduced the following connectivity maintenance
game:

G1:Consider a situation in which the network is initially connected in the pres-

ence of a jammer. The instantaneous states of all the agents and the jammer are

known to all the players till termination of the game. The objective of the jammer

is to minimize the time in which it can disconnect the communication network by

jamming the communication channel between agents. The objective of agents is to

maximize the time for which communication link between them remains operable.

The game terminates at the first instant at which the agents are about to lose their

links. We need to compute the optimal strategies for each agent. Disconnection

refers to a situation in which there are agents i and j such that there is no path in

the communication network to transmit messages between them.

In the present work, we make the following assumptions:

1. We assume that all the agents have an a priori knowledge of the value of the
game G1. We refer to this as the value map since the techniques proposed in
this work require every agent to use this information for navigation. The value
at a state x ∈ X is denoted as J(x). In addition, we assume the dynamics
of the agents to be decoupled. Moreover, each agent computes its optimal
control using the following expression:

u∗
i (x(t)) = argmax

ui

(1 + Jxi
· fi(xi,ui)) (25)

2. We assume that agent i broadcasts Xi(t) at all times.
3. Due to the presence of a jammer in the vicinity, an agent might lack state

information about the other agents as the game proceeds. Therefore, we
assume that each agent has state information only regarding those agents
from which it receives the broadcast signals.

4. The jammer executes its optimal control since it is assumed that the jammer
has complete knowledge of X(t) at all times.

From the last assumption, we can infer that an agent i has an accurate knowl-
edge of Xj(t) iff i lies in the perception range of agent j at time t. There-
fore, at time t, the state information available to each agent can be expressed
as a directed graph, I(t) = (V,E(t)) where, V = {v1 · · · vm, v•} and E(t) =
{−−→vivj |j is in the perception range of i}. Since the agents as well as the jammer are
mobile, I is a function of t and therefore, a dynamic graph [45]. We define the
neighborhood of i in I as N i

I(t) = {j|−−→vjvi ∈ E(t)}.
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All the aforementioned assumptions are motivated from our previous works in
[10, 11, 9, 8] regarding jamming in formation of UAVs and multi-agent systems. In
the following subsection, we propose an approximation scheme under a decentral-
ized information pattern that uses the value map for the agents to formulate their
optimal control laws in such scenarios.

5.1. Approximation scheme. In this section, we introduce an approximation
scheme for agents to compute their controls. These control laws are based on the
value of the game under full-state information structure.

If each agent had a perfect knowledge of X(t) then it could compute u∗
i (t) using

(25). Due to the presence of a jammer, the state information available to agent i is
restricted to N i

I(t). Based on this information, at time t, the system can lie on any
point on a manifold, MNi

I
, given by the following expression:

MNi
I
= {x ∈ X|Xk = Xk(t), ∀k ∈ N i

I(t)}
For each x ∈ MNi

I
, agent i can compute u∗

i (x) using (25) and the value map.

Since the agent i lacks perfect information about X(t) on MNi
I
, it cannot compute

u∗
i (x(t)).
Now we present a decentralized approximation scheme that uses averaging in

order to compute the control law for each agent. In this strategy, agent i computes
the average of the vector u∗

i (x) over the entire manifold MNi
I
in order to obtain its

control. The average, ūi, on MNi
I
is given by the following expression:

ūi =

∫

M
Ni

I

u∗
i (x) · dx

∫

M
Ni

I

1
(26)

We assume that ūi ∈ U(t). This restricts the models of the agents for which
our analysis is applicable. From the definition of MNi

I
, we can see that it is a

submanifold of Rnm−|Ni
I |−1. Moreover, since we assume that X(0) is known and

the maximum control of each agent is bounded, MNi
I
can be estimated to be a

bounded and compact submanifold. Therefore, we can perform the integration
in the numerator by assuming u∗

i (x) to be an appropriate n-form on the charts
comprising the atlas chosen on MNi

I
. In the simplest case when MNi

I
is Euclidean,

the n-form is given by dx = dx1 · · · dxmn. The denominator is also called the
volume of the submanifold. In the simplest case when MNi

I
is 2-dimensional, it is

the area of the submanifold embedded in the higher dimensional space. An inherent
assumption made in the above definition is that MNi

I
is orientable. In case MNi

I

is not Euclidean, the integration can performed over singular chains [59].
From an initial state x ∈ X, the time of termination of the game when all the

agents follow the approximation scheme is denoted as T (x).

Theorem 5.1. If following assumptions hold:

1. ‖Jxi‖2 ≤ α, ∀xi
2. ‖ui(x)‖ ≤ β

2 , ∀ i
3. f(xi,ui) is lipschitz in ui with lipschitz constant K for all xi.

4. MN i
I
is a Euclidean manifold

Then the termination time of the game obeys the following condition:

J(x0) ≤ T (x0) ≤
J(x0)

(1− δ)
(27)
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where δ = mKαβ.

Proof. The rate of change of the value function at time t along the trajectory
traced when the players follow the approximation scheme is given by the following
expression:

J̇app(t) =
∑

i∈[1,··· ,m]

Jxi(t) · f(xi(t), ūi) + Jx•
· f(x•(t),u•

∗) (28)

In the above expression, the jammer uses its optimal control since it can be com-
puted from the value map due to the assumption that the jammer has a complete
state information at all times. From the definition of the value of the game and u∗

i ,
the rate of change of J at time t is given by the following expression:

J̇(t) =
∑

i∈[1,··· ,m]

Jxi(t) · f(xi(t), ū
∗
i ) + Jx•(t) · f(x•(t),u•

∗) (29)

Let us define e = Japp − J . From (28) and (29), we conclude the following:

ė(t) =
∑

i∈[1,··· ,m]

Jxi
· [f(xi, ūi)− f(xi,u

∗
i )]

|ė| ≤
∑

i∈[1,··· ,m]

‖Jxi
‖2 · ‖f(xi, ūi)− f(xi,u

∗
i )‖2

≤ K
∑

i∈[1,··· ,m]

‖Jxi
‖2 · ‖ūi − u∗

i ‖2

= K
∑

i∈[1,··· ,m]

‖Jxi
‖2 · ‖

∫

M
Ni

I

(u∗
i (y)− u∗

i (x))dy
∫

M
Ni

I

1
‖

Let V (x) =
∫

M
Ni

I

1.

= K
∑

i∈[1,··· ,m]

‖Jxi
‖2

V (x)
· ‖

∫

M
Ni

I

(u∗
i (y)− u∗

i (x))dy‖

Therefore, using the third assumption we can obtain the following bound:

|ė| ≤ K
∑

i∈[1,··· ,m]

‖Jxi
‖2

V (x)

∫

M
Ni

I

‖u∗
i (x) − u∗

i (y)‖2dy

From the second assumption on bounds on the control law, we can conclude that
‖u∗

i (x)−u∗
i (y)‖2 ≤ β. Therefore, the above expression is bounded by the following:

|ė| ≤ Kβ
∑

i∈[1,··· ,m]

‖Jxi
‖2 (30)

From the assumptions at the beginning of this section, we obtain the following
bound on the error rate:

|ė| ≤ mαβK = δ (31)

The optimal control laws for the agents maximize the Hamiltonian, which is
(1 + J̇) in this game. Therefore, the following always holds

J̇app ≤ J̇ =⇒ ė ≤ 0 (32)

From the definition of ė, we obtain the following relation:

J̇app(t) ≥ J̇(t)− δ
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Integrating the above equation on both sides from t = 0 to t = T (x) we obtain the
following:

∫ T

0

J̇appdt ≥
∫ T

0

J̇dt−
∫ T

0

δdt

Japp(T (x0))− T (x0) ≥ J(T (x0))− J(x0)− δT (x0)

Japp(T (x0)) = 0, since the network is disconnected at termination. J(T (x0)) ≥ 0,
since the termination time of the original game is greater than T (x0). Therefore,
we obtain the following bound for T (x0):

T (x0) ≤
J(x0)

(1 − δ)
(33)

From the above expression, we get an upperbound for T (x0). The lower bound is
trivially obtained from the definition of T (x0).

In the next section, we address a special case in which the dynamics of each agent
is linear, and includes a process noise.

6. Estimator design techniques. In this section, we underscore the difficulty
associated with the formulation of a general multi-agent networked control system
with process noise which is under attack. An important issue that arises in the case
of control with process noise under noisy observation is that of certainty equiva-
lence [57, 55, 2, 3, 6]. Even though certainty equivalence is a well-known property
of the optimal controller in the linear-quadratic-Gaussian (LQG) problem, it has
been shown that this does not readily carry over to similarly structured differential
or dynamic games [2]. Even in zero-sum games with identical (noisy) measurements
for the two players, only a restricted version of certainty equivalence holds [55, 3].
No general theory exists that would be applicable to the type of problems considered
in this paper. Moreover, earlier studies on decentralized control systems have shown
that only under specific assumptions on the state transition function, control law
and noise processes affecting the system, a closed-form solution is achievable. Since
obtaining optimum the solution is a formidable task, we resort to an approximation
scheme, which is based on designing estimators for the agents that can be imple-
mented during the actual play of the game. In addition to the assumptions made in
the problem considered in the previous section, we make the following assumptions
in this section :

• Each agent as well as the jammer knows the initial state of all the agents and
the jammer.

• We assume that each agent and the jammer has a linear control law (this is
possible, if the search for optimal control law is restricted to linear control
laws for all agents and the jammer while computing the value function for the
game).

• We assume that a process noise is acting on each agent and the jammer during
the course of the game.

Under these assumption, we obtain the dynamics of the error in the estimate of
each agent at each time instant. This problem is considerably more difficult than
the problems considered in the previous section, since we do not know a priori if
certainty equivalence holds in this case.
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6.1. Discrete-time system. We slightly deviate from the notations used in the
previous section. Consider m agents and a jammer, each governed by the following
discrete-time linear equation

xi(t+ 1) = Aix
i(t) +Biu

i(t) + wi(t)

for i = 1, 2, . . . ,m,m+ 1, t = 0, 1, 2, ..., N.
(34)

where, xi(t) ∈ R
n is the state, ui(t) ∈ R

p is the control, wi(t) ∈ R
n is the zero-mean

process noise with bounded support for the ith agent. The systems matrices for ith

agent are Ai ∈ R
n×n and Bi ∈ R

m×p. Each agent is assumed to observe its state
perfectly. We assume that each agent has a linear control law ui(t) = Kix(t) where
Ki ∈ R

p×n(m+1) is the gain and x(t) is a column vector comprised of states of

all agents stacked together, i.e., x(t) =
[
(x1(t))T , . . . , (xm+1(t))T

]T
. The jammer,

assumed to be the m+1th agent, chooses control actions to disconnect the network
graph that leads to an intermittent state information available to the agents about
the states of the other agents.

Recall that I(t) is the communication graph of the agents. Let us now construct
a communication matrix C (I(t)) := [Cij(I(t))], i, j = 1, 2, ..., (m+ 1)2 as follows

Cii(I(t)) =

{

0n×n if
(⌊

i−1
m+1

⌋

+ 1,mod(i,m+ 1)
)

∈ E(t)

In×n otherwise.

Cij(I(t)) = 0n×n,

where In×n is an identity matrix of dimension n × n and 0n×n is a zero matrix
of dimension n × n. One can notice that the entries in this matrix have a strong
coupling with the spatial arrangement of the agents and their distance with the
jammer.

Let x̃i(t) ∈ R
n(m+1) denote the estimated state of all agents and ũi(t) ∈ R

p(m+1)

denote the estimated control of all agents based on the estimate of the state x̃i(t) by
agent i. It should be noted that at each point in time, agent i has information from
his neighbors N i

I(t), and its estimate x̃i(t) contains the exact information about his
neighbors and himself. Let us denote the error in the estimate x̃i(t) of each agent
from the actual state x(t) by ei(t), i.e.

ei(t) = x(t)− x̃i(t). (35)

The error values ei(t) change during the course of the game due to the distur-
bances on some agents and/or non-optimal behavior of some agents, as discussed
in the formulation. By stacking each ei(t), we get E(t) := [eT1 (t), . . . , e

T
m+1(t)]

T ∈
R

n(m+1)2×1. We have the following lemma about the dynamics of the error E(t).
Before the lemma, we introduce some notations that are used in the proof of the
lemma.

6.1.1. Preliminary notation for Lemma 6.1. Let 1 ∈ R
m+1,1 := [1, 1, . . . , 1]T and

e ⊗ 1 := [eT , . . . , eT ]T be the usual Kronecker product of matrices. Let w(t) :=
[
(w1(t))T , . . . , (wm+1(t))T

]T
. Let us define the following matrices:

• A := diag[A1, A2, ..., Am+1] ∈ R
n(m+1)×n(m+1)

• B = diag[B1, B2, ..., Bm+1] ∈ R
n(m+1)×p(m+1)

• K = diag[K1,K2, ...,Km+1] ∈ R
p(m+1)×n(m+1)2
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Also, define A ∈ R
n(m+1)2×n(m+1)2 such that A = [Aij ] for i, j ∈ {1, 2, ...,m+1},

and B ∈ R
n(m+1)×n(m+1) as

Aii = (A+ B)−





0n(i−1)×n(m+1)

BiKi

0n(m+1−i)×n(m+1)



 ,

Aij =





0n(j−1)×n(m+1)

−BjKj

0n(m+1−j)×n(m+1)



 , B =








B1K1

B2K2

...
Bm+1Km+1








.

Lemma 6.1. The vector E(t) of errors in the estimates of all agents grows as

E(t+ 1) = (C (I(t+ 1))A) E(t) +w(t)⊗ 1, E(0) = 0. (36)

Proof. Since each agent is running an estimator to construct its strategy, they are
actually using a control, say ṽ(t), which is different from their optimal strategy,
u∗(t), under perfect state information. The approximate control ṽ(t) is constructed
by stacking the control policy of each agent, obtained using their approximate states
from their respective estimators. The estimated control ũi(t) is based on the state
estimate x̃i(t) of the ith agent.

ṽ(t) =








K1x̃1(t)
K2x̃2(t)

...
Km+1x̃m+1(t)








ũi(t) =








K1x̃i(t)
K2x̃i(t)

...
Km+1x̃i(t)








.

The difference between ṽ(t) and ũi(t) is

ṽ(t)− ũi(t) =








K1((x(t)− x̃i(t))− (x(t)− x̃1(t)))
K2((x(t)− x̃i(t))− (x(t)− x̃2(t)))

...
Km+1((x(t)− x̃i(t))− (x(t)− x̃m+1(t)))








,

=








K1(ei(t)− e1(t))
K2(ei(t)− e2(t))

...
Km+1(ei(t)− em+1(t))








.

The state x(t) and the estimator x̃i(t) for agent i evolve according to

x(t+ 1) = Ax(t) +Bṽ(t) +w(t)

x̃i(t+ 1) = Ax̃i(t) +Bũi(t), i = 1, 2, ...,m+ 1.

Now, we study the growth of error ei(t). The equation for error dynamics is given
by

ei(t+ 1) = Aei(t) +B(ṽ(t)− ũi(t)) +w(t),

= (A+ B)ei(t)−BKE(t) +w(t).

Let us now consider the matrix of all errors E(t). Since agent i will receive the
state information from its neighbors in the connectivity graph I(t+1) at time t+1,
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some entries in its error vector ei(t + 1) will be zero. The dynamics of errors can
be combined into one equation of the form

E(t+ 1) = (C (I(t+ 1))A) E(t) +w(t)⊗ 1.

The initial condition for the error dynamics is E(0) = 0, since the state information
of all the agents and the jammer are available to each other at the beginning of the
game.

The error in the estimate of the state ei(t) depends on the error in the estimate
of the other agents. Therefore, an agent cannot make any judgment about the
accuracy of his own estimate x̃i(t). However, stability of error can be inferred if
the gradient of value function J is available and initial state is known. If the value
function is obtained numerically, then the stability of the error can be established
using numerical tools.

The error dynamics given in equation (36) are driven by i.i.d. noise. Because of
the presence of noise, asymptotic convergence of error to zero is not possible. In
order to ensure bounded error throughout the horizon, the error dynamics must be
stable. For discrete time linear systems, this is equivalent to the spectral radius
A being less than 1. However, the dynamics here is that of a switched system for
which the stability conditions are different.

From the Lyapunov stability criterion for switched systems [42], we know that
the error values remain bounded if we can find a positive definite matrix P , such
that the following holds true

(C (I(t+ 1))A)
T
P + P (C (I(t+ 1))A) ≺ −αIn(m+1)2×n(m+1)2 , (37)

for some positive α at all time t. This, however, is not applicable to the problem
at hand. Since many agents remain connected in the system, some of the diagonal

entries in C (I(t + 1)) remain 0, which in turn implies that (C (I(t+ 1))A)
T
P +

P (C (I(t+ 1))A) leaves some rows with zeros as all its elements. Hence, the left
hand side cannot be negative definite at any time t.

We can notice that the control strategy of the agents of the game play dual
role in the system. One, which is obvious, is that they are trying to optimize
certain objective functional and achieve some goal (which in this case is to maintain
connectivity). The other, which is hidden is that they are also acting on the error
dynamics of the system. The control policy can be carefully chosen to achieve
optimal trade-off between these two seemingly unrelated (maybe even conflicting)
goals.

7. Conclusion. In this paper, we considered the problem of jamming in a commu-
nication network within a team of autonomous mobile agents. First, we considered
a differential game-theoretic approach to compute optimal strategies for a team
of UAVs trying to evade a jamming attack initiated by an aerial jammer in their
vicinity. We formulated the problem as a zero-sum pursuit-evasion game, where
the cost function is the termination time of the game. We used Isaacs’ approach
to obtain necessary conditions to arrive at the equations governing the saddle-point
strategies of the players. We illustrated the results through simulations. Next, we
analyzed the problem of jamming from the perspective of maintaining connectivity
in a network of mobile agents in the presence of an adversary. This is a variation
of the standard connectivity maintenance problem in which the main issue is to
deal with the limitations in communications and sensing model of each agent. In
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our work, the limitations in communication are due to the presence of a jammer
in the vicinity of the mobile agents. We computed evasion strategies for the team
of vehicles based on the connectivity of the resultant state-dependent graph. We
presented some simulations to validate the proposed control scheme. Finally, we
addressed the problem of jamming for the scenario in which each agent computes
its control strategy based on limited information available about its neighbors in
the network. Under this decentralized information structure, we proposed two ap-
proximation schemes for the agents and studied the performance of the entire team
for each scheme.

Among the future works are to extend the locally optimal trajectories presented
in this paper into the entire phase space so as to obtain the globally optimal tra-
jectories. This is an extremely hard problem due to the curse of dimensionality
associated with the HJI equations. Moreover, it would require the construction of
various types of singular surfaces [44, 5, 40]. Other interesting directions are to
incorporate communication delays within the agents, and address the problem of
inter-agent collision avoidance among the autonomous agents.
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[13] S. Bhattacharya and T. Başar, Spatial approaches to broadband jamming in heterogeneous

mobile networks: A game-theoretic approach, Autonomous Robots, 31 (2011), 367–381.

[14] N. Biggs. “Algebraic Graph Theory,” Cambridge University Press, Cambridge, U.K., 1993.

[15] A. Blaquière, F. Gerard and G. Leitmann. “Quantitative and Qualitative Games,” Academic
Press, New York, NY, 1969.



28 SOURABH BHATTACHARYA, ABHISHEK GUPTA AND TAMER BAŞAR
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[62] D. M. Stipanović, A. A. Melikyan and N. V. Hovakimyan, Some sufficient conditions for

multi-player pursuit evasion games with continuous and discrete observations, in “Annals of
the International Society of Dynamic Games,” (2009), 133–145.

[63] J. Tobias and N. Seddon, Signal jamming mediates sexual conflict in a duetting bird , Current
Biology, 19 (2009), 577–582.

[64] J. Tsitsiklis and M. Athans, On the complexity of decentralized decision making and detection

problems, IEEE Transactions on Automatic Control, 30 (1985), 440–446.



30 SOURABH BHATTACHARYA, ABHISHEK GUPTA AND TAMER BAŞAR
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