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ABSTRACT

This paper studies alternate ways to model density discontinuity in split-step Fourier
parabolic equation models. The Monterey-Miami Parabolic Equation model is used to
implement an alternative to the effective index term in the smoothing function and a split-
step Fourier/Finite Difference hybrid technique. The model is shown to converge to a
stable solution that is slightly lower than the benchmark solution. A range step size of
approximately one wavelength is shown to provide the closest approximation to the
benchmark solution. Acceptable solutions are obtained with large depth grid sizes for the
alternate smoothing function. Smaller depth grid sizes are necessary for accurate
solutions when using the hybrid implementation technique. The effect of reference sound
speed is shown to minimize the phase error present when the models are used in the

presence of a strong density discontinuity.



THIS PAGE INTENTIONALLY LEFT BLANK

Vi



TABLE OF CONTENTS

l. INTRODUGCTION. ...ttt bbbttt bbbt eneas 1
A BACKGROUND ..ottt sttt ena s 1
B. PROBLEM STATEMENT ..ot 3
1 THEORY ettt e b e b e s e e et et et teeteereeneas 5
A. PARABOLIC EQUATION DERIVATION......cccoviiiiiiienese e 5
B. APPROXIMATION OF THE SQUARE-ROOT OPERATOR.........ccce.... 7
C DENSITY SMOOTHING APPROACH........cccoiiiiieieeee e 8

D YEVICK AND THOMSON HYBRID IMPLEMENTATION
TECHNIQUE ... 9
E. TAPPERT SMOOTHING FUNCTION APPROACH .....cccccocvvviiiienne 14
HHL. RESULTS Lot b ettt bbbt 17
A MMPE USER INTERFACE ..ot 17
B. NO DENSITY CASE ...ttt 17
a. Results fOr NZ = 512......ccooiiiiiiie s 18
b. ReSUlts TOr NZ = 1024........coooiiiiees e 22
C. Results for NZ>1024.........ccooivieieie e 25

C. MODEL RESULTS IN PRESENCE OF DENSITY
DISCONTINUITY Lottt et 26
1. Original MIMPE .......coi i 26
2 MMPE with Tappert Smoothing Function...........c.cccccevviiiinennnne 26
3. Yevick and Thomson Hybrid Implementation .............ccccccceveevenee. 27
4, Overall ComMPAKISON........ooi i e 28
5 Effect of Reference Sound Speed............cccooevievienie i 29
IV, SUMMARY ottt bbbt se e e et et e sbestesbeeteaneene e 33
APPENDIX. MMPE CONVERGENCE GRAPHS..........cccooiiieeeee e 35
LIST OF REFERENCES.........coot ittt sttt st st 47
INITIAL DISTRIBUTION LIST .ottt 49

vii



THIS PAGE INTENTIONALLY LEFT BLANK

viii



Figure 1.
Figure 2.
Figure 3.
Figure 4.
Figure 5.
Figure 6.
Figure 7.
Figure 8.
Figure 9.

Figure 10.
Figure 11.
Figure 12.
Figure 13.
Figure 14.
Figure 15.
Figure 16.
Figure 17.
Figure 18.
Figure 19.
Figure 20.
Figure 21.
Figure 22.
Figure 23.
Figure 24.
Figure 25.
Figure 26.
Figure 27.
Figure 28.
Figure 29.
Figure 30.
Figure 31.
Figure 32.
Figure 33.
Figure 34.
Figure 35.
Figure 36.
Figure 37.
Figure 38.
Figure 39.
Figure 40.
Figure 41.
Figure 42.

LIST OF FIGURES

Plot of TL (dB) vs. Range for Couple, FEPE, and MMPE..............ccooirinnnn. 4
Original MMPE vs. Couple, no density diSCONtinUIty. ..........ccocevvvveriveieiieennnns 18
Original MMPE, no density, nz = 512, rfact = 50, 20. ......ccccccevvrirnenieiienne 19
Original MMPE, no density, nz =512, rfact = 50, 20. ......c.ccccevvvvveriveierieennne 20
Original MMPE, no density, nz =512, rfact = 1, 0.2. ...ccccoeiviviiiiieeeneene 20
Original MMPE, no density, nz =512, rfact = 0.1, 0.05. ........cccceevevviieieenne 21
Solution convergence for NZ = 512. ......cooiieiiiiicie e 21
Closest approximation to benchmark solution, Nnz =512..........ccccccevvvvieiinennnne 22
Original MMPE, no density, nz = 1024, rfact = 50, 20. .......cccoocevivirinienieenns 23
Original MMPE, no density, nz = 1024, rfact = 10, 5. .....ccooeovvveviveiiceceee 23
Original MMPE, no density, nz = 1024, rfact = 1, 0.2. ...cccceoiiiiiiiiiineieee 24
Original MMPE, no density, nz = 1024, rfact = 0.1, 0.05. .......cccccevvvivivenne 24
Solution convergence for Nz = 1024. .......ccooeiieiiiieiieee e 25
Closest approximation to benchmark solution, nz = 1024............cccccvevevivennnne 25
Original MMPE, Ar= 12 m, VAriOUS NZ.........ccccerereerieieneesieeniesieesieseeseennens 26
MMPE with Tappert smoothing function, Ar=12 m, various nz. .................. 27
Hybrid implementation, Ar=12 m, various Nz (COarse AZ).........cccccceeverrvennenn. 28
Hybrid implementation, Ar=12 m, various Nz (fiNe AZ).........cccccvevvrvrrennnn 28
Implementation method COMPArISON..........cccoveveiiieiie e 29
Original MMPE, Ar =12 m, Nz = 512, VariouS Co. ....cccvvvvrvrereeiveeireesneasveesnnes 30
MMPE with Tappert smoothing, Ar =12 m, nz = 512, various Co. ................ 30
Hybrid implementation, Ar =12 m, nz = 8192, various Co. ........ccccuvrverveernnn. 31
Implementation comparison, Ar =12 m, 15-20 KM. .....cccooveriiiiiininieennn, 31
Implementation comparison, Ar =12 m, 0-20 KM........cccceevvienvnirniieneennn, 32
Original MMPE, no density, nz = 2048, rfact =50, 20. ........cccccevvevviieieenne 35
Original MMPE, no density, nz = 2048, rfact = 10, 5. .....cccooovvvvvieviceieee 35
Original MMPE, no density, nz = 2048, rfact =1, 0.2. ....cccccovevevviviciieceee 36
Original MMPE, no density, nz = 2048, rfact = 0.1, 0.05. .......ccccccevvriereennne 36
Solution convergence for Nz = 2048. .........coecveie e 37
Closest approximation to benchmark solution, nz = 2048............cccccvevviivennne 37
Original MMPE, no density, nz = 4096, rfact = 100, 50. .........cccccevveiveinennnne 38
Original MMPE, no density, nz = 4096, rfact = 20, 10. .......cccoccvvivervsieneenne 38
Original MMPE, no density, nz = 4096, rfact =5, 1. ....c.ccccoiviieviiiiicieieee 39
Solution convergence for NZ = 4096. .........cccevereiiiiiereniee s 39
Closest approximation to benchmark solution, nz = 4096............c.ccccceeveennene 40
Original MMPE, no density, nz = 8192, rfact = 200, 100. .......cc.ccceeevrrerieennne 40
Original MMPE, no density, nz = 8192, rfact =50, 20. .......cccccceeevevvviieieenne 41
Original MMPE, no density, nz = 8192, rfact = 10, 5. ....ccccooovvvvviveiineneene 41
Solution convergence for Nz = 8192. .......cccoeiieie i 42
Closest approximation to benchmark solution, nz = 8192........c..ccccecvvvvivennnne 42
Original MMPE, no density, nz = 16,384, rfact = 800, 400. ...........ccccceevvennene 43
Original MMPE, no density, nz = 16,384, rfact = 200, 100. ........c..ccccevrvennnne 43

iX



Figure 43. Original MMPE, no density, nz = 16,384, rfact = 50, 20. ........ccccceviriirieennne 44
Figure 44. Solution convergence for NZ = 16,384 .......cccccveieeieieeie e 44
Figure 45. Closest approximation to benchmark solution, nz = 16,384. ...........ccceceveennene 45



LIST OF ACRONYMS AND ABBREVIATIONS

FD finite-difference

FE finite-element

FEPE finite-element parabolic equation
FFT fast Fourier transforms

MMPE Monterey-Miami Parabolic Equation
PE parabolic equation

SSF split-step Fourier

TL transmission loss

WAPE wide-angle parabolic equation

Xi



THIS PAGE INTENTIONALLY LEFT BLANK

Xii



ACKNOWLEDGMENTS

I would like to thank Professor Smith for his patience and encouragement
throughout the thesis writing process. | would not have been able to finish this without

his guidance.

Xiii



THIS PAGE INTENTIONALLY LEFT BLANK

Xiv



l. INTRODUCTION

A. BACKGROUND

Parabolic equation (PE) methods have been used in the field of physics for many
years to reduce the two-way, elliptic wave equation to a simpler, one-way equation.
Although originally utilized in the field of plasma physics, Hardin and Tappert [1] were
the first to introduce the PE method for solving underwater acoustic propagation in the
early 1970s. The PE approximation to the wave equation is first order differential in
range (r), and therefore was able to be numerically solved by using a one-way marching
algorithm, such as the split-step Fourier (SSF) algorithm. The SSF technique works by
first sampling the acoustic field on a depth grid, i.e., with uniform sampling Az, at a
single range r. The depth grid then undergoes two fast Fourier transforms (FFTs) and
two vector multiplications in order to obtain the solution at the next range step r-+Ar.
The process is repeated at each range step until the entire acoustic field is modeled [2].
The major advantages of the SSF technique are its computational efficiency, stability, and
simplicity.

Alternately, finite-difference (FD) techniques may be used to solve PEs.
Numerical implementation of the FD algorithm is similar to SSF. The acoustic field is
first specified at all depths at an initial range. A finite-difference approximation based on
a Taylor series expansion of the derivative terms is then directly applied to the density-
dependent, transverse differential operator. The solution is obtained by solving a
tridiagonal system of equations with dimensions equal to the number of depth samples at
each range step [3]. By directly applying the finite-difference approximation to each
element in the depth mesh, the FD technique avoids having to use a smoothing function
and can be used in a variety of ocean environments but at the cost of increased

computational complexity.

A third method of solving PEs is the finite-element (FE) method. This method
discretizes the ocean environment into multiple nodes using Galerkin’s method [4]. Then
by applying continuity of pressure and the normal component of particle velocity to the
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boundary conditions of each node, a tridiagonal system of equations is established that
can be solved through well-defined methods. By discretizing the environment, the FE
method has the ability to increase or decrease the number of nodes within a local depth
range, which leads to more detailed or faster calculations than possible by using FD
techniques [5]. However, due to the complexity of FE schemes and their associated
stability issues, FD and SSF techniques are the preferred method in the modeling

community [6].

The 1981 PE Workshop [7] proved Harding and Tappert’s SSF technique was
able to efficiently and accurately model the acoustic field in long-range, narrow-angle
problems with negligible bottom interactions. More advanced SSF methods based on
higher-order operator splittings of the so-called “square root operator,” such as
introduced by Thomson and Chapman [8], also greatly improved the accuracy of the

approach for wide-angle solutions.

In areas with strong bottom interactions, such as in shallow water, the SSF
technique has been shown to be less accurate. This is due to the fact that the propagator
term in the SSF algorithm contains density derivatives in the effective index of refraction
term, which require the use of a smoothing function to approximate the density profile in
the vicinity of the ocean bottom [9]. This accuracy of the smoothing function’s
approximation is considered to be the major weakness to SSF based models.

In 1997, Yevick and Thomson [10] proposed a hybrid SSF/FD method. Their
initial motivation was to introduce a small set of equations (generally five) that treat the
density discontinuity directly through a finite difference approximation rather than
relying on the mixing function previously employed, thereby improving the accuracy of
the solution. The remainder of the calculations and marching algorithm are performed via
SSF techniques. This method capitalizes on the accuracy of the FD technique while
utilizing the efficiency of a SSF marching algorithm. This method has shown accurate

results and is efficient enough for use in two and three dimensions.

In addition, they were able to show some improved phase accuracy (through less

sensitivity to the reference sound speed) by incorporating additional higher order terms in

2



the operator splitting of the square root operator. These additional terms were also shown
to lend themselves to finite difference solutions. In this case, however, the application of
the set of finite difference equations extended over the entire depth computational

domain.

B. PROBLEM STATEMENT

The Monterey-Miami Parabolic Equation (MMPE) [11] method utilizes a SSF
technique to model the propagation of the acoustic field underwater. Versions of MMPE
have been developed for both 2-D and 3-D, single frequency and broadband calculations,
and including various types of environmental fluctuations, such as internal waves, surface
roughness, 3-D bathymetric variations, turbulence, and others. The MMPE model utilizes
the wide-angle PE (WAPE) approximation of Thomson and Chapman [8], and deals with
the density discontinuity by using a hyperbolic tangent mixing function approximation to
the Heaviside step function at the bottom interface.

This model has been shown to be accurate in deep-ocean problems [12].
However, MMPE’s treatment of the bottom condition can become problematic in shallow
water environments where bottom interactions play a significant role. In this thesis, we
will consider solutions to the acoustic propagation in a simple, Pekeris waveguide, where
the environment is defined as having a lossless water column with constant sound speed
of 1500 m/s and a bottom depth of 300 m, below which is a homogeneous half-space of
sound speed 1700 m/s, density 1.5 g/cm3, and attenuation 0.5 dB/A. The source is
modeled as an omnidirectional point source at depth 180 m transmitting a single-
frequency, continuous wave (CW) signal at 100 Hz. For comparison purposes, a
transmission loss trace will be extracted at 100 m depth out to a maximum range of
20 km.

When compared to a coupled-mode model, known as Couple (and considered
capable of generating benchmark quality solutions) and a finite-element parabolic
equation (FEPE) model, the MMPE model is quite accurate at shorter ranges, as can be
seen in Figure 1. However, at about 5 km a phase error begins to appear and accumulate

as the range is increased. The objective of this work is to study multiple implementation
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options for modeling the density discontinuity in MMPE in order to improve the model’s
long-range accuracy. Insights into the cause of this phase error accumulation with range

will also be explored.

1 TN W\4*'\«v’""“'\‘"‘W‘m'twm

Figure 1.  Plot of TL (dB) vs. Range for Couple, FEPE, and MMPE.



Il. THEORY

A. PARABOLIC EQUATION DERIVATION

We begin with the Helmholtz equation for acoustic pressure, p(r,z), in

cylindrical coordinates for a time-dependent harmonic field,

10( op o 1 0p) 2 _
Fg(rgj+p(z)§£mgj+kon (r,2)p=0, 1)

o . Co - -
where k, =— is the reference wavenumber, n(r,z) = ( 0 ) is the acoustic index of
C, c(r,z

refraction, C, is the reference sound speed, c(r, z) is the acoustic sound speed, and p(z)

is the density (which is assumed to vary only with depth at any given range). It is within

c(r,z) and p(z) that all features of the environment are represented.

If we now introduce the so-called PE field function according to

‘P(r,z):%p(r,z)e“‘or , (2)

and assume that the solution is dominated by the forward propagating field, it can be
shown [9] that the 2-D Helmholtz equation can be reduced to a parabolic equation of the
form

oY

EzikO(Q—l)‘P , )

where the square-root operator, Q , is defined as

, 1 o(10)
QJ o) @

By defining the operators



()

the square-root operator may be written as

Q=yYl+e+u+y . (6)

Solutions to the parabolic equation may then be obtained from a one-way

marching algorithm solution in the general form

W (r+Ar,z)=exp|ik,Ar(Q-1) |¥(r,z) . 7)

In practice, it is not possible to directly apply the square-root operator in the marching

algorithm defined above. Some form of approximation is required.

Alternatively, we could define the field function as

¥=p¥, (8)

which then satisfies a PE of similar form

%—?ziko(é—l)‘i’ . (9)

In this case, the square-root operator is defined by

2
Q= ﬁ2+ia—:w/1+é+y (10)

kZ oz°
where
2 2
F=i1,and i =n? 4~ | 2P 3[1op T (11)
2k, | poz® 2\ p oz



The original approaches in MMPE were based on this latter definition, which requires a

description of o(z) in terms of a mixing function to smooth out the discontinuity at the

bottom interface so that the derivatives may be computed. The solution to this PE is also
obtained from a marching algorithm of the form given in Equation (7).
B. APPROXIMATION OF THE SQUARE-ROOT OPERATOR

The Thomson-Chapman WAPE operator splitting [8] produces an approximation
to the square-root operator in Equation (6), defined by [10]

Q =Vlte+\l+pu+l+y-2. (12)

By using this definition, the propagator in the marching algorithm becomes

exp| ik,Ar (Q/-1) | = exp[ié(\/1+ £+1+u+1+y —3)}
zexp[ia(\/u_y —1)}exp[i§(\/l+_y—1ﬂexp[i§(\/l+_8 —1)} (13)
= exp[ié( 1+y —1)} exp[i5(\/1+—,u—lﬂexp[i§(n ~1)]

where & =k,Ar, and the approximation in the 2" line is due to the neglect of any non-
commutation of the operators &, 1, and y. As noted by Yevick and Thomson [10], the
order in which the operations are implemented is important, and the term with y should

be applied at the end of the range step. Note that the operator currently used in MMPE

corresponds to
Ql’:\/1+§+ 1+ u-1 (14)
and there is no y term of concern.

The Thomson-Chapman approximation neglects the lowest order cross terms

between the operators. The lowest order correction is [10]

Q =Q{—%[(8+u+7)2 —&" -7’
(15)

=Q{—%[5(ﬂ+7)+(ﬂ+7)5+ﬂ7+%u] -

7



For completeness, note that the corresponding lowest order correction to the existing
MMPE operator would be

N/ N/ 1 ~ ~
Q, :Q1_§|:(‘9+:u)2 -&° _;uzi|
(16)
~ 1. ~
=Q~gléu+pé]
In PE models based on the SSF algorithm, the operators containing & (or &) and
L are treated as simply scalar operators in the physical space (z) and wavenumber space

(k,), respectively. The vector multiplication is then a trivial task, which leads to the

great efficiency of the SSF approach. However, this does require that operators

containing ¢ and u are separated in the approximation of the square-root operator.

If we assume that the ¥ terms and cross terms can be added later as corrections,

then an intermediate step solution can be defined as

P (r+Ar,z)=FFT | exp{io 1—k—zz—1 x FFT {exp[is(n-1) |¥(r,2)} |. (17)
| oplito-10 0.2

Note that if we replace n by 1, then this is the complete range step utilized in the existing
MMPE code.

C. DENSITY SMOOTHING APPROACH

In order to utilize the simpler approach in MMPE, based upon Equations (9), (10),
(11), and (14), we must first define the mixing function for the density contrast. In this
case, the density profile is defined in terms of a generalized function representing the

discontinuity at the water-bottom interface by
p(2)=p.+(p-p,)H(2-12,), (18)

where

A(z-2,)=A(g)=(Lre )’ :%[manh(z—iﬂ (19)



is the hyperbolic tangent mixing function approximation to the Heaviside step function.
The parameter ¢ =Z—2Z,, where Z, is the bottom depth, and L is the mixing length of this

smoothing function.

2 2
Now, since r”12:n2+i2 16_/23_§ 19211 we need to define
2ky | p O2° 2\ p Oz
op oH (pb_pw) 2( gj
d - — =212 "W sach?| = 20
=), I 2L (20)
and

o°p OH  (p—pu) (gJ z(gj
= - =— *~tanh| = |sech®| = | . 21
o7~ (PP e 20 2L 21)

Previous analysis by others [7], [9], [11], [12] has shown that good solutions result by

choosing a mixing length of L:kgzi. Although this is an additional free parameter
0 T

that could be evaluated for accuracy, we shall not explore this further in this thesis and

will keep this mixing length defined throughout for those algorithms that utilize the

density smoothing approach.

D. YEVICK AND THOMSON HYBRID IMPLEMENTATION TECHNIQUE
The hybrid approach by Yevick and Thomson [10] shows that the new formalism

defining Q requires evaluation of the additional operation
‘P'(r+Ar,z)=exp[i5(«/1+y—1ﬂ‘i1(r+Ar,z) . (22)

Note that this completes the range step if we only invoke the Q" approximation, and we

may replace W' —W. The Q, approximation requires an additional step and is
discussed later.

Yevick and Thomson [10] proposed treatment of this operation through a finite

difference approach, whereby the Pade approximation

9



1 .
1+=(1+i6)y
explis (VI 7 -1)|» —4——— (29
1+=(1-i8)y
4
generates the finite difference equations

{1+%(1—i5)y}y(r+m,z)={1+%(1+i5)y}if(r+m,z) . (24)

In this case, direct application of y is problematic since y depends on 6‘_/; and

we do not want to invoke the smoothing function for p. Yevick and Thomson [10] show

that an alternative is to evaluate a finite difference approximation to the original

transverse operator
, 010
Y7 =£—(——j . (25)

Then y = ' — 1, where g is well-defined as an operator on ‘¥ .

Specifically, using a 3-point centered difference approximation defined by
fo’z—(fl—f1)+o(h2), (26)

then

Kk azlpor) (kaz)| e R
i 27)
S 1y | 1.1 lPO_i_il}Il
(kOAZ) pl p& '0,1 '0,1
2 2 2 2

where the indices O, J_r% +1apply to the depth index in question and neighboring

depths above and below.

10



Note that Yevick and Thomson assumed a continuous function for o, such that

2

1 1
Py =§(p1+po) P =§(po+pfl) : (28)
2

However, we shall treat the density as defined by

Pu  2<Zp;
1
p(z)=p,+(p,—p,)H(z2-2,)= E(pw+pb) L 1=1,; (29)
e 2> 7,.
Then, since
\P:ia_zq;:iﬁ(a_‘l’jN ! (a_q’j _(5_‘Pj
e T e\ e ) k| ar ez )a
2 2 , (30)
1 1
~ P -) (Y- ,) |=——5 [P, -2, +¥
(kOAZ)z |:( 1 O) ( 0 —1):| (kOAZ)Z [ 1 0 1]
we obtain

MW= (4 —p)¥ = L 2 gy | LorPo oy 4| 2_1]w | 31
(kOAZ) P1 P P P
2

2 2 2

This agrees with Yevick and Thomson when their notation is employed, defined as

Po Po -
p 1 e
5 E(p1+p0)
Po =3 Po =p (32)
P E(po"‘pfl)
Loy Po_gpl L 1 \_,ip
PP (Pi+p0) (Po+prs)
2 2
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For our discontinuous density, only integer index values of p have any meaning. So we

shall define the notation p,=p(z,), p, =p. =p(2>1,),and pi=p =p(z< Zy).

2 2

Then,

oL (&—1le—(&+&—2]\yo+[&— ]xp} 33)
(keAz)" [\ P, P P p-

We can then use a tridiagonal matrix solution to the expression

AY =BV (34)

where A has elements defined by [1+%(1—i5)7/} and B has elements defined by

{1+%(1—i5)y] Note that A and B are just identity matrices except in the vicinity of
Z~17, ,where y is non-zero.

If we are only interested in the correction from the definition of Ql' , the solution

is complete. However, Yevick and Thomson also go on to describe how this can be
further refined through application of another finite difference approximation to the

additional term in @, i.e., exp{—g[g(,u+7/)+(,u+y)5+,uy+jf,u]}. Since pu+y=u',

we may write this as

1. ’ '
is 1-—i6(eu' + e+ py +yu)
exp {—I—[g,u' + e+ uy + ;/,u]} ~—16 (35)
8 1. '
1+R|5(5y'+y’g+y7+7y)

Note that for y =0, this correction simplifies to

1.
. 1- =6 (gu+ ue)
exp{—%(s,qu,ug)}z 116 , (36)
1+ =06 (gu+ ue)
16
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which can be applied as a correction to the existing MMPE approach based on QZ if we
replace ¢ > &.

Yevick and Thomson drop the xy and ju terms, arguing that these are small,

higher-order corrections, and instead utilize the correction [10]

1.
. 1-—i6(eu' + p'e)
exp[—%eﬂwg)} ~—0 - (37)
l+—i5(5y'+y'5)
16

This produces the additional correction for
Ié‘ ’ ’ ’
‘P(r+Ar,z):exp{—§(gy +,u€)}l’ (r+Ar,z) (38)

where we again invoke the matrix approach

AY =BY, (39)
1.
and elements of A are defined by 1+E|§(5u’+,u'g) while the elements of B are
. 1. .,
defined by 1—EI5(8,U +uE).

The evaluation of ¢"¥ follows Eq. (27),

v~ | Ly |1 L lg Ly | (40)
(k,Az)" | P2 P P P
2 2 2 2

13



However, for x's¥ we must consider

o(e¥
}L['(S\I]):p—gi 1 (%) = ’200 212 eV, —e,%,
ky 0z| p Oz keAzoz| p\ 5 53 5

2 2 2 2
Po 1 1
- = (&¥,-&¥, )-—(&¥,—c ¥ (41)
(kOAZ)Z pl( 1-1 0 0) p_l( 0 0 1 1)
2 2
= po 5 igllIll — i.}.i 80‘{10 +i€71\P71
(koAZ)" | Py PL P2 Pa
2 2 2 2

Note that if we are applying only this correction to MMPE, then the correction

would result from the application of Equation (36) to A¥(r+Ar,z)=B¥'(r+Ar,z).

Here,
U ~ (k:AOz)Z [¥, 2%, +¥ ] (42)
and
ue¥ ~ @[Q‘I’l —2eWo+e ¥, ] - (43)

As before, we would need to replace € —¢& if we are utilizing the density smoothing

approach.

E. TAPPERT SMOOTHING FUNCTION APPROACH

In 1991, Tappert [13] suggested an alternative to the effective index term in the

smoothing function as

1

- B 1
ﬁzznz_%a gzgg) | a:M _ (44)
0 1+(pw/pb)2

This method can utilize the existing MMPE code by simply replacing the effective index
of refraction term with Equation (44). We shall utilize the same definition for the mixing
14



length, L =k£’ although Tappert believed this should improve the model as both Az and
0

L get smaller. We shall not investigate the effect of reducing the mixing length with this

approach further in this thesis.

15



THIS PAGE INTENTIONALLY LEFT BLANK

16



I1. RESULTS

A. MMPE USER INTERFACE

The MMPE input parameters give the user the ability to manually define the grid
size. This is accomplished by changing the “pefiles.inp” input file in the local directory.
The depth grid size is defined indirectly by changing nz in “pefiles.inp” to the desired
length of the FFT size to be used in the calculation. This value determines the number of
depth samples at each range step according to Az =2z, /nz, where z,, is the maximum
computational depth. The factor 2 accounts for the image solution method employed in
SSF algorithms. Similarly, the range step size can be manually defined by changing rfact.
This defines the range step by multiplying Az by rfact. Therefore, an rfact = 1 makes a
uniform grid in which the depth grid size and the range step size are equal. An rfact >1
makes the range step size larger than the depth grid size (and vice versa). If Az and rfact
are set to 0.0, the model will automatically define Az=1/10 and Ar =, where A is the

acoustic wavelength be computed.

B. NO DENSITY CASE

The original MMPE and both alternate options were used to model the
transmission loss in an ocean environment with no density discontinuity at the bottom

interface. In each case, the MMPE model was allowed to automatically determine the
grid size based on the default values of Az and Ar, i.e., Az=1/10 and Ar=A. The

solution for the alternate implementation methods were confirmed to be identical to the
solution obtained in the original MMPE model, since there is no density discontinuity
calculation in this example. All solutions closely match the benchmark solution, as

observed in Figure 2.

Since both alternate implementation options exactly match the original MMPE
solution in this environment, only the original MMPE model was used to find the
optimum Ar in the case without a density contrast. The Ar variability study was

conducted by varying rfact while holding nz constant.
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Figure 2.  Original MMPE vs. Couple, no density discontinuity.

a. Results for nz =512

Figures 3—6 show the results for a fixed value of nz = 512, corresponding to a Az
of approximately 5 m, or Az~ 4/3, with rfact values of 50, 20, 10, 5, 1, 0.2, 0.1, and

0.05. These graphs show two notable features: that the model converges to a stable
solution and that the stable solution tends to underestimate the transmission loss of
the benchmark solution and lacks structure. Focusing on the transmission loss from 15—
20 km, as depicted in Figure 7, allows us to better see the model’s convergence. For the

nz = 512 case, the solution tends to converge at rfact values smaller than 1.

Since an rfact = 5 overestimated transmission loss when compared with the
benchmark solution, and rfact = 1 underestimated the transmission loss, there must be an

optimum rfact between these values which provides the most accurate solution when
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compared to the benchmark. The optimum value for the nz = 512 case is determined to be

2.5, as shown in Figure 8. This corresponds to a Ar of approximately 12 m, or Ar ~ 4.

MMPE - No density - nz =512

Couple
fact=50
fact=20

TL (dB re 1m) for Pressure

100 -

110 1 1 1 1 1 1 1 L 1
0 2 4 6 8 10 12 14 16 18 20

Range (km)

Figure 3.  Original MMPE, no density, nz = 512, rfact = 50, 20.
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Figure 4.  Original MMPE, no density, nz = 512, rfact = 50, 20.
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Figure 5. Original MMPE, no density, nz =512, rfact =1, 0.2.
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Original MMPE, no density, nz =512, rfact = 0.1, 0.05.
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Figure 7. Solution convergence for nz = 512.
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Figure 8.  Closest approximation to benchmark solution, nz = 512.

b. Results for nz = 1024

The process was repeated as Azwas decreased with similar results. Here, the
depth mesh is approximately 10 m, or Az ~ A/6. The solution again converges at a value

that slightly underestimates transmission loss as observed in Figures 9-13. In this case,
the optimum rfact is determined to be 5 as shown in Figure 14. This again corresponds to

a Ar of approximately 12 m, or Ar ~ 4.
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Figure 9.  Original MMPE, no density, nz = 1024, rfact = 50, 20.
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Figure 10. Original MMPE, no density, nz = 1024, rfact = 10, 5.
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Figure 11. Original MMPE, no density, nz = 1024, rfact = 1, 0.2.
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Figure 12.  Original MMPE, no density, nz = 1024, rfact = 0.1, 0.05.
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Figure 13. Solution convergence for nz = 1024.
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Figure 14. Closest approximation to benchmark solution, nz = 1024.

C. Results for nz>1024

The model was also evaluated at nz values of 2048, 4096, 8192, and 16,384. The
results for smaller Azwere similar to those obtained for nz = 512 and 1024. In all cases,

the solution converges at a value slightly lower than the benchmark solution and the
optimum solution occurs when Aris approximately 12 m, or Ar ~ 4. See the Appendix

for full results.
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C. MODEL RESULTS IN PRESENCE OF DENSITY DISCONTINUITY

All three implementation options for the MMPE model were employed in an
environment with a density contrast at the bottom interface. The range step size was held
constant at 12 m while the depth grid size was reduced for each implementation method.
Range step correction factors slightly higher and lower were also tested against a varying

depth grid size.

1. Original MMPE

With a fixed Ar=12 m, there are negligible differences in the transmission loss
model as observed in Figure 15. In this case, an nz value of 512 is not only the most
efficient calculation, but also provides a transmission loss solution that is not

significantly different than those obtained from a finer depth grid. As noted, for

nz =512, the depth mesh is approximately Az ~5m~ 4/3.

Original MMPE - with density - deltar =12 m
T T T T T

60

I
Couple
nz=512
5 nz=1024 ||
#F nz=2048
nz=4086 |J

70

=L T
g0 f

85

TL (dB re 1m) for Pressure

zln]

95

1 I | | 1 | I
15 195 16 165 7 175 18 185 19 195 20

Range (km)

100

Figure 15. Original MMPE, Ar= 12 m, various nz.

2. MMPE with Tappert Smoothing Function

Figure 16 shows similar results when the Tappert smoothing function is
implemented into the MMPE model. When compared to the original MMPE, the

differences in the model are even less significant as Az is decreased.
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Figure 16. MMPE with Tappert smoothing function, Ar= 12 m, various nz.

3. Yevick and Thomson Hybrid Implementation

Yevick and Thomson’s SSF/FD hybrid implementation provides for some
interesting results. At the largest Az (nz = 512), the model is a poor comparison to the
benchmark solution at range. The solution underestimates the benchmark solution at all
values. Furthermore the shape of the graph only vaguely represents the benchmark
solution. Decreasing the depth grid size by a factor of 2 results in an even worse solution
as seen in Figure 17. However, decreasing Az beyond this point improved the solution
dramatically. At nz = 2048, the solution begins approaching the benchmark solution, both
in overall shape and magnitude of transmission loss. The hybrid model most closely

approximates the benchmark solution at nz = 8192, corresponding t0 Az ~ 0.3 m ~ 1/50.

Decreasing Az further results in smaller changes to the solution as observed in Figure 18.
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Figure 17. Hybrid implementation, Ar=12 m, various nz (coarse Az).
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Figure 18. Hybrid implementation, Ar=12 m, various nz (fine Az).

4. Overall Comparison

Solutions for the original MMPE, MMPE with Tappert smoothing function, and

Yevick and Thomson’s hybrid implementation are compared in Figure 19. An nz value of
512 (Az ~ 4/3) is used for both the original version of the MMPE model and the MMPE
model with the Tappert alternative method, since that value was efficient and smaller Az

values did not significantly affect the solution accuracy. An nz value of 8192 (Az ~ A/50)
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is used for the hybrid implementation option since that value provided for the most
accurate solution for the hybrid implementation technique. The figure shows there is
marginal difference between the original MMPE and MMPE with the Tappert alternative
function. The hybrid implementation option provides for a slightly closer approximation
to the benchmark solution in amplitude, however is a less efficient solution. In all cases,
though, the phase error exists at this long range. Thus, it does not appear that this phase
error is caused by inaccuracies in the computational treatment of the smoothing function,

or the first order correction in the hybrid method defined in Equation (22).

Implementation Comparison - with density - deltar =12 m

&0 T T T T T T T

TL (dB re 1mj) for Pressure

Couple
— MMPE H
— MMPE wicorrection

—— SSF/FD hybrid

| | | I
15 155 16 165 17 175 18 185 19 195 20

Range (km)

100 ! L L L

Figure 19. Implementation method comparison.

5. Effect of Reference Sound Speed

To this point, the reference sound speed for all transmission loss solutions was
held constant at 1500 m/s. However, varying the reference sound speed has a significant
effect on the phase of the solution. In general, the magnitudes of the solutions are
unchanged, but the phase error present can be minimized. Figures 20-23 show the results
when the reference sound speed is varied. The previously determined optimum depth
mesh and range step is used for each implementation option. The best solution appears to
occur at a reference sound speed of 1480 m/s. Figure 24 shows the results of all three
implementation options at the optimum reference sound speed.
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Figure 20. Original MMPE, Ar =12 m, nz =512, various Co.
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Figure 21. MMPE with Tappert smoothing, Ar =12 m, nz =512, various Cq.
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Figure 22. Hybrid implementation, Ar =12 m, nz = 8192, various co.
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Figure 23. Implementation comparison, Ar =12 m, 15-20 km.
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Figure 24. Implementation comparison, Ar =12 m, 0-20 km.

The model’s inaccuracies at range appear primarily due to the phase errors.
Alternate implementation options did not significantly correct the phase error. Proper
selection of reference sound speed seems to correct this error. This was previously noted
in a deep water benchmark problem defined in the 1993 PE Workshop [12], and
subsequent work by Tappert [13] using his “co-insensitive” version seemed to correct the
phase errors. Yevick and Thomson [10] were also able to correct the phase error found in
the deep water PE Workshop problem by implementing their higher-order correction
term, defined in Equation (38), in their hybrid method. It is quite possible that
implementation of that higher-order correction term would also address the phase error
found in the shallow water problem defined in this thesis. Although not as efficient as a
basic SSF method, the proposed hybrid method with higher-order correction might be

expected to improve the long-range phase accuracy of all solutions.
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IV. SUMMARY

The parabolic equation method for transmission loss modeling is an important
topic in the acoustics scientific community. The SSF technique has been used for years
due to its computational efficiency. Presently, SSF techniques provide accurate solutions
in deep ocean environments where bottom interactions are negligible. However, as the
focus shifts to shallow water acoustic propagation, it becomes necessary to find a way to
use the SSF algorithm to model transmission loss. This paper compares two different

implementation techniques when compared to a standard SSF model.

The basic SSF algorithm employing the Thomson-Chapman WAPE
approximation employed in the MMPE model was found to be very accurate when there
IS no density discontinuity present. As the depth mesh grid is reduced in size, the MMPE
model converges to a stable solution. When compared to the benchmark solution, the
convergence in Ar slightly underestimates transmission loss at all ranges. This is
presumably due to numerical noise when the range step becomes too small. By
systematically reducing Ar it is shown that an optimal comparison exists at a Ar ~ A4 .
This optimal value for Ar remains constant even as Az is decreased and a density
discontinuity is introduced.

In the presence of a density discontinuity, both the original MMPE, and MMPE
with the alternate Tappert approach to treating the effective index of refraction function,

provide a fair model of the magnitude of transmission loss at ranges greater than 15 km.
The largest tested Az of approximately /4 provided acceptable results. Decreasing Az
further does not significantly change the solutions’ accuracy. Since a smaller Az results
in increased computational time, it is recommended that a Az of approximately A/4 be
used for both options.

The implementation of Yevick and Thomson’s hybrid technique was able to

provide a slightly more accurate comparison to the benchmark solution amplitude.

However, it is necessary to make Az very small in order to obtain such comparable
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results. This comes at the cost of increased computational complexity, and should be

balanced against the need to obtain the most accurate result.

All models were found to suffer from a phase error, which accumulates in range
when a reference sound speed of 1500 m/s is used. This phase error can be minimized by
lowering co to 1480 m/s. This is reminiscent of previous phase errors found with the
Thomson-Chapman WAPE approximation. It is quite possible that these phase errors
may be significantly reduced by employing the higher-order correction of Yevick and
Thomson, or the co-insensitive version of the SSF algorithm defined by Tappert. Future

work could investigate the relative accuracy of each of these methods.
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APPENDIX. MMPE CONVERGENCE GRAPHS
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Figure 25.  Original MMPE, no density, nz = 2048, rfact = 50, 20.
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Figure 26. Original MMPE, no density, nz = 2048, rfact = 10, 5.

35



MMPE -No density-nz = 2048
30 r T T T T T T I

1
—Couple

—fact=1
40 —fact=0.2 H
50 ff d
£ sl Il
-] {f)) d 3 A
& ‘ AliNA &, ) Al ! )
e | o Jqu
%_ wE \ I b ‘ i HJ
® ]
S 8ol : |
o .
-
90 il
100 & -
llu 1 1 1 1 1 1 1 1 i
2 4 6 8 10 12 14 16 18 20
Range (km)

Figure 27.  Original MMPE, no density, nz = 2048, rfact = 1, 0.2.
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Figure 28. Original MMPE, no density, nz = 2048, rfact = 0.1, 0.05.
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Figure 29. Solution convergence for nz = 2048.
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Figure 30. Closest approximation to benchmark solution, nz = 2048.
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Figure 31. Original MMPE, no density, nz = 4096, rfact = 100, 50.
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Figure 32.  Original MMPE, no density, nz = 4096, rfact = 20, 10.
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Figure 33. Original MMPE, no density, nz = 4096, rfact =5, 1.
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Figure 35. Closest approximation to benchmark solution, nz = 4096.
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Figure 36. Original MMPE, no density, nz = 8192, rfact = 200, 100.
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MMPE -No density-nz = 8192
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Figure 37.  Original MMPE, no density, nz = 8192, rfact = 50, 20.
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Figure 38. Original MMPE, no density, nz = 8192, rfact = 10, 5.
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Figure 39. Solution convergence for nz = 8192.
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Figure 40. Closest approximation to benchmark solution, nz = 8192.
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Figure 41. Original MMPE, no density, nz = 16,384, rfact = 800, 400.
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Figure 42. Original MMPE, no density, nz = 16,384, rfact = 200, 100.
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Figure 43. Original MMPE, no density, nz = 16,384, rfact = 50, 20.
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Figure 44. Solution convergence for nz = 16,384.
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Figure 45. Closest approximation to benchmark solution, nz = 16,384.
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