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AFIT-ENG-DS-14-S-05
Abstract

In this dissertation, a method for the simultaneous non-destructive extraction of the
permittivity and permeability of a dielectric magnetic uniaxial anisotropic media is
developed and several key contributions are demonstrated. The method utilizes a single
fixture in which the MUT is clamped between two rectangular waveguides with 6” x 6”
PEC flanges. The transmission and reflection coefficients are measured, then compared
with theoretically calculated coefficients to find a least squares solution to the minimization
problem. One of the key contributions of this work is the development of the total parallel
plate spectral-domain Green’s function by two independent methods. The Green’s function
is thereby shown to be correct in form and in physical meaning. A second significant
contribution of this work to the scientific community is the evaluation of one of the inverse
Fourier transform integrals in the complex plane. This significantly enhances the efficiency
of the extraction code. A third significant contribution is the measurement of a number of
uniaxial anisotropic materials, many of which were envisioned, designed and constructed
in-house using 3D printing technology. The results are shown to be good in the transverse
dimension, but mildly unstable in the longitudinal dimension. A secondary contribution of
this work that warrants mention is the inclusion of a flexible, complete, working code for
the extraction process. Although such codes have been written before, they have not been

published in the literature for broader use.
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NONDESTRUCTIVE ELECTROMAGNETIC CHARACTERIZATION OF UNIAXIAL
MATERIALS

I. Introduction

1.1 Introduction

Electromagnetic characterization of a material refers to the general process of obtaining the
constitutive parameters of medium, £ = gre +J E,-m and ﬁ = ,17 e + jﬁ .m» for the case of
anisotropic media. In the case of isotropic media, the constitutive parameter dyads can be
reduced to scalars. Clearly, an anisotropic or bianisotropic media requires more parameters
for an accurate characterization. The electromagnetic characterization of media is an area
of active research; most methods rely on measuring scattering from any number of possible
geometries, then solve the minimization problem between the theoretical scattering and the
experimental results. Accurate measurements are difficult enough in isotropic media, in
which boundary conditions based on the geometry are applied to Maxwell’s equations
and the inverse problem solved by a numerical root search or non-linear least squares
method. In anisotropic media, though, the problem is further complicated through the
coupling induced in the transverse and/or longitudinal axes of the material. This complexity
manifests itself, mathematically, through increasingly complicated Green’s functions and
additional constitutive parameters. However, given the explosion of interest in complex
media, it is now desirable to develop methods with which we can accurately extract the
constitutive parameters of complex media. For example, in an environment of increasing
reliance on Low Observable (LO) materials to defeat highly sensitive radars, complete

knowledge of the electromagnetic scattering characteristics of complex media is required



to achieve accurate engineering designs and operational performance. Such precision is
also required for the design of advanced scanning antennas, polarization shifters, advanced
ground planes for electronics and myriad other cutting edge applications of metamaterials.
The electromagnetic characterization of these complex materials is quickly being outpaced
by the theoretical applications. This work proposes to fill a small gap in the characterization

capability.

Broadly, characterization methods can be broken into destructive measurement techniques
and nondestructive techniques. In destructive techniques, a machined sample is required
to fit inside a waveguiding region, such as a coaxial or rectangular waveguide. However,
it is not always practical to machine a sample of a Material Under Test (MUT), due to
the uniqueness of a sample, precision mounting constraints, or other potential concerns.
This has led to a great interest in Nondestructive Evaluation (NDE) techniques. Although
there are many choices for NDE, this work seeks to extend an existing NDE method,
which has been proven effective for the simultaneous extraction of complex permittivity

and permeability of both lossless and lossy isotropic materials.

1.2 Problem Statement

Up to this point, many characterization methods for materials in the microwave regime
have focused on isotropic materials. We seek a NDE method to measure the complex
permittivity and permeability of anisotropic uniaxial media. The exact characteristics
which differentiate the categories of complex media and the foundational work of those
who have pioneered this area will be discussed in detail in the next section, in the
context of what we will call the metamaterial “revolution”. The problem at hand
is a multi-faceted one, which requires employment of many mathematical, analytical,
computational and experimental tools. We begin our solution with a rigorous spectral-

domain examination of Maxwell’s equations, which is specialized for uniaxial materials.



Although a few individuals have pioneered the Green’s functions of certain classes of
complex media before, we undertake a novel method of obtaining them, producing a simple
solution which clearly demonstrates the physics of the geometry and is also shown to
reduce to the isotropic case. Application of complex plane analysis, including Cauchty’s
Integral Theorem (CIT), Jordan’s Lemma and Cauchy’s Integral Formula (see Appendix
A), leads to identification of spectral-domain Green’s functions, to which we apply the
PEC boundary conditions for uniaxial media sandwiched between parallel-plates. Using
this total Green’s function, we re-visit the theory for a flanged-waveguide measurement
apparatus, employ a Method of Moments (MoM) solution and reformulate the required
MFIE’s, which relate the source field of the network analyzer to the theoretical reflection
(S11) and transmission (S,;) coefficients. In the laboratory, appropriate calibration
is accomplished using the Thru-Line-Reflect (TRL) technique and the data processed
by MATLAB®, which, given the appropriate measurements, performs a non-linear

optimization method to extract the complex permittivity and permeability.

To the knowledge of the author, the derivation of the parallel-plate Green’s function,
application of this Green’s function to the Two-Flanged Waveguide Measurement
Technique (tFWMT) and measurement of a uniaxial material in a nondestructive apparatus
all represent original work. Additionally, they are considered to be significant contributions
to the scientific community at large, so that NDE methods may be applied to an increasing
number of classes of materials. Naturally, this research stands on the shoulders of
giants and pioneers, whose work is now reviewed and referenced in considerably more

detail.

1.3 Metamaterial Revolution

Although we intend in this section to review the recent metamaterial “revolution”, we

must first set forth a few fundamental concepts upon which all electromagnetic material



characterization are built. Most introductory texts on electromagnetics restrict their
treatments of electromagnetic scattering and associated phenomena to simple media, which
are defined to be linear, homogeneous and isotropic. In contrast, complex media are
materials which possess one or more characteristics outside of the simple media arena
(i.e., non-linear, inhomogeneous and/or non-isotropic). Complex media can be sub-
classified as either anisotropic, in which the permittivity (&) and permeability (1) are
dyadic and non-zero, while the magnetoelectric dyads (E , Z ) are zero; or they may be
classified as bianisotropic, in which both the constitutive parameters and magnetoelectric
dyads are dyadic and non-zero. This work will focus on anisotropic media, but we will
now examine some general characteristics of bianisotropic media in order to facilitate a
more comprehensive understanding scope of the problem at hand. Assuming an et/
time dependence and omitting the spatial and frequency dependencies for notational

convenience, Maxwell’s equations for the more general case (bianisotropic) are

Vxﬁz—.ﬁl—ng

VxH=J,+ juD
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where the constitutive parameters take the dyadic form
Oxx Oxy Oy
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Here, £ and 4 are the permittivity and permeability dyads, respectively and ¢ and & are the

magnetoelectric dyads. Clearly, the more complex the media, there exist a greater number



of parameters (36 in the most general case) ! to “tune” the electromagnetic scattering
parameters. However, the price one pays for such flexibility is an increased difficulty in
the theoretical characterization of a complex material. For anisotropic media, the coupling
constants are zero, resulting in a much simplified system, but still allowing for a significant
degree of tuning of the electromagnetic fields. Additionally, a result of the great interest
in developing metamaterials is a significant increase in the ease and precision with which
one can manufacture such complex media. For example, many media displaying dyadic
constitutive parameters may now be easily manufactured or printed with a 3D printer.
Within the more general realm of complex media, we can describe materials based on
symmetries within their constitutive dyads. Specifically, we restrict our attention to two of

these sub-categories:

o —jo, 0
gyrotropic — o= jo, o 0 (1.3)
0 0 o,
o, 0 O
uniaxial - o= 0 o 0 (1.4)
0 0 o,

Natural examples of uniaxial crystals are sapphire, calcite and ruby. These crystals are
known to possess unusual characteristics in the optical regime, such as birefringence [48].
Gyrotropic media are less abundant in nature, but include some dielectric and magnetic
materials, such as plasmas and ferrites [30, 112]. Clearly, the form of the constitutive
parameter dyads are tied to the physical structure and of the material (crystal structure) and
the molecular content of that structure. Now that we have a broad understanding of complex

media, let us examine the most prolific application of such media: metamaterials.

IThere is some debate [60, 75] on the so-called Post constraint, which limits the equations to 35 total

parameters.



This work does not presume to undertake a full review of the exponential growth of
metamaterials over the last 40 years - many recent articles have undertaken such a
task with far more completeness than is given here. In fact, a recent internet search
has shown Veselago’s initial article on metamaterials [92] to have been cited in more
than 7,000 articles. However, it is productive to survey some of the highlights of the
recent explosion of interest in the development of metamaterials. An exact definition
of metamaterials is elusive, but one of the most encompassing definitions comes from
Cui [30]: “a metamaterial is a macroscopic composite of periodic or non-periodic structure
whose function is due to both the cellular architecture and the chemical composition.” It is
also well-understood that metamaterials are man-made materials which possess physical
characteristics “outside of” or “above” naturally occurring materials, such as negative

values for constitutive parameters in a certain frequency range.

In a seminal paper, written in 1968, Veselago [92] first postulated the idea of Double-
Negative Materials (DNG) (materials with simultaneously negative values of permittivity
and permeability) and the properties such materials would have, although he readily
admitted knowing of no existing material with such constitutive parameters. From an
analysis of Maxwell’s equations, he quickly concluded that such Left-Handed Materials
(LHM) would have a negative group velocity and a positive phase velocity, leading
to several interesting physical phenomena. He primarily postulated that LHM would
demonstrate several unusual characteristics: a reverse Doppler effect; a reverse Vavilov-
Cerenkov radiation; a negative index of refraction; and a light “tension” (or attraction),
rather than the usual light pressure. Furthermore, in an analysis relative to the motivation
of our work, he noted that it is possible for gyrotropic materials to be Epsilon-Negative
Materials (ENG), Mu-Negative Materials (MNG) or DNG, depending on the structure of &
and 1. A plasma in a magnetic field (gyrotropic in &) would be a good example of an ENG

material, while there exist certain gyrotropic magnetic materials which could be classified



as MNG. Pure ferromagnetic metals (for example, nickel) and even some semi-conductors
(Indium Antimonide, Chalcopyrite, etc.) could potentially be DNG. Again, it is worth
noting that Veselago provided no experimental evidence - he was purely hypothesizing

about the properties and, in some cases, the existence of such materials.

Although Veselago’s paper is frequently credited with being the foundation of the
metamaterial revolution, he was not the first to observe the negative group velocity
phenomenon. In fact, Mandel’shtam [64] reported negative group velocity in some crystal
structures. However, Veselago was the first to highlight potential properties of such
materials. His paper was largely unregarded until Pendry began publishing a number
of papers in the late 1990’s [70, 71, 73, 74], observing shifts in material properties
based on the physical structure of a given material. For example, in [71], he noted a
depression of the plasma frequency into the GHz band by including periodic structures
of thin wires, a phenomenon which could produce some of the novel effects of an ENG
material postulated by Veselago. Pendry then began to recognize the ability to tune
the constitutive parameters, including permeability, to “values not accessible in naturally
occuring materials” [70] by a periodic structure of magnetic metallic cylinders or Split
Ring Resonators (SRR). Effectively, Pendry made the connection between the work of
Mandel’shtam and Veselago, noting that periodic structures could be utilized in producing
ENG, MNG or DNG materials. It is worthwhile to mention that he often compares this new
idea to that of composites, crystals and semi-conductors, thus solidifying the link between
his experiments and the analysis some 30 years before. Therefore, Pendry can be thought
in many ways as the father of the metamaterials revolution in the midst of which we now

find ourselves.

The potential applications of Pendry’s metamaterials piqued the interest of research
organizations around the world. In the decade or so since Pendry’s papers, thousands

of papers have been published touting advances in a wide range of research areas and



practical applications. However, in this review, we will focus on the areas with the
most relevant military utility: antennas and controlled electromagnetic scattering. A
number of high-profile applications are detailed by Shamonina in [84]: perfect lenses;
slow wave structures; super-directivity; super-resolution; sub-wavelength focusing and
imaging; photonic band-gap materials; and nanoparticles. Pendry [74] detailed how a
negative-index slab could be used as a perfect lens, demonstrating separate configurations
for both optical and microwave applications. Shelby, et al. [85] presented the first apparent
experimental verification of negative refraction in the microwave frequency band, using a
2D array of unit cells consisting of copper strips and SRR’s. A gradient index material,
which would be useful for lensing and filtering, was designed and tested with good results.
Ziolkowski [112] presents a good review of how metamaterials are now being investigated
for improvements in electrically small antennas, highly directive antennas using (near)
zero-index materials and sub-wavelength antennas. Of course, since the electromagnetic
fields can be controlled “at will” [72], cloaking has become an area of high interest.
Waveguide miniaturization using a uniaxial MNG material was shown in [50]. Therefore,
we see a plethora of applications are envisioned for metamaterials. For a great many more

applications, [37,39] are fantastic references.

So far, we have concerned ourselves with volumetric metamaterials, in which repeating
unit cells are arranged such that negative permeability, negative permittivity, or both are
obtained over a certain bandwidth. However, it is important to note that applications
of these structures focus on utilizing the resonant mode(s), which invites high loss and
a relatively narrow bandwidth. In the Transmission Line (TL) theory of metamaterials,
an electrical system of series capacitances and shunt inductances are shown to produce a
LHM [16], with broader bandwidth characteristics and lower loss. In this comprehensive
work, Caloz demonstrates a number of guided wave and radiating structures. For our

work, the composition and production of the metamaterial is tailored to be uniaxial via



a tetragonal lattice design. This will allow for the development of a generalized parallel-

plate Green’s function and, eventually, NDE of a uniaxial material.

1.4 Material Characterization Background and Methods

Before we begin, let’s provide a bit of motivation for accurately determining the constitutive
parameters of a material. In essence, the complex permittivity and permeability are required
for current Computational Electromagnetics (CEM) codes to accurately and precisely
predict scattering characteristics. CEM codes are used in many research and development
laboratories to investigate and design stealthy materials, novel antennas and many other
applications. However, without an efficient, accessible, reproducible, and non-destructive
method of determining the constitutive parameters of an actual material, the results of
CEM codes cannot be transitioned into real-world applications. In other words, when
producing a material, how do you know you made what you wanted to make? This question
becomes even more poignant when referring to complex media. As was discussed in 1.3,
production and manufacturing negative- and double negative-index materials, LHM and all
other manner of postulated materials is now becoming a reality. The goal of this work
is to contribute to the efficient and accurate characterization of such materials, so that

development and application of these materials may confidently proceed.

Many methods exist for the electromagnetic characterization of materials in the microwave
regime. The effectiveness of any given method is contingent upon many factors: material
type, analytical model (including the underlying assumptions), laboratory setup (including
frequency range and measurement configuration) and numerical solution techniques
(including computational efficiency, convergence and error minimization). This section

presents a review of prominent examples of research in each of these areas.



1.4.1 Isotropic Materials - Background and Review of Previous Work.

Much work has been accomplished in characterizing the constitutive parameters of
isotropic materials. Since this research builds on that foundation, it is appropriate to review
some of the milestones in this area before proceeding to complex media. First note, as with
any well-posed mathematical problem, the number of measurements must correspond to
the number of unknowns.? Therefore, for isotropic materials, in order to simultaneously
determine complex permittivity and permeability, two independent measurements are
required. Thus, for uniaxial anisotropic media, four independent measurements are

required.

A number of varying measurement configurations have been utilized in the NDE charac-
terization of isotropic materials, each possessing different strengths and shortcomings [22].
These configurations include: free-space, single probe and dual probe. Clearly, the fre-
quency range of interest also affects the selected method, therefore, we note that the goal
of this research is NDE of anisotropic uniaxial materials in the X-band (8-12GHz). One
could utilize a mixing formula, as in [113], but these are tied heavily to similarities in the
constituent materials and rely heavily on estimation. Therefore, we seek a more accurate,

rigorous and extensible method.
1.4.1.1 Free Space Methods.

Free space methods utilize a monostatic or bi-static configuration, with horn antennas
situated on either side of the MUT. They do not require physical contact with the MUT
and allow characterization at either vertical or horizontal polarization (in both the transmit
and receive plane). Additionally, reflection coefficients may be easily obtained at a variety

of incident angles and over a wider bandwidth than waveguide methods. However, as is

2This is only true since we wish to avoid optimization techniques for under-determined systems, which

may significantly complicate the issue.
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noted by Stewart [86], error is introduced in many ways. One source of error is due to
edge diffraction and variation of the wavefront at the sample, which will violate the plane
wave incidence assumption. Additionally, the assumption of infinite transverse dimensions
may prove invalid, depending on the illumination pattern of the antennas and the distance
of the sample from the source. Finally, these systems require precision positioning of the
sample, large focusing lenses and, due to the far-field requirement, take up more space
than waveguide probe systems. All of these factors can lead to a tedious measurement
process. Such a monostatic system was demonstrated in [2], where two variations on the
two-thickness technique were used to provide two independent measurements, reporting an

error of up 10%.

A bistatic system is employed by Ghodgaonkar [43], in which a MUT is placed in
between two horn antennas. The reflection and transmission coefficients are measured
after calibration by the well-known TRL calibration method. This configuration allows
for reduction in the error due to edge diffraction effects by using spot-focusing lenses.
However, the lenses are 30cm in diameter, demonstrating the large size of such a

measurement apparatus.
1.4.1.2 Single Probe Methods.

In general, NDE methods can be sub-classified as reflection-only methods and transmis-
sion/reflection methods. Either one permits simultaneous measurement of the constitutive
parameters, given the appropriate configuration and the correct number of independent
measurements. In reflection-only methods, samples are backed either by free-space or a
conductor (PEC) and the reflection coefficient measured. In order to obtain simultaneous
extraction of € and y, a second independent measurement is required. One way to obtain the
second measurement is the Short/Free-Space (S/FS) method [7,62,89]. In this method, one

measurement is made with a PEC backing applied to the MUT and the second measurement
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i1s made with a free-space backing. As is noted by Hyde [52], it is shown to produce very
accurate results, because the two methods are the complement of one another; that is, the
PEC-backed sample is interrogated by a strong magnetic field and the free-space backed
sample is interrogated by a strong electric field. Both a Two Thickness Method (TTM)
and a Frequency Varying (FV) technique are demonstrated in [65]. In the TTM, the first
measurement is made with an open-ended waveguide and a PEC-backed MUT; the sec-
ond measurement is made with a sample of the MUT of a different thickness. However,
Moade uses an approximate form of the input admittance and, for the FV technique, some
a priori knowledge of the frequency behavior of the constitutive parameters is necessary
for the most accurate results. We seek to avoid errors introduced by approximate formu-
lations, especially when the availability of rigorous solutions and sufficient computational
resources makes such approximations unnecessary. Additionally, a priori knowledge of
the frequency response of the material is not always available. It is found from uncertainty
analysis that great errors can stem from variations in the thicknesses of the samples, or the
relative difference in the thicknesses of the two samples [19] when using the TTM. In the
search for a second independent measurement, Dester, et al., [33] propose an alternative to
TTM, the Two Layer Method (TLM). This method utilizes the standard open-ended waveg-
uide method as the first measurement, then places a material whose constitutive parameters
are known on top of the MUT. The two-layer parallel plate Green’s function is then used
as the second set of equations from which complex permittivity and permeability may be
extracted. Unfortunately, it is found that the errors associated with this method are higher
than the TTM and TLM should be used only in circumstances when two samples of the
MUT are not available (such as in situ measurements). Even so, the known material should
be as low-loss as possible, to permit as much of the interrogating electric field as possible
to penetrate to the MUT. Hyde presents a new TLM in [52], in which the second mea-

surement is made placing the known material behind the MUT. This allows for a stronger
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interrogation field and results in more accurate extraction of the constitutive parameters.
Although not ideally suited to in situ measurements, this method proves useful when thin
materials may bow and produce an air gap, which would skew the results. Finally, Dester
presents a two-iris method [35], in which a second independent measurement is obtained
by presenting a reduced aperture to the material. His results seem comparable to the new

TLM offered by Hyde [52] and seem of more practical use for in sifu measurements.

Most of the traditional literature focuses on single probe characterization, both of open-
ended coaxial probes and open-ended rectangular waveguides. Coaxial probes offer a wide
bandwidth and good accuracy and are used extensively as canonical treatments throughout
textbooks and literature [22,41, 110, 113]. A relatively early review [88] article details
several coaxial configurations and points out some of the errors related to each method.
Perhaps the largest source of error is related to air gaps between the center conductor
and the sample. Scott [82] suggests several ways of mitigating this issue, the most
practical of which is a spring-loaded center conductor. However, this adds complexity
to an already delicate and precision measurement procedure. Additionally, it is found [79]
that accuracy of the measurement depends on the frequency at which the measurement is
taken. Pournarpoulos demonstrates the wide bandwidth nature of the coaxial probe method

in [76], demonstrating NDE characterization of several materials up to 40GHz.

Rectangular waveguide probes are more restrictive in bandwidth, but provide a very
good accuracy, along with a more rugged form factor, as well as a better matching with
free space impedance [22]. Additionally, rectangular waveguides benefit from a deeper
penetration of the radiating fields into the material and the linear polarization of the waves
in the waveguide, which allows for measurement of anisotropic materials. A number of
configurations have been investigated for NDE using a single-probe rectangular waveguide
configuration. Zoughi [113] presents a fine example of using an open-ended rectangular

waveguide for surface crack detection. A great number of publications report success
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in utilizing variations on the open-ended flanged rectangular waveguide configuration to
extract complex permittivity and permeability, most notably [15, 18, 32, 33, 65, 87, 90].
Similar configurations have been used in the successful measurement of a stratified,
continuously varying profile dielectric, representing inhomogeneous media [68, 80]. One
drawback of the flanged waveguide measurement technique is the requirement to suppress
unwanted reflections from the edge of the flanges. In order to do so, the lossiness of the
material must be balanced by the size of the flanges in order to prevent two-way reflections
from affecting the desired measurements. Thus, a lower loss material requires unreasonably
sized flanges. However, Hyde [54] presents a time-gating technique which allows for the
relaxation of such requirements. The reflection data is analyzed in the time domain, where
the edge reflections are clearly seen, and these reflections are essentially gated from the
data. Then, a Fourier transform allows for the extraction of the constitutive parameters in
the frequency-domain. In this dominant mode-only analysis, error is shown to increase with
frequency, but inclusion of higher order modes in the calculation is expected to improve
correlation with established values. This technique allows for the use of very small flanges,
even in low-loss materials. Although single probe methods are desirable, due to their
simplicity in configuration, much work in the rectangular waveguide area in the last few

years has transitioned to focus on dual-probe methods.
1.4.1.3 Dual Probe Methods.

In dual probe methods, or transmission/reflection methods, we need not search for
additional measurement techniques, as a sufficient number of independent measurements
is inherent (for isotropic media). Using such a method, one is able to efficiently perform
measurements simultaneously and extract the complex constitutive parameters. This
method is also useful for in siru measurement of materials or when a second sample of
identical material with a differing thickness is not available. In a novel application of

the dual probe method, Stewart presents a rigorous development [87] of the MFIE’s for
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Dual Wavguide Probe (DWP) NDE of a conductor-backed sample. Using the §;; and
S,; measurements, Stewart successfully extracts both complex constitutive parameters
for several dielectric-magnetic materials and compares them with the single probe TTM
and traditional destructive rectangular waveguide measurements. These measurements
were based on a dominant-mode only reflection assumption, leading to errors of less than
10%. Further consideration of a full-wave modal solution would undoubtedly improve
the accuracy of this method. This method is promising in many areas, as it allows for
a single set of measurements, as opposed to the TTM, which requires multiple sets of
measurements. Additionally, Stewart’s dual-probe method is rugged, allowing for the

possibility of use in the field, and rigorous in EM theoretical development.

A number of papers have been written considering dual-probe flanged waveguide methods
[51-56, 83], successfully demonstrating simple, precise and accurate measurements. The
method is shown to be relatively insensitive to small misalignment of the waveguides in the
transverse dimensions [51,56] and immune to some of the sources of error inherent in the
traditional (destructive) waveguide method, where precise machining and positioning are
required to eliminate edge reflections and air gaps. In the case of tFWMT, the material is
only required to be lossy enough (or the flanges large enough) to prevent reflections from
the flange edges from being detected at the probes. However, even in the case when such
large flanges are not available or desirable, time-gating signal processing may be used to
filter out the edge reflections and still produce remarkably accurate results [55]. The time-
gating technique is then used to reduce the dimensions of the flanges, resulting in a more
compact measurement apparatus. Finally, prompted by the comparison of PEC-backed and
FS-backed DWP configurations, Seal utilizes a combination of the tFWMT measurement
and the new TLM [52] in an attempt to improve the accuracy of the extracted parameters.
He finds, though, that a combination of the PEC-backed and FS-backed methods still gives

the most accurate results. In the isotropic case, this amounts to solving an overdetermined
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system (8 equations with 2 unknowns). The discovery that the combination PEC/FS-
backed method is best arises from the fact that the PEC-backed method provides a large
interrogating magnetic field to the MUT, while the FS-backed method provides a large
electric field to the MUT, thereby allowing good fidelity in extracting both &, and y,. In fact,
it is always difficult to extract precise permittivity values from a PEC-backed sample [56],

even more so when the MUT is electrically thin.
1.4.2 Analytical Models.

Now that we have discussed the physical measurement apparatus, we review several
potential analytical models. Clearly, the accuracy of the NDE method is tied to the
accuracy of the analytical model. In general, the analytical models fall into two categories

- asymptotic methods and full-wave methods.
1.4.2.1 Asymptotic Methods.

The most common high frequency methods are Geometrical Theory of Diffraction (GTD),
Uniform Theory of Diffraction (UTD) and Physical Theory of Diffraction (PTD) [66].
These techniques have been applied to parallel plate geometries as a special case of the
canonical wedge [31,61]. One of the fundamental restrictions on any of these methods
is that the size of the scatterer must be large in terms of the incident wavelength [66].
However, we note that, at the middle of the X-band, the wavelength is approximately 2cm.
Therefore, this requirement is invalid for many of our samples, which are considerably

thinner and the largest dimension of the X-band waveguide is ~ 2.2cm.
1.4.2.2 Full Wave Methods.

Full wave methods can be further sub-classified as approximate or rigorous. Approximate
methods make use of the principle of least action [8, 28,42, 65, 113], thereby avoiding

the differential equations of a rigorous solution. Authors in the previously cited literature
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employ approximations of the admittance at the aperture, allowing for extraction of the
constitutive parameters. However, as has been mentioned before, we wish to avoid the
errors introduced by approximations, especially given the ready availability of powerful

computational resources.

Rigorous full-wave solutions start with Maxwell’s equations and incorporate all scattering
phenomena associated with the MUT. Balanis provides a solid foundation for such rigorous
solutions in his eminent book [9]. Since the entirety of radiation phenomena are accounted
for through Maxwell’s equations and the application of appropriate boundary conditions, no
special treatment of edge diffraction, creeping waves, surface waves or material properties
is required. The rigorous method of Stewart in [86,87] begins with Maxwell’s equations to
formulate an integral equation solution in the form of a Green’s function kernel, utilizes
appropriate boundary conditions in conjunction with Love’s equivalence principle and
applies a field expansion of the reflected modes through use of the MoM. This results
in the rigorous formulation of a set of MFIE’s, which may then be subjected to a root
search, such as the Newton-Raphson method, to extract the desired constitutive parameters.
Accuracy is clearly tied to the number of modes that are used in the expansion of the MoM

solution.

Typically, as in [86], the first 20 modes are used in the expansion of the MoM solution.
Although including more modes in the MoM solution results in a greater accuracy, the
computational cost rises quadratically with the number of modes. However, Dester [34]
recognizes that the assumption of convergence within the first 20 modes may not provide
the most accurate or efficient means of achieving true convergence (as is assumed by many
authors [15]). Consequently, he proposes a hybrid method which uses the first twenty
modes and an extrapolation technique to obtain results that are nearly identical to those

obtained when using the first 160 modes.

17



This work will utilize such advances in rigorous full-wave methods in order to maximize
accuracy, while simultaneously seeking the highest possible computational efficiency. In
light of those goals, we can reduce the computational burden by finding closed-form
integrals where possible, through careful application of complex plane analysis (including

Cauchy’s Integral Theorem, Principle Value Theorem and Jordan’s Lemma) [4].
1.4.3 Numerical Solution Techniques.

In spite of our aforementioned desire to minimize the computational burden, the solution
to the MFIE’s cannot be found in a completely closed form, so we must utilize a numerical
method to extract the desired parameters. Numerical techniques are used at two critical
junctions in the NDE process: solution of analytical model (forward problem) and error
minimization when extracting the constitutive parameters from the experimental data and

the theoretical model (inverse problem).

In the course of solving the spectral-domain MFIE’s of the forward problem, the MoM is
the chosen method [24, 25,45, 67]. By carefully choosing the basis and testing functions,
the forward problem can be significantly simplified. In the case of a rectangular waveguide,
choosing the (infinite number of) waveguide modes serves exactly this purpose, as will be
shown in Chapter 4. The primary concern in utilizing a MoM solution is the number of
modes to use in the expansion. Since the basis and testing functions consist of the infinite
number of modes in the waveguide, a truncation is necessary, as was mentioned in the
previous section. The computation time grows proportional to N*> (where N is the number
of modes included in the solution), therefore, we must balance our desire for accuracy with

available computational resources.

Since measurements are performed at discrete frequencies throughout the band of interest
(for X-band, 8.2GHz-12.4GHz), we may extract the constitutive parameters on a point-

by-point basis when solving the reverse problem. The Newton-Raphson method is well-
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suited to this type of analysis [56, 86]. Both the 1-D and 2-D algorithms are fairly simple
to implement in computational form. However, a variety of methods of non-linear least
squares analysis (detailed in [63]) have been implemented in many works [6, 51, 52, 90].
Using a non-linear least squares method to extract the parameters allows for a better
characterization of the uncertainties and frequency dependence of the extracted parameters.
Methods such as the Gauss-Newton, Levenberg-Marquardt or Trust Region Reflective

(TRR) method can be implemented fairly easily in MATLAB® [63,69].

1.5 Anisotropic Materials

Although NDE of anisotropic media is not a new problem, far less research has been
dedicated to the study of such complex media than to isotropic media. Recent interest
in the characterization of complex media has been sparked by concurrent improvements
in the manufacturing of such media, along with a slew of research theorizing a wide
range of applications for such materials [14, 36, 50]. Uniaxial media is the simplest
type of anisotropic media, which is also fairly easily manufactured [26]. In addition to
the added complexity of the Green’s function due the dyadic form of the constitutive
parameters, anisotropic materials require a larger number of independent measurements.
For the dielectric-magnetic uniaxial case, we now require four independent measurements,

or reflection and transmission measurements for two separate configurations.

Resonator methods have been used in the accurate extraction of complex constitutive
parameters from both isotropic and anisotropic uniaxial materials [59]. While this method
provides a high accuracy, it is a destructive method, in which the sample is required to be

placed inside a modestly sized resonator cavity.

Belhadj-Tahar successfully measured the complex permittivity of uniaxial alumina and
sapphire in the context of a coaxial line probe [12]. However, he also uses a destructive

technique which requires precise placement of the sample within the coaxial line and an
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exacting preparation of the sample. Additionally, his technique runs into difficulty with the

low-loss nature of the samples.

In a more relevant work, Chang [17] uses an open-ended rectangular waveguide method to
measure the permittivity of a dielectric-fiber composite material, noting that &, is unstable
in his experiments, due to a high conductance of the material and a thin sample. In order to
obtain the required number of independent measurements, he measures the material at a 30,
60 and 90 degree angle with respect to the longitudinal axis. This rotation of the material
may prove more difficult to recreate precise measurements, especially when considering a

non-laboratory environment.

In order to build on the preponderance of recent research and take advantage of the
precision and accuracy of the method, this work will focus on extending the tFWMT to

include uniaxial media.

1.6 Green’s Functions

In most cases, it is useful to frame the solution to Maxwell’s equations in terms of a
Green’s function kernel. Directly solving Maxwell’s equations is a lengthy process, one
which is usually avoided, but is ambitiously employed in [46]. Traditionally, vector
potentials have been used to aid in these solutions [9, 24,27, 44]. More recently, scalar
potential techniques have been developed for a number of different classes of anisotropic
materials (gyrotropic,chiral and uniaxial) [47,77,78,94-100, 103—-105, 107-109]. The use
of scalar potentials not only dramatically simplifies the analysis, but provide a unique
and particularly elegant physical insight, as most methods utilize a decomposition into

transverse and longitudinal terms.

In any case, obtaining the Green’s function kernel is no trivial matter. Even though

Weiglhofer and his colleagues are most certainly to be applauded for their pioneering
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work in the area of theoretical electromagnetics, we have been unable to demonstrate that
certain consistency in which the potentials for the more general cases (e.g., gyrotropic
bianistotropic) clearly reduce to the simpler cases (uniaxial anisotropic or isotropic). The
potential methods used in [47] for a dielectric uniaxial media clearly demonstrate this
property, therefore, this work utilizes similar methods to extend the Green’s function
derived in [47] to the more general case of dielectric and magnetic uniaxial media immersed

in a parallel plate environment.
1.6.1 Direct Field Approach.

In general, direct solutions to Maxwell’s equations are tedious and involve considerably
more work than the potential-based approaches. This is primarily due to the inversion of a
6x6 matrix that is required to find the electric and magnetic fields. Additionally, unless a
vectorized form of the 6x6 matrix can be found, the entire process must be repeated term-
by-term, resulting in tedious, repetitive mathematical manipulations. To demonstrate this,

consider Maxwell’s equations for homogeneous, bianisotropic gyrotropic media.

—

(V « ‘i+ij) E=—J, — jwji-fd

(1.5)
(Vx I—]wg) ‘H =1, + jws E
where the constituent parameters are dyads of the generalized gyrotropic form:
S
o= JOy Oy 0 o=¢&ud¢ (1.6)

0 0 lo g
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It can be shown (and will be shown, for anisotropic uniaxial media, in Chapter 2) that the

magnetic field, using the direct-field method can be expressed as (with k= wE- u):

[§~ <V X 7—1—ij> - (V X T—ja)g> — ]?2] -H
(1.7)

-

— jwEed, + & (v x 7+ij) ELT

or:

H=w'5 (1.8)

where W, is the eigenvector matrix and s] is the source term. The specific forms of these
terms will be discussed in detail in later sections. From (1.7) and (1.8), we can see that,
when the constitutive parameter dyads are of full rank, \th 18 a 3x3 matrix of full rank,
the inversion of which is a very lengthy process. We will demonstrate the extent of the
difficulties involved in this process in Chapter 3, where the direct field method is used to

find the total parallel-plate Green’s function for anisotropic uniaxial media.
1.6.2 Potential-based approach.

Effectively, potential-based method can be used to reduce, to varying degrees, the size
of the matrix operating on the fields when solving Maxwell’s equations. Weiglhofer
[103] demonstrated that the most general material that may represented by the potential-
based methods is the gyrotropic material. Therefore, in order to illustrate the concept
of how simplification occurs, we consider the same gyrotropic material as from the
previous subsection (a more complete development is found in Chapter 2). Using a
partial decomposition of the fields into transverse and longitudinal portions, we are able
to determine the transverse (E, and I-Z) and z—directed (ﬁz = ZE, and ﬁz = ZH,) fields in

terms of the scalar potentials ¢ and 6 (O and II are, themselves, potentials and related to ¢
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and 6, respectively):

-

E,ZVI(D*QXVZQ H)IZV,H*QXVIIII

__ 1w _ v
E = P (Vi +J)  H.= P (V26 — J,.)

The scalar potentials are then solutions of the system of equations:
L+ L0 = 5 Ly + L0 = s,

where the L, operators are scalar differential operators and s; and s, are source terms.
Again, the specific forms of these terms will be given in later sections. Therefore, we
can use a Fourier transform technique and fundamental algebra to invert the 2x2 L matrix.
The field recovery is then a matter of simple differentiation. These two steps represent
a considerably more straightforward solution method than the inversion of the W, and w,,
matrices in the direct-field solutions. However, in order to confirm our results and illustrate
the advantages of the potential-based method, we will derive the total parallel-plate Green’s
function using both the potential-based method in Chapter 2 and the direct-field method in

Chapter 3.

1.7 Scope

Although Veselago and many others have emphasized gyrotropic materials as a means to
realizing metamaterials, we note that uniaxial materials are also given due consideration
in a number of publications [13, 14, 16, 109]. Since uniaxial materials are seen to be a
specialization of gyrotropic materials, in which the constitutive dyads are greatly simplified
(and, by correlation, the solution to Maxwell’s equations), this work focuses primarily
on characterizing uniaxial materials. Therefore, we will focus primarily on uniaxial
material throughout development of the parallel-plate Green’s function, tFWMT theory
and subsequent implementation. It is understood that this is merely a stepping stone to

the greater goal of generalized gyrotropic material characterization. It will be shown using
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our method of potential development, that the potentials for a gyrotropic material reduce
quite easily to that for a uniaxial material and the potentials for the uniaxial case reduce
quite easily to the isotropic case. This has not been clearly demonstrated in previous works.
Therefore, we will be able to characterize a wide range of materials using a single extraction

technique.

1.8 Research Goals and Contribution to Science

e Determine principal and total parallel-plate Green’s function for anisotropic uniaxial

media

Through the rigorous analysis of EM propagation in an anisotropic uniaxial
material, this research contributes significantly to the general understanding of
EM propagation in metamaterials. The development of the magnetic, electric and
magneto-electric spectral-domain principal and parallel-plate Green’s functions in
two different manners (using scalar potentials and direct field methods) provides
an intuitive kernel through which propagation in anisotropic uniaxial media can
be studied in great confidence. Physical insight will be gleaned throughout the
theoretical development, demonstrating how the math and the physics are tied

together in the solution.

e Formulate Magnetic Field Integral Equation (MFIE)’s for tFWMT measurement

setup

e Measure complex permittivity for electrically uniaxial material using dominant mode

approximation

The theoretical and experimental model for the tFWMT using the dominant-mode
only will be extended from isotropic materials to incorporate the anisotropic uniaxial

case. This will provide additional utility to an already proven method. Experiments
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1.9

This

will also be conducted to ensure the isotropic results correspond with previous
results. The ability to characterize uniaxial and isotropic materials using a single
measurement technique represents a significant step forward in the goal of a fast and

efficient measurement of complex media in general.

Assumptions

work makes a few basic assumptions in order to simplify the analysis. These

assumptions are not unreasonable and are commonly used in previous works in similar

arcas.

The e/“" time dependence is assumed and suppressed throughout
The distinguished (longitudinal) axis is the z axis and the transverse axes are x and y

Any conducting surface, such as the waveguide walls or parallel plates, are treated as

Perfect Electrical Conductor (PEC).
The transverse dimensions of the material sample and parallel plates are infinite

Rectangular waveguides contain only free space with constitutive parameters &y and

Ho

MUT sample is linear, anisotropic, dielectric, magnetic; additionally, the sample is

of uniform thickness and homogeneous

The waveguide probes are perfectly aligned in all dimensions - this eliminates one

potential complexity in the evaluation of spectral integrals

The constitutive parameters &;, &;, i, and p, are all assumed to be the multiplication

of a relative constitutive parameter and the free space constitutive parameter, such
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that:

Oq¢ = 000

1.10 Notation

Complex notation is required in the development of certain expressions. As such, it is
worthwhile to explain certain basic principles that this document adheres to. In the case of
Green’s functions and Electric fields, it is necessary to specify both the source and the field

maintained by that source. For example, the symbol

~

Geh,Xy

refers to the x component of the electric field (¢) which is maintained by a y-directed
magnetic (k) source. This convention applies to the placement of elements within a matrix,
such that the element in the first row and second column is the (x,y) component and

represents the x-directed field maintained by a y-directed source.

Additionally, this document utilizes Fourier Transform methods and these transforms are
performed with respect to the transverse (x,y) variables and the longitudinal variable (z)
separately. As such, it is important to distinguish between the two transform domain. To
this effect, we represent the spectral variables by A terms. Additionally a single overset tilde
represents a quantity that has been transformed with respect to the transverse variables and
exists in the single transform (4, z) domain (e.g., G). Similarly, two overset tildes represent
a quantity that has been transformed with respect to both the transverse and longitudinal
variables and exists in the double transform domain (Zp, lamz). Table 1.1 is given as a quick

reference.
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Table 1.1: The conventions used in this document for spatial and spectral quantities. The
last column is an example of how quantities are represented and is applied to Green’s

function terms, field terms, etc.

Spatial Variable | Spectral Variable | Domain Representation | Quantities

X A, N
Ap G

y Ay

Z /lz /12 5

1.11 Mission Impact

Due to their dispersive characteristics, the small dimensions of the elements of their
unit cells and the difficulty of fabrication, designing metamaterials is a laborious and
difficult process. Accordingly, uncertainty regarding the manufactured product results
in less than optimal performance from the final system, whether it be a flat, highly-
directive antenna, a sub-wavelength lens or a high-scattering surface. In a quickly-evolving
world of today’s technology, enemy detection systems are constantly improving in their
low-observable detection. Therefore, our ability to accurately characterize the response
of our systems must also improve. The ability to simultaneously accurately measure
complex permittivity and permeability from complex media will enable material scientists
to accurately tune the effective bandwidth and electromagnetic scattering properties of
next-generation metamaterials with confidence. Rather than follow a costly and time-
consuming trial and error process, a material can be designed to meet a certain engineering
requirement, measured for accurate production and incorporated into a system faster than

ever before.
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1.13 Overview and Organization

This chapter has provided the background and motivation for the NDE of anisotropic
uniaxial materials. The general categories of complex media were set forth, along with a
brief review of the genesis of metamaterials. Several methods of NDE were also reviewed,
along with milestones in the general field of NDE. This included the requisite theoretical
and analytical models, as well as numerical solution techniques. We also considered several
significant contributions to the development of Green’s functions for anisotropic materials
and presented reasons for seeking a new development of these Green’s functions. In light
of the explosion of interest in developing new metamaterials and new applications for those
metamaterials, we seek to fill the gap in our capability to accurately and precisely measure
an increasing number of materials using a single measurement technique. The next two
chapters (chapters 2 and 3) will focus on developing the required parallel-plate Green’s
functions for use in the tFWMT via two different methods. The use of the potential-based
method and the direct-field method will add confidence to our development, since the two
results are seen to be exactly the same. Chapter 4 will extend the tFWMT theory for
uniaxial media, utilizing the newly developed Green’s function. Chapter 5 will present
results for measured materials. Finally, chapter 6 will present the conclusions of this work

and suggest topics for future consideration.
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II. Potential Formulation and Total Parallel-Plate Green’s Function for

Anisotropic Uniaxial Media

Before we extend the theory of the tFWMT [51] to include anisotropic uniaxial media,
we need to develop the total parallel plate Green’s function. Although the principal
Green’s function is not a novel problem, as it has been previously explored by authors
(e.g., [46,102,104,106] among others). However, the principal problem has not been treated
in any higher level of detail. Additionally, the development of the scattered solution and
total Green’s function for a dielectric and magnetic uniaxial media contained in a parallel
plate geometry has, to the knowledge of the author, never been presented in the literature.
Therefore the threefold contribution of this chapter is to use a scalar potential method to
develop the principal Green’s function for dielectric-magnetic uniaxial anisotropic media,
find the scattered Green’s function in a parallel plate geometry and find the total Green’s
function subject to the PPWG boundary conditions. In [47], Havrilla uses a potential
formulation to find the Green’s function for a magnetic current contained in a waveguide
filled with an electrically uniaxial (¢ = XRs, + §¥&, + 22¢,), magnetically isotropic material
(4 = &Ruo + 910 + 22u0). This chapter will follow his methodology, but, for the sake of
completeness, we will develop this Green’s function assuming the media is both uniaxial
in the dielectric and magnetic sense, and contains both electric and magnetic sources. As
was previously mentioned, discrepancies were found in some of the previous literature
when comparing the varying results for the principal Green’s function. This is the primary
motivation for starting with the principal Green’s function. Furthermore, in the next
chapter, we will repeat the derivation using the direct field solution method, which will
show the two methods produce the exact same result. Therefore, using the two different

methods will provide us with the necessary confidence in moving forward.
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2.1 Potential-Based Formulation

Maxwell’s equations for a linear, inhomogeneous (in z), electrically and magnetically

anisotropic uniaxial medium, generalized with an electric and magnetic source are

V x E(B.2) = ~J(B.2) — jowi(2)H(B.2) 2.1)
V x H(B,z) = T.(3,2) + jwe (2) E(f.2) (2.2)
where:
g == 81‘ 7; + 2822
/7 = M Tt + Zu.2
In matrix form, the constitutive dyads are given by
8[ 0 O l‘ll O O
e=|0e 0 H=1 0 0 (2.3)
0 0 g 0 0 g,

Given the nature of a uniaxial material and our definitions of the constitutive dyads, we call

the longitudinal (Z) axis the distinguished (or principal) axis. Therefore, it is reasonable to

decompose (2.1) and (2.2) into longitudinal and transverse parts by defining a transverse

differential operator V, = f(a—ax +¥ a% and writing

A a - A = A . -2 A e
(Vt + Za_z) X <Et + ZEz> = —Ju — LIy, — jopuH, — Zjowu H,

—ZxV,E,

> s 0, = 5> L= A
:>V,><E,+V,><ZEZ+6—Z><E,=—Jh,—thZ—]a),uth—ZJw,quZ
Z
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and

A a - A g A . - A .
(V, + Zé’_) X <H, + ZHZ> =Jo+2J,, + jwsE, + Zjwe, E,

Z
—ZxV,H;
= f—J% 6 ~ - - ~ . - ~ .
— V, xH, +V, x1ZH, +(9_Z x Hy = J, +2J,; + jweE, + Zjwe. E, (2.5)
<

By examining the forms of (2.4) and (2.5), we see that they include both transverse and
longitudinal terms, which are, by definition, orthogonal and thus linearly independent.

Therefore, we can equate the transverse and longitudinal components of (2.4) to find

0 L R R
_2 X VZ‘EZ + a_i X El‘ = _Jht — j(,{)/lth (26)
Z
V, x E, = —2Jy, — ZjwpH, (2.7)
and, similarly, for (2.5)
A 6 A —d . -
—ZxV,H, + a_z X I'_it = Jo + jw&E, (2.8)
Z
V, x H, = 2J,, + 2 jwe,E, (2.9)

According to the usual method, we seek to introduce potentials in keeping with Helmholtz’s
theorem, which states a vector field V can be uniquely specified by a superposition of a
divergence-free and a curl-free contribution. In the general mathematical sense, taking w

to be a scalar field and V to be a vector field, this means
V=Vw+VxA — V,=Vw+V,x3A. = Vw—12x VA, (2.10)

This allows us to write the transverse parts of the fields and currents given by Faraday’s

Law and Ampere’s Law in (2.6) and (2.8) as

E=VO+V,x0=V0+V,x20=V,D0—%2xV,0 (2.11)
H=VI+V,x§=VI+V,x2=VII—%xVy (2.12)
Ju =V, +V, x % = Vo, + V, X v, = Vo, — 2 x Vv, (2.13)
T =V + Y, x % = Vo, + V, x 2v, = Vo, — 2 x Vo, (2.14)
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In developing these equations, only Z-directed scalar potentials are used, since an X- or
y- directed vector potential would produce longitudinal (i.e., non-transverse) components
after the transverse curl operates on it. Now, we seek expressions for the longitudinal field
components in terms of the scalar potentials @, 6, I1, and y. They can be found by inserting
(2.12) into (2.9) and inserting (2.11) into (2.7), and using the vector identities V, x V,w = 0,
V,aw=0andV, xV, x A = VI(V[-A_)) — fof (where w is a generic scalar field and Ais

a generic vector field):

1
E.=——— (V¥ + Jo) (2.15)
Jwe;
1
H,= — (V;0—Jy) (2.16)
JWH

The complete representation for the fields (transverse and longitudinal components) in a
uniaxial media are found in (2.11) - (2.16), in terms of the potentials @, 6,11 and . The
final step in the potential method is to find the governing equations for the potentials.

Inserting (2.11), (2.12) and (2.14) into (2.6) and noting Z x Z x V,0 = —V,0, we find

0 0
- 2 X VZEZ + 6_2 X th) + Tvte
¢ oz (2.17)
= =V, + 2 x Vv, — jouVIT + jouz x Vo
Examining the last two terms on the right hand side of (2.17), we find
o A A A A Lo Ol A oIl n oIl
Mo VI = (RuX + Ju.§) - | X ¥ ) =X\ ) T Y (M=
ox oy ox Oy
== IJTVTH (2.18)

and

o, N A oa A .0 N ,\ 0 n 0
M2 x Vi = (RuX + §u3) <_X_w + y_w> =X (_/Jt-,_l;> +y <,U l)

oy ox

=Wz x Vi (2.19)
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Using (2.18) and (2.19) in (2.17) and noting that the a% operator and the constitutive

relations (which depend on z only) can be interchanged with V,, we have (2.17) as

D _ 06
A X V,E. +7x% Vt‘;— £V = Vi + 2 Vo, = Vojopull+ & x Vijopr (220
Z Z

Observing that V, and Z x V, are orthogonal and subsequently equating the V, and Z x V,

terms on each side of the equation leads to

00
& = —Up — ]C()/.ltH + C1 (Z) (221)
and
30
_E + ”a—z — v+ jop + Ca(2) (2.22)

Here we see the appearance of the scalar fields C; and C, from the inversion of the
transverse gradient and curl operators, respectively. Since the field recovery process via
(2.11)-(2.14) implicate the V, operator, the fields C;(z) and C,(z), which are seen to be
constants in the transverse dimensions, do not influence the field calculations and can be set
to zero without loss of generality. A more stringent condition that the potentials satisfy the
radiation condition may also be imposed, leading to the same result ( Cy(z) and C»(z) = 0).

Therefore, (2.21) simplifies to

1 06
Mo - (T N uh) (2.23)
JWH: \ 02
and (2.22) simplifies to
0D
—E, + i Vi + jou (2.24)
Inserting (2.24) into (2.15) leads to
0D
—— (VI + Jop) + — = vy + jou (2.25)
Jwe, 0z
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We can find the other two governing equations for the potentials by inserting (2.11) - (2.13)

into (2.8) and following the same method as above. This leads to

1
o--L (L) (2.26)
Jwe; \ 07
and
1 ol
—— (V0 —Ji) + == = —ve — jweb (2.27)
Jjou 0z

Finally, from (2.23), (2.25), (2.26) and (2.27), and multiplying by the appropriate factor of
either —2 or _/%’ we have the governing differential equations for the scalar potentials in

inhomogeneous media:

10 01
~ vy - 3,63—7‘” — kY =~ e+ ) — jws, (2.28)
£, 78 02 78 £,
0 106 01 ,
~ BV — py == — 0 = s, — B — jop, (2.29)
M M 02 0z My M,

For a homogeneous medium, (2.28) and (2.29) reduce to:

£ 0? ou, € ,
— S—IV,2 — % — kY = — e + g—tJez — JwEvy (2.30)
Zz Zz
’329 al
Yl £ Ry - R 1y R T 2.31)
K 0z 0z
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Lastly, we can take the divergence and curl of the transverse source current relations (2.13)

and (2.14) to obtain

N
2
Vt",et = th/te

= A
V. x Jy = —thzve

S
2
Viedwy = V,uh

= A 2
Vt X Jh, = —ZVI Vi
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2.1.1 Summary of Potentials.

The potential formulation for a uniaxial, homogeneous media can be written in a concise

operator form.

Fields:
E):E—)t_{'iEZ and H):_)t‘FiHZ
. 1
E,=VO+V,x20=V,0—%xV,0 E =—— (Viy+J.,)
Jjwe;
. 1
H=VII+V, x2y=VIl—-2xVuy H,=— (V;0— Ji)
Jjwu:
Potentials:

H:—_l (a—6+uh) CI):.1 <a—(//—ue>
Jou; \ 0z Jjwe, \ 0z

Where 6 and ¢ satisfy the coupled 2nd order differential equations:

L]l// = 5 L29 =352
=gy p Loty g
1= e, t 072 t 2 = L, t 072 t
ou, & . Oup Uy
S = — Jez — JWEV Sy = - _th JWUVe
0z : 0z .

Auxiliary Relations:

- > ~
Vt'Jet - V?ue V[ X Jet - —ZV?VE

- > ~
Viedy = V,zuh V. x Jy = —szvh

2 2
ki = w g,

It can be shown, with &, = &, = € and y, = u, = u, that these potentials reduce to those of
the isotropic case (often referred to as Aand F), although care must be taken to understand
the terms which result from the scalarization of the source currents, since vector potential

methods do not expand the source current.

36



2.2 Principal Solution

The differential equations of the previous section must now be solved. In order to do so,
we take the typical approach for linear non-homogeneous differential equations. Namely,
the solution is composed of the superposition of a forced, unbounded (principal) solution
and an unforced, bounded (scattered) solution. The appropriate boundary conditions are
then enforced on the total fields in order to find the total solution for the parallel plate
geometry. We begin with the principal solution. Since the principal solution exists in
unbounded space, we are prompted to perform a Fourier Transform. Using the generic

transform pair

a0
Forward — f(1,,z) = ﬂ f(@B,2)e Pdp (2.36)
-0
1 0
Reverse — f(7,z) = 2n) ff(zp,z)eﬁf"ﬁdz/lp (2.37)
—0

where d>A, = dAdA,, d*p = dxdy, 1, = R4, + §4,.

We can now write the equations and the operators in the single transform (Zp, z) domain
(quantities in this domain are denoted by the single overset tilde in this work, so we will
frequently drop the domain notation except in certain circumstances when it is necessary

to be absolutely clear):

&, O 2
Ll = g_z/lp — a—zz - kt
¥ 1Y 0 2
Ly=—X———k 2.38
2 m LX) t ( )
~ aﬁe & ~ .
§1 = — A Jez JWEV
0z 7
~ Oy Mt > .
Sy = 2. Jnz — jwpv,
< M
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We can transform again on the longitudinal variable z into the double transform (/Tp, ;)

domain (denoted by the double overset tildes), using the generic transform pairs

0
Forward — f@,,az) = J (A, z)e " dz (2.39)
—00
a0
~ > 1 25 .
Reverse — f(4,,2) = 7 f(A,,2,)edA, (2.40)
n
-0

and the system becomes

ZIJP = ?1 and ZQEP = ?2

T &0 0 2

Li= 4+ -k

5 M 2 12

L= T+ 22—k (2.41)
Z

l

A &= . X
_]/lzue + 8_Jez — JWEVp
b4

~ ~
~ .

N M = .=
s = jAdly — —Jh — jopVe
Z

In order to simplify the notation, we define

@:ﬁ—?@ (2.42)
Z

2=t 2.43

60 — ™ 0 ()
n

which condenses the linear operators to the form

L = /l? - /li// = (A = Ay) (A + Ay)

~ (2.44)
L2 = /13 B /156) = (ﬂz - /lz9> (/lz + /126)
Now, we have the solutions to the system of equations (2.41) as
~ 3 e + 2T, — jwed,
Y = ‘ (2.45)

2 (A=) (L + y)
L,
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and

JAcdly = BT — jouv, 046
(A — ) (A + Azp) '

1%
| S

o =

e
N

The roots of (2.45) and (2.46) represent the TE® and TM® modes of the upward and
downward propagating waves in the unbounded media. The modal relationship will
become clear later in the development. It is possible to further simplify this system,
by applying the transforms of (2.36) and (2.39) to the auxiliary divergence and curl

relationships to write

&

Vido = Viu, = jl, T = =2, — i, = = T (2.47a)
A5 A5
> T X X o~ J/_i JNh JIZ JNh
Viedw = szuh — jAp S = _/lf,”h = Up = — 32 L= ;2 (2.47b)
0
> A2 FT .2 2 = X JZ x Zp JNet JZ X /1p'-7e
Vix Jy==2V)v, = jly X Jy =21V, ==V, = 2 = e (2.47¢)
S . = ~ ~ 72 x 14 Jz 72 x 14 Jz
V% Ty = =iV R < dy = 2%, — b, = ﬂj m_J ﬂzp b (2.474d)
0

L
L

where the transverse nature of Zp is utilized in substituting J:,m for J:,,m,. Using the results

of (2.47) and simplifying, we can re-write (2.45) as

S AT B\
Yl = —— J, + d Iy (2.48)
(ﬂz - /lzw) (/lz + /la//> (/lz - ﬂzw) (/lz + /lzt//)
Similarly, we can re-write (2.46) as
N o = e\ s
o — P J, — L -J (2.49)
(ﬁz - /lz9> (ﬂz + /lze) (/lz - /lze) (/lz + /lze)
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To summarize the results from this section, we now have the principal solution to the

potentials in the (Zp, A,) domain as

S — 2 2 s 2
0’ = L Jo+ ” Jy
(ﬂz - /lzw) (/lz + /lzw) (/lz - /lzw) (/lz + Aznﬁ)
21, ) A
N s 2 e N
P /Y 0 Z
0" = * Je - * Jh
(/lz - /lze) </lz + /lzé) (/lz - /lzé)) (/lz + /lz(i)
2 g2 G 2 g2 Hip
Ay, =k e o Ay, =k " a4
2.3 Determination of Principal Green’s Functions
Note that these potentials are written in the notional form:
=G LG ), ad #=0CG+& T

2 2
The principal spectral-domain vector Green’s functions Gge, G‘Ze represent the element of

potential y?, 67 maintained by the electric current density J,. Similarly, the principal

spectral-domain vector Green’s functions G’ ” égh represent the element of potential WP, or
>

maintained by the magnetic current density J,. Now, we can use the inverse Fourier
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Transform from (2.40) to transform these back to the (/Tp, z) domain:

1 TN .
Y (A, 2) = > J WP (A, 1.)eda,
—o0
o . o .
1 = > ~ < =
- ZT JGi’e(/l/”/lZ) Je(/lp’/lZ)eM Zd/lz + 2_ JGih(/lp’/lz) Jh(/lp’ /lz)e]/l “dA
—0 %
(2.50a)
(3 1 xp JjA:Z
0" (4, 2) = 5 | ¢ (dy, A)edA

1 [z - 3

(ﬂp’ /lz) I (Zp’ /lz>ej/lzzd/lz

§-

éng é%S
8

(2.50b)

Note, the current densities are described mathematically by

b

- >

o0
h(/_ip’ ) = J ‘Te’h(/—l)p’zl)eijm/dz, - JL*’1(Zp’2/)eﬂzz,dzl
—00

>

=

=
E

J

i)

a

where the second equation takes into account the realistic physical extent of the currents,
which are assumed to exist continuously only in the region a < z < b. By the Convolution

Theorem, we can write (2.50) as
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where the dyadic Green’s functions are

- 1 ~ -2 . /
Gy (4,,2—7) = > G} (A, 2)e"d, (2.52a)
=2 - 1 S - . ’
Gy, (p2=7) = 5 | Gy, (A A)e™ 701, (2.52b)

G? (A, )" dy, (2.52¢)

)
S

Q
T
—~
.ENJ,
0
&
~—
I

Gt (1, A.)e™)da, (2.52d)

§-

b b—s b—s s

These real integrals can be evaluated using the complex plane analysis techniques described
in Appendix A. In order to evaluate the integrals of (2.52a)-(2.52d), it is important to
examine the exponential term and the implications of its form on the closure conditions
in the application of Jordan’s Lemma. Since A, is complex, we can write it in the form

A, = Re{A,} + jIm{A.} = A, + jA,im- Therefore, we can write the exponential as

ej/lz(z—z’) _ e—/lz,,-m(z—z’)ej/lz,m(z—z’)

which allows us to determine the closure conditions on the contour path of the

integral:
z—7 >0 = UHPC (i.e., A_;, > 0)

z—7 <0 = LHPC (ie., A < 0)

This closure is required by Jordan’s Lemma to ensure the integral values decay to zero as
2
R — o0 on the semi-circular contour of Figure 2.1. Now, we have GSB from (2.48) and

(2.52a):
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s
= 1 g
P - P ,j(z—2")
Gy =5 f Gh e,
—®
| T B o
_ : e/E=7) 43 (2.53)
2n L (/lz + /lzt//) (/lz - ﬁzl//) )

We see that +4,, are the two simple poles of (2.53). These are plotted in the A, complex
plane, along with the Cauchy integral contour in Figure 2.1. We can show that the positive
value of A, term from 2.42 is located in the Lower Half Plane (LHP) and the negative
value of the A, term is located in the Upper Half Plane (UHP) , which will be required for

the complex plane analysis to come. By factoring out a k; out of the square root sign, we

/12
Ay = kA [1 — =2 (2.54)
WEfly

First, we recognize that the complex permittivity and permeability can be written in the

have

form pe’?. For most real, passive materials, the w’e,u, term will have the argument ¢ as a
negative value (since the real part will be positive and the imaginary part will be negative),

which is in the lower half plane. Inverting pe’? leads to an inversion around the real axis.

2

Therefore, %"m is in the upper half plane, regardless of the sign of the imaginary part of

Zp. Negating this term leads to a counter-clockwise rotation around the origin. Therefore,

2
1 — %ﬁm will be in the lower half plane. Since the square root term will always produce

a positive real part (with the branch cut along the negative real axis), we see that the term

A/ 1 — wz/f’_#[ will be restricted to the 4" quadrant. Finally, multiplying by k, (which will

have a value in the lower half plane) will place A, = k; 4/ 1 — wz/ljﬂ, in the lower half plane.
A similar analysis shows the negative value to be in the UHP and also shows these relations

are true for both values of A.
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/lz,im

UHPC

LHPC

Figure 2.1: The complex A, plane and Cauchy’s integral contour. For reference the contour
deformation C; is around the pole —A,, and the deformation C}, is around the pole 1.
Note that the distance between the paths around the singularities are exaggerated so as to
give a better view of the overall contour path for implementing Cauchy’s Integral Theorem.

In reality, they lie on top of each other.

According to Cauchy’s Integral Theorem, for the case of z — 7 > 0, we have the
integration around the semi-circular contour in the UHP as the concatenation of the three

contours:

R
lim f + §£+ f =0 (2.55)
R—0
Cx

—R C;
According to Jordan’s Lemma and the closure conditions specified above, the third term is

zero, which, when combined with Cauchy’s Integral Formula, leads to

R
lim f . y§ - 51§ — j2nRes(f,C",) (2.56)
R—0 p

—R + C;L
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where we have introduced the negative sign in order to account for direction of contour

integration. We can determine the Green’s function from 2.56

3 A A&
& (z—7) = jon R i B /=) (2.57)
e 2\ A — Ay '

/lz: _/lzw

o | a

> A + 22

Gy (z—7)=—j—5 e (i) c.forz—7 >0
¢ 2/lz¢

Now, we proceed similarly for the z—z' < 0 case (the LHP). Again, using Cauchy’s Integral

Theorem, Jordan’s Lemma and Cauchy’s Integral Formula, we have

R N
lim J+§I§+ J =0
R—00
Cr

—R c,

0¢]
. f — _y§: —j2nRes(f,C )

1% + 32
= 1 P/ﬂ &z . /
— Gl (=)= —i2n | — | — 2= | oik(z)
A bl +
A=Ay
A N
/lpﬂ—g + Ul /
= —jp—eMW(“Z ..forz—2z<0
21y
These two cases can be written succinctly as
S /—ipsgn(z;zz )z T 2% e
G (z—2)=—j - ~e Ml 2.58
We( ) J 2/1Zl// ( )
Recognizing ngh = —éf;e and, by duality, replacing &, &, with —u,, —u, and A, with A,
we can readily write
1 Sgn(z—zz/)/lze 4+ gk
= P A U . /
Gh(z—2) = : el 2.59
9,1( ) =] 2, ( )




N

Proceeding similarly with G’ _, we find

2 x 1,1
T itk (2.60)
2,

= /
Gzh(z_z) =

-

As before, we see that (N;ih = —CN}’H’F, if, by duality, we replace A,, with A, & with —u,, and

we can readily write

5 AX/_l)jwﬂt
Gy (z—7 S 2.61
6.\ 7) = 20, e (2.61)
Z

2.3.1 Potential Principal Green’s Function Summary (in the (Zp, z) domain).

2 sgn(z—7) 4, N
. /lp an( . ) v + Zﬂ
ép (/‘1’ |Z—Z,) _ A i e—j/lwlz—z’\ _ 2p e—j/lwlz—z’\
ve\ P J 21, 2
5 .
N Jwe;
N Zx A, =
G (A7) = — Y pmidle=?| _ 2P = idylz=7|
Yn\P 2/12¢ 8w
5 .
fa JWH:
217 3 / L /lp 4 —jAp|z—7| 2p —jdglz—7]
Gae(/lpk_z) == 2/11_9 e = 8p,€
3 sgn(z—7') 4, A
2, o , ’lpg(gg)ﬂ"‘z,% Aoled|  Rp o idele|
& (A )z-2) = j—2 I
[?) P 6,
h 2/119 h

2.4 Cancellation of Transverse Depolarizing Dyad Artifact

The u, and u;, terms (which are transverse in nature) in the potentials ® and IT are not
intuitive, since they appear to be analogous to the well-known longitudinal depolarizing
dyad terms [3,5,11,21,23,40,47,57,91,93,101, 111], which are clearly seen in (2.23) and
(2.26) . These findings discuss methods of handling the source point discontinuity, when
z = 7/. The authors employ a method of dividing the source region into two regions along
the longitudinal axis, V — Vs and V. V; is seen to be a small volume around the source
point and will be allowed to become infinitesimally small as 6 — 0. For a geometry such as

that in Figure 2.2, dividing the region in such a manner causes the walls around Vs to build
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up charge, due to the longitudinal current, much like a parallel-plate capacitor, instigating
an electric field. The depolarizing terms and corresponding gap electric field offset the
resulting gap field. This offsetting field is necessary since the original continuous volume
does not have a gap field. However, for the geometry shown in Figure 2.2, these terms
are not expected in the transverse direction, since a transverse current produces no charge
buildup. Havrilla [47] has shown that careful application of the Leibnitz rule in the case of
a dielectric uniaxial material reveals a residual term that exactly cancels these depolarizing
terms. The next sections demonstrated that these terms are, in fact, non-physical (as they

are mathematically cancelled) in the present case as well.

Figure 2.2: A graphical depiction of the source point discontinuity. The integration
is performed around the source region, in order to account for the discontinuity when
z = 7. When the entire region of interest is broken up in this manner, z-directed
“gap” fields originate from the charging effect of the boundary on each side of the region

7 — 0 < z < 7+ 6. The well-known depolarizing fields (ﬁd, ﬁd) serve to correct for these

anomalous gap fields (E P ﬁg).
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2.4.1  Potential.

From the summary in Section 2.1.1, ®” can be written as:

~ 1 U
= - (i . u) (2.62)
Jjwe, \ 0z
where:
b b
0= [ & ()T + [ G- Rk e

Noting the partial derivative of  with respect to z in (2.62), we seek to move the derivative
operator inside of the integration operators shown in (2.63). Before doing so, we recognize
that differentiation under the integrand is only justified when the function (f) and it’s

derivative (f”) are continuous [49]. In our case, even though the source current and its
>

derivative are assumed to be continuous, we see that f = G, (1,|z — 2)-J.(1,|Z) is not

. . oFf . .
continuous, due to the sgn (z—2') term in the numerator. Furthermore, % is not continuous,

2
due to the |z—Z/| term in the exponential. Looking at Gy,, a similar argument applies.

However, breaking the region of interest into two subregions, as shown in Figure 2.2, leads

to a Principal Value integration of the form

b

7—
PVsz/ = lim J
6—0

a

s b
dz + J dz

z+6
Now, on each interval, we recognize that f and f’ are continuous, thereby satisfying the
requirements for interchanging the integral and the differentiation operators. However, we

have now introduced variable limits of integration. In order to solve this issue, we use a

careful application of the Leibnitz rule. This process will now be demonstrated for 55 and
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=2
Gf;h. Observe that we can now write:

~ b b
a 5 = a 2 2
W _ f G (A e~ 2)-T(A,[)d J & (e —)-Tn(d,|)de
07 0z 0z ¥
= ﬁj?l’eﬂwlzﬂl.f:(ﬂ Z)dZ + ﬁjgp e It vle=2| . J (/l )dzl (2.64)
0z ) °ve 0

2.4.1.1 G, (1,,2) Leibnitz Integration.

Following the prescribed procedure, we break the region of interest into two intervals, such
that [a,b] = (lsl_{% la,z — &) U (z + 6,b]. This is equivalent to dividing the region into two
subregions, V — Vs and V;, where, in the specified limit, Vs = 0. Thus, recognizing the first
term of (2.64) can be written such that the limits of integration vary according to z:

z—0

5 [ =2 . / =<
= gy e D Jd! ..forz>7 (2.65a)
Z J ¢
0 [ = . N
= | ane T ddd ...forz <7 (2.65b)
oz J ¢
746

In this case, we see that the signum terms and the absolute value terms take on continuous
values on the specified intervals. This allows us to apply the Leibnitz integration rule to

(2.65a). Noting z= = z—¢ and (lsirr(l) z~ = zresults in
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0z
o ol
o 02 i) g B2 ina), T
_ZI—HZ[ azgwee SR Je(Z )dZ Egg%(z o a)e e Je(Z —Cl)
1 1
0 2p (1 _ =\ = idasle—z) () — -
+ Zgwe(z=z)e W J(7 =27)
-
= — fj/lwg”e (1,)e =D ] ()d7 + ?j,’ (7 =77)J.(2) ...forz>7

a

(2.66)

2 2
Here we have assumed that the source current is continuous, such that (lsir% Jo(z—08) = J.(2).

Similarly, applying the Leibnitz integration rule to (2.65b), noting z* = z+§ and %in(l) t =1z

leads to

0
e tieo]
Z e
b
= fﬁlw?jg (1,)e" == ], ()d7 — ?f (7 =z)J.(2) .forz <7 (2.67)
Z+
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Using (2.66) and (2.67), we can write the electric term in (2.64) as

b
@ =2 . / =
é’_ 85 e HAuwl=7 - J,d7
Z e
a

b
= —jdysgn (z—2) f 2y e Ml Jodg + [?é’e(Z’ =z )-8, = Z*)] +J(2)

(2.68)
Observing the relationship
z>7 =7 = sgn(z—z7) =+1
z<7=z7" = sgn(z—z") = -1
We find the Leibnitz contribution:
2 A, A 2 A Ag,
O ‘/lpl—gjtzj—z ‘—/lpﬂ—§+zj—z 5
A R B B e vl 20
Z &
= o
=~ 00) = ()
14

2.4.1.2 éih (1,,2) Leibnitz Rule.

Following the same procedure as the previous section, we calculate the Leibnitz

contribution for the second term of (2.64) as:

. . o 7 x Zp% 7 x ij;"f’ S
~p !/ Y4 / — + Jm _ o 4 + 14 n — 0
[gw (Z=z)-g,@ =z )] (2) o o (2)
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2.4.1.3 u, Depolarizing Dyad Cancellation.

Recalling the form of Pr:

N P
QP = 1 [ai ﬁe]

jws, | 0z

b b

1 azp 2, (9:[) 2, .o

= Ja—ZG%-JedZ +J8_ZG%'JhdZ — U + U,
b

JWwE,

1 . 2, 2
T Jwg, f JjAwsen (2=2) G (A|z = )+ Je(dp, 2 )dd

¢ (2.70)
b

+ Jjﬂwsgn (z=2) Gy, (Bplz = 2) - (4, 2)dZ

a

Therefore, we see that the depolarizing dyad cancels for ®”, which is the expected result,

since we expect no depolarizing effect in the transverse direction!
2.4.2 TI” Potential.

From the summary in Section 2.1.1, T17 can be written as:

~ 1 [o6r
P = —— <_ I uh) (2.71)
Jjop; \ 0z
where:
b b
& = J G (Lplz =) Te(A, 2 )de + J Gy (pfz = &)+ In(dp ) (2.72)
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Following the same procedure as in the previous section reveals a Leibnitz contribution that
exactly cancels the u;, term, allowing us to write the expected result:

b
~ 1 25 >
I” = o fj/lzgsgn (z—7) Gy (Ap|z — 7))+ Je( Ay, 2)dZ
t
“ 2.73)
b

+ dezesgn (z=2) G} (A|z = &)+ Tu(d,, )2’

2.5 Scattered Solution for Parallel Plate Wave Guide (PPWG) Boundary Condi-

tions

Now that we have determined the principal solution in the transform domain for unbounded
uniaxial media, we will find the scattered solution inside a Parallel Plate Waveguide
(PPWQ), since this is the physical form of the tFWMT. Then, finally, we will combine the
principal and scattered solutions and enforce the boundary conditions for a PPWG. Recall
the principal Green’s function was found from the system of coupled differential equations
derived from the application of Helmholtz’s theorem to Maxwell’s equations. Due to the
presence of the parallel plate walls in the z dimension, we are only able to transform on the
transverse dimensions in this case. Therefore, the scattered solution is the solution to the

system of homogeneous forms of (2.38) (found by setting 5; = 5, = 0):

Ly’ =0
(2.74)

L6 =0
A non-trivial solution to (2.74) only exists for t/NJS and @° with A, = + Ay and A, = A4y,
respectively. Because we expect upward and downward propagating waves, we assume a

solution of the form
,:Z,S — ,:Z,"‘e_j/lzwz + J_ej/lrwz

(2.75)

0 = gre et 4 g el
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Then, we can express the total potentials as:

U=gF g =g+ gte IR el (2.76)

D2
Il
S

+ 'és — 6 + §+e—j/lzﬁl + a—ej/lzﬁZ (2.77)

where lZ*, lz_, g+ and 6~ are the unknown scattering coefficients, which can be found by

applying the appropriate boundary conditions.
2.5.1 PPWG Boundary Conditions.

Since the walls of the PPWG are assumed to be PEC, the boundary conditions are enforced
on the tangential electric fields, which will in turn give the appropriate boundary conditions
for the potentials. It is assumed the walls of the parallel plate waveguide lie in planes of
constant z. The walls of the parallel plate are assumed to have infinite conductivity (PEC).
For such a material, the boundary condition is 72 x E = 0, or E)t = 0. Enforcing this on our

form of the tangential electric field leads to:
E =V®+V,x20=0 (2.78)

It is important to remember that the boundary conditions are imposed on the toral fields,
thus the boundary conditions must be imposed on the fofal potentials. Since the potentials
are based on Helmholtz’s theorem, they are independent and therefore must independently
satisfy the boundary conditions. This leads to four equations for our four unknown

scattering coefficients:

=0 jwe 0z

g =0 (2.80)
z=0

R <W@=®_%&:®>:O (2.81)
=d  Jw& 0z

i -0 (2.82)
z=d
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Now, we can apply these boundary conditions to find the total Green’s function. In the
process, we have inserted reflection coefficients (R¢,1_3¢,R9, E;) in order to keep track of
the terms. This might at first seem unnecessary, but will provide a very useful physical
interpretation of the final solution. Additionally, we note that the integration limits z| and
7, are used to derive generalized expressions and will eventually be replaced with values

that represent the actual extent of the system.

o @ atz=0
~ 1 oy .
() =0= - [a—l// — ue]
z=0 Jwe: < z=0

[ogr o

O=|———u.+
0z ! 0z ]
L z=0
[ 2 2
6;)p ¥ r‘5;}10 ¥ o Tt Ay = LAyt
0= a_ZGl//".JedZ + a_ZGwh'JhdZ _]/12(/,!# e i +]/1z¢/¢ e’y
J

| 7] 4 =0

[ A z
0= |—jdysgn(z—2) féf; s Jod? — jAysen (z —7) Jéih < Jud?

| Z g

_ jﬁzwlZv“e—jﬂsz + j/lzwlz_ejﬂz"’z
z=0
Vo

P 4 )
0= JG’;((Z = 0)-J,d7 + Jéi (z=0)-Jud? —* + 4~

g 7

v, v,
U =RV, + Ry — R, = (2.83)
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o ®atz=d

~ 1oy -
(0} =0= - [a—w — ue]
=d Jwe | o 2=d
A A
0= |—jly f sgn(z—7') 55 cJod? — jay J sgn (z —7) 55/ - Jud?
3 4
— Al eI A e
z=d
Z Z
0=— J Gh (z=d)-J.d7 — Jé’{;h (z=d)-Jydd — gte o 4 el
g g
2, %
0=—e wdjgj (z = d)e’™™ - J df — e 7 Jgj, (z = d)e™% - J,d7
4 Sl
l//+e—j/ll/,d + w—e‘]/llpd
vy
0= — & = e Tt = [ 8 (c = g G i 4 e
Z 7
v, vy,
U~ =R,V e P L Ryyte P SR, =1 (2.84)
e 0atz=0
% %
i —o- f G -Gt + j G - Gudd + e 4 G
z=0

/ /
< < 7=0
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~

A A
0= [ e =0Tz + | Gz = 0)-Gra 43 + 7
4 4
v, v

0" =RyV, + R~ — Ry = —1

/ /
2y 2

/ /
2y 2

+ @t e g pited

e N
/ /
2z Z

— 0 — fgei (Z — d)ej/lzezle_j/lzﬁd.‘]’:dzl + J‘g’;:l (Z — d)ej/lwzle_j/lﬁd.

Jyd?

(2.85)

0= J 20 (2= d)er - Jodd + f g0 (z = d)e™ - JydZ +07 + e

e

Z] 7
- > L. >
v Y
+ +
Vﬂg Vﬁh
0" =RyV e P + Rt e P! - Ry = —1

(2.86)

Now that we have applied the boundary conditions, we seek the unknown scattering

coeflicients. Substituting (2.84) into (2.83), we find:

~ Rlle; + Rwl_{pVJe_jM’wd

1-— RwI_Qwe_jZ/lw’d

Substituting (2.83) into (2.84), we find

D + ,—j24yd ) — ,—J2Ayd
. RVye P4 RR,V, e

1-— R¢I_€¢e*fz’1wd
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Similarly, substituting (2.86) into (2.85), we find

~ RQV(; + RQEQVge’jde

0" —
1— RgRge_jz’lzgd

Finally, substituting (2.85) into (2.86), we find

5 RV, e P 4 RyRyV, e~ 2404

1 — RgRge_jZ/lzgd

2.5.2 Scattered Solution Summary.

1//S _ t/ﬁ e St + Y PR Q5 = gteJAuwz 6 PR

D Yyt ,—jRAyd D Y- ,—j2Ayd
vawe Ty +RwaVw€ Jetay

- ) —j2Ad
~, _ RWV’# +RwaVI;€ Tt

1 — Rwﬁw@ijz}ﬂ/’d

d
Vi =V, +Vy = | 80 (z=d)e’™ - JdZ + f 20 (z = d)e’™ - J,d7
0

1— R,ﬂﬁ,peijzk‘/’d

5 RyV, + R4RyV, e= /¥t - RV, e i24nd | RyR, V¢~ 24nd
1 — RyRye—72%ed 1 — RyRge—i240d
R,Ry,=1 and  Ry,Ry=—1
d d
V(; - Vl; + Vl;h - ngl/i(z — O)e J Az j(;dz/ + Jgfh(z _ O)e_j/lwzl'.fhdzl
0 0

d
VJ _ Vg: + VH:, _ g;’ (Z — O)e—j/lzez’ '-]Nedzl + Jgelj (Z _ O)e—j/lzez/ '-i;1dZ/
0
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Here we have changed the integration limits from a > 7/ > b tod > 7' > 0 in anticipation
of the physical geometry of a parallel plate system of width d. The next step is to expand
the solutions found above and evaluate the scattered potentials. This will allow us to

subsequently find the total potentials.
2.5.3 * Potential.

We can find the scattered potential l/NIS by substituting in the scattering coefficients and
simplifying.

~

'7[’5 — J-‘re—j/lg.pz 4 J—ej/lwz

RV, e 4R R,V e vt 4 R,V e w472 4 RyR,V, e~/ (2d7)
_ v a2 vy (2.92)
1 — R,pre J24d

Since Vl; and V(; both contain electric and magnetic terms, we break glN/ into those two

separate terms, for convenience. Therefore, recognizing = ¥, + ¢, we can write

RV,

6’,

e —jAdwz +R va+ })e—j/lw(Zd—&-z)

Vien) =
(eh) 1 — Rwae—Jde

+R,Vy e B L RyRV, o2

1 — Rwa@iJz}Wd

‘ ' / 5 = . )
J Rl,,gw(eh) 7= 0)e Mt 4 RyRy8y., (z = d) e~ (2d+z=7)
0 1 — Ry R e 2l

+ I_e””gi%h) (z = d)e Mo Cd=7) 4 wa_ewgw(e,m (z = 0)e uw(2d—z+2) } 2

. /
1— Ripﬁwe*ﬂﬂwd Jrendz

(2.93)
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We can now step back from the mathematics for a moment and compare (2.93) with the

expected physical result.

z=0
Figure 2.3: A visual representation of the terms given in (2.93). The terms represent waves
that are reflected from the top and bottom of the parallel plate. The path r; represents the
first term, path r, represents the second term, path r; represents the third term and the path

r4 represents the fourth. The principal solution is also shown on the far right.

From Figure 3.1, we can see that there are 4 distinct possibilities for a wave radiated in a
PPWG. The first is a wave that originates at z = 7/, then propagates downward from the
source and is reflected off of the bottom plate, then observed at point z. This is represented
by the path r; and corresponds to the first term in (2.93), as it contains the appropriate
reflection coefficient, R, and the appropriate phase shift in the exponential (z + z’). The
second possibility is a wave that originates at z = 7/, then propagates upward, reflects
of the top plate, then the bottom plate and is observed at point z. Accordingly, this is
represented by path r, and corresponds to the second term in (2.93), as it contains both the
R, and Ew reflection terms and the appropriate phase shift in the exponential (2d + z — 7/).
The third possibility is a wave originating at z = 7/, which propagates upward, reflects
off the top plate and is observed at z. This is represented by path r; and corresponds to

the third term in (2.93), which contains only the reflection coefficient from the top plate
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and the appropriate phase shift in the exponential (2d — z — 7’). The last possibility is a
wave that originates at z = 7/, propagates downward, reflects off of the bottom plate, then
the top plate and is observed at z. This is represented by path r, and corresponds to the
fourth term in (2.93), as it contains both the top and bottom reflection coeflicients and the
appropriate phase shift in the exponential (2d — z + 7'). Finally, the principal solution is
shown as the path p, and is seen to be the direct path between the source and observation.
Therefore, we see that the equation we have obtained at this point is in complete agreement
with the physically expected situation. In this discussion, we have only considered the
four fundamental cases, but the poles in the denominator implicate an infinite sum of this
fundamental wave set (since A, contains /lﬁ =2+ /li, which will be reverse transformed

into the spatial domain using a double integral from —ao0 to 20).
2.5.4 6" Potential.

Now, we turn our attention to the 6* potential, using the same procedure we used for the e
potential. We can find the scattered potential 6 by substituting in the scattering coefficients

and simplifying.

0° = gte it 4 g it

RV, e/t + Reﬁevge—jﬂzo@dﬂ) + Rnge_”f-"(z"_Z) + Rgl_?gVe’e_ﬂze(Zd_Z)

1— R@Rg@fﬂﬂzyd

Since V, and Vg both contain electric and magnetic source terms, we break 6 into those

~

two separate terms, for convenience. Therefore, recognizing 8 = 6,46, we can write
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RyV, e ik 4 RGRBV; e A6(2d+2) | I_QQV€+ e J6(2d—2) | RQFQV; e~ J10(2d—2)
’é’s o (e,h) (e.h) (e.h) (e,h)
eh T

1-— RgRge_ﬂ/lzgd

d =2 . / — =2 . /
_ f R9g9(e,h) (Z — ())e—J/lze(zﬂ) + RHRé)gé)(e,h) (Z _ d>e—j/120(2d+z—z)
5 1— Rgﬁge_jz/lfgd

I_?egee,h) (z= d)efj’lw(zdﬂ*zl) + Reﬁé’gzﬁ’(e,m (z= O)eiﬂw(miz“/) .f d7
+ 1 — RyRge— /2 "

d
= Jé%ﬁ) "T(Eyh)dzl
0

(2.94)

which is seen to conform to a similar analysis as the (/N/S potential.

2.6 Total Green’s Function

Now that we have found the scattered potentials, we can work towards a total Green’s
function and, finally, the electric and magnetic fields. We begin by combining the principal

and scattered potentials to find the total potentials.
2.6.1 1, Potential.

The total potential, i, is

Jd {G (1= ReRse20) & Ry (2 = 0)eH3) 4 RRF) (c = dpe ot
0

1 - R,ﬁﬁ,peijzk‘/’d

1_e¢§’;e( — d)e it(2d—7) 4 R,pﬁ,p?je (z = 0)eHw(2d—2+2) .fdz'
1-— R,J,Ewe_jblwd ¢
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which, after some algebraic manipulation using the Euler identities and letting R, = Ew =

1, can be written as

d (2, . o 5 - . . 5 o /
N J'{g;;ej/lzw(d lz—2']) _gl;eRwae JAzg (d+|2—7)) +852(Z — 0)e JAgg (—d+z+7')
e =

J2sin (A,,d)
0

gl/i( — d)e—jﬁw(dﬂ—i) + ?58 (z = d)e—j/lw(d—z—z/) + gfe (z = O)e—j/lzw(d—zﬂ’) .fdzf
Jj2sin (Ad) ¢

(2.95)

2.6.1.1 ., Potential.

From the form of the Green’s functions for J given in 2.3.1, we see that it is possible to
examine the longitudinal and transverse parts of the total potential separately, such that

tze = &et + IZ/eZ. We will first investigate the transverse portion:

2p = jsgn(z—7)
'//et - P 2/13

Using this equation, (2.95) becomes

5 j’ ( i, ) {Sgn (z — 2) eld=l=l) _ gop (7 — ) e~ @+l 1) — pmidu(~d+z+2)
et —

22 2sin (A d)
0

+

e wld+i=7) | omjdy(d—2=7) _ o= jdy(d—2+7) 2
. -Jedz
2sin (A,,d)

(2.96)

While we have now found the total Green’s function, we anticipate a solution representing
standing waves in the PPWG geometry. We can use the Euler identities to find such a
representation of ¢,,. Due to the |z—7/| term, we must investigate two cases: z > 7' and

7<7.
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e 7>7 = |z—7|=(z—7)andsgn(z —7) = +1

l; _f Zp pila(d—2+7) _ p—ile =) _ pidw(d—2=7)
“ 222 2sin (Ayd)

0

el dH=T] | pmjdy(d—1=7) _ p=jdy(d—+T) ) 2
+ ; 4
2sin (A,d)

> J ) )sin(yld—(z=2)]) =sin(Ay [d—(z+2)]) | 2
(_ ) { sin (yd) } Jedz

2.97)
e 7<7 = [z-7|=—(z—7)andsgn(z—7) = —1
- d Zp _ej/lzw(d'i‘Z—Z/) +W_ e—j/lz,/,(d—Z—Z/)
- [ |
J 242 2sin (A,d)
_|_e*j/lzlll(d+zfz/) _|_ eij/lllﬁ(dfzle) _ p—ida T2 ~4 ’
-J.d
2sin (A,d) .

s —sin (Ay [d + (z—2)]) —sin(Ay [d - (z+2)]) | =,
(—Apﬁ) { § sin (1yd) v }'Jedz

We can write (2.97) and (2.98) concisely as

S f ) [ sen D) sin (A [d—[z=2[) sin (A [d— (D | ¢,
l/’et = f( ) { } JedZ

J a2 sin (A,d)

(2.99)
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2.6.1.2 .. Potential.

Now, we turn our attention to the longitudinal portion of . From Section 2.3.1, we

have

/:)./p A jgl‘
$u. = ")
Zlﬁgz

Using this equation and again converting to a standing wave form, (2.95), becomes

d
o= | (o) { e ) } Jae
2/7'2{//82
0

sin (A,d)

(2.100)
2.6.2 y, Potential.
Examining the form of Ejh
2p Z x /Tp Jwe;
= —— 2.101

5
we see that there is no longitudinal part. Therefore, the exponential part of g,, will be in

the same form as (2.95). This allows us to relatively easily find

th _ fd (_2 X Zpa)81> {COS (ﬂzw [d— |Z —Z/H) + cos (ﬂzw [d— (Z +Z/>])}.J;;dz,

22,422 sin (A,d)

0

(2.102)
2.6.3 56 Potential.
The total potential, 0, is
6, = 67 +6° (2.103)
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+

-

1-— R()Rge_ﬂ/lz"d

Egzg’: (z = d)e—j/izg(Zd—z—z') + RHRngéZ (z= O)e—j/lzg(Zd—z-&-z')

1-— RgRge_jZ/llgd

0, =

} - J.d7

which, with Ry = Ry = —1 and some algebraic effort, can be written as

0

- =
=

e e

~ Jd' gf;iejﬂw(d*k*z") — Ealzej/lze(df‘Z*z/D _ ngi(z _ O)ej/lw(d*Z*Z,)
J2sin (Ad)

J2sin (Ad)

Examining the form of Eef from 2.3.1

2p

gge =

we see that there is no longitudinal part.

sinusoidal form, we find

Z x Zp Jwu,

22,022

B0 (¢ = dye Pdrd) 30 (g = d)eield—d) | FP (= ) Hald ) }

=
.Je

d7

fd{{;g (1 _ Rel_eee—ﬂ/lzed> + Rﬁgepe (z = O)e—j/lze(z+z') + RHE?;: (z = d)e—jaze(zdﬂ—z’)
0

(2.104)

(2.105)

Therefore, using (2.104) and converting to

20,022

sin (/lzgd)

- J.d7

2.6.4 5;, Potential.

(2.106)

As with ¢,, we can examine the transverse and longitudinal parts of the total potential

separately, such that 5}1 = 5}” + 5hz.
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2.6.4.1 0,, Potential.

We will first investigate the transverse portion. From Section 2.3.1, we have

2p _ 7 jsenz—2)
T PTp

Using this equation and noting that the 0, potential will have a similar form as (2.104), we

have

~ e J 0\ ) sen (z=2) sin (A [d—[z—=Z[]) +sin (A [d—(z+2)]) | 3
e = of (/1 >{ sin (A,d) } Iz

(2.107)

2.6.4.2 0, Potential.

Now, we turn our attention to the longitudinal portion of 6. From Section 2.3.1, we

have

Using this equation and the form of (2.104), we have

200, sin (Ad)

5[yt ) [eosUald— =) —cosuld—+ D) =,
ehz_oj( ){ }Jhdz (2.108)

Examining the form of the Y and 5potentials (conveniently summarized in the next section),
we see that duality could almost be used to obtain one from the other. However, it is
important to note that, while duality holds for the principal portion of the Green’s function,
it breaks down for the scattered portion. This makes sense, as, for a full duality case, one
substitutes £¢.;) <> —f(z) JZ > —fh, Ay <> Ay and exchanges PEC boundary conditions

for PMC. For our parallel plate case, all of these substitutions can be made, except for the
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PEC to PMC substitution, since it woud not satisfy the physical problem. Therefore, the
reflection coefficients (R, R) for the scattered Green’s function pick up a negative sign. We
see this in the summary, where the second sinusoidal term is oppositely signed between
what would otherwise be dual cases (e.g., EZtHé:Zt’ etc.). This will be an important

consideration when working through the direct field method in the next chapter.

2.6.5 Total Potential Summary for lZ and 0.

lZZ@ﬂLth:lZeHrJezﬂLth

J sgn (z—2)sin(Ay [d — |z Z[]) =sin(Ay [d - (z+2)]) | =,
(‘ mz) { T (Azyd) : }"’e"z

—Z
22, sin (A,d)

20,422

/
b - Ofd ( & ) {cos (A [d — |z —Z]) + cos (Ay [d — (z+Z)]) } -fedz’
of sin (A,,d)

(_2 x prsf> { (Azy [d = |z = 2']]) + cos (A [d = (2 + 2))) } Gay

~

5:55+5h:5e+5ht+9hz

d >
oo | (1) femtdald == ool =20 ).,
‘< 2022 s
0

sin (lwd)
d
Nhr = J
0

5 [ (ot [eostald— =) —cosuld — @+ D)) =,
th = !( ) { sin (/lzgd) } JhdZ

1L
P22 sin (A4d)

0

(9 ] > {Sgn (e — &) sin (L [d — |z — 21]) + sin (Asg [d — (”Z/)])}'ﬁdz
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Therefore, we can write the Green’s functions for the potentials ¢ and 6 as:

N

d d
U=+ Uy = f Gy, (2l2)Jo(2)dd + Jéwh (z|2) - Jn(2)dZ
0 0

= 2 2
Gy, = Gy, + Gy,

2 > sgn (z —2')sin (Ay [d — |z — Z[]) — sin (Ay [d — (z + 2)])
sin (A,,d)

-7
2€; sin (A,d)

(
2 < & ){cos(/lw[d—]Z—Z’H)+COS(/1z¢[d—(Z+Z/)])}

& 2 x Lws, \ [ cos(dy[d—|z—2|]) + cos(Ay [d— (z+2)])
e 22,2 sin (A,,d)

-

d d
0=0,+0, = JCNJ(,L, (z)J.(2)dZ + Jégh (2l2) - Ju()d7
0 0

=2 = =4
Geh = Gght + Gehz

2 [ 2x Lowp, \ | cos (Ag[d — |z —2|]) — cos (A [d — (z + 2)])
T 22 sin (Azpd)

A
oy sin (Ad)

2 (9 L) {sgn (z—2)sin (A [d — |z —Z|]) + sin (A [d — (Z+ZI)])}

e _(2 s ) {cosuze[d—|z—z'|]>—cosuza[d—<z+z'>]>}
sin (Ad)
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2.6.6 Ti(1,,z) Potential.

Now that we’ve found the total potentials ¢ and 0, we can directly calculate II and .

Recall the form of I1 from (2.73):

d d d
~ 1 0= = , 0 = 2, 0 = 2,
M= —- _Gﬁe 'JedZ + _Gem 'JhdZ + _G0h7 'JhdZ (2109)
jou, 0z 0z oz "
0 0
Therefore, we see the Green’s functions for the potential 1 are:
2 1 58
G, = ———=
' Jjou; 0z

2 2 2 1 Gy, 1 0Ge,
Gu, = Gn,, + G, = — n i
l_[h Hht th ]wﬂt (’}Z ]CU,U; (/’JZ

In order to express these Green’s functions explicitly, we need to calculate the partial
derivatives of the Green’s functions for 6. Due to the absolute value and signum terms,

we again must look at the two cases z > 7/ and z < 7.

2.6.6.1 T1,(1,,z) Potential.

2 1 G
Gn, = ————"
Jwp; 0z
1 g Ix prﬂz cos (Ay[d — |z —7Z|]) — cos (Ap[d — (z + 7)])
Jwu,; 07 24942 sin (Ad)

) <*2/lze)i2>s<ii/z;zed>> aﬁz{cos (A [d = |z = Z[]) = cos (L [d — (z + 2)]) }

Since the cosine terms are the only terms that require differentiation, we will examine them
seperately, noting that the |z — 7’| term requires examining the two possible cases z > 7’ and

z<7.

e 7>7 = |z-7Z|=(z—-72)

a% [cos (L [d — (z — 2)]) — cos (A [d — (z + 2)])]

= Asin (A [d — (z — 2)]) — Agsin (A [d — (z + 2)])
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e 7<7 = |z-7|=—-(z2—-7)
6% [cos (Ap[d + (z —7)]) —cos (A [d — (z + Z)])]

= —Apsin (A [d + (z — 2)]) — Awsin (A [d — (2 + 2)])

These two results can be written succinctly as:

sgn (z —7') Asin (A [d — |z — Z/[]) — Awsin (Ag [d — (z +7)]) (2.110)
Therefore:
& X J4\ | sen(z—2)sin (A [d — |z —2|]) —sin (A [d — (z + 2)])
e 222 sin (Ad)
Q.111)

2.6.6.2 Tiy(1,,z) Potential.

2
Using this same method, we can also find G, .

2 1 6§9h,
e _jwﬂta_z
_ L2 </T L) {sgn (z—2)sin (A [d — |z —7Z|]) + sin (A [d — (2 +z’)])}
Jjowp, 0z \ 242 sin (Ad)
= -1, ! 2[sgn (z—2)sin(Ay[d —|z—7Z|]) + sin (Ag [d — (z+z’)])]
22wpsin (Ad) 0z Z :

Again, we must investigate the two cases where z > 7’ and z < 7’ for the sine terms, leading

to:
2 - A Agld+ |z —2]) + Agld — (z+7
22wy sin (Ad)
2.6.6.3 Tl,.(1,.z) Potential.
Using this same method, we can also find 69,”_.
Gy —at |5 (2= 2)sin(yld — o= Z])) —sinf{dold = G+ 2D || ) 5
© 2w, sin (A4d)
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2.6.7 ®(1,,7) Potential.

Recall the form of ® from (2.70):

d d
~ 1 0= 2 0= 2
o = J ¢ Gy, < Jyd7 + J—Gw . - J,d7 2.114)
&t
0 0

Jjw 0z

= o 1 aGll’h
o, = —_

" jwe, 0z

= > =

_ 1 (ﬁw(”r 106,y
B Jjwe; 0z jwe; 07

In order to express these Green’s functions explicitly, we need to calculate the partial
derivatives of the Green’s functions for /. Due to the absolute value and signum terms,

we must again consider the two cases z > 7/ and z < 7.
2.6.7.1 (Tbh(zp, z) Potential.

Using the same methods as the for the I potential, we find:

G, - (Z - ﬂp) [sgn(z—z’) sin (A [d = |z = Z|1) + sin (A [d — (. + 2)))

222 sin (A, d)
(2.115)
2.6.7.2 ®,(1,,7) Potential,
In a similar fashion, we can also find (z}%.
é% _ </Tp 2/1/;28[) [cos (A |d — |z — z’sli]rz (:lzjjc;s) (Ay [d — (z+2)]) (2.116)
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2.6.7.3 ®,(1, z) Potential.

Finally, we find &,, as:

(2 j ) sgn (z —2')sin (A [d — |z —Z/|]) + sin(Ay [d — (z + Z)])
2we, sin (1,d)

(2.117)
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2.6.8 Summary for Potentials T1(1,,z) and ®(1,, 7).

~u
QU
N\
+
O%Q‘
Qu
=
S
X
[
o%&
Qu
=

d d
T+ j G- e + J G Tud?
0 0

sin (ﬂﬁd)

& _ (_2 x j@,) [sgn (z— ) sin (A [d — |z — Z|]) — sin (A [d — (z+z’)])]

cos (Ag|d — |z —7Z|]) + cos (Ay[d — (z+7)])
sin (Ad)

2 (i j > [sgn (z—2)sin(Ag[d — |z —7Z|]) — sin (A [d — (z + z’)])]
¢ sin (Ad)

=k

I
o%&

Qu

2

S

QU

N\

+
O%&

Qu

i)

~u

X

I
S0 o

Qu

5

Su

X

_l_
S

Qu

&

~u

X

+
O%&

Qu

5

~u

X

sin (ﬁzwd>

2 ( x ﬂp> [sgn (c = 2)sin (Ao [d — [z = 2[]) +sin (A [d — (2 + z')])]
( sin (A,d)

Ay ) [cos (Aey [d — |z = Z[]) — cos (A [d — (2 + Z’)])]

2 N _sgn (z—2)sin(Ay [d— |z —7Z|]) +sin(Ay [d — (z+ Z)])
- ) |

0

= 1 [ 2 -7 3
Guaom = mj Gyoome ™ d’ A,

J
0

2.6.9 Field Recovery.

Now that we have determined the spectral domain potentials 1;, 5, I and &), the final step in

the potential method is to recover the fields. Recall the electric and magnetic fields can be
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determined by:

E - E_')[ + iEZ
5 =V0—-2xVe and E =-—— (Vy+J,)
Jwe;
ﬁ == ﬁ[ “I’ 2HZ
and  H,=—— (V70— Jy,)
Jw;

ﬁt:V[H_QXV[l//

Using the transforms of (2.36), we can write these equations in the single transform domain

(4,,2):
2 o~ oo ~ v
R R (—pr+ Jez>
H - iifl—2xjlg H - (—/125—J~>
t = J4 JAY * = Tou, p hz
2.6.9.1 Electric Field.
We start with the electric field:
E=E, +2E,
= ~ 2>~ ~ 1 27y ~
= jAd,® —Z x jA,0 — Zja)sz <—/lp¢ + ez)
R
= jA,® —Z x jA,0 + — 1z
Jwe, Jwe,

(2.118)
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We can expand this representation using the Green’s functions representations for ®, 0, and

W, then group the electric and magnetic source terms together to find:

G~ee

d ;7T % ~
2 5 2 5 2 5 2 /lﬁ =2 /lﬁ =2 1 2
E = J‘ -] de)et + ] pG(Dez - 2 X ]/lpGee + 2 . GWer + 2 . Gwc” - 22 e

; Jwe, jwe, ¢ Jjwe,
0
45 = 5 2 45 = /lz =2 2
+1J PG‘Ph —Zx J/?’PG% —Zx .]/lPGQh +z WE Glﬂh; “Jn dzl
) JwE;

(2.119)

It is worth examining the final form of (2.119) in order to reconcile the mathematics with
the physically expected picture. The Green’s functions are expanded into components in
Appendix B. From these, we see éee is a dyad of full rank. This is completely intuitive,
as Eee describes the electric field maintained by an electric current. In this case, we would
fully expect electric fields with vector components in every direction. However, we would
not expect the electric field to have a Z component if it were maintained by a Z-directed
magnetic current. Furthermore, the electric field contains a depolarizing term, the ZZ term,
which is only required in the case of an electric field maintained by an electric source
current, since a magnetic source current in any direction would not produce any electric

charging on the walls of the the Vj cavity.

Examining G., in the same way, we see there is no depolarizing term in the Green’s
function for an electric field maintained by a magnetic current, which corresponds exactly
to the physical picture. These results provide remarkable physical insight into the

mathematical results and confirm our intuition about the problem.
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2.6.9.2 Magnetic Field.

Using the same procedure as with the electric field, we will now recover the magnetic

field.

G(slw
=2 a T =2 /12 - = - 1 -
H:J jA,Gn, — 8—2—Gg, — 2 x jA,Gy, —2 x jA,Gy. | -],
{ [ P oo, 1’ 1’

0

5 R 5 R R A2z ~ /lﬁ 2 1 2|
+ | j4,Gn, + jA,Gn,, —Z x jA4,Gy, — Gy, — 2——Gy, — 22— Jn pdz

JWH: JWH: JWH:
ghh

(2.120)

Looking again at the components shown in Appendix B, we see no Z term in the magnetic
field maintained by an electric source, but we do see a depolarizing term in the magnetic

field maintained by a magnetic current. This is exactly the expected behavior, based on our

analysis of the electric field.

77



2.6.10 Total Field Green’s Function Grand Summary.

d d d d
E = J Eee J;;dz' + J Eeh J_;ldz I?I = J Ehe Jidz' + J é:hh JN_;,a’z

0 0 0 0
< SR SR SR 2 2 2 1
Gee= jA,Go,(2l7) + jA,Go,.(2|7) — & x jA,Gy,(2l2) + 2—=GCy, (2]2) + 2—=GCy, (2l) — 22 P
< 2 2 2 Zflz Z Z
Gon= jA,Go,(2|7) — 2 x jA,Gg, (2|2) — 2 x jA,Gg, (22) + & ’; Gy, (zl7)
< 2 A2 2 =2 Z;»
Gre= jA,Gn,(2l7) — 2 o O (@) — 2 .Gy, (2l2) = & x j1,Gy..(2l2)
< LR 2 LR 2 o 2 2 1
Gu= jA,Gn, (z|7) + jA,Gn, (z|d) — 2 x jA,Gy,(2d) — 2 ZG@,” (7)) — 22 ZG@,,Z(Z|Z,) — izja)/lz
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G = <_2 X jﬂ') [Sgn (2 — ) sin (A [d — |2 — Z[]) — sin (A [d — (Z+z’)])]

2/]% sin (ﬂzgd>
é _ (3 Az cos (A [d — |z —7Z|]) + cos (A4 [d — (z+ Z)])
M =\ 7 222w, sin (Ad)

2 (z j ) [sgn(z—z’) sin (A [d — |z — Z|]) — sin (A [d — (z+z’)])]
sin (A,d)

2xA,j\ |sgn(z—2)sin(Ay[d— |z —2|]) +sin (Ay [d — (z+2)])
sin (A,d)

sin (A,,d)

j sgn (z —2')sin (A [d — |z — Z|]) + sin (A [d — (z+ Z)])
sin (A,d)

&, ( Ay ) [ (Azy [d — |z = 2'[]) = cos (A [d — <z+z’>]>]
(

j ) [sgn (z—2)sin(Ay [d —|z—Z|]) —sin (Ay [d — (z +Z/)])]

Cu = <_ﬂp2_ﬂ,% sin (Ao d)

& _ (s €08 (dy [d — |z = Z/|]) + cos (Ay [d — (2 + )])
e 22 8; sin (A,,d)

(z; B 2 x Lwe, \ | cos (Ay[d— |z —Z|]) + cos (Ay [d — (z + 2)])
" 2044, sin (A,,d)

2 (_2 X pr,u,) [cos (A [d — |z —7[]) —cos (g [d — (z + Z/)])]
sin (A,d)

L ) [sgn (z— 2)sin (Ag[d — |z — Z|]) + sin (L [d — <z+z’>]>]
sin (A,d)

G <z Ha ) cos (A [d — |z — 2/|]) — cos (A [d — (z+ 2)])
sin (A,d)
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2.6.11 Physical Interpretation of Green’s Functions.

We can now take a step back from the mathematics to examine how our results compare
with the physically expected results. This follows quite naturally from our potential
development. First, we recall (2.6) and (2.7), which are the transverse and longitudinal

parts, respectively, of the expanded version of Faraday’s law:

0

5_2 X Ez = _‘]—;ll‘ - jwﬁt'ﬁt
Z

_2 X VZEZ +
and
V, x E, = —2Jy, — jwuH,

We can further expand these expressions using the auxiliary functions in (2.13) (which

arise from the transverse current sources) and the definition of the Hertz potentials found

in (2.11), (2.12),(2.13):

E = Vd —2xV,0

Ir

H, H,
= A
Jw = Vi, —Z x Vv
——  —
Thi Thiy
First, however, we note that the Hertz potentials and auxiliary functions are nothing more
than divergence-free and curl-free components to the fields and transverse current density,
respectively. This is in keeping with the distinction made in [24], where it is found that
transverse fields and sources may be composed of a lamellar (diverging)-only component
and rotational-only component. We denote the transverse lamellar components by the

subscript #; and the transverse rotational component by the subscript z,. We can now write
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(2.6) as:
. J .
—ZxV,E, + 8_1 x (VO —2ZxV,0) =
Z

— (Vo — 2 % Vov) — jowp,s (VIT—2 x V)

or

0 0
—ZXVE, + —ZxV®+ —Zx (-ZxV,0) =
0z 07

_V[uh - <_2 X VIVh) - ja)ﬁ['vtn - jwﬁ[' - 2 X th//

Equating the Z x V, terms and the V, terms, we have two new equations:

Ey, iy H,
0 — — - ——
-2 x V,E, + a—i x Vi@ =—(—2Zx V) —jou; (-2 x V) (2.121)
<
0. N . e
07 ~— ~—— ~——
EI ﬁ[l ‘]_;1T[

',

From (2.121), we see that a fhz, source maintains £, bj,[, and I—Zr. From (2.122), we see fht,

maintains ﬁ,r and ﬁt, fields.

In a similar manner, we can write the longitudinal portion of the expanded Faraday’s law

(2.7) as:

Vf X (Vt(D - 2 X Vl‘0> = _ijhz - ijwllZHZ

V. x V@ +V, x (=2 x V,0) = —2J,, — Zjowu.H, (2.123)
0 Ezr
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From (2.123), we see that J,, maintains E,r and H.. The field components maintained by a

given current type can be summarized as follows:

EZ - -
- - Etr Etr
I, — E_)t] Jhtl — Jp, — (2.124)
ﬁtl Hz
H,

Performing a similar analysis on Ampere’s law (or, by duality), we find:

H,

> > Htr Htr

Jo = H, Ly — o — (2.125)
R Et/ Ez
Etr

Let us now see if we can make sense of these dependencies, taking as our basis the
relationships found in (2.124). It is clear that J,, should produce a transverse rotational
electric field (E) ;) and a longitudinal magentic field (H,). However, the fields maintained by
fm, and fht, are not immediately intuitive. Figure 2.4 demonstrates how these dependencies
arise. Figure 2.4a shows a traditional view of the radiation pattern of a general loop of
constant current [10]. Figure 2.4b shows a simplified view of this radiation pattern for a
loop of constant magnetic current, including the direction of the current flow and field lines.
We first note the intuitive H, field rotating in the opposite direction of the current. Also,
it is well known [10] that the direction of maximum radiation for a current loop in this
configuration is in the z-direction. Therefore, we note the presence of the E, field. Finally,
we see an electric field diverging from the origin. This field gives us pause, but a further
investigation reveals the meaning. Figure 2.4c shows a view of the Figure 2.4b from the
—z-direction. We see the diverging field lines in this transverse plane appear as a lamellar
electric field (E,l)! Therefore, we have shown how a transverse rotational magnetic current
maintains a transverse (counter-) rotational magnetic field, a z-directed electric field and a

transverse lamellar electric field.
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The transverse lamellar currents may be examined in a similar fashion, as shown in Figure
2.5. Figure 2.5a shows how a diverging lamellar transverse magnetic current leads to a
transverse lamellar magnetic field and a curling electric field. When viewed from the —z-
direction, as in Figure 2.5b, we see the transverse components of the curling electric fields
lead to an apparent transverse rotational electric field. Since the lamellar current is, in
reality, an infinite number of these diverging currents, the z-components will cancel each
other out (as the neighboring currents will be oppositely directed). Therefore, we see how a
transverse lamellar magnetic current (fh,,) sustains a transverse lamellar magnetic field (ﬁn)
and a transverse rotational electric field (E,,). We have yet again seen how the mathematics

and the physics are in perfect agreement.

Extending this analysis a bit, if we examine the TE® case, where, by definition, E, = 0,

we see also from (2.124) fm, = ﬁt = ﬁ,r = 0. Additionally, from (2.125), we see that

1

-

Jo, = Jo; = 0. Therefore, we have for the TE® case that only J;,;, H, th,, 1-7,1, E,r and J:,,

.. - — - >
are non-zero. Similarly, for the TM* case, only J,., E., J,.,, E;,, H,, and Jj,, are non-zero. In

summary:
)
E,=0 E, +#0 H.=0 H, #0
E,=0 H,#0 1, =0 E,#0
TE: — ], =0 J, +0 M = {J, —0 J,»0 (2126)
H =0 J.#0 E, =0 J.#0
H, +0 E.#0
\

Finally, when we compare these results with the Green’s functions we developed in this
section - we find an exact correlation. For example, based on the above results for the
TE*® case, we would expect a dyadic Green’s function of full rank for a magnetic field

. (:TE . 3 . . e . . = .
due to a magnetic current (G,;,), since H, is non-trivially maintained by J,, H, is non-
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trivially maintained by Jj, and a curling His produced from E .,» which is maintained by Jj,..

Comparing (B.12) with (2.126), we find the hh type Green’s function is of full rank.

Similarly, comparing the terms of (B.11) with (2.126) for a magnetic field due to electric

~ ~
GTE GTE

:>TE ~TE
current (G,,), we expect G hexy T he,zz

heoxz? would be zero, since J,, = 0. We see that the

~

G: .G. ,GE and G, correspond to the transverse magnetic field maintained by the
he,xx he,xy he,yx he,yy

rotational electric current. The GNZ'Z ., and GNZ';} ., terms represent the H, field maintained by

the rotational electric current density.

The electric fields follow a similar analysis. For an electric field due to an electric current
(GNZf), we would expect the only non-zero components to be the transverse fields due to

transverse currents (G , G™ ~G¥® |
he,xx he,xy he,yx

(?,TZ‘;W), since, by definition, J,, = E, = 0. In fact,

this is what we find when comparing (B.9) with (2.126).

For an electric field maintained by a magnetic current ((N}Zi), we first expect the z-

directed fields (éTE G™ and G™

, , ) to be zero, by definition. Furthermore, we see
eh,zx eh,zy eh,zz

that a transverse rotational electric field is sustained by J,, therefore ézz o and égfl , are

accordingly non-zero. Finally, we see that a transverse rotational electric field is sustained

due to a transverse lamellar current, so G , G  G™

, R _and G™ are all non-zero.
eh,xx eh,xy eh,yx eh,yy

Therefore, we again see exact correlation between (B.10) and (2.126).

Another point of interest is that the components of the total Green’s function can easily
be shown to reduce to the isotropic case when we combine the TE® and TM® results and
then allow &; = ¢, and y, = p,. Demonstrating the possibility of this specialization is one
of the primary reasons for our re-derivation of the principal and total Green’s function, as
the forms given in the previous literature were not conducive to such an analysis. Now,
the system is easily shown to be consistent for uniaxial and isotropic materials. The same
consistency will be shown in reducing the gyrotropic case to the uniaxial case (for the

principal Green’s function) in a future work.
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The correlation between the physically expected picture and the rigorous mathematics gives
us confidence moving forward. The next chapter will repeat this derivation for the electric
Green’s functions using the direct field method of solving Maxwell’s equations. The goal of
doing so is to provide a measure of confidence in our potential development since apparent
inconsistencies were found in previous literature. An additional point is to illustrate the
simplicity and elegance of the potential based approach and to emphasize the complexities

of the direct field solution method.
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(b) The 3-D fields for a transverse, rotat-

(a) The actual radiation pattern for a loop

. . = .
ing magnetic current Jp, , viewed from the

of constant current.

side.

<

(c) A view down the z-axis of Figure

2.4b. In this case, the electric fields which

are diverging from the origin appear as a

transverse lamellar field, E;,.

2.4: Three different views of the radiation pattern for a constant current loop,

Figure

- . . — -
maintains E, £, and H, .

showing how Jj,,,
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T

5¢

=
DU

=

<

(a) Two notional vectors in a diverging (b) A 2-D view of Figure 2.5a, from the
lamellar current, shown in 3-D. —z-direction, where the number of diverg-
ing lamellar magnetic currents has been
increased to demonstrate the appearance

of the transverse rotating electric field E [

Figure 2.5: Two different views of the transverse lamellar current, showing how Jj,

. . - -
maintains £, and H,,
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III. Direct Field Formulation for the Total Parallel Plate Green’s Function of

Anisotropic Uniaxial Media

Now that we have found the fields (through the Green’s functions) using a potential
development, we would like to compare these results with a direct-field solution. This
is a lengthy chapter, but provides an in-depth development of the direct field solutions for
a uniaxial anisotropic homogeneous media subject to parallel plate waveguide (PPWG)
boundary conditions and will compare them to the potential-based method in order to
demonstrate their correctness and the benefits of the potential-based method. We take the
same approach as before, finding the total solution to be the the superposition of a principal

(forced, unbounded) and a reflected (unforced, bounded) solution.

3.1 Principal Solution

Maxwell’s equations for an electrically and magnetically uniaxial material with generalized
electric and magnetic sources are (with the constitutive dyads taking the usual uniaxial form
of (2.3)and noting V x [ = I x V):
Vxﬁpz—fh—jwﬁ-ﬁp TXV°EP=—ﬁl—jwﬁ-ﬁp
—
VxH =], + jwe-E? I xV-H? =], + jwe-E?
Since we are seeking the principal solution, which is a forced and unbounded system,

we again use the two Fourier Transforms of (2.36) and (2.39), which allow us to write

Maxwell’s equations as:

I x jA-EP = —J, — jwu-H” — JAEP = —J, — jop-H? (3.1a)
I x jA-H? = J, + jwg-EP — jA-HP = J, + jwg-EP (3.1b)
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where A = T x 1= A x I. We can now solve the coupled system of Maxwell’s equations

given in (3.1). Starting with (3.1a), we have the magnetic field as:

X0 A NN TN
PR ey — g =R R (3.2)
—jo —jw —jw

Substituting this result into (3.1b), and solving for the electric field, we find the electric

field directly:

o

2 2 2
H’ = jw;l-e-A-gt-J, — jow;' - &-J,
< 2 =2 0z
:Ghe 'Je+ th Jh (34)
w,=—&-A-et-1—k*
K= W E-ji

We note that the k terms are equivalent for the w, and wj, terms only due to the diagonal
nature of the constitutive parameter dyads, € and ﬁ . As aresult, we see that € - ﬁ = ﬁ £,

In a more complex material, such as chiral or gyrotropic, with non-diagonal constitutive

dyads, this would not be the case.
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3.1.1 Inverse of w, Dyad.

Although obtaining the expressions for the electric and magnetic fields was straightforward,
finding the inverse of \Tve is no trivial matter. Havrilla [46] is able to find a vectorized form
of \Tve in the case of a dielectric uniaxial material, which allows for a simple inversion
using an identity given on page 21 of [20]. However, in spite of great efforts, such an
expression could not be found when both constitutive parameters are dyadic. This will
require each component of the dyadic solution to be determined individually. As such, we
will concentrate on the ee— and eh-type Green’s functions, which are found from \TVQ. First,

we find A. Recalling the definition of A, we see it is an anti-symmetric dyad:

A=Tx 1= R+ 99 +22) x (R4, + §4, + 21.)
0 -1 2
= A 0 -, (3.5)
—4, A, 0

Using this expression and some straightforward mathematical manipulation, we find

W,:
/112 - kt2 + Z_i/lyz _L%/lx/ly _/lx/lz
We — _ﬁ.ﬁ.ﬁ-l.z o 752 _ _llj_i/lx/ly /lzz . kt2 + Z_i/lxz _/ly/lz (36)
_Z_j/lx/lz _Z_j/ly/lz Z_,/l?) o kzz

The inverse of W, may be found by the adjoint method

o A (3.7)
detw,

Therefore, we must find the determinant and adjoint of \Tve.
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3.1.1.1 Determinant of w, Dyad.

Clearly, the determinant of W, is a tedious expression:

A
detw, — (ﬂf k24 &/lf) [(ﬂf k24 ’ﬁaﬁ) <‘ﬁﬂ§ - kf) — (=40 <—’ﬁ/1yﬁz)]
Mz M He e
B
Mt Mt Hz o 2 M
A ) [ (=Eaa) (B -] = (—an) (~Haa
( T8 }>[( 78 y) (ur ’ ) ( ”)( e >]
C
(=) K—’ﬁﬁxﬂy> (—‘ﬁﬂyaz) _ (/122 K+ ‘ﬁAﬁ) <—’Lﬁ/1x/lz)}
,uz /Jt IJZ /’lt

(3.8)

Due to the length of (3.8), we can examine each piece individually, define A%, = &7 — £47
and /lge = k> — i—;/lg and simplify. Glossing over the tedious, yet straightforward, algebraic

details, we find the relatively simple expression:

detil, = () (12— &) (£ - )] (9)

3.1.1.2 Adjoint of w, Dyad.

Now, we turn our attention to the adjoint of W,, which is defined as the transpose of the

cofactor matrix:

>

adjw, = C” — Cpn = (—1)"""M,,, (3.10)

where M, is the determinant of the minor with the m™ row and n™ column removed.
Again, this is a tediously long development, as each element of the cofactor matrix must be
simplified individually. Therefore, we will bypass the details and give the individual terms
of the cofactor matrix. Since we have C as
My —Mp M
C = My My —Ma;

My, —Mz Mz
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therefore, we have the adjoint of W, as:

M, —My Ms
adjw, = C" = M, My, —Ms3
My —My; M
where:
. 2 2 EMz o &;
M - (42 - ) (-2, ) - Za
> Elz | o 2
My = —Zaa, (B2
. & (Szﬂt ) Zw)

M31 = /lx/lz (/1z2 - /159)

2 &z v 2
My =224, 2222 -2
12 y (Szl,tt Z zgﬁ)

82 Z 8Z
My = (A2 - 22) (— H ﬂ§w> _ 52

Erld;

My = (2 = ) (4 — 43)

Finally, we have the inverse of W, as:

L adjw, 1

Er

w,! = = =
detw, (—kg) (ﬂzz - /159) </l? - /lzz.lp)
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M5,
—Ms3,

M33
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3.1.2 ee Green’s Function.

From (3.3), we have éfe: — ja)\Tvgl . ﬁ . Using (3.13), we can write the Green’s function in

terms of the M terms above:

/’:p . (—)_ «>
G, = —jow;' -

ee

My =My Mz,

= —uMyy My —uMsp
() (2= 2) (2 -2
uMyz —p Moz Mss
N N N 3.14)
~P ~P ~P
Gee,xx Gee,xy Gee XZ
_ ~p ~p ~p
- Gee yx Gee,yy Gee yz
~p ~p ~p
Gee,z.x Gee,zy Gee,ZZ

Since we have no vectorized representation for \Tvgl, we must find each of the elements of
the Green’s function dyad individually. Following the straightforward operations indicated
in (3.14), the elements of the principal electric Green’s function are summarized in 3.1.2.1.
It is important to note one point that would not be entirely intuitive and requires a bit of
foresight. Since we are operating in a Fourier domain and will have to evaluate the A,
integrals in the complex plane, we must take care to ensure that the contribution as A, — o0

p

is zero. This is true of every element in éee, except for the ZZ component. In fact, the limit

is:

X 2) (22
i 81— o L)

2(2)(2) e

By adding and subtracting this term, we ensure Rlim Cr — 0 as A,y — oo. This leads to the
—00

well-known depolarizing term.
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3.1.2.1 Forced Electric (ee) Green’s Function Summary - ( /Tp, A,) Domain.

G’ G’ 5’7

o ee,xx ee,xy ee,xz
LA ~p ~p
Gee Gee,yx Gee,yy Gee,yz
Gfe,zx Gfe,zy GSK,ZZ
[ 2 2 2 2 [ &gtz y 2 2
5p JWE; 'uZ/lZl// (/lz - /lze) +:uf/ly (g:;,/lz - /lzt//)
cexy T g 2 2 2
| K2 (12— ) (ag . /lw)
[ &z ) 2 2
ee,xy
o |e@-n)(e-2)
~ . A A
Gfe,xz = JWH, ) ) : 2
kz (/lz B ﬁmﬂ)
[ Eillz ) 2 2
ee,yx =
o lk@i-2)(e-2)
[ 2 2 2 2 (& 2 2
5 s 2, (A2 — ) + (;ﬁr/lz . Aw>
ey g 2 2 2
al (A2 - ) (2-2,)
X A,
Gse’y e JoH: 2 z) Z 2
_kz (ﬂz - /111//) i
o~ A A
Gfe,zx = _]CL),L[Z : 2
(-2
X A4
ng’zy = Je: 2 2y Z 2
_kz (/lz o /12!//) i
ép (jwﬂz> (ngz) (/lf - ktz) + kzz </1§ - A?w) 1
eezz = o
josdd (2 - 2,) e
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3.1.3 eh-type Green’s Function.

From (3.3), we can also find éfh:

Aypiz Axplz
—AMyy — =Mz S =My — A My,

Axptz
My — = =My

Ayt Axtlz
—A:Myy — —=Msz S =My — M3

He
~P Sp ~p
Geh,xx Geh,xy Geh,xz
— ~P ~P ~P
Geh,yx Geh,y.v Geh,yz

G’ ép G’

eh,zy eh,zz

Ayt Axpt
oMy + M,

Ayt Al
_ M12 _ Xi tM22

Hz Hz

M3

/l)vut M Axpy
Hz 13 Hz

(3.15)

Again, we must find each of the elements of the Green’s function dyad individually.

In this case, the operations are entirely straightforward. The results are summarized in

3.1.3.1.
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3.1.3.1 Forced Magnetoelectric (eh) Green’s Function Summary - ( jp, z) Domain.

| G Gy G
Ga= | GI,,. Gl Gl

G = JAAA, B 6) 504

| @ (a2-2) (2-2,)
N o ol Y R Gt R e

| R2-2)(e-2)
T ) (m,) + & (a2 - 2,) &

| H kzz, (/IZZ - ﬂ?@) (ﬂg - ’lz2,w>
I (2= 2) (822,) + 42 (242 - 2,) | + 242 (2 - 22)

’ kz2 (’122 B /159) (/lg - /lgw)
. L(sai-n) -k (2 -8)
Gy = —JAdy A ‘

kzz (’112 o ’lge) </l§ - /ﬁw)

T KO )k e

| He k? (/122 B /159) (ﬂg - /@w)
éfh,zx - = /lykf

wlge (- )
55};,@ = —j= A
wlae (- )

éf,m =0

Therefore, we see a high degree of symmetry in the Green’s function dyad, as expected.

Additionally, we see a depolarizing term in the electric portion of the Green’s function,
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but not in the magnetic portion. This agrees with our intuition about Maxwell’s equations,
which tells us that a Z directed electric current will produce no Z directed magnetic field.
Therefore, when we perform the piecewise Principal Value integration over the entire area
of interest (including the source point discontinuity) the 5; Green’s function will require
no depolarizing term to correct for the field generated in the infinitesimal region where
7 — 0 < z < z+ 6. This depolarizing effect is shown graphically in Figure 2.2 and is well

documented in previous works [3,5,11,21,23,40,57,91,93,101,111].

3.1.4 Evaluation of ee-type Principal Green’s Function.

The principal spectral-domain dyadic Green’s functions G~fe and th represent the electric

> >
= 2
~ ~

field maintained by the electric current density J, and the magnetic current density J,,
respectively. Now, we can use the inverse Fourier Transform from (2.40) to transform

these Green’s functions back to the (Zp, z) domain, in much the same way as in the potential

method:
1= S >
Er(10) = o= | Gl (G 2) - Tu(T el da. + 5 f G () Ja(Ay 1) dA
_JOO —00
Or? o
1 Xp oo 2 5 o _
- E Gfe (ﬂpa/lz>. J‘Je (/1/3’ ZI>€_1AZZ dzle,lﬂ;Zd/lZ
_Jw Z/
(X) «>
1 X 2 o, .
+ 2_ f th (/lpa/lz>. J‘Jh(/lp’ Z/)e_j/lzz dzle‘//bzd/lz
bd
—00 Zl
0
1 3 2 1 S~ 2
= f — f Gh g | - J.d? +J — f G e gp | - Jud?
2 2
7/ —00 7/ —00

(3.16)
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Again, we recognize A, is complex, which means we can use the same complex analysis
as in Section 2.3, where further details on the complex analysis techniques are given in
Appendix A. Accordingly, we must account for the two cases (z < 7/ and z > 7). Since
each term must be subjected to this analysis, the details will only be shown for the XX
component. We can see the closure conditions are the same as in the previous chapter,

which allows us to proceed directly to the two relevant cases.
3.1.4.1 UHP:z>7.

Again, using Cauchy’s Integral Theorem, Jordan’s Lemma and Cauchy’s Integral Formula,

for the case of z — 7 > 0, we have:

ALM%J

R ZC+

:ggof 51§ ygjzn;Resfc
—R ZC

+

and the Green’s function is:

1

Gee eh — 27_(

éfe,eh ej/lZ(Ziz,)d/lZ + % % éfe,eh ej/lZ(Zizl)d/lZ
cr ct
Py Py
1 . <+ 1 . A
7 [ j2nRes (f,CPI)] + o [ j2nRes (f,CPZ)]
= jRes (f, C;,rl) + jRes (f, C;rz) (3.17)
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3142 LHP:7 <?.

Now, we proceed similarly for the z — 7 < 0 case:

R A
Jlim J+ 515 + J =0
R—
R Y, Cr
X 2
= f = — % :—jZRZRes(f,C;k)
k=1
and the Green’s function is
G ——i['z Res (f C*)]—i['z Res (f,C5)]
cech = 27T]7res ,Cp, 2n]nes . Cp,
= —JjRes (f,Cp ) — jRes (f,C}) (3.18)

3.1.4.3 7 > 7 for ee-type Green’s Function.

We are able to find the XX component of the Green’s function as

2 2 2 2 (e y 2 2
6p+ _ J B ngz /.lz/la// (AZ - /119> + ,utﬂy (aﬂz - Azl//) ej/lz(z_z/)
& | KL= A) (L — L) (L + )
2 2 2 2 ((&pe 2 2
B jwsz ﬂz/lz(p </1Z - /129) + :ut/ly (ﬂ/lz - ﬂ”ﬂﬁ) ej/lz(Z*Z/)
& k2 (A, — ) (A, + ) (A, — Ayy) P
Taking note of the following relationships
& | &z 2 2 (M2 &
—= Ayg—A, | =k | ———=
& lgzﬂt @ Zw} t <:ut 8t>
2 2 _ (K &
Ay — Ay =4, (sz — 8—)
Epy [ El; 5 5 2 Ez [ Mt &t (3.19)
~ (8 Z/lzw_/lzw) = <_ __>
' Me &t M &
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and simplifying, we find:

2 2
Gt WA ey A

_ —jAzy (z=2) 3.20
e = T 20e,22° (3.20)

Before we write the final form, we also recall the depolarizing term, which is only present in

~

éee .- Itdoes not need to be integrated via Cauchy’s Integral theorem, but can be integrated

in the usual manner, where we note the appearance of a delta function:

0
~ 1 1 1
14
Geezoa = . f ]wsfM dp, = —ngzd(z -7 (3.21)
—0

3.1.4.4 7 > 7 Summary for ee-type Green’s Function.

Performing these same calculations on the other components, we summarize the z > 7/

case

o 15 /0 Sy ) WY C) B Ay Ay (z—7)
Gee,xx T 2,82 ¢ Zwa,/lze
GPt A () A dady — Ay (z=7)

ee,xy 22043 2we, A}
~Pt —JjAzp(z—7") _ Wz ds ,— jloy (z—2)
Gee,xz - [O] e 2/(( 2 €
GPt A () A dady — Aoy (z=7)

ee.yx 22043 2we, A}
G't = _Me*jﬂze(zfz') _ Ay dy? e A (z=7)

eeyy 22,043 2we, 2
AP+ _ —jA(z—7") WAy Ay (z—7)
Gee,yz - [O] ¢ B 242 €
~D+ _ —jd(z—7") _ WHAx —jdy (z—7)
Gee,zx - [O] € 2k 2 € v
At —jdp(z—7) ey — Ay (z—2')
Geoyy = [0] e — e

2

~Pt JjA(z—7') _ Waiky ey (z—2) _ L os(r_
Gee,zz - [O] € Zé‘zk%/lw,e ngz(S(Z < )
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3.1.4.5 7z <7 for ee-type Green’s Function.

For the 7 < 7' case, we can write:

ey (42 = )+ dy? (2202 - 22,)

Gr — _jd dee ' /)
ceuxr e K2 (4, + dg) (A — Ay) (A, + Ay) A=
2 2 2 2 Mz ) 2 2 |
jwe, M, (A2 = 2) + (%Az B /11"’> A (=)
& K2 (A= dg) (A + Ao) (4 + Ap)

again, using the relationships found in 3.19 and simplifying, we find the XX component to

be

- A Y pida(e—) _ A

Az (2—2)
ee,xx 2/129/12 2w8t/12 ] w \Z—< (3.22)

Again, we recognize the depolarizing term will be present, integrated in the same manner

as in the z > 7’ case.
3.1.4.6 z < 7 Summary for ee-type Green’s Function.

Performing these calculations on the rest of the components leads to:

~ 2 .
G o e =) a2
ee,xx 229k2 3 2we 3
GNp_ f— Mej/lze(Z*Z/) _ Mej/lw(zfz')
ee,xy 2223 2wed}
~P Jo(z=7') WA gy (z—2)
Gee. =1[0]e + o€
GNp_ = —wﬂt/lx/l—v ej/lz(ﬂ(zle) — Axd /L‘/’ e]/l w(z—2)
ee,yx 220 2we
GP* _ _opd? e]/lg(z Z) _ /lw/l) e]/lu,(z )
ee,yy 2, g/l Zws,/lp
~D— _ je(z—2") wpdy id,(z—2')
Geeye = [0] e + Ered @
~p— jAo(z—7") Wedx ,jdy (z—7)
Gee,zx [0] e + 242 ¢
P JAo(z=2) Wby Ly (z—2)
Gee,zy [O]e =+ T el
~ 2
pP— _ JA0(z—7) . wez A, JAy(z—2) _ _1 o
Ge.. =1[0]e L jwszé(z 7)
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3.1.4.7 Grand Summary for ee-type Principal Green’s Function .

. S . NP
Given the results summarized in 3.1.4.4 and 3.1.4.6, we can write G, as

~P ~P ~P
Gee,xx Gee,xy Gee,xz
Zp o , < pTE = p™ ~ ~ ~
_J\ = — p p p
Gee (/110|Z Z) Gee + Gee Gee,yx ee,yy ee,y?
~P ~P ~P
eezx ee,zy eezz
~ 2 2
G’ = Gy gl A s —jAeyle~7|
ee,xx 22922 2we; A3
G e L B Ay ,—jdylz—7|
ee,xy 22643 2wed}
~P — —jglz—7| _ Y A = jdyli—7|
Gee,xz - [O] e Sgn (Z z ) 2wsze Y
ép o w,utxlxleye, jazelz—7| . /lzw/lx/lzy e JAlz—7]
eeyx 22,622 2we 2
~ . 2 .
GP = _emd? gl Ay = jdyle—7|
ee,yy 20022 2we; A3
~ _ o A . 3 _
Gy, = [0]e =l — sgn(z —2) g-e ke
~ —ilalo— A, —il i
Gge,zx = [O] e Jal=2| - sgn (Z - Zl) ﬁe Ml
~ o o /l . oz o
fe’zy = [()] e JAnlz—7] _ sgn (Z _ Z’) _2w}.9,€ JAzy|z—7|
~ ﬂ/IZ
P — —JjAwlz—=7] _ _w = jdylz—7| _ 1 _
eezz [O] e Zwsz/lzwe jwaga(z < )

3.1.5 Evaluation of eh-type Principal Green’s Function.

We can perform similar operations on the ek terms found in 3.1.3.1. Avoiding the details,

we write the Green’s function as the combination of TE® (terms containing A,) and TM?
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(terms containing A,,) contributions:

~P
Geh,xx
Zp > , = pTE = p™ ~
— — — 14
Geh (’lp|z Z) _Geh + Geh - Geh,yx
~P
eh,zx
~P _ _ dy —jdglz—7]
eh,xx sgn (Z < ) ,1‘ e € +
D _ i A —jdgl|z—z _
Geh,xy = —sgn (Z Z ) e o=
G % o k2|
— Mz —JA9|2—2 —
Geh,xz 229 €
D _ - —jdzlz—7
Geh,yx - Sgn (Z Z ) | ‘ +
P — _ ) A =z~ _
Geh,yy =sgn(z—7) 242 ¢
~p g
Geh’yZ =55, +
P - JAolz—7|
Geh,zx [ ]e +
~P JAzplz—2| _
eh,zy [ ]6
~P
eh,zz =0

~P ~P
G Geh Xz

eh,xy

~ ~

14 p
eh,yy Geh,yz

~P ~P
eh,zy eh,zz

)/l/l‘e ]ilﬁ'Z Z‘

sgn(z—2

G
sgn (z —z ) —e —Jdwle=7]
[0] el
sgn (z—7) 3 —e —jdeylz=7|
sgn (z — 7)) ﬁ%—"e*]ﬂwlm |
[0] el
B gl

<

A /
£ Ay la—7|
24z

It is interesting to note that the sgn (z—z') terms are the compliment of the terms in the ee
Green’s function, as expected by duality. These changes in sign account for the differing
direction an electric field sustained by either an electric or magnetic current will be oriented,

depending on whether the observation point (') is above the source point (z > z’) or below

the source point (z < 7).

Although we have not shown the development of W, and its inverse and, consequently, the

principal magnetic field Green’s functions (6Ze and 6Zh), the components are given below

for completeness.
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é:e (ZP |Z_Z/)

o N éze,xx
G+ G- | G,
626,2)6
—sgn (Z — 7 ) e —jdzlz—2| +
sgn (Z — Z/) ﬁe—jﬂmlz—z \ n
[0] e JA0li=7| "
—sgn(z—z) e —Ja
sgn (z —2) 55 A are ale=]
[0] e~ JAli=7| B
_ i gl B
0
Ht
;zﬂ_j;e—ja .
0

14 ~D
he,xy Ghe’ Xz
14 ~P
he.yy Ghe,yz
14 ~P
he,zy Ghe,zz

’ i |r—
Sgl’l(z—z)_’e JAwlz—2
ﬂ
ez = jdylz—7|
2/1211/

2 .
sgn (z — 2') 2%6‘”&
sgn (¢ — ) ek einkt

&
e |
20,

[0] e~ arli==
[0] e_j/L,

104

(3.23)



~P ~P ~P
th XX th,xy th ,XZ
Zp o , <~ p.TE = pT™
G, (L|z—7) =G, +G, = P P P
w (Ap|z—2') hh hh Ginyr Gy Ohinye
~p ~p ~p
th ,2X th N4 th ,2Z
~P _ Aedd gl _ wad? |7
th,xx T 203 e 20y A2 €
~p _ _ Adidy a7 wededy —jAy|z—7|
th,xy T 2opd2 ¢ + 20422 €
~P - _ _ —jole=|  _ —jAgy|z—7|
Gy = —s20(2 7) 52 e [0] e
GP — by jdgle—| + WAy —jly =7 (3.24)
hh,yx Zwu,ﬂ 24, (,,/1[,
~P _ Ad? gl _ werdy? = jloyla—7|
th,yy o Zwy,ﬂze 20423 2,2€
~D _ o —jAplz—7 _ —jAylz—7
Glpye = —s80(2 z) TR i [0] e~ /=]
~P - _ _ —jdplz—7| —Jjzlz—7]
Gy.e = —sgn (z—7) %2 Zwy Lie [0] e
ol4 - _ _ —jplz—2|  _ JAzylz—7']
Gy = —SED (z z) Zwy — ¢ [0] e~
A il oy~
— __HP L, jAy|z—T _ —J Ay |2
th,zz 2w ge [0] €
~ 0 —2)

One final point of interest is, upon expanding the expressions given in [46] (which are given
for a dielectric only uniaxial material) and comparing term-by-term with the expressions
above, we are able to find a vectorized form. However, it is not clear to the author how such
a form would be developed rigorously from the coupled solutions to Maxwell’s equations.
Therefore, they are not used in finding the total solution. The vectorized forms given on the

following page and are again found to be combinations of TE* and TM? contributions.
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Z l’lZ 2z

2 A H . = . /
GY (A 17—7) = i B
ee ( P‘Z Z) 2(1)81‘/719 ‘
Ay (/lp X i) (ﬂp X 2) % —jAyle—7| _ i —7
n e —0(z—7)
2wedy, JWE;
) Ay = (1= 29207 - (4, < 2) (4, < 2) - 4;
GP A |7— AN Erllz ~ =]
e (Aplz2=2) 21 )
+ (/lﬂ X 2) (/1/7 X i) /lﬂ” —Jjdy|z—=7|
21,
S, Ao x 2) (A, x 2) -4 ’
Gp Alz—7 :(p P —JAple—7|
en (Aplz—2) —2
<h Etlz "".Hh p 7 1 7 'Hh
. Ay — (1= 255)22- 1, — (4 < 2) (4 x 2) -4, A
21,
. A (2, x2) (4, x 2) <A
G’ (/_1)>|Z—Z’) =2 77 £ 9 =it
h e 2w/lt/lze
<h <h <h 8[.‘1% ,"".Hh Hh- P 7 1 Z 'Hh
+ Ay dy = A, <1 - W) 21, — A, (4, x2) (4, x 2) -, 7|
e 2
20y,
77
——6(z—7)
JWH;,
» ) A & R A R & R Ef A A Etn s A
Agy = Rsgn (2 — ) Ay § + X A2 — Fsgn (2 — 7)) AdgpX — §= A2 — 2K + —2A.
e, &E; b4 &
Agy = %sgn (2 — ) A § + ﬁ%/lyi — §sen (c— 2) Aok — 9502 — Bang + Bang

Z
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3.2 Scattered Solution

Now that we have determined the principal portion of the fields for an unbounded media in
the presence of electric and magnetic currents, we look for the scattered (reflected) solution
in a source-free region bounded by parallel plates. From (3.1), we can write the spectral

domain versions of Maxwell’s equations in a source-free region:

jA-E = —jou-H (3.252)
jA-H = jwe-E (3.25b)

Which can then be solved in a similar method as before, leading to
w,-E =0 (3.26)

where \TVe takes the same form as before (3.6). For a non-trivial solution to the electric field,

the determinant of \Tve must be zero. This leads to

(=K2) (2 = 2) (2= 1,) =0

— 1, = + A Ay,

These four solutions for A, represent the upward and downward propagating TE* and TM?*
waves. Since we are in a parallel-plate geometry, we assume a reflected solution of the

form

-
Nri

E (AoA,2) = E (4n4) e = ET (A, 4) e 7% + E) (A, 4,) e (3.27)

where we define the unknown scattering coefficients for 6 to be

Erei — R + S’Eﬁi + igf}i (3.28)

0 ox

and the unknown scattering coefficients for W are
Ryt .~ i~ o~
EVT = RE™ 4 §ET 4+ 2ET (3.29)

o
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Note that we are using a concise notation where the plus sign in the superscripts represent

the forward-going wave and a negative sign represents the reverse-going wave.
3.2.1 TE*wave (1, = FAy).

Now, we seek the non-trivial TE® solution to the scattered problem, using the assumed form

of the solution (3.27)

Wi E" (A, 4y) €7 = 0 (3.30)
— W E™ =0 (3.31)

Which can now be expanded to write

2 112 d rorot

/159 - kt + /%/l) _/%/lx/ly i/lx/lzg Euf+
LA, Bk AR tAA, || B[ =0 (3.32)

i':—j/lx/lze i%:/ly/lzg Z—;/lz — kz2 Egi

Recognizing that we can reduce the XX and §¥ terms by using the definition of ﬂgg 2.43, we

write
A Y WD W Ere
t t 12 . rrot —
A, SR E44 E™ | =0 (3.33)
z z z 12 2 rrot
i%/lx/lw i%/ly/lze l:Tt/lp - kz Eozg

from which we can extract the six equations:

B g B VBT 4 A a,ETE = 0 (3.34)
n m
B A B BRETE 4 A 4Bt = 0 (3.35)
n n
B B+ A B (“ P} kz) Ert =0 (3.36)
M Hy My

Dividing out —/’f/lx from (3.34) and —%ﬂy from (3.35), we are left with identical results,

leading to the equation

~ A, A
E7 = (“ g B0 E::i*) (3.37)
Mz A0 Mz Az
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Now, substituting (3.37) into (3.36) and simplifying, we are able to find

~ Ay ~
El" = —/I—Ej_fi (3.38)

y

Let’s check to see if these results make sense. From the definition of a TE® wave, we know

the z-component of the electric field must be zero. From (3.37), we see:

E;fi =+ (,th/l Ere+ ,Lll/ly E::Hr) =+ l:ut/l Er9+ ,Ltt/ly (_£E:f+)] =0

ﬂz/lz(i :uz/lzé) :uz/lzé) ﬂz/lze /ly

which is the expected result. Therefore, in summary, for a TE® wave, we have:

= A\ ~or o
E™TE — (f( _ yﬂ_) E:fieJrMZHZ (339)
Y

where E7* are the two unknown scattering coefficients.

3.2.2 TM- wave (1, = FAy).

Now, we seek the non-trivial TM* solution to the scattered problem, using the assumed

form of the solution (3.27)
Wee EMt (2, A)) et = 0 (3.40)

— W EM" =0 (3.41)

Which can now be expanded to write:

Ay — k4 A’ —E2A 2,4y Er
—LA A, R, -k HER A, || By | =0 (3.42)
T N S N -

from which we can extract the three equations:

(aﬁw k2 %/lyz) Er z’/l LEY £ LA, B =0 (3.43)
4 Z

BB (/li/, —k? + Z’ 42) E' + L A,EY =0 (3.44)
Z Z

+Zu A E + ’:A A B+ <Z P kg) £ —0 (3.45)
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This time, we begin the simplification with (3.45), which can be manipulated to:

L g (3.46)

Substituting (3.46) into (3.43) and simplifying, we have:
ot /ly Tyt
Eoy = /l_Enx (347)

X

Substituting (3.46) into (3.44) will produce the same result. In summary, then, the TM*

portion is:

a2 (3.48)

It is noteworthy to show that both of these results satisfy Gauss’s Law for source-free

regions (which is the case for the scattered field). Gauss’s Law states

@a
o

V- (3.49)

p 5-25*&“ =0
(smx + 9k, + za_)  (ReiErt 4 §e 4 de B ) et = 0
Z
In the TE? case, the left hand side becomes
0
()‘( jA+ §jA, + 26—) . <xg,E’ + §e, B + zszE“’*> et
Z

0 Ay
= (&jd, +§jA, + a0 ) (& — 922 ) g ErteFit
0z A,

= (jd, — jd,) &Elt e = 0
In the TME® case, we have
J ~ N .
(ﬁj/lx + A, + Za_z) . (ﬁg,E:fi + §&, B + de. Ewt) e Tt _

0 ~
(ﬁj/lx + ¥jd, + ﬁa—z) . (ﬁs,EZf Filw Ve, E"”* Fidw £, ZEW’ Fi: w> =0

JAEED €T 4 jAe EN e T A e BN et — ()
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which can be manipulated to give

, St TA, D) L et T Lt T,
tjdyeEl et = jAeEN et + jAgEl et

gt 42 (ﬁﬁ’ﬁ + ﬁE“f/*)
0z SZ Azw ox /lzw oy
which is the exact result found in (3.48). Therefore, we see that our results satisfy the

expected physical laws.

Now, we will find the four unknown coefficients E™, E™  E™" and E" through

enforcement of the boundary conditions on the total fields. We see that we require four

boundary conditions to constitute a well-posed problem.

3.3 Total Fields and Parallel Plate Boundary Conditions

The total fields are given by

-

©Er= Er gy EP™ o B4 BN
E

2
Ep
2 P,
f Gr
Z/

o
[

! !

Z z d

Z

(3.50)

2 = =2 =
2 2 = 2
o A e A A e S AN

At this point, we are free to investigate the boundary conditions for a magnetically and
electrically uniaxial material contained by parallel plates. Of course, these boundary
conditions are explicitly applied to the tangential fields at the boundaries. We assume
that the boundaries are located in the xy plane at z = 0 and z = d. In the course of
this development, we will make use of the following convenient notation for the principal

Green’s function

2/),TE\p.TM ,‘:’p TEIpTM  — g | _ I‘
__ > pTE[p, 0,22
eeeh & eeeh 4 (3 5 1)
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and introduce reflection terms R,,R,, R, and Rx,l_ey in order to facilitate a physical

interpretation later on.
e Boundary Condition #1: E,(z=0) = 0

Applying the PEC boundary condition at z = 0 to the x-component of the electric

field leads to
Vo Viex
E, = fx GP™ (z=0)J.d7 + J & GI™ (2=0)-J,d7
7 7
e —
eh,x eh,x
+ fx GL" (z=0)-Jyd7 + f & GI™ (z=0)-Jyd?
bl 7

4+ Tt emita(0) 4 From pide(0) 4 prot ,—idw(0) o Frv il (0) —
which can be simplified to:

+ RV A+ RV, +RED +REY (3.52)

rre+ vt 76— -
Eo.f + on = RXV + vaw eh,x

ee,x ee,x

where R, = —1

~

e Boundary Condition #2 E,(z=d) = 0 Similarly, applying the PEC boundary

condition at z = d to the x-component of the electric field, we can write:

Vit Al
e - N e - N
~ % pam 2 = pam 2
A s / 2 > /
E, = fx G, (z=d)-J.d7 + fx G, (z=d)-J.dz
7 7
PO+ p—ited Pt p—idzyd
eh,x eh,x
- - Y - A N
< pTE =2 = p™ =2
A A / A s /
+ fx- G, (z=d)-J,d7 + fx- G, (z=d)-Jydz
7 7

~ ~ ~ o ~
4+ E"teiAwd 4 promoided o prioto—jdud o priT oitud — ()
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which simplifies to

Tro— jled = _jlyd _ o T+ —jled | P YWt —jdwd | T T —jdud
E e + e = RV, e + RV e 4 RV eIt

PRV e BB e R B
(3.53)

where R, = —1
Boundary Condition #3: E,(z=0) = 0

Applying the PEC boundary condition at z = 0 to the y-component of the electric

field allows us to write:

Vecﬁ,y Vee,y
N A
ls N e N

E, = J §- GL" (=0)-JdZ + J §+ GL™ (z=0)-Jdz'

!

Z

Veh,y Veh,y
A A
e N s N

+ J g+ G (z=0)-Jud? + f §+ GI™ (2=0)Jd?

!

/

Z Z

+ E:g+€_j/lzg(0) + E:f_ej/lzﬁ(o) + E:f+€_j/lzw(o) + E/Sf*ej/lzw(o) — O

which simplifies to:

EY +EY = RVY +RVY, + RV + RV, +RE] +RE] (3.54)
where R, = —1. However, we recall:
Erei _ _ﬁgwi and Erwi _ ﬁgwi
oy Ay ox oy /1x o0x

Therefore, (3.54) becomes:

—ZE! + ZEY = RAALVE + RAAVE, + RV,

ee,y eey eh)y

~y-
+ RyA. A, Veh’y

—RLE!” +RAE)
(3.55)

113



e Boundary Condition #4 E,(z=d) = 0

Applying the PEC boundary condition at z = d to the y-component of the electric field

allows us to write:

S0+ —jded Syt —jdgyd
Vo e ko Vi e

A A
~ ~N

E, = J §- g™ (zzd)-fedz’+Jy- GI™ (z=d)-J.d7

! !

Z Z
Vot g—idegd wf P e
eh,y eh.y

A A

N la N

T J §- G (z—d)-f;zdz’jtfff- GI™ (z=d)-J,d7
Zl

Zl

N~ ~ ~h ~
+E)e Jad 4 pro= o jded +Ee ”~”/d+E:f etad = ()

oy

which simplifies to:

L T .
E e + BNV et = 4R VO om0l R VI e - R VO o7

ee,y ee,y eh,y
(3.56)
— ~yr — ~ . —
+ RV e v L RUE[ e M+ REY e
where I_Qy = —1. However, we recall:
LY R
Ay : Ay
Therefore, (3.56) becomes:
—E e+ RE e = RyA AV e 1+ R A VY e
> D0+ —jded | T S+ —jdgd
+ R AV e + RNV e/t (3.57)

D 12 e+ —jded D 2t —jlyd
— Ry2E e ! 4 RAZEL e

3.3.1 Calculation of Scattering Coefficients.

~ ~ ~

We can use (3.52)-(3.57) to solve for the unknowns E’*", E"" E™" Ejf_ and from the

ox ox 9 ox

relations found in (3.48), find E™* and E;‘_’i. Additionally, we collapse the reflection

oy

coefficients to R, = Ry = R = —1 and R, = I_?y = R = —1. Multiplying equation (3.55)
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by A2 and adding the result to equation (3.55), then also multiplying (3.53) and adding the
result to equation (3.57), and finally solving the resulting system of coupled equations, we
find E7*" and E7*":

Y DO+ —jdpd —jlyd
+ va,ee + RRVY e e

1,ee

EN = {R\N/G
+RRV}! e 7! + RV], +RV/, (3.58)
RV et ot 4 Rf‘ev;%:he—’””"} / (1 kRe-1a4)
and
By - {z‘ev + RV e o 1 KRV, 0
+ RRV/, e /hwd 4 RV =i hodemitud o RYY: o= /2 (3.59)

+ Rﬁvf,;he_ﬂ’l”d + RI_Q\N/‘lp’e‘he—jMzwd} / <1 — RRe™ j2/lzwd>

Here we have combined the x and y terms into the following representation in order
to condense notation (note: the top superscript represents one equation and the bottom

represents another):

~ 4 Ay ~ 2 LA, ~

Viee = 5 Veer+ 5 Veey and Vig, = 5Vo + =5V, (3.60)
o (4 4 (4

and
~ A Ay o ~ 2o LA,
Yt Tx gyt XY St yr Nyt xly Sy

Vl,ee -2 Veex T+ = Veey and Vl’eh -2 Veh’x + e Veh’y (3.61)

P P P P

Similarly, multiplying equation (3.52) by —/lﬁ and adding the result to equation (3.55),
then also multiplying (3.53) by —/13 and adding the result to (3.57), then finally solving the

resulting set of coupled equations, we find Eﬁ” and E:_f_:

o+ o Y- o0+ —j2Ad
E" = {RVZ’ee—i—RVZ’e + RRVY" ¢~ 72

e 2,ee

+ RRV! e~ Holemitvd L RVE, + RVY, (3.62)

2,eh

+ Rﬁ\wlg,:he‘mz@d + RRVV" o= itud e—j/lwd} / <1 — RI_Qe—m,gd)
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and
Fro— ) oot —j2ded | POt —jded —jduyd D10— —j26d DY ,—i240d
El" = {RVz,eee + RV, e e + RRV; e + RRV, e
—_~ — 0 —_™~u+ . — il
+ szezhe J2A0d + Rvglehe JAod p—jAzyd (3.63)

RV, o +Rz‘evzehew} / (1 kRe1)

where, as before, we have defined consolidated terms:

~ A2 A, ~ ~ A2 A~
+ y + XHy + + y + Xty +

Viee = 35 Veer = = Veew @04 Vig = 3V — =5 Vo, (3.64)

p 4 (4 (4
and

Syt /1§~ L Ay~ Syt /15 o Ay

Vi ==V — o and VI ==V — - (3.65)
ee /1;2) ee,.x /1% ee,y eh /1% eh,x /lp% eh,y

3.4 Identification of Total Green’s Functions

Now that we have determined the principal and scattered Green’s functions, we combine
the results to find the total PPWG Green’s function. Recall the definition of the total electric
field is given by (3.50) and is repeated here for convenience:

-

~

E = E” + E:’ = EP’TE + E:”’TM + Erg + I?””

/ ! / !

Z Z Z Z

=2 =2 =2 =2
+ ElfTe It 4 BT el 4 BTV em Mt 4 BT el (3.67)

Since we know the form of the principal Green’s function, we will investigate the form of

the reflected portion and combine the results.
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3.4.1 Scattered Green’s Function.

The reflected contribution to the electric field can be written as the combination of the TE?

and TM? parts:
E" = E'™ 4 Er™ (3.68)
where:
2 /lx ~re— _j
E"TE — ( )Era+ —jdz02 + < y/l_) E:f e]/lzez (369)
y
Erm = ( Er 4 9ET + zE”) e I 4 (ﬁE:f +§E +RE] ) el
A a2 (3.70)
Ert = DEv* and BNt = 4L
/lx : /lx/lztp

e TE? Contribution, x-component

We see that both the y- and z- components can be found from the x-component, so

we examine it first.

2 Ay
Er,TE E;;(He JAz02 + ﬁ o ra ej/l 202
( ) ox y_/l

E;,TE Ere+e JAz +Er6 e]/l 0Z

ox

Defining the denominator term containing the A, terms as

Dy = (1 _ REe—f'“zﬁd) G3.71)
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and simplifying, we find:

E"™Dy = { Rvg;ee—jﬂzez + RVE”,; o A0z
+ RI_QVg;e‘”zﬁ(Zdﬂ) + R]_Qvg;e—j/lza(d+z) o ud

VOt ,—ide(2d—z) | Pyt ,—jle(d—z) ,—jlyd
+ RVz’eee + R steee e

+ RENH_ e_j/lzﬁ(Zd_Z) + Rﬁvge_{je—j/{zﬁ(Zd_z)

2,ee

N . N . (3.72)
+ RVZG,_ehe_J/IZHZ + RVZ;he_MZ‘eZ

+ RRVE! e 7o24+3) 4 RRVY? o= iha(d ) g ilud
+ RVY: e Ao@d=2) f RYU o= hald=2) =i

RV R

e TM? Contribution, x-component

ox

=2
= L N BV )
Erm <X E‘ff § E,f)w 7 E:w > PR <X e ¥ E:)vf % E:M/ > YL

~ ~ + g ~ — . .
= E'™ =FE"¢ Az 4 frT it

Defining the denominator term containing the A, terms as

D, = (1 — Rz_ee*ﬂﬂwd) (3.73)
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and simplifying, we find:

1,ee

E™D, = {RV?,;ee-ﬂwz § RV it
+ RI_Q\N/f’:ee_ﬂz”de_”w(d*Z) + Rﬁf/ff;e—jﬂw@dﬂ)
RV ol i) | R oot
+ Rl_ﬂw/f;ee_ﬂw(z‘i_z) + R]_Q\N/ﬁ;ee—jﬂzw(Zd—Z)
+ R‘N/?,;he TS+ R ‘N/ib,e_he_ﬂwz G719

+ RE‘N/]B’:he_”f“de_”W (d+2) 4 Rﬁ\w/ﬁ :he_ﬂw@d”)

—~ o ——y 3
+ RVthe JAwd o= jAzy (d—2) + Rvi/’ehe JAy(2d—2)

]

(3.72) and (3.74) represent the x-component of the reflected electric field maintained by
both electric and magnetic sources. Therefore, we can examine the ee and eh type Green’s

functions separately.
3.4.2 Electric (ee) Reflected Green’s Function, x-componenet, TE* Field.

From (3.72), we have the x-component of the TE® portion of the reflected electric field

maintained by an electric source (ee-type) as:

E'™Dy = RV, e #% 4 RV =it

ee,x

1 RRV* ¢ i0(2d+2) | RRVVY pidn(d+2) g—idud

2.ee 2,ee
. ‘ L . . (3.75)
+ RVg;e_”Z"(M—Z) + RVZ;e_J’lZ"(d_Z)e_MZ‘”d

+ RRVY, e~ 94 4 RRVY, ¢~ ko04=)
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where:

~ A2 A1
VZGJe:e = _nyeer - = y‘N/ng
2 e T e
2 . A A
B o Ay e L, R
N J [?X' Zee (=d) = =59 2% (z=d)] e S odd (3.76)
’ p 4
AR
vi!
~ A2 A A, ~
VZG,;e /l_;vgg’x - ;zy Vgg y
P P
A2 o A A
— b > ' 5 . ! 7
- f [EX' Bee (2=0) — =579+ 2& (z=0>] ¢ I Jodd (3.77)
/ p p
T O
M
2,ee
2 A4
S+ Yy XY Syt
V2 ee /1;23 Vee,x /15 Vee,y
A2 o A A
. YV A = x/Yy A Zp i rR
N J [ﬁx' B (z=d) = =59 3% (z=d)] e Jodz! (3.78)
/ p P
7 O
M
2,ee
~ A2
W= S S
/lp ’ /lg Y
2 o A A
_ Yo, S My 2 it T
= f [ﬂ_ﬁx Zee (2=0) = =5~ & (z=0)] e Jode! (3.79)
Z/ - r
o
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Therefore, we can write (3.75), which is the TE? electric field maintained by an electric

current, as:

ee,x 2,ee 2.ee
>

Er,TEDg _ J{Rvﬁ e—j/lzg(z-i-z’) + va_ g_j/lz"ze_j/lzllfz/
? ()
+ RI_QV‘” . Jl(2d+z—7") + R]—QV;/H o JA(d+2) e—jﬂw,(d—z’)

2.ee |
(r2) (3.80)
+I_€V§’; o HA0(2d—2=2) | I_QVZ; o A0(d—2) p—jdey (d—2)

v

(r3)

/

LRRV e Hal=2) | RRYY o= a0 g ikd } Tz

()

Figure 3.1: A graphical representation of the unique paths inside the waveguide structure
which contribute to an observed TE* field at a given observation point z. Clearly, both TE®
and TM? sources contribute to an observed TE® wave. The path r; represents a downward
propagating wave (either TE® or TM? ) that is reflected off the bottom wall and observed
at z. The path r, represents an upward propagating wave that is reflected off of both walls
before being observed. The path r; represents an upward propagating wave that is reflected
off the top wall before observation. The path r, represents a downward propagating wave

that 1s reflected off of both walls before observation.
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We have taken great pains to develop the expressions in a manner that connect the
mathematical expressions to the physical meaning of the problem. This is a more tedious
process than was the case when using the potential development. Now, however, we can
examine the fruits of this labor. Figure 3.1 presents a graphical interpretation of (3.80).
The direction and orientation of the source wave is indicated in (3.80) by the principal

source terms V& V& v¥~
2.ee 2.ee 2,ee

and VZ ;. The phase shift introduced by the propagation is
given by the trailing exponential. Finally, the reflection coefficients R and R indicate which
boundaries are impacted by the wave and the effect of this boundary in the propagation
of the wave. For example, examining the first term in (3.80), we see it takes the path
ri. This represents a downward propagating TE® wave that undergoes a phase shift of
7, is reflected off the bottom boundary (R) and then undergoes a further phase shift of z.
Following this same logic, we are able to find a physical correlation for each term with
each path shown in Figure 3.1 - which provides further confidence in the analysis up to this
point. Also note that the second set of terms in the terms a, b, ¢, and d imply TE* waves
(shown by the e~/ terms) excited by TM? sources (e /"% terms). We expect that these
terms will reduce to zero, since no TE* -TM? coupling would be expected in a material with
diagonal constitutive parameter dyads. Now that we have given ourselves a certain degree
of confidence, we can begin the final task in this tedious process of identifying the electric
Green’s function. First, we will need to find the source terms. Note that we find the §::

terms from 3.1.4.7. The source term V;:g is:

A4, o Ay

2o = R Bee (2=d) = =579 2% (z=d) (3.81)
o o
/15 wud? | oA, 2y oAy wud®
— 2| P Xt Y| T T 2 X~ > (3.82)
22,20 T 22,0 2| 20,2 22,2
which can be simplified to
Ve = S [ 2% + 4,4,§] (3.83)

2ee 22,012
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We readily see that VS, = V{* _as neither contains a z-component. This is intuitive, as no
z-component of the TE? field is found from a z-directed electric source. Now, we can turn

our attention to V;/f ; and V;’f .- They are found to be

vy =V

2,ee 2,ee

=0 (3.84)

As (3.80) represents the total TE® field that is excited within the parallel plates, it contains
source terms for both TE?* and TM? excitations. Therefore, we can further deconstruct the
TE? electric field maintained by an electric source into two cases, based on the excitation

type (TE® or TM?).

TE* Wave Excited by a TE* Source. The x-component of the TE® contribution to an
electric field maintained by a TE? electric source is found by picking out the appropriate

terms from (3.80):

ee,x 2.ee 2,ee

EF,TE,TEDG _ J{Rvﬁ— e—j/lzg(z-&-z/) + REv6+ e—j/lzg(2d+z—z/)

Z/

+ I_QVng e JjAe(2d—z—7") + REVZB_ e j/lzg(ld—z-i-z')}. fe dZ’
Substituting in the expression for Vf;e from (3.83), using R = R = —1 and recognizing
VS =V  we can write:

2.ee 2.ee’

ee,x 2.ee

[

r >
EF,TE,TEDG _ {V9+ [_e—j/lzg(z+z’) + e A0(2d+z=) _ = jlp(2d—z=7) + e—j/lze(ld—z+z’)] }'jedZ,

[l

[

() wu, oa R
= X+ 2,4
{ 22045 4% 2l

Z/

IR
[_ e JAe(z+7) + e—j/lzg(2d+z—z') e jAe(2d—z—7") +e j/lzg(Zd—z+z’):| } fe dz’
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Therefore, we can write the xx-component as E'*’ = E’ -X, leading to

ee,xx ee,x
2
EV,TE,TE DG _ f . wH t/ly
eex 2/1Z9/1§

Z/

IR
[_efj/lzg(erz’) + e*j/l:g(Zd‘i’Z*Z’) - e*j/lzg(zd*Z*Z,) + efj/lzg(deerz’)] }'JedZ/

(3.85)

~

and the Xxy-component as E™0  — Ere,y R

ee,xy ee,x y

EhTE,TE Dy = J a)/”lf/lx/ly
eery 2/lzg/1l{2J

Z/

[_e_ Ja(+?) | g2tz _ = jdo(d—2=2) e—ﬂze(Zd—Z+Z’)] }-.Zdz’

(3.86)

We will now determine the total Green’s function for each component individually (which
are also separated by coupling type) by combining the principal and reflected Green’s

function.
e TE? -TE? Coupling, xx Component

Recall, the xx term of principal Green’s function (from 3.1.4.7) is

B a),ut/ly2
2/1Z3/1[2,

NP’TE _ 7‘/}:9 Z*ZI
Gee,xx = € | |

Combining this with the reflected portion given in (3.85) and recalling the definition

of Dy from (3.71), the total xx-component of the TE? electric field excited by a TE®
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source is given by

2 2
EV,TE,TEDG _ f D, (l),uz/ly e—jﬂzeIZ—z’\ _ M
ee.x 2/129/12 2/12913

Z/

% [_efj/l:g(z+z’) + e*j/lzg(zd*FZ*Z/) - e*j/lzg(zd*Z*ZI) + efjﬂzg(2d71+z’)] }‘.]N:dzl

which, after a considerable amount of algebraic effort and application of Euler’s

identities (as was previously used in the potential method), becomes

) 200 jsin (d.od)

!

e _ J wu,/li {cos [0 (d—|z—7'|)] — cos [Ayg (d—(z+7))] } .f:dz’ 387)

Z

e TE? -TE? Coupling, xy Component

Recall, the xy term of principal Green’s function (from 3.1.4.7) is:

WA A,

~p.TE ) —jdzlz—7|
G? - JAz0
ee,xy )
20,52

Combining this with the reflected portion from (3.86), the total xy-component of the electric

field, simplifying and converting to sinusoidal form leads to:

e _ f Opi iy | eos [y (d — =2 D] —cos [l (d = G+ ]| 2 11 (388
ce.xy 20,422 Jsin (Ad) ‘

!

Z

e TE*® -TE*? Coupling, y-Components

All that remains to complete the analysis of the TE* field maintained by a TE* electric

source is to find E” _and E"* Recall, from (3.39):

ee,y eez’
Er’TE _ _ﬁgr{ﬁ»e—j/lzgz . ﬁﬁrefej/lzgz _ _& [Erﬁe—j/lzgz + Erefej/lzgz] _ _&Ere
y ox ox ox ox X
Ay y Ay Ay
. ~ D,TE o Ay /S PSTE ~ D,TE o Ay~ DTE .
Also, noting the fact that G, = —A—yGee’“ and G,,,, = —f_Gee,xy’ we can readily

S€e:
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ETE _ _&Ey
ee,yx 1 XX
y (3.89)
B Jw,u,/lx/ly cos [y (d — |z—7|)] — cos [ (d — (z+7))] Far
22522 jsin (Aed) ¢
Zl
~ A
E:E = __szex
AT (3.90)
[k fooshatd o2 coltatd - e Y,
) 22,2 jsin (Ad) ‘
z/
EE._ =0 (3.91)
e TE? -TE? Coupling, z-Components
Finally, recall from (3.39), E;g‘; — EP"F — 0, which means:
E® =—FE® —E®™_ =0. (3.92)

ee,zx ee,zy ee,zz

TE* Wave Excited by a TM* Source. The TE?® contribution excited by a TM? source is

give by:

ee,x 2.ee

EITE™NMD, — J {RV;pe_ee_j’lz"Ze_ﬂwz/ + RRV/ ¢ itald+2) gy (d=2)

Z/

N
o\t —jde(d—z) ,—jly(d—7) D\~ —jde(2d—2) ,—jdw? \ . T 4./
+RV2’eee 0 e +RRV2’€ee 0 e } J.dz
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: Ut g rew . ey _ ey _ fe ] :
Since V,,, =V, = 0, we see that E;;, = E;;% = E = 0. This is as expected, since

no TE® field is expected to be excited in the parallel plate waveguide due to a TM? source.

~

Therefore, we immediately recognize E- . = E.>°°

ee,x eex *
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3.4.3 Electric (ee) Total Green’s Function, TE® Field Summary.

-

ETE _

ee

Z/

6TE

ee,xx

GTE

o
=
G TE,TE
ee ee,yx

'G‘“TE

ee.zx

< >
NTE . T ./
f G,, *J.dz ,

5TE

ee,xy

éTE

ee,yy

GNTE

ee,zy

o o o
~NTE__ ANTETE GTE,TM
Gee =G ee + ee

cos [Ay (d — [z=2/|)] — cos [ (d — (z2+ 2'))]

e jw,u,ﬂi
ee,xx 2 ﬂzg /l%

sin (ﬂzgd)

}

g JomAy [ oos [ (d — [=2|)] — cos [y (d — (2 +2))]
T 2 sin (Agd)

Growe =0

T — Jwp Ay ) cos [Ag (d — [z—2])] — cos [ (d — (z +2))]
ee,yx Z/lzg/ll% sin (ﬁzgd)

~NTE jw/lt/li{

cos [y (d — |z—Z|)] — cos [y (d — (z+ 2))] }

!
!

ee,yy 2/119/1% sin (/lzgd )
~TE
Gee,yz =0
~TE ~TE ~TE
Gee,zx = Gee,zy = Gee,zz =0

3.4.4 Electric (ee) Reflected Green’s Function, TM* Field.

From (3.74) and recalling the definition of D, from (3.73), we have the x-component of the

TM? portion of the ee reflected field as

_ Py ,—jdyz
—RVLeee

Er,TM Dw

ee,x

T —jdyz
—l—RVl’eee 4

+ RRVV" =t (2d+2)

+ Rl_gf}(” e—j/lzade—j/lzw(d"'z)
1,ee

1,ee

(3.93)

—~ TP =~y i (2d—
+ vaﬁzee JAad = Ay (d=2) + Rviﬂeee JAzy (2d—2)

§ RRVE e 4= 4 RRVY i)
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Using the methods of the previous section, we determine the total TM* portion of the

Green’s function.

> - <
™ ~v X, ™ TM,TE STMTM
Eee - f Gee ) JedZ ’ Gee - Gee Gee
Z/
™ ATM ™
Gee XX Gee,xy Gee XZ
< =
TM,TE TM,TM __ ™ ™ ™
Gee =0 ’ Gee - Gee VX Gee,yy Gee yz

o™ _ JABAy | cos[Ay (d — |z—7|)] — cos [Ay (d — (z+ 7))]
T 2wed? sin (A,,d)

aom  _ Ay { cos [y (d — [z=2/|)] — cos [y (d — (z + 2))] }

“r Qw2 sin (A,d)

o™ A, | sgn(z—2) sin[Ay (d — |z—2|)] + sin [y (d — (z + 2))]
R Dwe, sin (Ayd)

o™ JAA Ay | cos [y (d — |z—2|)] — cos [Ay (d — (z+ 2))]
T 2we, sin (A,d)

g _ I8 { [y (d — |z=7))] — cos [y (d — (z+7)] }

eeyy 2we; A2 sin (A,d)

g _ A Jsen(z=)sinfdy (d— |z=Z])] +sin[4y (d = (2 +2))]
eeyz 2(,4)8Z sin (/lzwd>

g _ A Jsen(emd)sinfdy (d - |2=2D)] —sin[Ay (d - (2 4 2)]
eezx 2w8z sin (/lzwd>

G’TM _ Ay sgn (Z—Z/) sin [/lw (d — ‘Z—Z/D] —sin [/lw (d _ (Z + Z’))]
ey Dwe, sin (A,d)

v _JEh [eos [y (d = =2 )] + cos[Aey (d = 2+ 2))]
o ngz/lzw sin (/lwd)

129



3.4.5 Electric (ee) Total Green’s Function Summary.

The ee-type Green’s functions may be written in the concise form (where the representation

‘I’?W’ represents either T‘l’ (which contains A, terms) or ‘Y"f’ (which contains A, terms)

Gee _G\’TE + GNTM + Ge
where
_ Az =44, 0
(";’TE _ JwM, B ) ‘I’g
ee (Z/lze/lg /lx/ly /lx 0 1
0 0 0
XN G 7 A - I A
o™ _ J P10 I G Y e o4 J2A, 2y
e 2we A2
. 2\ 2
> .e ] Stip "
JEAYY jEALTY (_) Sy
| X3 Y T3 Azw &, 2 |
~d 1
Gee = 6(Z_Z,)
Jwe;
ot _ €08 (Azyfs, [d—|2—2'[]) —c0s (A2, [d—(2+2)])
sin (A, d)
0 _ €08 (Ayyje, [d—|z—2[]) +co0s (Ay), [d—(z+2)])
i Sm( 20|z )
ol _ 580 (z—2') sin (A5, [d—|2—2|]) —sin (A, [d—(z+2)])
: sin (/lzg‘de)
v _ sgn (z—7') sin (ﬂzym [d—‘z_z’u) +sin (/lzdzw [d—(Z—I—ZI)D
“ sin (4,d)
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3.4.6 Magnetoelectric (eh) Reflected Green’s Function, TE* Field.

From (3.72), we have the x-component of the TE® portion of the reflected electric field

maintained by a magnetic source as:

rTE _ pYo- —jdwz Y= —jlez
E, Do =RV, e + RV, e

. Rl—ef/z@:he*ﬂw(z dr) RE‘N/Z:;Z oIl +2) p—jdeyd 94

RO+ ,—Jke(2d—2) RVt ,—idw(d—2) ,— jdyd
+ RV, e + RV, e e

+ RI_Q‘N/g;he*MZg(zdfz) + RI_Q\?Z” ;he*jﬂz"(zdfz)
Following the same procedure as with the ee-type Green’s function, we find the total

Green’s function, which is summarized in the next section.
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3.4.7 Magnetoelectric (eh) Green’s Function Grand Summary.

Gu =Cly+ Gy
where
[ A2
_/lx/lyTZ _/lzfrg ],th ?
! /Jz/lze
~TE 1 ; /1 /12
Gon = <27[z)) 2y ATy Sy
Mz Az
0 0 0
LAY ~27 0
Geh = (ﬁg) /lyT4 /lx/lyT4 0
_Jet/l r y JEA z -
ey gdy ° |
Tf)w/ _ cos (Azm |Z < |]) ( zg\zw Z+Z )])
1 Sm( 29lzy )
i _ €08 (Ayyjy, [d—|z—2[]) +co08 (g, [d—(z+2)])
’ Sln( 20lzy )
v _ sgn (z—2') sin (A, [d—|z—2|]) —sin (A, [d—(z+2)])
’ sin (s |z, d)
Tf)\w _ sgn (Z—Z’) sin (/120‘2(1/ [d—|Z—Z/|]) +sin (/lZH|Z¢/ [d—(z+z’)])
' sin (AZeIde)

3.4.8 Comparison of Potential Method and Direct Field Method.

In comparing the electric (ee) and magnetoelectric (eh) Green’s functions obtained by

the potential method in (B.9) and (B.10) and those found by the direct field method in
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3.4.5 and 3.4.7, we find they agree exactly. However, we also see a substantial reduction
in the amount of work required to find all the Green’s functions (ee, eh, he and hh-type)
through the potential-based method. In fact, we have only truly obtained the ee- and eh-
type Green’s functions through the direct field solution and we would have to repeat most
of the work in this chapter in order to obtain the he and hh Green’s function. Although it is
true that we could use duality to find the he and hh-type Green’s functions, there are a few
points that could lead to errors, not the least of which is the change of sign in the scattered
portion of the Green’s function due to the change in reflection coeflicient magnitude since
the PEC boundary condition can’t be changed to a PMC. Perhaps the most tedious part
of the direct field method has been the necessity of a term-by-term calculation, whereas
the potential based method allows for groups of terms to be calculated simultaneously.
Therefore, since we have confidence in the agreement between the two methods in the ee
and eh-type Green’s functions, we will use the results from the potential-based method in

the chapters to come.
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IV. Theory of the Extraction of Uniaxial Constitutive Parameters by the tFWMT

Having determined the total PPWG Green’s function for uniaxial media, we now seek to
apply it to a practical scenario for the extraction of the constitutive parameters. Although
there are many potential geometries, we will utilize the two-flanged waveguide technique
(tFWMT) of [51,53-55]. The geometry is shown in Figure 4.1. In this configuration, the
media sample is placed between two flanged waveguides, which have centered cutouts
for the appropriate sized waveguide. The size and type of waveguides are chosen to
best correspond to the bandwidth of interest. The flanges are sized appropriately [54],
so that, when combined with time-gating, the edge reflections can be eliminated from the
measurements. This development will follow the general methods of [51-54, 56, 83, 87],
incorporating the required theory for a uniaxial material, rather than for isotropic materials.
The amplitude of the incoming wave is given by a;, which is known to be propagating in
the fundamental TE], mode. Upon encountering the discontinuity at the aperture of the
waveguide, an infinite number (g) of modes will be reflected with amplitude a,, while
an infinite number of modes will be transmitted through the material with amplitude b, .

Therefore, the reflection and transmission coefficients are, in general, given by

a.; a,
R, =% — R, =_-L_gW 4.1
q a?. 1 a?_ 11 ( )
b-‘r b+
T, =24 — T, =-L_gh 4.2
q ar 1 ai;. 21 ( )

Our task is to determine how to extract the values for & and ;7 from the measured
transmission and reflection coefficient. We will use a combination of Love’s equivalence
principle, continuity of tangential fields, and the Method of Moments to arrive at a set
of coupled MFIE’s. Then, we will discuss, in detail, the method used for extracting the

constitutive parameter dyads.
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Figure 4.1: Geometry for a clamped waveguide measurement system. The two waveguide
probes are fed into a clamped waveguide containing the material under test. The amplitudes
of the incoming wave, the reflected modes and the transmitted modes are specified by a;,

a, and b, respectively.

4.1 Waveguide 1 (WG1)

The tangential fields inside WG1 can be written as the sum of the dominant mode
(TE,o) incident wave and the infinite number of reflected modes (which is truncated to
0 modes):
0
E, = afe e’ + Z aq’e”qejkZz 4.3)
g=1
where the index g is used as a compact notation for the standard mode indices,
incorporating all possible reflected modes (TE:, and TM: ). The modes are arranged in
order of increasing cutoff frequency (see Appendix D). At the junction of WG1 and the

parallel plates (PP), which is z = 0, we can write the electric field in the aperture (€,;)

135



as
Ei(z=0) =2y =aéi+ ). a,?, (4.4)
Since we are using the method of moments and the unknowns are already expanded, we
can test using the p™ mode of the electric field:
Opl Spq
— 0 —

Y
Jé’p'é’aldS =a; Jé’p'é’l + ) a, fe_},'é’qu = a6, + Z a, Opq
qg=1

[
[
Q
Il
—
99

However, p is just a dummy index value, so we let p = g and easily write

q

a, = Jé)q'é)alds — aféql (45)

S1
Now, we need to determine the magnetic field in the WG1 region. From Figure 4.1, we can

write
- +7 Q > ez
H; =ah —Zaqhqe z
q=1
At the boundary (z = 0), we have

Y
Hy(z=0) =alh — ) a,h, (4.6)

g=1
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Substituting the expression for a, found in (4.5) into (4.6):

0 _
H,l (Z = 0) = arhl — Z ng-éaldS — a;“éql hq
q=] | S,

Y

-

N - + >
€,°€ndShy + Z ay 641hy
qZISJ q=1

Q
= afhl — Z é)q'é)aldS}—l}q + afhl

4.2 Waveguide 2 (WG2)

Again, referring to Figure 4.1, we can write the electric field in the WG2 region as

Y
E,= Z b:;é’qe*ij(Z*d)
g=1

At the boundary (z = d), we have

- b;_ = fgq'gaZdS
S2
Similarly, we can write the magnetic field in WG2 as

Y
ﬁlZ = Z b;_}_l)qe_ij(Z_d)

q=1
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At the boundary (z = d), the magnetic field is

ﬁ[Z(Z = d) = Z b;}_l)q

g=1

Substituting in the expression for b; found in (4.8), we have
- Q -
Hp(z=d) = Z Jéq-éazdS hy 4.9)
q:ls

4.3 Parallel Plate (PP)

In order to determine the fields in the PP region, we will use Love’s equivalence principle
extended to a PEC to replace the fields in apertures with equivalent magnetic currents, as

shown in Figure 4.2. The equivalent magnetic currents are given in [9].

f;zzlz—fllXE)ll)p=—2><E)pr and ﬁ,zz—ﬁzxﬁgpzixﬁgp

= —7 X @&, and Jo =2Zx ES’ =2 xé, (4.10)

The magnetic fields due to these equivalent magnetic sources may be found from the
Green’s functions determined in previous chapters. Recall, though, that the Green’s
functions were determined in the spectral (Zp,z) domain.  Therefore, the spatial

representation of the fields can be written as

o0
- 1 ([ = 2
H”(f,z) = ) (H"Pe”f""d/lf)
%
0 d
Y&, G -Fd Dae | eibian
== G (Ap,2|2) Tn(Ay, 2)d2 | €% Fda;
472 )
—0 0

138



- >
Jhl Jh2

Sy S

I
o

Z z=d

Figure 4.2: The geometry for the parallel plate region, where the fields at the aperture have

been replaced by equivalent magnetic currents, according to Love’s Equivalence Principle.

R
Utilizing the inverse transform of Jj,, we have:

d

o0
l = 3 =7 3 e =
w(5,z) = po J J J G (A,,2|2) J f (B2 )e 7P dp” | dZ | e PdA’
—00

0
1 = 2 =GR 3 (R_R!
- H o f G (Apn2|2) - Tn(3, 2 P gy’ dx (4.11)
which could also be written in the more familiar Green’s function notation:

(3 f J_th (A 2l)- eV EF0d2 | -3V (4.12)

v

G mh (8:2)

We consider the magnetic fields just to the right of S at the coordinates (x,y,z]) and just
to the left of S, at the coordinates (x,y,z, ). Clearly, a magnetic field existing anywhere in
the material will be maintained by a contribution from both equivalent magnetic currents,

J_,;,1 and J_;,tz. Therefore, using the representation from (4.11), we have the magnetic field
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just to the right of S as

1 p N R 2 rn ay
i) hh (/lpazﬂz/l).*]ht] (ﬁ&)a(zl_zf)eﬂp'(p]_p])dV{ d/lﬁ

Hy (7)) = p

Ra—
N

Vi

o0
1 = 2 - - - 3 33’
+ J 4—7_[2[ G (ﬂp,ZHZIZ)'Jhtz(plz)5(z,—zz)elflp (B Pz)dvé d/lz
—0

v;
oo
| PV -
- @JJ JGh (A 2t121) * Jan (B1)e P70 as | da2

_ ’
0 Sl

iAo /
47r2f Jth 0221 1%2)" T (B5)e/ P2 ds ), d/ﬁ

—00 l
Recalling the definition of the equivalent magnetic currents, placing the origin in the corner

of the waveguide aperture and assuming perfect alignment of the two apertures (e.g.,

Xi = X2,Y1 = Y», etc.)’ we write the expanded expression

0 b a
— > 1 : A = 00—
() = 73 ” f f G (T2 [20)" [~2 x (7)) 4Py’ | d2
T R00 (4.13)
1 0 b a .
+ RJJ JJ G ( 125) [Z x €.(F)] e 65" g3 dy dr
—00 00
Similarly, we can write the magnetic field just to the left of S, as
0 b a
S5 1 < . L
Hp(7,) = 42 fj Jf Gin (Aps2512))* [-2 % u(7))] €™ Wax'dy' | dA;
TR0 e (4.14)
] 0 b a _
+ s Jf JJ G (A 25|25) [2 x 8 (7)] € = ax'dy | d2?
—00 00

3The error due to slight misalignment has been previously shown to be small [51].
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Enforcing continuity of tangential magnetic fields across S, from (4.7) and (4.13) we

have

or

b a
{ | [ G @zilen- (-2 x an e 0P avay | a2 @as)
0
o0
l

b
ff éhh (Zp,ZHZ;)' [2 x ZaZ(?IZ)] eﬂp'(ﬁ_ﬁ’)dxldyl d/l,%
0 0

Again, employing the method of moments, we use the following expansions for the

unknown electric fields across the apertures:

N N
Za=> afCVe,  2.=) afCe, (4.16)
n=1 n=1
Transforming (4.15) to
S
N - a
. 1 S 2\ D [ 7 2
2R\ (7) = 3 D3 (@7 )-8, ) ) -
g=1n=1 S
1 OO(‘ _1(7‘ “ <« N 1
— m J J J éhh (/—ip, ZHZII)' (Z C,(ll)i X é)n(f_')ll)> €j/1”'(ﬁ_ﬁ/)dxldyl d/l’i
“% Lo o n=1

0 b a
1 r r < 5 N -~ e .
T2 J G (Ao 2 122)* (Z CP en(r’z)) e 0 dx dy | da?
0
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Now, recalling Z, ﬁ and simplifying:

251(’?1_) =
N 0 b a
)7 o 1) Zn ~ / SN iAo (BB") 3o gt 2
2 G = € H ” G (21 12) I (71)e W PP dd ay | da
n=1 % Lo o
0 b a
L L G (L, 25 120)  Tn(#) P70 axay | a2
nogr2 hh \Ap> 2y |2n n\Fy)€ xay o
—00 00

to obtain

0 b a
—C,(,I)Jﬁm(ﬁ)~ j:z H G (Ap21]2))* JJ () P 0axay |da | ds,
S —0 0
© b a
+ C,S”Jﬁm(ﬁ)- 45:2 “ 6% p,z1|zz JJ i e”f’ =1") gy 'dy d/l2 dsS
S —00 0

(4.17)

Before we proceed, we can glean some physical insight from this form. The first term on
the right side of the equation represents the dominant mode excitation at S';. The second

term represents how the n” mode excitation in the S, aperture maintains the m™ mode
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at the S| aperture. Similarly, the third term represents how the n” mode excitation at S,

maintains the m” mode at S .

We can use the same methods to enforce the boundary conditions on S,, using the same

expansion coefficients and the test operator

EJ ( dsz om=1,.,N

a

b a b
(Jjﬁm(?)e”pp dxdy |- éhh A 20|2))- JJ 2(7)e —iy B’ gy dy’ a,’/l2
00 0

a

b
}_l)m(72)€ﬁ”'ﬁ dxdy |+ G, (Zp,Z2|Z'2)' fjﬁn(?;)e_jzﬂ'ﬁ/dx’dy’ d/lf)
00

O%Q

(4.18)
We see that (4.17) and (4.18) can be written as a system of 2N equations:
AUD - 4(12) c B
= 4.19)
AR A(22) c® B®
INXON 2Nx1 2Nx1
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S
¥ o b a
Zn h 7 2t 4 ::: bt g - _ .3 -2
_ 4 > J J‘Jhm(rl)ej/lpp dXdy . th (/lp, Z1|Z,l) . ff n(rll)e Jdp P dx/dy, d/lz
T
- 00 00
¥ - b a
Z, L . ) N
ASrzlnz) ) f JJ‘hm(f)l)e]/lp'p dXdy . th (/lp’zl |Z/2) . J‘Jhn(’,—)lz)e]/lpp dx/dy, d/li
TT
o 0 00
g - b a
Zn g - 1.3 = 2> > o
Afnznl) = 42 J:f ffhm(rZ)efﬂpp dxdy . th (/lP’ZZIZII)' J‘Jhn(r/l)e iApB dx/dy/ d/lg
TT
—0 00 e

So
¥ - b a
Zn b, (7 i ~ 3 2 s 3
_ A2 Jf J‘J m(7'2)€]/1pp d)Cdy G (/lpaZ2|Z/2)' JJ‘hn(FIZ)e Jo B dx/dy, d/lﬁ
T
- 00 00

The Aﬁ,,l,,l ) and A,(nz,f ) terms are the“self” terms, that is, the field in the aperture at z = 0 or
z = d due to a source at the same position. The A,S},,z ) and A,s,z,f ) terms are the “cross” terms,
which represent the field at one aperture due to a source in the opposite aperture. Due to
the symmetry of the system and the form of the magnetic type Green’s functions in (B.12),
we see that A,(nln1 ) = A,(,f,,z ). Due to reciprocity, we also find A,(nl,f ) = A,(nz,f ), Therefore, we will
only have to find two of the coeflicients in order to solve the system. This will significantly

reduce the required analysis and computation time.
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So far, we have used the method of moments to convert what was an ill-posed system into
a well-defined system of 2N equations, where the index N can be chosen to produce the
desired convergence, based on our knowledge of the modes with the strongest contribution
for this particular geometry [S51]. This system can be solved using traditional linear algebra
methods. The numeric subscripts on the PP magnetic fields represent, in the first case, the
field at §'; due to the source at S; and, in the second case, the field at S; due to the source
at S,. In both (4.17) and (4.18), the m index is associated with the observer (test function),

whereas the n index is associated with the source (expansion function).

It is impossible to obtain a completely closed form solution of (4.17) and (4.18), but we
will seek analytical solutions for all but one of the spectral integrals. The two inner source

integrals may be calculated in the following manner.

b a b a
JJ Je 7 dx'dy = Jjﬁn(x’,yl, 7 = 0)e Y eIV dy dy'
0 00

Recall that l_z),, is the transverse electric field in the aperture, which can be written as
By = RNy + Fhyy. This leads to

b a b a
J ﬁn<’7,1>efﬁp'ﬁ/dxldyl = JJ KNy + §hay) € —I gAY g dy’
00 0

Using the usual field representations for TE* and TM*® modes in a rectangular waveguide,

which can be found in [9], we expand to

b a b a
JJ 2(F)e —idyp’ dx'dy = xM", stm kx') cos (ky,y') e” I =T o dyf
0

0
b a

+yM), JJ ken') sin (ky,y') eI eI dx dy!
0

(4.20)
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where M}, is the appropriate amplitude coefficient and depends on whether the mode n
>y

is TE? or TM® (in the equations below, @ = m, n):

kxa = %
M M| Z,
kyy = 2t
g || K | K | @ho ... with (4.21)

k b
Za @ k n /
¢ kc(l = k)Zm + k%a
Kz

TV || kyy | ko

ke = A/K2 — K2

ca

Again, we note that m and n are mode indices which designate the traditional modal
notation, which is expressed as TE; , or TM; , . We can apply a separation of variables

solution to the source integrals (4.20) to write

b a a b

v —jd, B! A .
ffhn(’_‘”l)e P dx dy' =XMi’nfsm (kgn') e /4% d’ fcos kyny') € —inY gy
00 5 4

a

b
+§M" | cos (kyx') e " dx’ | sin ( eI dy!
y yn xn yny y
0 0

(4.22)

The solution to (4.20) can be found in closed form and is presented in detail in Appendix
B of [86]. We follow this solution, noting that v values must be odd and w values must be
even, due to the symmetry of the waveguide. Recalling the form of k,, and k,,, we find the

generalized results of the integrals are (where u = v,,, w,)

(T e _ | (1= (et
[ -5 (s3]

. (4.23)
un i . (1 o (_1>ueij/lxa)
0 a a
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Therefore the source integrals for the n mode from (4.22) become

b a
f J I (77)e 7" dx'dy'
00 (4.24)
(1 — (=1)me=ha) (1 — (—1)¥neiP)
(A + k) (A — k) (Ay + ko) (A — k)

[RjM" kA, + § 7ML A

We note that /1, (7 )= B (7 %), since we assume the waveguides are perfectly aligned in the
transverse dimensions (i.e. - g = g5) and there is no z-dependency. Similarly, we can

write the testing functions (" modes) as

b a
J Jﬁm(?'l Yo dxdy
00
(1= (=1)"meita) (1 — (—1)"meit?)
</1y + kym) (/l) - k)m) </1x + kxm) (ﬂx - kxm)

[RGML ke dy + § ML K]

(4.25)

Finally, we will simplify the excitation terms in A,(nl,,l ),A,(,f,f ) and Br(nll) . Using the rectangular

waveguide modes from (4.21), we write
J Bo(7) * R (7)dS |
= J { [&M,,sin (K x) cOS (Kyny) + §M, 08 (K x) sin (kyny)] - (4.26)

[RM,sin (K x) €08 (Kymy) + §M 1,008 (K x) sin (kyny) | }dS |

- J [(Mfc’m)2 sin® (kg x) cos? (kyny) + (M;‘m)2 c0s? (kyx) sin’ (kymy)] s, (4.27)
S
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Assuming a separation of variables solution and making use of mode orthogonality, we can

write

a

b
= 6m,n{ (M2, ? J sin® (kx) dx f cos® (ky,y) dy
0

0

) ) (4.28)
+ (M;’m) ? J cos? (kgnx) dx J sin® (kyny) dy}
0 0

= O {(Mf;m)2 (%) + (M)’ <‘;—b)] (1 + o) (4.29)

= Sy <‘;—b) [(M’;m)2 + (Mj?m)z] (1+ 6, 0) (4.30)

In (4.30), the (1 + 6, 0) term is required because, in the case of w,, = 0, we find

b b b
Jcos2 (ky1y) dy = f cos? (0)dy = J(l)dy =b 4.31)
0 0 0

rather than g, as will be the case for higher order modes. Now, for the Bgl) term, we have

Wi = W, = 0, which leads to M}, = M, = 0

- - b
B =2 f h(Py) Ry (F)dS | = 26, (%) [(Mf;m)2 + (0)2] (2) (4.32)
S1
2
(1) 2 abkx]
= B’ =ab(M.,) = 7 (4.33)
1

Therefore, the excitation matrix B(") may be succinctly written as

BY = ab (M")* 6,1 = —26m, (4.34)
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We can now write the AUD and A(1?) coeflicients as

A = by () [0+ (0,)7] 1+ 6.
1—(=1)"mei) (1—(—1)"ne/b?)
T i f J [ Ay + ko) (A — k) (Ax + K) (Ax—kxm>]

[&GML kandy + §ME i)+ G (A, 21[2)) [RiME ndy + § M Ky ]

(4.35)

xm

[ (1—(_1)vne—jm) (1_(_1)Wne—j/lyb)

dAdA
(Aythyn) (Ay—kyn) (Axtkyn) (/lx—kxn)] '

U (—1)"meit) (1—(—1)"meh?)
y+kym) (/ly_kym) (/lx‘i‘kxm) (/lx_kxm)

[ xmkxm/l + YJM k}m/l ] éhh (jp’ 4| ‘Z/Z) : I:ﬁ]Mfclnkxn/l) + y.]M)hnkyn/lx] (436)

ym

[ (1—(—1)"e= ) (1—(—1)"re=Ibb)

dA,.dA
(Ay+ky) (Ay—kyn) (Ax+kin) (/lx_km)] y

Recognizing that G, (1,,21|7)) is a dyad of full rank, we examine the vector portions of

the A coefficients:
[ M kxm/l + y.]M;lmkym/lx] ° 6hh (/i)p, <1 ‘Z/l)° I:ﬁjMilnkxn/ly + y.]M k)n/l ]
= — M} M Kk 2G o — M M Kk L AG

xm

- Mh Mh ky k nAxd G/lzllwx - Mh Mh kymk ﬂzGllﬁlm
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where G, (/Tp,zl|z/1) =Gl

e After some algebraic manipulation, we can finally write the
s YX

A,(,:,ll) and A,(,,]n2 ) coefficients as

A = b () [0 + (0,)7] 1+ 6.0

_ ﬁ T |: (1—(—1)Vmejxlxa) (1_(_1)vn€*j/lxa) -|
4 (Aethan) (k) (Lt (Ae—k)

—0Q0

0
| (MM BG4 M M G (4.37)
—0o0

h h ~11 h h 211
+Mymenkxmky"/lx/lyth,yx + MymMynkymkyn/lehh,yy]

[ (1—(—1)Wmej/lyb) (1_(_1)wne—j/1,,b)

da, ¢ dA,
(/ly+kym) (/ly_kym) (/ly + kyn) (/ly B kw)] ’

A%hﬁf[wwqwmm+wwmw

- An? At k) (Axc—Kam) (Axthm) (Ax—kn)
N
J [Mi‘mMﬁnkxmkxn/lié}li” + MM Kk A, Gl
% (4.38)

h h ~12
+ M ym M xnkxmkyn/lx/lyth,yx yn

(1—(—1)Wmejﬂyb) (1_(_1)wne—j/l).b)
(/ly+kym) (/ly_kym) </ly+kyn) (ﬂy—kyn

hpgh 2A12
+ My, M kymky,,/lemyy]

)] da, y dA,

4.4 Evaluation of A, Integral

The inner integrals of both (4.36) and (4.38) can be integrated in the complex A, plane,
using the complex analysis techniques described in Appendix A. From the form of the
integral, we see there are several cases which must be considered with regards to the y-

variations of the source (n"” modes) and observation (m"” modes) fields:
e Casel:w,, =w, =0

e Casell: w,, # 0,w, =0
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e Caselll: w,, =0,w, #0
e CaseIV:w,, =w, #0
e Case Viw,, #w, # 0

For the moment, we will examine Case I, which lends itself to a dominant mode analysis,
where we assume that only the dominant mode is present in both the testing and observation
functions. Admittedly, this is not the most accurate expansion, but will provide a sufficient

foundation upon which to build. For this analysis, recall z; = z’l =Q0andz, = z/z =d.
441 Casel: w,, =w, =0 (ALV).

In the simplest case, when both T E? 0 (observation) and TE; ; (source) modes are present,

11)

we have w,, = w, = 0 =k, = k;, = 0 and the inner integral of the A,(,m coefficient
becomes
[ MM kok
f e G | (1) (1—e—ﬂy”)] da, (4.39)
y
—00

We recall from (B.12) that th,xx consists of a TE® and a TM? portion. According to the

superposition principle, we can consider each part individually.
TE* Contribution of CNth,xx. The TE?® contribution of (Nihh,xx is given by (B.12):

G (Jﬂzeﬂi) [COS (Ao [d—|z—2'[]) +cos (A [d—(Z+Z’)])]

Fihxx 2 2wp, sin (A,d)

and recall G, . = Gpuxc(71]7]), which leads to

6TE,11 _ j/lze/li cos (/lzgd)
hh,xx /1‘123(1)/1[ Sil’l (/lzgd>
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Therefore, (4.39) becomes

0 .
jM)}clmM)}clnkakxn/l)zc f /lze (1 _e]/lyb) COS (/lzgd) da
Wi, A2 sin (Ad) !

—0

r A (1—e4) | T cos (Ad)
LA sin (Ad)

—00

(4.40)

Recall that 7 = A3+ A7 and A%, = k} —52% = k7 — 225 — 223, This form reveals the need
X ! He P Mz X MY

for UHP and LHP closure in the complex A, plane. We have simple poles at 1, = +jA,

and A, = + \/Z_, [k,z — (%’)Z] — A2 (where [ = 0, 1,...,00) and what would appear to be a
double pole at A, = 0. However, the double pole at A, = O turns out to be a simple pole, as

L’Hospital’s rule indicates one of the poles is removable:

1 — JjAyb
1im+=—jb¢o

A4—0 v

Therefore, we find only a simple pole at 4, = 0. We choose the appropriate closure
conditions by separating A, into real and imaginary parts (1, = A, + jd,, ). This leads

to
e]/l}b — ej/l)‘rebe_/lyimb oo /lyim > 0 - UHP

. M id)
— Ay =i A, ==y B (e Ee) e
Ypl .] Yp2 \/,ut(t <d>) X

eI — ol ot — Ay, <0 = LHP

; U nl
= Ay, = —J Ay, = \/i (kg - (E>2> )

Where 4, and 4, , are the non-trivial poles, which are utilized in the next sections.
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UHPC

LHPC

Figure 4.3: Complex A, plane integration, showing the poles at 1, = 0,4, = +j4, and

A, =+ \/ ’i [k,z — (%)2] — A2. The branch cuts arise from the multi-valuedness of the

radical in the argument of the sine term. The branch point at / = 0 is removable, based on

the form of the numerator.

e UHP for TE? Contribution

We first consider the UHP. For brevity’s sake, we look only at the integral and will

carry the multiplicative factors through at the end.
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For UHP, by Cauchy’s Integral Theorem, Jordan’s Lemma and Cauchy’s Integral

Formula, we have

HW%J

+ + +
B N s D Yo

- B Ay

chooxc¢t cf cf Yot
nl

= jaRes(f, A, = 0) + j2nRes(f, A, = jA,) + j2nRes(f, A E)

1. C; Pole

The contribution from the simple pole at 1, = 0 can be found using Cauchy’s

Integral Formula for a semi-circular contour. The value of the pole contribution

for a pole of second-order around a semi-circular contour of a function ;% is

given by
f ¢ af J (4.41)
g(2)
In this case, we have
A (1=e™?) | [ cos (A,d)

A1) = 4.42
/) [ e ] @.42)
g() =4 (4.43)

which leads to

0 A (1—e™) | T cos (A.od)
yg = J7r 11 m (3/1 { [ ) ] [sin (ﬂzed)] (4.44)

+
CO

A2sin (Agd) 2 [ (1 — ) cos (Led)]
= jn lim i > (4.45)
=0 [A,81in (Ad) |

Ao (1 — /) cos (Apd) 2 (A2sin (A6d))
. ) (4.46)
[A,sin (A0d)]*

154



However, because we are interested in the limit of 4, — 0, 1 — et — 0,
which means the entire second term can be neglected. Canceling one of the

A,8in (A4d) terms in the denominator leads to

% [ A0 (1 — ) cos (Ad) |

i li - 4.47
T AyanO A,81in (Apd) (447)

o /119% [(1 = e™?) cos (Aed)]| + (1 — e/*?) cos (Ad) %_/119

= jn lim - :
4,0 A,s81n (Apd)
(4.48)
Again, the second term may be neglected due to the limit
o= [ (1 — €/?) cos (Ad) |
= jnr lim - , (4.49)
1,—0 A,s8in (Apd)
A [(1 — /) Lcos (Ayd) + cos (Ad) (—jbe”f”)]

_ il ) 4.50
I Aylg%) A,81in (Apd) (450)

Again, the first term is cancelled due to the required limit, leading to a final

solution:
wbA* | cos (A%d
%:/{ﬂ,(f)] Lo = L e-Be (4.51)
J 3| sin (A5d) .

0

2. C;x Pole The contribution from the simple pole at 4, = jA, can be calculated

by

§l§ = j2nRes(f, A, = jA,)

+
Cﬂx

/lz 1_ej/1yb /1 d
~ jorx tim (4 — 1) | = e( ) . lc?s( 0 )]
= jdx 2 (A + jA,) (A — jadi) | | sin (Ad)

_ [ﬂ (l—e%] lktcos (k,d)]

2 sin (k.d)

X
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where we have used the relationship A,y = \/ k> — %/li - % (jA,)* = +k. A

further examination shows that the sign of &, is unimportant, since % is
seen to be even in k;.
. C/ Pole
Finally, the contribution from the poles when 1,4 = % (Il =0,1,2...,00) can
be found. This pole leads to a series of special values of A,
J7i al\*
Ay, = E | = |2~ | = - 4.52
Yio - s [ t ( d) ] X ( )
Due to the form of the integrand, we use the formula
Res (@ Xo) - L) (453)
8(x) g'(x0)

and, from (4.40)
Ay (1 — €7?) cos (A,4d)
2 (2 +22)

g</ly) = sin (ﬂz9d>

f(/ly) =

Recalling 1,4 = \/ k> — LA — fLA3, we can find g’ by the chain rule:

Hoy?

1 da,
g ) = %sin (A9d) = dcos (Ad) < > ( 2&/1}) = T s (A0d)

ony 2/119 M :uz/lze
Which allows us to finally write (using the —A4,,, root):
nl A S <_/l)’19)
J2nRes(f, Ay = +—) = 2n—+=
d gl<_/lym

The contribution is found to be the sum over all possible values of /:

A <A (Al 21 (1= e tub)
% - wd ;)(E) [/13 (/12 _i_/p) (4.54)

Yio YVio
+
2.C
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e [LHP for TE® Contribution

For the LHP, Cauchy’s Integral Theorem, Jordan’s Lemma and Cauchy’s Integral

Formula allow us to write

. ——
[feed T
® ¢y, X Cx
0
~[-f-§-
—0 Cy CT, X
nl

= —j2nRes(f, A, = 0) — j2nRes(f, A, = jA,) — j2aRes(f, Ay = ig)

Due to the similarities in the terms in (4.40), we find similar forms of the residue

contributions, using 4, | = —jd,and 4, , = \/ [kl (ﬂl) ] — 22

nbxl* cos /l* d)

4.
% sm /l* d) (4.53)
B m(1—e=**) | [k,cos (kd)
515 o [ 3 | sin (kid) ] (350
J2m: < 212) (1)
= 4.57

The total integral from (4.40) for the TE® contribution in this case is the combination

of these contributions and can be written as

QU MM kok {jZﬂb/ljg [cos (/ljed)] jen (1—e~tP) [ k.cos (kd) ]

wie | sin (A%d) Ax wpsin (kd)
47r,uz/l2 i (M)z (1 — e 7hub)
wutd d /l;m (/l)zze + /12>

where

2
M He nl
Ak = k —22 , A, = — k2—(—> — A2
70 U Vig U [ t d X
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TM: (y) Contribution of (N}hh,xx. The TM® portion of Gwhh,xx is given by (B.12):

N (stﬂﬁ) [ (Aey [d—|z=2']]) +c0s (A [d—<z+z'>]>]

hhoxx 2/1Zlﬁ/l% sin (/lzwd)

and recall éizl)zx = éhh,xx(ﬁ |#'), which leads to

éw(n) o jwst/l% COs (/lm//d)
fxx =\ 1,22 ) | sin (A,d)
W W

Therefore, (4.39) becomes

(1—e“~"b)] [ cos (A d)
A

o
iwe M M Kk, f i,
JweEM ., M .. /1)2 + /l)zc Zl/,SiIl (ﬂzwd) y

o0 .
(1—e=ihP) cos (A d)
[ et 7,
4+ 43 Aysin (Ad)

(4.58)

with 1, = \/ ki — 222 — 222, which again shows the need for upper and lower half
plane closure. In this case, we need only consider the two poles, 4, = =jd, and

/lleSil'l (/lz,//d) = 0.
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UHPC

LHPC

Figure 4.4: Complex A, plane integration, showing the singularities at 4, = +j4, and

A, =+ \/ ’i [k,z — (%)2] — A2. The branch cuts arise from the multi-valuedness of the

radical in the argument of the sine term. The branch point at / = 0 is removable, based on

the form of the numerator.

e UHP for TM? Contribtion

For the UHP, according to Cauchy’s Integral Theorem and Cauchy’s Integral

Formula, we have

0
° —N
+§I§+y§+ f =0
J G

— + +
. C,Mx ZC,

[ pp-4

—® los A S onuu ¥ Kb oy

JAx

= j2nRes(f, A, = jd,) + j2nRes(f, Ay= — 4,,)
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1. C; Pole

For the simple pole at A, = jd,, we have

A= jd,

(/ly+j/1X) (/ly*j/lx) zl//Sin (/lzl//d)

_ [n(1 - e—ﬂxb)] [ cos (k.d) ] 4.59)

Ay k;sin (k,d)

j2nRes(f, 4,=jA,) = lim j2m(Ad,— j/lx)[

(1—eit?) ][/lcos (Ayd) ]

where, again, 1., reduces to k;.
2. C; Poles

In order to determine the residue for the second contribution, we again use

(4.53), with 4,, = + \/ & [kg _ (%1)2] )

f(_/l)’/w
2R L=, ) = 22—~
J2nRes(f yw) J ﬂg’(—/l )

Yiy

where

(1 — e/*) cos (Ayd)
A+ 2

f(/ly) =

g(/ly) = /lein (/lzlﬁd)

Recalling 4., = \/ ki — 222 — 222, we can find ¢’ using the chain rule and the

product rule.

d sin (A d) + sin (Ad) d

0 .
gl(/ly> = a_/ly/lzllfsnl (/lzwd) = /lzwﬁ_/ly a_/ly/lzllf
Evaluating at 4, = —A4,, s> WE have
W sin (7l de, A
g(-,) = % [dcos (nl) + ﬂ(," )] = ;y’” [(=1)' +60,]  (4.60)
Z E Z
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Therefore, the residue contribution to the integral is

) 1 — e_j/lylwb)
] Jj2ne = (
j2nRes(f, —A4,,) = y <
& 5, (/@M + /1§> [1 + 6o,
2 1 1=0
£ ml
/lyzw = ;Z ’kzz - (3) ] - /l;zc > 0o =
' 0 [#0
4.61)

e [LHP for TM? Contribution

For the LHP, we have

0
Orc,’ —
+§l§+y§+ f =0
J
—© ch Yet cl

JAx
00]
r

~[-4-

- + +
* Cie 4G

= —j2rRes(f. A, = jA,) — j2nRes(f, dy=Ay,)

Due to the similar forms of the terms of (4.58), we easily see the LHP contributions

to be

T .| —eﬂxb)] l cos (kid) ] | 2. i(—ml (1= et

kisin (kid) de: 5 Ay, (lﬁlw + /l%) [(—=1)! + 6o,]

e 7l 2 1 I=0
/l)’lw = \é [ktz_ (E) ]—/li s 50,1:

(4.62)
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Therefore, the total integral for the TM? contribution from (4.58) is given as

Q) _ ag vk k ) [ 22T (1 — ™) | [wacos (kd)
™ A A, ksin (kd)
—jdy, b
drwe, i (1 —e v )
d 3, (Agw + A§> [1 + 60,
2 1 I=0
e nl
e @
’ 0 [#0
Noting that “’k—‘f’ = wk_;z, = %, we see the terms originating from the A, = +jA, cancel out.

)

Therefore, forw,, =w, =0 = k., =k, =0, A,(,fnl becomes
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o0

(1) 1 ZnMﬁmMgnkxmkxn YN (11)

Amn - Zm ném,n - 47'[2 C <Q + QTM >dﬂx
—0Qo0
where:
o [ 1mee) (1 (-1t
B (ﬂx"i_kxm) (/lx_kxm) (/lx"i'kxn) (ﬂx_kxn)

Q(ll) B j27rb/1;e cos (/lz‘ed) 47T,Uz/12 i (ﬂ'l)2 (1 _e—j/lmb)

" wu, | sin(%d) | wpld S\d) B (2, +2)

Ay, b
QU _ _4mwe: 5 (1 e ) (4.63)
d =2, (Aglw + A§> [1 + 6o,]

with:
Ay Kk — lﬁ/li ke = Vo .a=mn

' M a

H | nl 2] w
Ay, = /f kt2 - (E) - /ﬁ kyo = ba a=m,n
£ [ nl 2]
Z

/lylw 8_1 kt2 - <E) - /l%

The values for the MZZ”;W and Z,,, terms can be found in (4.21).

442 Casel:w, =w, = 0(A?),

In the simplest case, when both TEi o (observation) and TE? 0 (source) modes are present,

we havew,, = w, = 0 = k,,

becomes very similar to (4.39):

f M" Mh kxmkx,,

= k,, = 0 and the inner integral of the A,,m)

Htlebobag [ (-em) (1me) | an

coeflicient

(4.64)
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Following the same methods as above, we find the AS,j,f ) coefficient to be:

e 0]
ZuM M ek
Ay = =2 J ct (i + k) da,

—00
where:

o [ (et (1o (- 1)yre i)
C a |:(/lx+kxm) (ﬂx_kxm> (/lx+kxn) (/lx_kxn>]

12) J2rb A,

1
T o [sin (A;Hd)]

Ay, A2 i( 1), (Jrl)2 1 — e /b
wurd d 2 (2, +2)

=0 Yie \""yig
(4.65)
' . —Jjdy b
g dmos s (1)
™ d
0 Ay, (2, + 2) [(=1) + 6o,]
with
/1;9 = kt2 - /Jt/ljzc kxa = % =m,n
z a

u | al\?] v,

/1)’10: i ktz_<2) _/l_% ky(yZT(l--.a:m’n

£ A
o= Ele-(5) | -#

Again, we recall that the values for the M,’ZC’;D and Z,,, terms can be found in (4.21). Note

that the A, integrals cannot be evaluated analytically, as the 4,,, or 4

v, points become non-

removable branch points in the A, plane, as the integrands are not even with respect to 4,,

orAd

- Therefore, we will evaluate the A, integrals numerically.

Now that we have obtained expressions for the 2N x 2N system of (4.19), we must
determine the theoretical reflection and transmission coefficients. Recall, they are given

by (4.1) and (4.2), respectively. The reflection coefficient (S ;) is (where a, is given by
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(4.5) and &, is the MoM expansion term of (4.16)):

o
S =R =-—L=c"-1 (4.66)
a;

Similarly, the transmission coefficient (S,;) is (with b; given by (4.8) and é,, is the MoM

expansion term of (4.16)):
b+
S =T, = = c? (4.67)
1

Therefore, we see that, even though we consider N modes through the MoM solution, the
theoretical reflection and transmission coeflicients depend only on the first C; terms. At this
point, all that remains of the extraction is to minimize the difference between the theoretical

scattering terms and the measured data:

Sthy(f d; &, 8z,ﬂt,/1z) SCXP(f)
Sthy f d &1, &y Uy, S P f
arg min__ h( oEottoti) = Sorlf) (4:68)
E1,E2,H1,HE St y(f d; 8t,€z,ﬂtw“Z> S| p<f)
| Sthy(f d; 8t,82,ﬂt,ﬂz) SCXP(f> dlp

which can be performed on a point-by-point basis using a non-linear least-squares
method, such as the Levenberg-Marquardt or Trust Region Reflective (TRR) method [63].
We note here, that the above development is only valid for extracting two complex
parameters. Therefore, we could use it to extract the permittivity from a dielectric
uniaxial, magnetically isotropic material (where the permeability is known). An additional
independent measurement would be required to extract all four uniaxial constitutive

parameters. The two-thickness method (TTM) could be used in such a case.

This chapter has demonstrated the computation of the dominant mode scattering parameters
(Case I). These computations have been repeated for Cases II-V and the relevant

expressions are found in Appendix E.
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V. Measurement of Uniaxial Media by the tFWMT

Now that we have developed the MFIE’s which describe the scattering parameters for a
uniaxial media in the tFWMT configuration, we must determine a suitable method by
which we may solve the reverse problem. This reverse problem consists of minimizing the
difference between the theoretical scattering parameters and the experimentally measured
scattering parameters. This chapter describes the computational method (which has been
implemented in MATLAB®), the laboratory configuration and results for a variety of

materials.

5.1 Computational Method

This section will discuss the structure and flow of the computational method used to solve
the minimization problem, detailing some of the complications that arise by virtue of the
complexity of the problem. To the knowledge of the author, such a detailed description
of the code has not been given in any previous literature. Therefore, the present section
represents a significant contribution to the measurement community in two ways: it
allows the current results to be reproduced for a wide variety of research applications
and it allows for future codes to be built based on the current code, rather than from
scratch. The full code is available in Appendix F. MATLAB® was used extensively in
the extraction of the constitutive parameters. The least squares routine is an iterative
process that calculates numerical values for functions with dependencies on the unknown
constitutive parameters. Therefore, the problem can be written in the forward sense,
creating functions depending on values for &, €, i, and y, and the least squares program
will iteratively solve this function for the values which best minimize the problem at hand

(4.68). The program is widely configurable across the scope of our problem, allowing
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the user to choose downsampling, the modes which are used for the MoM solution, the
type of problem under consideration (uniaxial or isotropic; dielectric, magnetic or both)
and the specific type of LSQ algorithm to use (TRR or L-M). Furthermore, the program
contains the ability to utilize the TTM to extract both the permittivity and permeability
from a dielectric and magnetic uniaxial material. For this more general type of material,
we require two independent measurement sets (transmission and reflection for each set),
obtained by measuring two different thicknesses of the same material. A basic flowchart of
the program is given in Figure 5.1. Each block will be discussed in detail in the following

subsections.
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Figure 5.1: A basic flowchart describing the extraction program in MATLAB® . The orange
blocks represent the critical functions required by the program. Note that the lower half of

the flowchart is repeated for each frequency point.
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5.1.1 Configuration.

This portion of the program allows the user to define many of the required parameters and

options for the program to run. The required parameters are:

e Input file: the input file string is assembled by combining the material type,
measurement method, version and thickness (dl or d2). The selected naming
convention is: fgm125_tfwmt_v1_dl.txt, where the *.cti files from the VNA have
been renamed to *.txt files. The first term (fgm125) specifies the material name,
the second (tfwmt) refers to the measurement technique, the third (v1) specification
represents the version of the measurement and the final term (d1) gives the thickness

(when more than one thickness is required).

e Downsampling: since the measured data may contain as many as 1600 points, the

program downsamples to numds points using a standard 1D linear interpolation.
e Solver options

— TRR or L-M algorithm: The program uses MATLAB®’s 1sqcurvefit as the
iterative least squares solver. As such, either a Trust Region Reflective (TRR)
or Levenburg-Marquardt (L-M) algorithm is available. The TRR is selected by
default, due to the fact that it allows for upper and lower bounds to be set on
the search region. Since we are assuming non-negative constitutive parameters,
this allows us to confine the root search for the real part of the constitutive
parameters to values above zero and below some large value (50, for example)

and also to confine the search for the imaginary part to below zero.

— Initial guess method: Although least squares methods are not terribly sensitive
to the initial guess, the program allows for selection of 3 methods of providing
initial guesses across the band: a single initial guess value for each frequency

point (initone); initial guess for the first frequency point and update the next

169



guess based on the solution (initup); or known values, from NRW or other

measurements (nrw).

e Number of modes to consider (m and n): the indices m and n determine which
modes are considered in the MoM solution. Recall that the index m refers to the
observation modes, while the index n refers to the source modes. Also, recall that the
indices m,n = 1,2,...,00 and correspond to a list of modes organized from lowest
cutoff frequency to highest cutoff frequency. The first 20 of these modes are given in

Appendix D.

e The desired parameters which are sought (from the set of &, &, s, 1t,) and whether
the material is treated as uniaxial or isotropic. It has already been shown that the
uniaxial Green’s function easily reduces to the isotropic case when &, = ¢, = € and
U = i, = u, therefore, it is useful to have a code which incorporates both cases. It
will be shown later that the results for a well-characterized isotropic material, such as

ECCOSORB® FGM125 agree well with those published in the previous literature.

d
e Known material parameters (such as thicknesses, d= ).
dy
e The parameter porttouse allows the specification of whether to use port 1 excited

S-parameters (S 1; and S5;), port 2 excited S-parameters (S ,, and S 1,) or all four.

e Miscellaneous options are available, which make batch running of the program

slightly easier, as well as allowing for debugging or testing of new materials.
5.1.2 Import Experimental Data.

The VNA outputs data files in a *.cti format, which include the frequency points followed
by a column list of S-parameter values in real,imag format. This is a bit more difficult than
a standard format, such as *.csv. Therefore, the fileformat5.m function has been written

to parse the *.cti files. It provides an output cell array [ S, svarnames ], where the first
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column of S represents the frequency points and the subsequent columns are the real and
imaginary parts of S;; (the scattering parameters). Each corresponding position in the cell
array svarnames provides a string of the S-parameter name (S, S, S 12 and §7,), so that
the appropriate values may be associated with the correct S-parameter. Finally, the data is

downsampled, parsed and formatted in a way that is appropriate for the LSQ solver.
5.1.3 Calculation of Theoretical Scattering Parameters.

The calculation of the theoretical S-parameters is at the core of the program. The
MATLAB® command 1sqcurvefit only allows as inputs the variables to be solved for.
Therefore, some parameters, which are frequency dependent and yet are required for the
integrals of (4.63) and (4.65) are declared as global at the beginning of each frequency loop.
Additionally, some frequency independent parameters, such as d1,d2, a, b, uy, &9, etc. are

maintained at the global level for ease of access to the integral functions.
5.1.3.1 run_solver.m function.

The run_solver.m function controls what parameters are passed to the integral calculations.
This primarily depends on the configuration parameter solveCase, which determines how

the material is being treated. The available options are:

—_—

. Isotropic, dielectric, non-magnetic (¢, = €, = &, and y, = u, = yo)
2. Isotropic, non-dielectric, magnetic (g, = &, = gp and yu, = y, = y,)
3. Isotropic, dielectric, magnetic (&, = &, = ¢, and u, = u, = u,)
4. Uniaxial, dielectric, non-magnetic (g, # &, and y, = u, = o)
5. Uniaxial, non-dielectric, magnetic (&; = €, = &y and y, # u,)

6. Uniaxial, dielectric, magnetic (g, # &, and y, # u;)
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7. Uniaxial with known et and mut (&, and y, set to known values, then solve for &, and

M)

5.1.3.2 Sparams.m function.

The Sparams.m function calculates values for the constitutive parameters and calculates
the theoretical S-parameters based on (4.66) and (4.67). The function is able to calculate
these theoretical parameters for either one thickness or two, based on the number of values
provided for d in the configuration. As a part of this function, we have included the logic
required to account for all possible values of m and n and building the complete A dyad.
The Sparams.m function calls the CouplingIntegral.m and SelfIntegral.m functions in order
to calculate the numerical values of the integrals. The final output of this function is given

in the same form into which the measured data is parsed, corresponding to (4.68):

[ othy.d |
Shi

thy,d;
S 21

thy,d;
S 12

Sthy,d|
th ) (5.1)
thy,

Slly 2

thy,d>
S 21

thy,ds
S 12

thy,d>
S 22

5.1.3.3 Couplinglntegral.m and SelfIntegral.m functions.

The CouplingIntegral.m and SelfIntegral.m functions are written to calculate the scattering
parameters from the coefficients A,(nln1 ) and Afnlnz ) , given inputs of the sample thickness(es)
(cf), frequency (f), mode indices under consideration (m, n) and, of course, the constitutive
parameters (&, &, s, 4;). Within the A coeflicients, it is clear that we must calculate the

numerical integral in the A, plane. This is accomplished using the command quadgk in
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MATLAB® . This particular command is able to handle the singularities of the integral and

integrate over infinite limits.

A second complexity faced during the calculation of the A,(,i]f,) coeflicients is determining the

number of / values over which the sums converge. Consider, for example, the sum found
in the Q&él) term:
e 2 —jdy,b
() e
1=0 vio \"yip T x
For a given value of 4,, this term is seen to approach superlinear convergence for values
above [ = 100. Figure 5.2 clearly demonstrates this convergence, regardless of the value

of A, (since the sum is contained in an integral over the A, plane). In this figure, the
(11)
TE;

(11)
TE;—1
accuracy, we choose /,,,, = 100. The same behavior can be shown for the other sum terms

linear convergence is defined as y = . In order to balance computational time with

in A,(,:,J) and A,(,znz).

A third and unexpected difficulty in translating the theory to a numerical application is

and A

found in the calculation of 4 Vg

When [Im(x,)| < [Im(u)| or [Im(g;)| < [Im(e)],

Yig
MATLAB® allows the phase to cross over the branch point of the complex plane (which
is typically defined at § = —n) and A, diverges, causing the sum term of Q&]) to also
diverge. Since this is a non-physical behavior, the least squares solver is unable to converge
to a solution. We hypothesized that this crossing of the branch point, which is not allowed,
is due to the simultaneous multiplication/division of three complex quantities. Therefore,

in order to reduce the number of simultaneous operations, we can algebraically manipulate

the original forms and re-write A, and 4, as:

al \? Ay 2
A, =k 1—-(— ) — | —
e (3 - ()

al\? A, 2
A, =k 1—({— ) — | —=
- (3 - ()
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(11)

TE;
(11)
TE;—1
term is contained in an integral over A,, the sum is computed for two extreme values of 4,.

(11)

Figure 5.2: The linear convergence of the Q;; ’ sum term, defined as u = . Since the

Clearly, for both values, the sum approaches superlinear convergence by the value / = 100.

where
ky, = \/oPeq, and k, = \/wreu (5.4)

This leads to a stable computation of the sum terms, which in turn, leads to a stable solution

from the least squares solver.

5.2 Validation of Code

Now that we have given a general overview of the code which has been constructed
to extract the uniaxial constitutive parameters, we would like to establish that it works
properly. To that end, we will start by comparing the theoretical scattering parameters

calculated by letting €, = & and u, = u, with a set of measured data for an isotropic
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material, FGM125. Then, we will compare the extracted parameters of FGM 125 with an

established method.

Figure 5.3 shows a comparison of the theoretical, calculated scattering parameters and the
experimentally measured ones. This calculation uses only the dominant mode assumption.
The values for ¢, and u, were determined from Nicholson-Ross-Weir (NRW) analysis
of data obtained from rectangular waveguide measurements. Even when using only the
dominant mode solution, the theoretical scattering parameters are in good agreement with
the measured ones. Therefore, we conclude that the Sparams.m function has been correctly

implemented for the isotropic case.
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Figure 5.3: A comparison of theoretical parameters calculated using the Sparams.m
function and those measured using the tFWMT for FGM125. The theoretical calculations

used only the dominant mode.

At this point, we would like to compare the results of extractions performed on isotropic

media using this code with a well-known method, such as the NRW method. FGM125 is

175



well characterized in previous publications and can therefore be used as a benchmark for
validating this code. Even though FGM 125 is a magnetic material, we are able to use the
TTM to extract both the permittivity and permeability. Figure 5.4 demonstrates extractions
on FGM125 material where the material was assumed to be isotropic and only the dominant
mode was used in the extraction process. Although the results are close, we expect a greater

accuracy may be achieved by incorporating higher order modes.

Permittivity Permeability
8 1
6; Il 1 T I 1 T = 2 - - - — —=—t [
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i coveenaawE - —05
| - i
L e I #f;’ t
T T T T T T T T T T -1
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f (GHz) f (Ghz)
—e— Re[g,] - tFWMT (mean=7.1782) —e— Re[y,] - tFWMT (mean=0.52449)
Re[e,] - NRW (mean=7.5038) Re[u,] - NRW (mean=0.5365)
- =~ Im[g,] - tFWMT (mean=—5.77 x 10~10) - =~ Im[w,] - t(FWMT (mean=-0.45238)
- - - Im[e,] - NRW (mean=-0.2460) - - - Im[y,] - NRW (mean=-0.3640)

Figure 5.4: A comparison of tFWGT and NRW FGM125 measurements, where the
parameters were extracted by treating the material as isotropic (i.e. - & = &, and y, = ;).

This extraction was performed using only the dominant mode.

Finally, it should be noted that applying the full uniaxial extraction method, whereby
& # & and y, # p, to an isotropic media produces poor results in the longitudinal (z)
direction, assuming the material is indeed isotropic. Figure 5.5 clearly demonstrates this

phenomenon. At first, this would appear to be a result of the lack of a Z—directed electric

176



field component, which precludes the fields in the system from physically interrogating &,.
However, we also see the results for u, are equally unstable. Therefore, we defer on making
a conclusion until further measurements can be performed, but note that considering higher

order modes in the MoM solution should improve these results.
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- - - Im[y,] - NRW (mean=-0.3640)

Figure 5.5: A comparison of tFWGT and NRW FGMI125 measurements, where the
parameters (o0 = &,u) were extracted by treating the material as fully uniaxial. This

extraction was performed using only the dominant mode.

5.2.1 Uncertainty Analysis.

There are two primary source of measurement uncertainty: material thickness and

scattering parameters. Therefore, we have the uncertainty for a given solution at a single
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frequency value as:

) 2 2 aa 2 2 aa 2
oo Z = lo-s”ml (55 ijreal ) ] Z = las i ( oS ij,imag> ]

i=1j i=1j

2 oo\ 12
+ Z |:O'dk (—)] e = &, E My U,
= Ody,

(5.5)

In the absence of analytical expressions for the required partial derivatives, we compute the

approximate numerical derivatives using the finite difference formula:

0f(x) _ flxr+h) = ()
ox h (56)

Note that the error bars are given as 20,. Finally, we must determine the standard
deviations for both the measured S-parameters and the measured thicknesses. The variance
for the thicknesses is taken to be the square of the standard deviation of the calipers, which
is found to be o; = 5.0800¢ — 05. The uncertainties (o) for the transmission and reflection
measurements are found in Table 31 of [1] (which are reproduced below) and are dependent
upon the magnitude of the measured parameter. The function s uncertainties.m
implements a spline function as a means of looking up the appropriate uncertainty for the
current value of the measured S-parameter. The reflected scattering parameters are given in
terms of linear magnitude, however the uncertainties for transmitted scattering parameters
are given in terms of dB. The transmission parameters are converted to dB in the usual

way:
Stx,dB =20 loglo |Stx,meas,linear| (57)

and they must be converted back to linear units for uncertainty calculation by means of the

following non-standard formula:

Otx linear — 1 — IOUtx,dB/ZO (58)
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Figure 5.6: The uncertainties for reflection and transmission measurements made on the

Magnitude Phase ‘

E8362B VNA. Reproduced from [1].

5.3 Laboratory Configuration and Validation Methods

Material measurements are made using the configuration shown in Figures 5.7-5.10,
capturing both the transmission and reflection measurements from an Agilent Technologies
E8362B Vector Network Analyzer (VNA). The clamped waveguide configuration
consisted of 6” x 6” x 0.250” aluminum flanges attached using precision alignment pins
and securing screws to Maury Microwave precision X-band waveguides. The waveguides
are mounted on a newly devised stable platform using optical table components and
custom machined waveguide clamps, significantly enhancing the repeatability, accuracy
and precision of the measurements. The system is calibrated using the well-known Thru-
Reflect-Line [38] calibration technique. Here, the thru measurement is made with the
rectangular waveguides connected to the flange plates, which are then clamped together.
For the reflect measurement, a highly reflective brass plate is placed between the flanges.
The normal /4 line standard is replaced with a modified measurement, in which the two

rectangular waveguides are directly connected and a phase delay of -43.730 ps for two 0.25”
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flange plates is used (the phase delay is negative because the line standard is “shorter”
than the thru standard). Additionally, the following settings were used in setting up the

VNA:

Table 5.1: The E8362B PNA settings.

Channel Start 7GHz

Channel Stop | 13GHz

step dwell time | 50ms

IF Bandwidth 50Hz

System Z 1Q

The start and stop frequency values are outside of the range of the band under consideration
(X-band is from 8.2GHz to 12.4GHz), to minimize band edge effects in the measurements;
the data is then restricted to the X-band in post-processing. Furthermore, although a large
number of points is used in data collection (up to 1601), the data is frequently downsampled
to a more computationally efficient number (such as 25 points). This is especially helpful
when incorporating more modes, as the computational time increases not only due to the
larger number of integrals that must be computed, but also due to the complexity of these

additional integrals.

5.3.1 Validation Methods.

The design, manufacture and measurement of complex media are still areas of active
research which are highly developmental, especially over the bandwidth of interest.
As such, no one validation method can be selected as the absolute standard to which

the current results may be compared. Therefore, we utilized a number of material
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Figure 5.7: The thru calibration mea-  Figure 5.8: The modified line calibration

surement. measurement.

Figure 5.9: The reflect calibration mea-  Figure 5.10: The tFWMT material mea-
surement. surement using a solid sheet of the white

nylon material.

measurement methods, which can be viewed as reference points for the various materials

under test.
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5.3.1.1 Waveguide Rectangular to Waveguide Square Technique.

The Waveguide Rectangular to Waveguide Square Technique (WRWST) is a novel method
of extracting the diagonal elements of the constitutive parameters of materials with uniaxial
or biaxial anisotropy, similar to the reduced aperture method of [29]. However, instead
of using a reduced aperture, the interior of the waveguide is slowly tapered in order to
minimize the excitation of higher order modes and ensure only the dominant mode (TE)
is supported at the square end of the waveguide. Furthermore, the sample holder is 0.9”
thick, allowing for a single cube sample to be measured at any of 6 orthogonal orientations
and thus enabling extraction of the diagonal elements of the constitutive parameter dyads.
This method is similar to the work performed in the S-band in [29], although the tapered
waveguide transition of the WRWS apparatus reduces the mode matching technique to
a single mode. Similar to other waveguide measurement techniques, an iterative solver
method (such as Newton’s method) is used to solve the minimization problem and extract
the constitutive parameters. The theory and efficacy of this method is still under study and
will be discussed in more detail in future publications. We note, though, that a resonance
was found in the reflection measurements, which corrupts the extraction results around
those points. However, since the white nylon polymer is non-magnetic, extractions may
be performed on a cube of the white nylon polymer using only the transmission data. The
results are given in Figure 5.12 and shown to correspond very well to the NRW extractions
given in Figure 5.18. Therefore, we assume for non-magnetic materials, we can confidently

use WRWST measurements to help validate our tFWMT results.

We have already identified the presence of the resonance frequencies, which corrupt
extractions made using both transmission and reflection measurments. However, it is
noteworthy that it may be possible to remedy the problem points if both transmission and

reflection measurements are required (for a dielectric, magnetic material). If the iterative
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Figure 5.11: A side-view of the WRWST waveguide. The waveguiding region is tapered

from normal X-band waveguide dimensions (0.4” x 0.9”) to a square waveguide region

(0.9” x 0.9").
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Figure 5.12: Extraction of the permittivity of the white nylon polymer from the 3D printer

using the WRWST compared with the results obtained via NRW extraction.

solver evaluates to NaN, then we assume the parameter under consideration is locally linear

and replace the value at that frequency with the finite value at the previous frequency.

Although, as Figure 5.13 shows, there are still some “bumps” in the area of the resonant
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frequencies, the results are considerably more stable. It should be noted that there were
only a small number of “problem” frequencies, for this case, less than 5% of the total

measured spectrum.
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Figure 5.13: Extraction of the permittivity of the white nylon polymer from the 3D printer

using the WRWST compared with the results obtained via NRW extraction.

5.3.1.2 Focused Beam Measurement Technique.

The Focused Beam Measurement Technique (FBMT) can also be used for validation of
results, if larger samples are available. Typically, samples of at least 12 x 12 are required
for proper illumination. The theory behind FBMT measurements for isotropic media is
well documented elsewhere [81]. However, we expect the theoretical S-parameters to
take a different form for uniaxial dielectric media. A cursory derivation will now be
presented for completeness. The geometry for the FBMT is given in Figure 5.14. We

will determine the fields in each region, then enforce boundary conditions in order to
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determine the transmission coefficient. Since the system is limited in its bistatic capability,
only the transmission coeflicients (S,; and S;,) will be determined. We also note that only
h-polarization is used, since the electric field in this case has a component in both the X
and Z direction, whereas the electric field v-polarization has only a § component. Using
the h-polarization allows us to interrogate the relevant components of the permittivity (the
materials for which this method are used are assumed to be non-magnetic). It also simplifies

our analysis.

Figure 5.14: The geometry for a slab illuminated by an arbitrarily polarized field at the

angle of incidence 6,.

The equation we will need to minimize is the same as we have seen with other

methods:

argmin |S™ — S|, (5.9

En,&p stz € C
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Expressions for the theoretical scattering coefficients will now be developed. The general

fields for anisotropic media are found from Maxwell’s equations:

VxE=VxI[E=—jou-H (5.10)
VxH=VxTH=jwsE (5.11)

Using assumed solutions of the form E = Eye~* and H = Hye " and solving the

decoupled equations, we find:

— 1 R « 2
H=—u'kE (5.12)
w
W, E =0 (5.13)
W, = — (Ho k-l "k + Wl E) (5.14)
0 —k kK
k=kxT=| r 0 -k (5.15)
—k, ke O

e Region [

Region I is assumed to be isotropic media with & = & I, 1 = ,uIT and k

Xk, + Zk,,. This leads to

\Tve = — (};HI; + wz,ulsl 7) (5.16)

The eigenvalues of W, represent the propagation vectors for the forward and reverse

traveling waves. They are found from the determinant of w,

K = Ky = +1Jorme — ()’

Y —

(5.17)
kz_l = k;l
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Solving (5.13) using these eigenvalues and using the result in (5.12) , we find the

expression for the fields in Region I:

. ki,r . . .
Er = (ﬁ —2-1 ) EY Oeﬂ(kliﬁki( 2)
kl,r )
z1

ir
Hir = L0 oI (Kiix ki)
z" (5.18)

ir ir\2 ir .
kz,l =+ \/(1)2/.1181 — (kx’ ) , kxl = k151n (91)

e Region II

Region II is assumed to be uniaxial media, therefore We 1s found to be:
Wep = —(.Uz'kz'll2 ‘kr tow #2'52) (5.19)

and the eigenvalues for the h-polarization case are found to be:

i r 2 ir
K=+ \/wzytzs,z —~ 8—’2 (k) (5.20)

2
Again, using these eigenvectors, (5.13) and (5.12), we find the fields in the uniaxial

region to be

x2

ir
; & 2]{ ’ . (1. i
E’)lz,r _ (f( _ & )Fz) E e (K x+kisz)

ir
Z, (5.21)
. 8,2 .
K-+ szsa - (i)
812
ir
LK
Zir =
we&r

e Region III
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Region III is assumed to be the same as Region I, therefore, the fields are given as

(note that the reference plane has been set at z = d)

. ki,r ) o )
ﬁ;r - (g — 31 EY Oeﬂ[kfssﬁk% ()]
kl,r B
z1
ir

I__I’é,r _ o230 Kk (=)

ir e
A (5.22)
ir ir 2
ks == \/w2/“‘131 - (kx3)
Zi,r — Zi,r — i
3 1 we;

All that remains is to enforce the boundary conditions on the total tangential fields in order

to determine the transmission (7') and reflection (I') coeflicients.

By considering the total fields (which is the sum of the incident and reflected fields)

atz=0"andz = 0", we find

E(z=07)=E(z=0") = e M 4+ Te ¥ = te™ Mo 4 reMa*  (5.23)

Er i Er

x1,0 . . . x2,0 x2,0

where I' = — is the reflection coeflicient, ¢t = — and r = —.
x1,0 x1,0 x1,0

that (5.23) must be true for all values of x, therefore, we immediately see that

We know

i i pr : : : :
k', = k', = k', = k’,. Once enforcing this requirement, we obtain

1+ =t+r (5.24)

[ ] ﬁtl(z = 0) = ﬁtl(z = 0)

Following a similar procedure for the magnetic field at the z = 0 boundary, we find

1—r=§—;(z—r) (5.25)
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Similarly, from the electric field at the z = d boundary gives:

tP+rP ' =T (5.26)
; . Ex3 0 .
where P = e~/*2? i5 the one-way phase delay through the slab and T = is the
xl 0
transmission coefficient.
o Hi(z=d) = Hy(z = d)
Finally, from the tangential magnetic fields at the z = d boundary, we find:
zZ
~(p—rP ) =T (5.27)

2

We can solve (5.24) - (5.27) for the theoretical transmission and reflection coefficients

(assuming that & = gy and p; = o in Region I and Region III):

P(1-R)
=5 =T ep
b _RO- P?)
T oN T Rp2
P o ikad _ L7
R (5.28)
ky = ko = \/k2 k2 = \/k2 k3sin*(6;) = kocos (6;)
ko = 4 [k — 8—’k§ ki = w~/ep; k= kosin (6;)
Z
k k
7 =7y = -2 7, = 2 — nocos (6;)
WE) WE;

We have now determined the theoretical parameters and turn our attention to calibration
of the system and correction for the angle of incidence. The system is calibrated using
the response-only method. From Figure 5.14, we can see the measured time-gated S-

parameters (S™) are the multiplication of the responses from each region, which allows
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us to find the S-parameter response for only the sample as follows:

ms

ms _ gl gs lI s 21

21 — S21 ZIS21 - 21 — SI Sm (529)
21%21

Consequently, we require the responses from Regions I and III, which can be found from

the empty measurements at each angle (S™)

o— kol

— . i
me _ QI e I I QI _ gme jkol _ qme JX0 o
o =Sy S5 Sy = 538y = Syye™ = Sjre ) (5.30)

Using the relationships found in (5.29) and (5.30), we find the response from the sample as

referenced from point “a” to point“b” (in Figure 5.14) to be

exp S r2nls —jko—4~
SO _ g5 — 220,y (5.31)

21 me
21

There is one further noteworthy area with regards to oblique angle measurements in a
focused beam system, which has been given very little attention. When calculating the
theoretical scattering parameters for off-normal angles of incidence, an additional angular
correction term is necessary to ensure proper extraction of the constitutive parameters.

(X4

In Figure 5.14, we note that the theoretical parameters are referenced from point “a” to

€6 9

point “c”. Therefore, it is necessary to correct the phase of the theoretical S-parameters
so that they will be referenced to the same points as the measured parameters. This is
accomplished by multiplying the theoretical the phase term by e /k/ = g /kdan(®)

sinz(ﬂi)
«(%) . Since we are only measuring the transmission parameters, we have the

—JKo
e
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argument of (5.9) as:

. sinz(é)i) ms . d

thy exp __ thy —jk()d cos(6; 21 —jk() cos(6;

S;i =S, =57 ) — omee (@)
21

;2
Sms ik d % sine (Hl»)
h 21 JRo ooy JRod— o
— SI y __ —e (.05(6‘1) e (.(y.s(Hl)
me
21

ms . d s 20
_ gty _ SIZHIB o @ [1=sin*(09)]

21
ms . dcosz(ﬁi)
— Sthy _ iqlee Jro cos(6;)
21
ms
_ Sthy P2 e—jkocos(e,-)d
me
21

SITlS
_oqthy D21 —jkod
=S e

21

and the minimization problem becomes:

SmS
thy _ D21 —jkod
S —-e

21

arg min (5.32)

Er,E:fhr:1:€ C

It should be mentioned that this method requires measurements at 2 independent angles of
incidence. A normal incidence angle of measurement ensures k, = 0, which reduces k,, to
k. Therefore, no &, term exists in the equations and &, can be found using an iterative solver
method. Then, the results from &, are used along with a set of measurements collected at a

non-normal angle of incidence in order to extract &,.
5.3.1.3 Rectangular Waveguide Measurement Technique.

The Rectangular Waveguide Measurement Technique (RWMT) is a well-known destructive
characterization technique. Using the NRW extraction technique, closed-form solutions
are available for the permittivity and permeability, making it a computationally efficient
method. Additionally, as long as the sample fits tightly in the rectangular waveguide, the
results are precise and repeatable. In a RWG, the dominant mode electric field is oriented in
the § direction (the short dimension of the aperture), thus we may extract permittivity and

permeability in only that direction. Therefore, we require 2 independent measurements
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at different orientations. Figure 5.15 demonstrates which component of the constitutive
parameter dyad is extracted for a given orientation. Unfortunately, it can be difficult to
achieve a precise, uniform fit inside the RWG and across the aperture, leading to some

experimental error.

(a) The orientation used for (b) The orientation used for (c) The sample shown with

extracting & extracting &, - the sample a quarter for perspective.
has been rotated 90° in the
direction of the small pre-

vision alignment hole.

Figure 5.15: The orientations used for extracting &, and &,. The displayed sample is the
square lattice type material with d; = 0.5315mm and d, = 1.063mm The outer dimensions
are 0.4” x 0.9” x 0.4”. Recall that the dominant mode electric field is polarized in the §
direction, which is the guiding principle in determining the correct orientation for a given

element of the constitutive parameter dyad.

5.3.1.4 Egquivalent Transmission Line Theory.

For the square lattice material shown in Figure 5.19, a basic transmission line theory can be
used to compare with the measured values. This theory utilizes the equivalent capacitance

of a parallel plate capacitor of area A, filled with a material of permittivity &, and separated
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Figure 5.16: Transmission line theory for a uniaxial media based on a square lattice.
The incident wave is assumed to be propagating in the Z direction and polarized in the §
direction, therefore this orientation would be used for computing &,. Note that the material
is cubical and the inclusions are equally spaced throughout the material. The material is
described by the number of lattice intervals across a row or column of the material (given
by N,,), and the number of inclusions across a row or column (given by N,;). The material
is designed for mechanical stability such that N, = N,,+ 1. The lattice material is assumed
to have a permittivity of £; and the inclusions are assumed to have a permittivity of &,. The
parallel plates of the equivalent capacitors are drawn in different colors so as to demonstrate

their orientation with respect to the polarization of the incident field.

by distance d

C= (5.33)




The physics of the problem require the electric field to be normal to the parallel plates
of the equivalent capacitors, otherwise no field would be generated within the equivalent
capacitors. Since the electric field in this case is assumed to be oriented only in the §-
direction, this basic theory requires us to consider two separate orientations - one for &, and

one for &,.

Transverse case (,). Figure 5.16 illustrates the configuration required to compute &;. In
this case, we view the material as a composed of alternating layers. Layer 1 is composed
of solid lattice material (g, = ;). Layer 2 is a mixed layer containing alternating sublayers
of lattice material (¢, = &) and inclusion material (g, = &;). Due to the y-directed
polarization of the electric field, an equiphase plane of the impinging wave “sees” the

capacitances of the main layers in series, leading to an effective capacitance (Ceg) of

11 1 11 L MM
Ckqg C1 C C C '~ C C G

(5.34)

where N; and N, are the number of each layer (note Ny = N, + 1, by design). Taking note
of the geometry of the “plates” shown in Figure 5.16, we see the equivalent capacitance of

layer 1 is simply
2
C=— (5.35)

Since layer 2 is a mixed layer of the lattice material and the inclusion material, each seen
at the same time by an equiphase plane of the incident wave, the equivalent capacitances

are taken to be in parallel, leading to an equivalent capacitance of

where, again, N, and N,, are the number of each sublayer and N,, = N,, + 1. The

capacitances C, and C,, are seen to be

81d1a Co — 82d261
d, g,

Cu = (5.37)
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Therefore, we have C, as

d d
Cy = Ny Coy + NppCoppy = Nog (81 la) + Ny, (82 2a>

d>
1 d
— = < (5.38)
C2 N2a81dla + Nz[,é‘zdza

Notice that the effective capacitance of the cube is equivalent to parallel plates of area a?

and separated by distance a. Also, the relative permittivities are given by &, = &,&y. This

leads to
1 a N, N,
Cenr - 8t,effr80a2 - C_l Fz
- (elrdst)az) e (NZaSIrSOdlac‘iiN2b32r‘90d2a> -39)
Because the material is cubic and symmetric, we are able to set N, = N, = N and

Ny =Ny, =N+ 1.

1 d d
= (N+1) L |+N ( 2 )
St,effr%/d e %2{2«‘ (N + 1) Slr%dlﬂ + NSQr%dzﬂ
1 d; d>
=(N+1 N 5.40
— Eteffr ( + ) (81ra) * ((N + 1)81rd1 +N82rd2) ( )

Cross-multiplying, simplifying and replacing &, .4 With &;,, we have:

(N + 1) ad,&}, + Nad,&1,&, (5.41)
&y = .
"N+ 1), + N (N + 1) didoes, + Nadyey,

Longitudinal Case (¢,). Figure 5.17 demonstrates the orientation for computing &,. In
this case, because the inclusions are now parallel to the polarization of the electric field,
the parallel plates are oriented along the empty (outer) face of the inclusions, rather than

the top and bottom (inner) faces. This leads to parallel plates that are separated by a, rather
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Figure 5.17: Transmission line theory for a uniaxial media based on a square lattice.

The incident wave is assumed to be propagating in the Z direction and polarized in the §

direction, therefore this orientation would be used for computing &,. Note that the material

is cube and the inclusions are equally spaced throughout the material. The material is

described by the number of lattice intervals across a row or column of the material (given

by N,,), and the number of inclusions across a row or column (given by N,;,). The material

is designed for mechanical stability such that N,, = N,, + 1. As before, the lattice material

is assumed to have a permittivity of £, and the inclusions are assumed to have a permittivity

of &).

than d; and d,. As a result, the equivalent capacitances are given by

Cer = N1Cy + N,C,
Cl _ sldla
a
g1dd Szdz
Cy = NouCaq + NoyCapp — Cyy = = al 2 = —=

N2:N2b:N N1:N2a:N+l
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Combining these equations and simplifying as in the previous case, we find the expression

for g,

d181r " N(N + 1)d1d281r + de%

e=(N+1) >

(5.43)

a a

5.4 tFWMT Measurement of Uniaxial Media

Now that we have established a good measure of confidence in the extraction code, the
next step is to apply it to a number of uniaxial media. However, while some naturally
occurring materials (such as sapphire, ruby and calcite) are uniaxial in the optical frequency
spectrum, materials that are uniaxial in the microwave regime are more difficult to find.
Collin [26] theorized that one could quickly and cheaply manufacture a uniaxial media
from several alternating layers of isotropic media with contrasting dielectric constants. In
light of the simplicity of this approach, it was the first approach we tried. However, in
spite of attempting several types of materials, this method did not produce the expected
uniaxial results. This could be due to the relatively large thicknesses of the sample layers
with respect to the wavelengths of interest. Therefore, alternative means of constructing a

uniaxial material were sought.

Materials with inclusions arranged in a lattice structure (such as honeycomb) can also be
expected to demonstrated uniaxial characteristics. Fortunately, with the recent advances
to 3D printing technology and ease of access to such devices which patterned materials
can be generated in Computer-aided Design (CAD) software, such as SolidWorks, rapid
prototyping a number of different types of materials becomes a fairly simple matter. In the
course of our work, a Connex 500 was used for producing prototype materials. The “ink”
used in this printer is a nylon polymer. The constitutive parameters of this material have
been extracted using a solid, homogeneous X-band rectangular waveguide sample using the
well-known NRW method and are shown in Figure 5.18. This will help serve as a baseline

when exploring different lattice structures. Unfortunately, due to resource limitations, the
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white nylon polymer is the only material available at the time. Therefore, for the prototype

materials, the “inclusions” will consist of air pockets.

Permittivity Permeability
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f (GHz) f (GHz)
Re[s,] - NRW (mean = 2.8391) Re[u,] - NRW (mean = 0.9883)

- - - Im[g,] - NRW (mean = —0.0450) - - - Im[y,] - NRW (mean = 0.0074)

Figure 5.18: The constitutive parameters of the (isotropic) white nylon polymer used by

the 3D printer. This material will be used to construct various lattice materials.

Clearly, there are any number of ways to construct a 6”x6” sample simply by altering
various dimensions and by altering the shape of the lattice structure. Since the samples are
required to have uniaxial properties, we will use inclusion shapes which possess twofold
rotational symmetry (or a single mirror plane). Two simple choices are squares and
hexagons. The lattice structures and the dimensions which drive designs incorporating

these two types of inclusions are shown in Figure 5.23 and Figure 5.19.
5.4.1 Square Lattice.

In order to obtain a good sampling of the material by the interrogating field, the inclusions

should be at least 1/4 (with A/10 preferred) at the highest frequency in the band. At
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12.4GHz, this equates to d; = 2.4mm. Due to the resolution of the 3D printer, though, we
choose d; = 0.53mm and d, = 1.06mm. These numbers allow symmetry to be maintained
within the smaller samples used for the validation techniques. One of the main benefits of
using this type of lattice structure is the relative ease in our ability to compute a theoretical
value for both & and g, as shown in Section 5.3.1.4. The geometry for the samples is
shown in Figure 5.19 and the actual material samples are shown in Figure 5.20. When
measuring these samples, it is important to note that the S-parameters were time-gated [54]
using the center/span gate centered at + = Os with a half-width of # = 1.04ns. Since the
materials are printed using a 3D printer and the inclusions are relatively small, the RWG
method was chosen for comparison. Additionally, the theoretical values obtained using the

transmission line theory of Section 5.3.1.4 are included.

From Figure 5.21, we take note of several salient characteristics of the tFWMT results.
First, measurements were taken in a number of orientations, equivalent to 90° rotations
around the z-axis. All orientations provided nearly equivalent results, within numerical and
experimental error. Therefore, we conclude that the material is in fact uniaxial. Next, we
note that the RWG and theoretical values trend in the same manner (i.e., Re[e,| > Re[g,]).
However, the dominant mode tFWMT results indicate the opposite trend (i.e., Re[g;] <
Rele;]). Additionally, the dominant mode results indicate the material is artificially lossy
in the longitudinal dimension. This could be due to either numerical instabilities within the
solver, standing waves in the material structure which lead to higher than expected loss or

inherent shortcomings in the method.

Finally, we observe that Re|e,| and Relg,] are essentially within each other’s error
bars. Since the validation methods show very little contrast between the transverse and
longitudinal permittivities, it is difficult to draw a conclusion as to the accuracy of the

tFWMT from these measurements. It is reasonable to expect that a material with a higher
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Figure 5.19: The variable dimensions of
a unit cell of the upright square lattice
material, which can be used to generate
a variety of structures. Here, d; is
the width of the lattice structure (which
will be composed of the white nylon

polymer) and d, is the width of the

square inclusions.

Figure 5.20: Samples of the square lat-

tice material used for tFWGT measure-
ment. Referencing the geometry of Fig-
ure 5.19, the dimensions of the sam-
ple on the left are d; = 0.53mm and
d, = 1.06mm and the dimensions of
the right sample are d; = 0.91mm and

d> = 2.75mm, with a thickness of 0.25”.

contrast between the two elements of the constitutive parameter dyads would provide more

reasonable results.
5.4.2 Hexagonal Honeycomb.

Hexagonal honeycomb materials are used in many commercial, industrial and military
applications. Additionally, if the honeycomb cells are perfectly hexagonal, it is seen to have
uniaxial characteristics. The precision of 3D printing allows for this reasonable assumption.

Therefore, it is a natural choice for this type of measurement. Again, due to the low-loss
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Figure 5.21: The results from the tFWMT extraction performed on the square lattice

material with d; = 0.53mm and d, = 1mm using only the dominant mode.

nature of the lattice material and the hexagonal cells, the S-parameters are time-gated using
the same settings as were used for the square lattice material. As with the previous material,
various rotations with respect to the z-axis provided nearly equivalent results. In this case,
due to the larger size of the inclusions, the WRWS method was chosen for comparison

values.

Many of the observations from the square lattice material apply to the hexagonal
honeycomb, as can be seen in Figure 5.25, except we see a much better agreement between

the two methods in the dominant mode case.
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Figure 5.22: The results from the tFWMT extraction performed on the square lattice
material with d; = 0.9Imm and d, = 2.75mm using only the dominant mode. The
transmission line theory is used as a comparison method, because RWG data was

unavailable.

5.4.3 Cuming Microwave Lossy Honeycomb.

A lossy material alleviates the need for time-gating and retain all phase information,
a uniform insertion loss carbon-loaded honeycomb core was ordered from Cuming
Microwave. The cells were manufactured at 0.125” width and the core is loaded with a
proprietary lossy coating rated at 10dBi/inch. Since the material is not structurally suited
for a WRWS or RWG measurement and the samples are provided in 12”7 x 12" x 0.4”
sheets, a free-space measurement was determined to be most effective comparison method.
The results from the FBMT were obtained from measurements made at §; = 0 and
0; = 60. Additionally, a Coaxial measurement was used to obtain another set of validation

data.
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Figure 5.23: Thel variable dimensions  Figure 5.24: Samples of the honeycomb
of a uni lattice  material used for tFWMT and WRWS
material, which can be used to generate =~ measurement. Referencing the geometry
a variety of structures. Here, d; is the in Figure 5.23, d, = 3mm and d|, =
width of the lattice structure (which is Imm.

composed of the white nylon polymer)

and d, is the width of the hexagonal

inclusions. The hexagons are regular

polygons, with equal side lengths and

inner angles.

Figures 5.26 presents the results of the extractions. Again, we see a reasonable correlation
between Re[g,| for the dominant mode case. However, the correlation between Im|g,],
Re|e,| and Im[g,] varies too much to conclude that any of the methods provide a precise
answer.  One complication that was experienced is the inhomogeneity of the material
with respect to both the transverse and longitudinal dimensions, which was found by

experience and a number of measurements. Inhomogeneity in the transverse plane can
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Figure 5.25: The results from the tFWMT extraction performed on the hexagonal

honeycomb material using only the dominant mode.

only be accounted for by making an effective medium assumption. However, in extracting
the constitutive parameters for the lossy honeycomb, we can utilize either the port 1-excited
parameters (S 1 /S ,1) or the port 2-excited parameters (S 2,/S 12). This minimizes the impact

of the z-directed inhomogeneity.

5.5 General Remarks on Results

Now that several materials have been examined, we can make some observations about the
results as a whole. Before doing so, it is worth emphasizing that the comparison methods
are provided as reference points, not as precision results. In the following discussion, then,
results are referred to as “reasonable” when the numerical values agree within 10% or when

the results trend in similar ways across the band of interest.
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Figure 5.26: The results from the tFWMT extraction performed on the lossy honeycomb

core using only the dominant mode utilizing the port 1 excited scattering parameters.

First, we note that the &, values agree very well in most cases, using both the dominant mode
solutions. Even in cases where the values disagree, the trends match over the frequency
band. This provides a measure of confidence in the tFWMT. The results for the ¢, values
are much more difficult to characterize, as a whole. In most cases, the dominant mode
solution provides reasonable results for €,. Even though the extracted values for &, using the
dominant mode (especially Im[&,]) are numerically different from the comparison method,
they trend in the same way. When qualitatively comparing the results presented in this
work with those published in [17] (where the results for £, are not even given, as they vary

between 10 and 10,000), the tFWMT is shown to provide considerably better results.

One final note on code efficiency is in order. By creating verification codes in which the
integrals over the A, plane are calculated numerically, the efficiency of the method utilizing

analytical solutions for the A, integral becomes readily apparent. The code in which the
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A, integrals are solved analytically runs exponentially faster, since only one numerical
integration is required, as opposed to two for the verification cases. Therefore, we see
the benefit of the extra work which was required to find the analytical solutions to the A4,

integrals.

206



VI. Conclusions and Future Work

This primary focus of this work has been on developing and demonstrating a method
for the simultaneous non-destructive extraction of the permittivity and permeability of a
uniaxial anisotropic media. The method utilizes a single fixture in which the MUT is
clamped between two rectangular waveguides with 6” x 6” PEC flanges. The transmission
and reflection coeflicients are measured, then compared with theoretically calculated

coeflicients to find a least squares solution to the minimization problem.

One of the keys to solving the minimization problem is to correctly calculate the theoretical
scattering parameters. Love’s equivalence principle was used in conjunction with the total
parallel plate Green’s function and the Method of Moments (MoM) in order to generate
a discretized system of coupled Magnetic Field Integral Equations (MFIE’s), which may
then be used to determine the theoretical scattering parameters. A great deal of attention
was given to determining the total parallel-plate Green’s function for the apparatus. One
of the primary contributions of this work is the derivation of the total spectral-domain
Green’s function for uniaxial media contained in a parallel plate apparatus using two
independent methods: the potentials method and the direct field method. In both methods, a
Fourier technique was used to determine the Green’s function, which greatly simplifies the
analysis. In order to inverse transform the MFIE, a double integral over the spectral plane
(4,) is required. This integral could be computed numerically by MATLAB® ; however,
double numerical integration is significantly less efficient than single numerical integration.
Therefore, another significant contribution of this work is the closed-form solution of one
of the inverse transform integrals (1,) using complex plane analysis and careful application
of Cauchy’s Integral Theorem and Jordan’s lemma. These calculations are detailed for the

dominant mode solution and the results for all modes are given in Appendix E.
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Uniaxial materials in the X-band are more difficult to construct than in other bands
with longer wavelengths, due to the smaller size of the unit cell. Therefore, rapid
prototyping construction of a number of uniaxial materials using 3D printing methods was

described.

A third significant contribution of this work is the demonstration of non-destructive
measurements of complex media which are greatly improved from previous research
efforts. In the course of making measurements in the laboratory, an improved measurement
platform was devised in order to enhance accuracy, precision and repeatability of
measurements, as well as prolong the effectiveness of a given TRL calibration. A number
of uniaxial materials were measured using this configuration. The results utilizing the
dominant mode (TE;() to extract the transverse constitutive parameters were reasonable
when compared with various validation methods (rectangular waveguide probe method,
free-space measurement, etc.). However, the method is mildly numerically unstable when
extracting the longitudinal parameters. This may be due to the lack of a primary field
component in the longitudinal dimension, which would represent an inherent limitation of
the method. Although the results in this work are not as accurate or stable as the results
utilizing the same technique on isotropic media, they serve as a new benchmark for the

non-destructive electromagnetic evaluation of complex media.

A secondary contribution of this work that warrants mention is the inclusion of a flexible,
complete, working code for the extraction process. Although such codes have been written

before, they have not been published in the literature for broader use.

6.1 Future Work

One area of further research that would immediately build on the efforts described in this
work 1is to investigate methods of improving the stability of the longitudinal parameter

extraction. Several methods are envisioned to accomplish this goal. Firstly, incorporating
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higher modes has been shown in previous research to help stabilize the solutions for the
extracted parameters. Another possibility is to investigate the possibility of biasing the
flange plates with a constant electric field across the thickness of the MUT. This would
produce a z-directed electric field component which would potentially provide enhanced
interrogation of &,. Alternatively, since the dominant mode in a coaxial waveguide is TEM,
this method could be extended for such a fixture. A final possible method for improving
the stability of the longitudinal permittivity is to provide a rigorous analysis of an optimal
thickness for the MUT. In the course of this work, a cursory investigation of the thickness
was conducted, whereby three thicknesses of the 3D printed materials were measured
(0.125",0.25”,0.5"). It was found the 1/4” material gave the most stable results, but a
more rigorous investigation is warranted. It is possible that fringing fields from the edges of
the apertures would constructively interfere across the material gap at specific thicknesses,
thereby presenting a z-directed electric field component and improving the interrogation of
g, by the system. Such a rigorous analysis could be performed using full wave solutions

such as CST Microwave Studio®, ANSYS HFSS® or COMSOL Multiphysics®.

Another area of research that warrants exploration is that of applying the tFWMT to
additional materials. The materials described in this work are a small subset of the possible
materials. Because the method is seen to produce good results with lossy materials, any
additional materials with a higher loss tangent would be ideal for future measurements.
In fact, such a material could potentially be constructed using the square lattice material,
where the inclusions are filled with a two-part iron-loaded, silicone base resin manufactured
by Cuming microwave. Using an assumed dielectric constant of &, = 7.8—0.06 for the resin
(non-dispersive), the potential contrast between the transverse and longitudinal permittivity
is shown to be much greater than when air inclusions are used. In addition to being

more lossy, this type of material could potentially provide the solver with better numerical
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stability. Since the resin is magnetic and dielectric, a new transmission line model would

be required to more accurately calculate theoretical constitutive parameters.
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Figure 6.1: Theoretical permittivity for a uniaxial square lattice material with FGM125
representative inclusions. The theoretical permittivities were obtained using a transmission

line theoretical model.

Finally, uniaxial media is known to be the simplest class of anisotropic media. An area of
great interest would include extending the present theory to account for gyrotropic media.
In fact, the principal Green’s function for unbounded gyrotropic media has already been
determined and work is in progress on the scattered solution. Determining the scattered
and total Green’s function and incorporating it into the tFMWT theory could provide the

means to move into materials of even greater complexity.
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Appendix A: Complex Plane Analysis

In the course of this work, we are often interested in analytic solutions to complicated
integrations of functions which contain singularities. This process may be significantly

simplified by the principles of complex plane analysis. Consider the general function

g(/lz> el:(z=7)

f(/lZ) - h(/lz> - (/lz - /lzw)(/lz + ﬂzlﬁ) (A.l)

where A, is assumed to be a complex constant. In the case of this complex-valued function,
the variable A, is assumed to be complex. Decomposing it into real and imaginary parts,
such that A, = A + jd.im, the function becomes

ej(/lz.re +/}z,im) (Z*Z')

(/lz - /lzd/)(/lz + /lzl//)
ej/lz,re (z—7) e*/lz,im (z—2)

— A2
G A) (Lt 1) (A-2)

f(/lz) =

Now, Jordan’s Lemma [58] states that, for a semicircular contour Cy of radius R centered
on the origin in the upper half plane (UHP), if the function f(z) is analytic in the UHP
(except for a finite number of singularities) and if |f(z)] — O uniformly as |z] — oo for

0 < Arg(z) < m, then, for m > 0:

lim | e f(z)dz =0 (A.3)

R—0
Cr

For functions that are analytic in same manner in the lower half plane (LHP) and satisfy
the same uniformly decaying conditions, Jordan’s Lemma can also be applied in the LHP,

as long as the contour is drawn in the counter-clockwise sense.

From (A.2), we see that, in order to satisfy the conditions of Jordan’s Lemma in the UHP
(where A, > 0), then z — 7/ > 0 in order to insure the exponential will decay to zero as

A, — 0. This is the closure condition required by Jordan’s Lemma.
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Figure A.1: The complex plane and associated contours for the function given in (A.1).

Cauchy’s Integral Theorem [58] states that for a function f(z), which is analytic in a simply
connected domain D and also on its boundary C, which is a piecewise smooth closed simple

curve, the value of the integral of the function around the contour C is given by
¢ ez o (Ad)
c

Since the contour may be drawn piecewise, we see that it may by the concatenation of
the different contours. For the case of our function given in (A.1), Figure A.1 shows how

the piecewise contour may be drawn. Therefore, we have the following equation in the

UHP
R
lim J+J—7§ =0 (A.5)
R—0 ct
—R Cg Py

where the negative sign in the last term accounts for the fact that the contour is drawn in
the clockwise direction, but integration is in the counter-clockwise direction. Also note that
we have not included the straight pieces of the contours which lead from the real axis to

the contour around the singularity and back. Since these lines point in opposite directions,
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they will cancel each other out and have no contribution. Now, applying Jordan’s Lemma
to (A.5), since we have satisfied the appropriate closure conditions, we see that the second
integral is zero. Therefore, we see that we can calculate the integral over the real plane,
which is our desired value, by calculating the integral over the contour C;rl drawn around

the singularity at A, = —A:

R
lim f = % (A.6)
R—0 ct

_R Py

In general, Cauchy’s integral formula allows us to calculate the value of the integral around
a contour Cp, which contains the singularity of order n at the point z = 7, [58]:
] j2r ol
= j2nR =—1 — (2 —z20)" A7
$ - mrestrz) - 2 im | S le-ars@D} @
Similarly, the Cauchy Integral formula for derivatives states that, for an analytic function
f(z) in a simply connected domain D, with C being a simply closed contour within D, so

long as the singularity z, lies within C:

N I)IJ f(z) A

2) = — 8
c

For a more general expression, consider a function f(z) = ‘%, where A(z) contains a pole

of order n at the value zo. We want to determine the residue of this function (where the

contour C, around the singularity has a radius &):
8(z)
—dz A9
b 5 (A9)

Ce

The denominator A(z) may be expanded into a Taylor series about the point z,:

B (z — z0) Oh(z) (z—20)% 0*h(2)
ha) =h@) + == 57| * 21 a2
(A.10)
N (Z _ Zo)n anh(z) (Z _ ZO)n—H an+lh(z)
n! 07" (n+1)! oz

20 20
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Now, note that, for a pole of order n, the n derivative will be the first non-zero term.

Therefore, the expansion may be now be written (with |z — 79| = &) as:

(z—20)" 0"h(2)

hz) = n! 0z"

+ O(e) (A.11)

20

where O(g) represents the higher order terms which will become non-contributing factors

in the limit as € — 0. Therefore, in this limit, (A.9) becomes

8(2) n! g(z)
pre- ()| |fede wn

n =
0z =204 C,

The contour integral for g(z) is given by (A.8), which transforms (A.12) to

. ) 6”71g(z)
@d B n! 2n " 'g(z) iy
hz) T |\ @@ |\ =) \ oz IR
C, Z0 =2 ozt lz=z
D 'g(z)
= 2an— A.13
J D) (A.13)
—2
This clearly reduces to the well-known form for a simple pole:
8(z) o 8(2)
—dz = j2n A.14
Yg o )| @19

<0

Using these expressions for our original example (which contains a simple pole at 1, =
— A, in the UHP), we define

elt(z=7)

g(1;) = (/11 — /lle/)

and A1) = (1. + 1) (A.15)

Therefore, the right side of (A.6) becomes

A
56 F(A)dz = j2nRes(f,—1y) = j2n 8(d:) (A.16)
c h/(/lz)
Pl A==y
which, after recognizing /' = 1, leads to the desired result:
(/2 ate-?)
: 8z L, €T
1 —tdz = 2n——— A17
RE’&J%(Z) T, &.17)
—Rc+
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In the LHP, we note that Cauchy’s Integral Theorem gives

R
lim J+J+§1§ ~0 (A.18)
R—0 ;
1

—R  Cg
which, after ensuring the correct closure conditions are satisfied (thus satisfying Jordan’s

Lemma) implies the desired value of the integral may be found from

R
lim J - —55 (A.19)
R—0 -

—R Py

Using Cauchy’s Integral Formula and the positive value of A, in the LHP leads to the

expression

g(Z) . ej/lw(z—z’)
—d7; = —2n— A.20
¢ o™= o, (820

h
In the UHP, we see that the terms in the exponential will always be negative (since

z — 7 > 0) and, conversely, in the LHP, the exponential will always be positive (since

z — 7/ < 0). This leads to the final result

r ey 27|

—J 2 Z—Z
f F)da, = ja— (A21)
—0 A'Zl//
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Appendix B: Component Expansion of Green’s Functions from Potential-Based

Method

We can expand the Green’s functions obtained from the potential-based method in Chapter
2 into individual components, which will be useful in comparing these results with the

direct field solutions.

B.1 Expansion of Electric (ee) Green’s Function

We have the following expression for GNee:

< 5 2 5 2 5 2 2 2 2 2 1
Gee= ji,.Go, + jA,.Go, — 2 % jl,Gg + 2——G,,, + 1——G,, — 22~ (B.1)
]wsz ‘](1)8Z ]wsz

The first term in (B.1) is:

5 Ay ) 08 (Ay [d—|z—2'|]) —cos (Ay [d—(z+2)])
sin (A,d)

0 [COS (Azy [d—[z—2'|]) —cos (A [d_(Z+Z/)])]
sin (Ad)

(B.2)

The second term is:

j ) [sgn (z—2) sin (A [d—|z—7|]) +sin (A [d—(z+7)]) ]

1,Ga., = j(&1,+94,) (2 .
J4Go,, = Jj( $4,) ( 2we, sin (A,,d)

00 4
1 sgn (z—2) sin (dy [d—|z—Z|]) +sin (dy [d—(z+2)])
 Dwe, 00 4 sin (A d)

00 0

(B.3)
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The third term is:

L2 Zx A Agd—|z—7|]) — A [d— !
~2 % jA,Go, = —j (~RA, 1) (—ZX pw’”) [COS( o [d—|z=2]]) —cos (Ay | (Z+Z)])]

2/1Z9/lg sin (/lzgd)
2 a4, 0
_( Jwm T (A [d—[z—2'|]) —cos (A [d—(z+2)])
2/129/13 Sy X sin (ﬂzgd)
0 0 0

(B.4)

The fourth term is:

LY <_z J')[sgn(z—z’)sin(ﬂw[d—\z—Z’H)—sin(ﬂw[d—(ZH’)])]

sin (A,d)

0O 0 O
_ 1 0 0 0 sgn (Z_Z’> sin (/lzz// [d—|Z—Z/|]> —sin (/lZl// [d—(Z+ZI)])
= 2we, sin ( /lz:p d)
A 4 0
(B.5)
The fifth term is:
z /lg é — 5 /1123 _5 & CoS (/111// [d—‘z-zlu) 4-cos </12W [d—(Z+Z/)])
jwe, ¢ Jwe, 24, sin (Ad)
- 000
— ]8_2/110 000 cos (/1w [d_|Z_Z/|]) 4cos (Azw [d_(Z‘f‘Z,)])
2oy sin (L,d)
0 01
(B.6)
And the sixth term is the depolarizing term:
0 0O
S| 1
e, Jue | 090 (B.7)
JWE; JWE,
0 01

217



By examining the form, we note the 593 term only contributes to the transverse fields.
Therefore, we see that the terms which contain A, are TE® , since the requirement for TE?
is E, = 0. The TE® and TM? portions are given in the following pages, making use of
the following relationships for brevity, where the representation ‘I’?'w represents either Y

(which contains A,y terms) or ‘Y"f (which contains A, terms):

o _ cos (/IZelzw [d—|z—2'|] ) —CO08 ( zé,m —(z+z )])
1 Sm( 29lzy )
(4

plli _ cos (A, [d—|z—2[]) +cos (Ay), [d—(z+2)])
oW

sin ( 29l2y )
sgn (z—2') sin (Ay,, [d—|z—2/|]) —sin (A, [d—(z+2)]) (B.8)
sin (/lzgmd)
sgn (z—2) sin (A, [d—|2—2[]) +sin (Ags, [d—(z+2)])
sin (A, d)

oly _
Ty =

oly _
T, =

B.2 Electric (ee) Green’s Function Summary

The TE® field may be found from (B.4), the TM* field may be found from (B.2),(B.3),(B.5)

and (B.6) and the depolarizing term from (B.7):
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>

~T™

2 S S ~d
Gee: ee + Gee + Gef?

L =24, 0
~ JwHy 0
GTE _ B 2 T
e ( 22045 ) Ay A ’ l
0 0 0
/li/lw Tlll/ /lx/ly /lzlﬂ tI)llp
St _ J Y10/ B LAV T B
ee 2ws,/l§
JEALY jEARTY
<d 1
G, = ———06(z—7)
JWE;
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B.3 Magnetoelectric (¢2) Green’s Function Summary

The components of the eh-type Green’s function are found using the same expansion

method.

>

>
~TE ~T™

Ggh:Geh + Geh

A
B I G L e
/-‘z/lzﬁ
Ju A A2
270 A4 =y
:uz/lzﬁ
0 0 0
1 v
AT —/1)26‘1’4 0
20y N
: 2 : 2
B ]s,/ly/lpTg js,ﬂx/lp‘rlg 0
gz/lzt// 81/1211/ i
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B.4 Magnetoelectric (2¢) Green’s Function Summary

The components of the he-type Green’s function are found to be:

=~ 2TE 2TM
Gn=G,, + G,

24,78 210
—2¢ LAY 0
. 2 . 2
.]#l/ly/lp TG . .]:ut/lx/lp TG O
:uz/lzﬁ : :uz/lzﬁ : -
v 2l jEAA
LAY BT -
2ty
.]:ut/lx/li
i VR W N G4 Ty
#z/lzw
0 0 0
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B.5 Magnetic (k1) Green’s Function Summary
Finally, the components of the magnetic Green’s function are found to be:

~ ::TE 2TM 2d
th:th + th + th

DAY LAY JEAAYS
5;2 _ J LAy Yy AT JEAAYS
2wp, A2
2
. /12
oy 0 oy 2000 J He p 0
JEATG R (ﬂ_w) (—“Z ) T (B.12)
| A =4, 0
~™ JWE; ) W
— _ T
hh (2/1217”&[2)) /1x/ly /lx 0 2
0 0 0
=d 1
G, = ——6(z—7
= )
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Appendix C: PPWG Green’s Function for Isotropic Media

In this appendix, a cursory development of G will be given, using a potential development.
Since we are looking for the magnetic field, we will work with the F potential. Note the
parallel plates are separated by a distance d. The governing equation for the F, (@ = x,y)

potential is [9] is:
V2F,(p,2) + K*Fo(p,2) = —&Jha(p,2) (C.1)
Using the standard Fourier transform pairs of (2.36) and (2.39), we can write:
(=2 + Aﬁo)ﬁ(ﬁp,ﬂz) = e (C.2)

where A,y = k* — /lz. The spectral domain solution is easily found to be:

~

= 8"]\;‘[(1
Fo(dp, ) = ———— (C.3)
T (-
Reverse transforming on the A, variable and noting the definition of JN;W leads to:
o0
~ ( ) 1 ej/IZ(Z*Z') J ~ ( /)d , (C 4)
F(l/l,z:J —J A | edna( Ay, 7)dz .
g 2 ) (A + A) (A — A) | T
4 —00

Using the same complex plane analysis as in Chapters 2 and 3, we find the principal

solution:

~ e iol=7|
Fﬁ(ﬂp,z)ZJ J20 c&ha(Ay, 2)d7 (C.5)
Z

Z,

In order to find the scattered solution, we must determine the appropriate boundary

conditions on F. Recall, the electric field descriibed by F is:

L,  VxF 1A<§FZ 6F‘,) A(an an> A<5Fy OF
E=— = - | + - +Z

oy 0z

ox oy

B ;X 0z ox

) (C.6)
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Therefore, the PEC boundary condistions £, = E, = 0 lead to:

OF, OF,

P 0 (C.7)
OF, OF,

0z Ox =0 €3

Considering the possible sources, if fh = XJ,, then F = XF,. In order to fulfill the

boundary conditions, we have oF: _ Fy, = F, = 0. Next, if J_;, = §J4y, then F = yF,.

0z

In order to fulfill the boundary conditions, we have a;; = F, = F, = 0. Finally,
if J, = ZJ,,, then F = ZF,. In order to fulfill the boundary conditions, we have
oF. oF.

il F, = Fy = F, = 0. By superposition, this leads to the total boundary

Y =
condition on F":

—F.=0 (C.9)

Now, as before, we assume a reflected solution of the form
Fr(A,,2) = Wle 707 4 i eltot (C.10)

where W and W, are the unknown scattering coefficients to be found by application of
the boundary conditions. The total potential F, is now given by the superposition of the
principal and reflected solutions:

- e—Jkolz=2 _ ,

Fo(A,,2) = f—s]ha(/lp,z)dz/ + Whe M 4 g el (C.11)

j 2/110

Z/

and the partial derivative with respect to z is given by:

efj/lz()lZ*Z,'

j 2/lz0

oF, _ )
a—z(/lp,z) = —jAsgn (z—7) J

!

eDna( Ay, 2)d7 — jAowre 0% 4 jAgw, e/t
Z

(C.12)
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oF,

Application of the boundary conditions Z* = 0 leads to the solution for the scattered

coeflicients

—~ R o—ido2d,+
~ Rov, + R,Rye™ 7%

wh — z
1 — R,R, e jt02d
Bt R ,—jl02d,,—
e = Rov, + R{?ae v, (C.13)
1 — RyR et
— . eij/110|zle| ~ ,
Ra:Razl a = A -](z/l)’ d
Z/
which, when plugged back into (C.11) and simplified, leads to:
~ Ao (d—|z=Z|)] + Ao (d — (z+7 ~
—22,08in (A,0d)
Z/
Now, the final boundary condition leads to:
~ Ao (d—|z—7Z])] — Ao (d— (z+7 ~
FZ—JCOS[ ZO( ‘Z ZD] . COS[ ZO( (Z Z))]S‘]hadzl (CIS)
—2A0sin (A,0d)

Recognizing that the potential Green’s function for an isotropic material will be diagonal,

we write:
G _coslbold -l Eeos[hold—42))] |+ foroamxy
e —2,98in (A,0d) '
— for a=z
The magnetic field described by Fis
- 1 =
H(p,z) = k> +VV-)F C.17
(p2) = o (4 V7) (€17
2 KB o= 1 ~~r 2
— H(A,,z) = —F+ ——VV-F (C.18)
josu  jwep
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which, noting V-F = j/lxﬁ .+ j/lyﬁ v+ % can be expanded to:

. 2 2\ LA, ~ il, OF
H(/lp,z)zﬁ(. —_")Fx—ﬁ(_ yFy>—|—)'i‘J —
jweu  jweu Jjweu Jjweu 0z
A, ~ K= A, OF
Rl N S e (C.19)
Jwel Jwel Jweu 0z

_jA. OF. . jAo, 0F, [ 1 *F. KF,
+Z- + 72— +Z| - + =
Jweu 07 Jwer 07 Jjweu 072 jweu
Using this form and the solutions for the components of F , we can write all of the
components of the Green’s function dyad, except for the 2Z component. For this, we
use Leibnitz’s rule (twice) to reverse the order of the integral and differential operator.
This leads to the appearance of the well-known depolarizing term. Therefore, the Green’s

function dyad is given by:

(= 2)G  —14,6, A
< 1 N
- — ~ 2 2\ A~ .y 9G,
Gy = o | AAGs (k> — /1{) G,y JA =
.3 Gy .y 0Gyy 2 ~
AT e (B+ %) 6. —ok-2) (C.20)
& _ 008 [do(d — [e=2/])] £ cos [Lo (d — (z+2))] + for a=xy
o —22,0sin (A,0d)

— for a=z¢
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Appendix D: Index of TE; and TM;,, Modes

The index ¢q represents the list of TE?, and TM;,

<, modes arranged in order of increasing

cutoff frequency. Only odd values of u and even values of v are allowed to be excited at the

aperture, due to the physical symmetry of the system.

Index (¢) | Mode | ., (GHz)
1 TE o 6.56
2 TE3q 19.67
3 TE, 30.22
4 TM;, 30.22
5 TEs 32.78
6 TEz, 35.46
7 TM3, 35.46
8 TEs, 44.10
9 TMs, 44.10
10 TE7 45.89
11 TE7, 54.56
12 T™;, 54.56
13 TEgq 59.01
14 TE 4 59.37
15 TM 59.37
16 TE34 62.20
17 TM34 62.20
18 TEo, 65.97
19 TMo, 65.97
20 TEs4 67.50
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Appendix E: Af,,],l] ) and A,(n],,2 ) Coefficients

Recall, the equation that must be solved to find the theoretical scattering coefficients is

A 402) c B
AQD  A(22) c® | | p®

The A-coeflicients are of the form:

given by (4.19):

N

w
5mn Zn
ALY D 2 f Ci, AL+ 8L+ !V 4 bV | da,
Y y y y
—©

Ci =

l (1= (=1)me) (1=(=1)e ) |
(Ax + kxm) (/1)6 - kxm) (ﬂx""‘kxn) (/lx_kxn)

and the terms denoted by Agik) ;

Bglk), Cflj_k), and Dgi_k) (k = 1,2) are complex integrals in the

A, plane. Because they are integrated in the complex plane, the A, integrals for the A,g,l,: )

and A,S},,z ) coefficients must be computed for 5 different combinations of values for w,, and

w,, (which determine the locations of the poles that contribute to the integral values):
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Casel:w, =w,=0

Casell: w,, # 0,w, =0

Case III: w,, = 0,w,, # 0

CaseIV:w,, =w, #0

Case Viw,, #w, # 0

The details of the method for computing the analytical forms of the integrals for Case I

were given in 4.4. The coeflicients for the remainder of the cases have been determined

and are now given for reference. The following values are used throughout:

N
Ay, = £ kt2 - (ﬂ_) — A A = kt2 - &/ljzc

Mt | d | M
& [ nl 2] P>
_ 4 2 _ 2 V)
/lyw/ - ;t kt - (E) - /l)zc /1;// - kt - gz/lx
Vi IT Vv, T W, T w,T
kxm:L xn — - krm:i kn: .
a a ) b Y b

E.1l Casel(w, =w, =0)

E.1.1 Casel- A"V,

Al = \/kf _ & (2 +42,)

Z

Al = \/kf - i—; (2 +42,)

Wo Tl

kyo = b

& a? wp; | sin (A%d)

—jAy b
4rwe, = (1 —e )
d =, (ﬂg,w + /l§> [1 + o]

(1)
B =0
c=o

(1)
D" =0

d

A0 _ <M;Z;M2‘xvmvn> {jan/lz‘e [cos (/lz‘gd)] B 4y, A2 i <7rl)2 (1 — e_j/lymb)

wytd

=0 /l;le (/lgm + /li)
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E.12 Casel- A%,

A(IZ) _ <MZ1xMZmevn> ]Zﬂb/ljg 1 47‘(/,[2/12 i <7Ll)2 (—1)1 (1 — eij/l.\'leb)
O a? wi; | sin (/l* d) wupd =\ d A ( 2+ 22)

Yio

Ay, b
747(“)‘922 <l e >
d

=y (12 + A§> [(—1)! + 60,]

Yy
B\ =0
cﬁi” ~0
Dg@ 0

E.2 Casell w, #0,w, =0)

E.2.1 Casell- AV,

<ﬂ1)2 (1 — e*j/l.vlab)

o)\ Ay (B + 8, (8, - K,
/l I 1 — eij/l"“b

+ (wey) Z { ” ( )

(2, +2) (8, -8,) (1 +6)

abd

CEEE) e ]

+ (a)sz)i (1 e )

=4, (A)ZM + /l2> < 2 R ) (1 + 60,

m pqn 2
B _ <4ﬂMhthxwmvn/lx>

¢V =0
D" =0
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E.2.2 Casell- A\,

(12)
ALY = -

a’d

(=S e |
wﬂfz =0 d ﬂm (/12 + /1319) (/1}219 o kgm)
Ay, <1 —e Wb)

l
= L8+ ) (B =) [0+ 00

(47rMZ; M; v,y )

RgE

+ (we;)

L (MM
A abd

) (1 e t) ]
+A,) (B, — k)

(=

( Yie ym
(-

)

=0 | Ay, < 5 T4 ( e — K ) —1)! + 60,]

=0
D\ =0

231



E.3 Caselll (w,, = 0,w, # 0)

E.3.1 Caselll-A'lD.

)5 (2 (st

wﬂtz =0 d /l)'lﬁ (/li + A%m) (/1319 - k)z’n)
o0 A 1— eij/l""‘”b

+ (a)Sz)Z [( - ( )

2+ Ag) (Agw - kg,,) (1 + 60,)

(1)
B\" -

abd

ey [t
(,4)/1% 1=0 d /lyle (/1% + /1519) (/1519 B k)z’n)

<4nM;;; M’;yvmw,,ﬂ@)

+ (wsz)i (1 - )

=0 LA (2, +2) (2, -2, ) (1 + 60|

c=o
D'V =0
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E.3.2 CaselIll - A%,

A0 _ ArM; M} v, v,
A a’d
(56 )
w/’tfz =0 d /lyw (/12 + /1519) (/1)213 k%'l)
0 /1wa <1 —e ”‘”b>
+ (we;) 2

1
= (Agw + A)ZC) (% k§n> [(—1) + 50,,]

abd
F&)EE) [mEewe]
e

1=0 | Ay, ( e T A < K ) —1)! + 60,]

m n 2
502 _ (47TM "M vmwn/l>

c =0
iy =0

233



E4 CaselV(w, =w,=w, #0)

E4.1 CaselV-A'lD,

A0 _ My M, Vv (47%/12 i ( > A, (1 — e ub)
N @ wprd /) i3 (2+2) (2 -k)

) = Vig Vig
T
N (ﬂ)( /129/& > cosS (ﬂzed>
wpy ) \ A%+ k2, ( Ald )

sin

3 Ay b
(4”‘“‘92)i A5, <1—e u )
“\T 7 2
CE| (B, 2) (B, -8 (1460
k2 ) cos <’1de)

+ (jrbwe;) (
A+ K /11 45N (ﬂz wd>

yar
g0 _ MMy Wavn {_ (47%/12) i (11)2 [ Ay, (1= e7?) ]
A 2
| Vo) 2\ Gy e ey
N ( jﬂ'b> /lT A Ccos (/lzed>
W A+ kg, sin (ﬂzgd>
—jy, b
. 47[(")82/1)% i /1)7/.1/ <1 — e thw )
! (&

=0 </l)21w + /12> iy ) 1+ 50»1)

P )[ cos (41,d) ]

2 2
A+ kya /lj, wsin (ﬂ;,/d)

(b (
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C(ll) _ MZ;'MZxW(Yvn _ (471'/.12/1)26) Z (ﬂ)z /lym (1 — e*j/lymb)
e wid ) S\d) (8 8) (8, - 8,)

() () | (1)

H: AL+ k>2’a sin (ﬂzgd

—jdy, b

drwe, 2 < Ay, (1 —e Mo )

i Gl DY ;
=l (e, 2) (2, -R,) (1+6))
o (22) | cos (144) |
— (jrbwe,
A+ kga ﬂzwsin </ljwd>
san _ MM {_ (wzag) i ( _1>2[ Ay, (1 — e~ bub) ]
YO 2 2 2
b opid S\ |(B+ ) (8, k)

() ()2 (1)

(L)/Jt /l)ZC + k\21(1/ Sin </1 0d>

Z
—jAy,, b
dnwe A i (1 — e hw )
d =0 2 2 2 2 2
=0 |, (2, +2) (8, - K) (14 60)

/14

i
cos (/lwd>

+ (jrbwe,) [
K (45 + K5,)

|

T T
A, »Sin <’1zwd>
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E4.2 CaselV-A{).

A(lz) = W _ 47T’uz/1)2€ i(_l)l ﬂ._l ? /lym (1 - efj/lymb)
N a? rd d ( 2

24 (e, -
; f
+ (ﬂ ) ( /120/1)26 > 1
o) \THK ) | i ()

Yio Yio
e 3 —jdy, b
(47rwsz) Z A5, <1 e hw >

d 2
= </l§’¢ + ﬂi) (%w - ky2a> [(—=1)" + So.]

ith k/%d 1
+
(jrbwe,) 2+ ) | A sin ( K d)
W <4

B(lz) _ MZ;MZyWan _ 471'/12/1)2( i<_1)1 7Ll ? /lym (1 - eij/lywb)
b ab d (

24 (e k)
. (@) ( A, ) i
W /1% + k)z,a sin ( /1;(0 d)

Yig Yig
drwe 2 < Ay, (1 — e’j’l-‘vwb>
+ (_ 2z x) z :

2
= </l§’w + /1%) (/lgzw - k§a> [(—1)" + So.]

A2 1
— (jrbwe;) ( X ) [ ]
A+ kf’“ /lTwsin </1T d)

2 b/
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ey - ol ) (WK&JZC) e (’il)z A (1= /)
ab wgd )= \d) (e (2, —k)
. T
+ (ﬂ) < /lze/?vzc ) 1
Wy /1% + kga sin (@9“’)

drwe, 2\ < Ay, (1 - eiﬂy’wb>
+ (—Z x) >

d 2
1=0 (A%M + /l)%) </l§w — k§a> [(—1) + 60,]

. A 1
— (jrbwe,) gy
vo T Ax /lz ,Sin (ﬂzwd)

pl1? _ M}’:;,szwi B Ay, A2 i N nl 2 Ay (l—e*f/lwb)

2
2+ 2) (A kga)
. T
+ (ﬂ ) < ﬂze/ljzc ) 1
i) \A A K ) { sin (A,0)

Y Yio
—jdy, b
(47rw82/li) ZOO (1 —e )

d 2
=0 | A (8, +2) (8, = 8) (=) + 6o

a8 ] 1
k%a (/1)% + k%a) /l;bsin </lzwd>

+ (jrbwe;) [
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E.5 CaseV (w,, #w, #0)

E.5.1 CaseV-A\D,

A0 _

p

(11)
B =

Cgll) _

y

=

(

pin _ _

g

( dnwe A
_l’_

(M;:;szvmvn ) (47r,u2/12
a? wyrd

>,

)

MS

A

Yig

(1 — e’ﬂymb)

l

II
W o

Jy,, b
/lm<l—e lw)

(%)2 [ (2 + Agm)v (2, -&

Yio Yio

(%)

=0

(%, + )

(2, -

k)z’m> (ﬂgtu/

—2,) (1 +60,)

B

]

k)2 m) (/1519

(1 — e_”fleb)

=

Yio

k,) (2, -k

]

(1 —e "wh>

Mm M" Wan> <471'/JZ/12) i < ) /lym (1 _ e—j/l).wb)
ab w'uf =0 /12 + /lgm) (/1319
(47ra)sz/1)2€> 2 /lyw <1 —e ﬂyzwb)
d =0 </l§l«// + /l%) ( Vi k2 ) < Yy k2 ) (1 + 60’1)
MZ;'MZmeV”> <47T:uz/1)25) i <7Tl)2 ﬂym
ab (U/.ltzd =0 d (/12 + /1)219) (/l,%le
(47rw8 /12) Z Ay, <1 - e_m[‘”b>
7ty
() (8, - k) (2, -R,) 1+ 6
(Mm M, wmwn) { (47T,Uz/12) Z (7‘(’1) [ Ay, (1= e=hub)
b? w'ul =0 /12 + /1510) ( Yio

= k) (45,

d

) ;, A (22

Yy

+ /l§> (ﬂglw

2,) (2, -

ky2n> (1 + 50,1)

)
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E.5.2 CaseV-A\?,

A1)

b

(12)
Bny

o2 _

b

(12)
Ay

D

i

o <M;;; M;;vavn> {(47%42) i ( )2 [ Ay (1 — e 70uP) ]
a? wurd ) (43 + /132/19) (B, — k) (B, — k)
dnwe, i /I:M <1 e Wb)
( ) = ( 2 4 42) (% kgm) (agw - kgn) [(—1)! + 60.]
) <M’” M wnvm) {_ <47w21§) i(—l)l (n_z)z [ Ay, (1 — e 7h) ]
ab wurd ) = d) | (B+1,) (8, —K,) (8, —K,)
. ( 4. ﬂi) $ A, (1 . efuy,wb>
TS0 n) (8, - k) (8- k) (=1 + 6l
B <M;;;,M;;xwmvn> {_ <4nuza§) i(—l)l <7r_l)2 [ Ay, (1 — e~ hub) ]
ab wurd ) = d) | (&+45,) 8, -k, (45, k)
N (47ra)sz/l)2() Z Ay (1 —e Wb)
4 JE (e, n) (2, -k,) (2, - k) [(-1) + 6
- <M’"Mn men) {(4@&/&) i(—l)’ (ﬂ>2 [ Ay, (1= e=ibub)
b? wurd ) 5 d) | (B+1,) (8, -k, (5, -k,
N (4710)82/11) Z (1 - e_jﬁ)vzlpb)
d Ji3a, </1)21¢ + A§> (Agw kgm) (ﬂ;w kfn) [(—1)! + 6,]
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21

22

23

Appendix F: tFWMT Constitutive Parameter Extraction Code

F.1 uniaxial full.m - Top Level Code

This code controls the configuration parameters, parses the experimental data and sets up

the LSQ solver.

%%% full mode uniaxial constitutive parameter extraction

o\

% configuration/constants

clear all;

% clc;

close all;

global widx v wi a b dmat epsO0 mu0 numModes includeModes solveCase

porttouse alg ket kmut num_int;

g o2 o o o o o o o o o o o o o o o o o o
Cl Cl o o Cl Cl Cl Cl o Cl Cl Cl Cl o o Cl Cl Cl o o
% % constants & global parameters

e o2 o o o o o o o o o o o o o o o o o o
o © © © © © © © © © © © © © © © © © © ©

v=[(1 3115335577791 1339 95]; % the first 20 modes
wi=[0 022022 220220444422 4];

c=3.0e8;

eps0=8.854e-12;

mul=pix4e-T7;

ket=[];

kmut=[];

a=0.9%2.54/100; % inches to m

b=0.4%x2.54/100; % inches to m
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24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

45

46

47

48

49

50

51

52

53

54

55

wmin=8.2e9x2*pi;

wmax=12.4e9x2*pi;

o\
o\

s o o o o o o o o o o o o o o o o o
6 © © © © © © © © © © © © © © © © ©

o\
\o

s user flags & config options

s o o o o o o o o o o o o o o o o o o o
6 © © ©® © ©®© © © ©®© © ©®© © © © © © © © © ©

material="'ui_honeycomb';

[o)

vers='v3'; % the version of the measurement
orientation='"'; % needs the preceeding '_'

methd="'tfwgt'; % tfwgt or nrw

[)

add2casedesc='"_multimode_test_numerical_unbounded'; % a string to add

[

% to the case description
porttouse=1l; % l=use S11 & S21, 2=use S22 & S12, 3=use all

[

% includeModes=1; % dominant mode only

% includeModes=[1 3 4 14 15]; % indices of the top 5 modes - 99% of the solution

includeModes=[1 3 4];
self_cal=0; % l=provide your own TRL cal files, O=use VNA cal'd data

o)

errchk=0; % error bar routine? l=yes, 0=no

% % solver options

numds=5; % downsample the data to this number of points, 0 = no downsampling
init method="initup'; % 'nrw', 'nrwTruth', 'initone', or 'initup'

nrwvers='v6'; % version of nrw measurements, if using them

solveCase=4; % this is a switch to test some different cases, where we force

% certain symmetries or conditions on eps & mu

% 1 - isotropic, dielectric, non-magnetic (et=ez=er)

% & (mut=muz=muO)

% 2 — isotropic, non-dielectric, magnetic (et=ez=eps0)

% & (mut=muz=mur)

% 3 — isotropic, dielectric, magnetic (et=ez=er) & (mut=muz=mur)
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56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

71

78

79

80

81

82

83

84

85

86

% 4 - uniaxial, dielectric, non-magnetic (et,ez) &

(mut=muz=mu0)

%$ 5 — uniaxial, non-dielectric, magnetic (et=ez=eps0) & (mut,muz)
% 6 — uniaxial, dielectric, magnetic (et,ez) & (mut,muz)
% 7 - uniaxial with known et and mut (et and mut set to

o\°

etguess and mutguess, then solve for ez and muz)

alg="'TRR'; % LM=levenburg-marquardt, TRR=Trust-region-reflective

[)

num_int=1; % use numerical integration for lamx and lamy

o o

% % post-processing options

makeFile=0; % output the results to a csv (x.dat) file? l=yes,
print=1;

smooth_zvals=0;

smooth_tvals=0;

smeth="sgolay"';

sspan=201;

o 9o 9 9 9 9o 9o o o
© © © © © © © © ©

o\

o 9 9 9 9 9 9 9 9 9o o o o o o o 9 o 9 o o o9
© © © © © © © © © © © © © © © © © © © © ©° ©

% % get details for the material specified above
g 2 o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o
o o o Cl o o o o Cl o o o o ° o o o o o Cl o o o o Cl o o o o o o o

O=no

%% pick the correct thicknesses and initial guess based on the material

[myret,myiet, myrmut, myimut, myrez, myiez, myrmuz, myimuz,dmat]=. ..

material_opts (material);

display ('$%%%%%%%%5%5%%5%5%%%%5%5%5%55%5%%%%%%5%5%5%%%%%%% ")
display(['Material is: ' materiall);
dmat

display (' (in m)")

2 100000000000000000000000000000000000001
display ('%%%%%%5%%5%5%%%5%5%%5%5%5%%5%53%5%5%5%%5%59%5%5%5%%5%5%%% ")

[

% check solveCase and dmat length and import relevant files
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88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

if ismember (solveCase, [3 6])==0
inputFile=[material orientation '_' methd '_' vers '.txt'];
dmat=dmat (1) ;

else
if length (dmat)==

display ('Error — dmat not long enough');

return
end
inputFile=[material orientation '_' methd '_' vers ' dl.txt'];
inputFile2=[material orientation '_' methd '_' vers '_d2.txt'];

end

[

numModes=length (includeModes); % number of modes to include

% % setup for NRW analysis
2 2 9 9 9 o 2 2 2 2 2 9 9 9 9 o o o o o
o o o o o o o o o o o o o o o o o o o o

if strcmp(init_method, 'nrw')==

nrwInput=[material ' _nrw.' nrwvers '.txt'];
end
& o o o o o o o o o o o o o o o o o o o
6 © ™© © ™©®© ™©® © ©®© © © ©®© ©®© © © ©®© © © © © o

o
o\

other misc setup

o\
o\

2 9 o 2 9 2 2 9 o 2 o o o o o o o o
0 © © © © © © © © ™©®© © ©®© © © © © © ©

% the truth data i have for this init method regiures a slight adjustment

o\

to the frequency values

if (strcmp(init_method, 'nrwTruth')==1) && (regexp(material, 'white stuff')==1)

wmax=12e9%2*pi;

end
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120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

145

146

147

148

149

150

151

[)

% names for output files
if numModes==

casedesc=[material orientation '_' methd '_' vers '_' upper(init_method)...

'ITnit_ " num2str (numds) ' points_.' num2str (numModes) ' mode_solveCase'...

num2str (solveCase) '_port' num2str (porttouse) add2casedesc];

diary ([upper (init_method) 'Init_' num2str (numds) 'points_.' num2str (numModes) ...

'mode_solveCase.' num2str(solveCase) '_port' num2str (porttouse)
add2casedesc '_log.txt']);
else

casedesc=[material orientation '_' methd '_' vers '_' upper(init_method)...

'ITnit_ " num2str (numds) ' points_.' num2str (numModes) ' modes_solveCase'...

num2str (solveCase) ' _port' num2str (porttouse) add2casedesc];

diary ([upper (init_method) 'Init_' num2str (numds) 'points._'
num2str (numModes) ' modes_solveCase_' num2str (solveCase) ' port'...
num2str (porttouse) add2casedesc '_log.txt']);

end

diary on;

%% get input data & setup initial guesses

e o2 o o o o o o o o o o o o o o o o o o
o G © © © © © © © © © © © © © © © © ©

% % Grab the input data & format it correctly
© o 9 9o o o o o 9 o o o o o 9o o 9o o o o
o o ° o o o o o o o o o o o o o o o ° o

if self_cal==

[A, svarnames]=fileformat5 (inputFile);

f=A(:,1);

o)

% use the svarnames to assign the correct name to the sparams
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152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

eval (['real' cell2mat (svarnames (l)) 'measl=A(:,2);"'1);

eval (['imag' cell2mat (svarnames(l)) 'measl=A(:,3);"'1);
eval (['real' cell2mat (svarnames (2)) 'measl=A(:,4);"'1);
eval (['imag' cell2mat (svarnames(2)) 'measl=A(:,5);"'1);
eval (['real' cell2mat (svarnames (3)) 'measl=A(:,6);"'1);
eval (['imag' cell2mat (svarnames (3)) 'measl=A(:,7);"'1);
eval (['real' cell2mat (svarnames (4)) 'measl=A(:,8);"1);
eval (['imag' cell2mat (svarnames (4)) 'measl=A(:,9);"'1);

elseif self_cal==

% 1f you want to do your own TRL cal

[f,S11lmeasl, S21lmeasl, S12measl, S22measl]=TRL('thru.txt', 'line.txt', ...

'reflect.txt',inputFile);
realSllmeasl=real (Sllmeasl);
imagSllmeasl=imag(Sllmeasl);
realS2lmeasl=real (S21measl);
imagS2lmeasl=imag (S21lmeasl);
realSl2measl=real (Sl2measl);
imagSl2measl=imag(Sl2measl) ;
realS22measl=real (S22measl) ;
imagS22measl=imag (S22measl) ;

end

wf=2xpixf; % for all freqg's

% in case the data is outside of normal freqg range,
minidx=find (wf>=wmin, 1, "first"');

maxidx=find (wf>=wmax, 1, 'first');

wif=wf (minidx:maxidx) ;

realSllmeasl=realSllmeasl (minidx:maxidx) ;
imagSllmeasl=imagSllmeasl (minidx:maxidx) ;

realS21lmeasl=realS21lmeasl (minidx:maxidx) ;
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184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

imagS2lmeasl=imagS2lmeasl (minidx:maxidx) ;
realSl2measl=realSl2measl (minidx:maxidx) ;
imagSl2measl=imagSl2measl (minidx:maxidx) ;
realS22measl=realS22measl (minidx:maxidx) ;

imagS22measl=imagS22measl (minidx:maxidx) ;

[)

if numds==
numds=length (wf) ;

end

wfds=linspace (wf (1), wf (end), numds) ;

Sllmeasl=realSllmeasl+lj.ximagSllmeasl;

Sllmlds=interpl (wf, Sllmeasl,wfds); %
S1lmlds=S1lmlds(:); % 1 like column vectors

S21lmeasl=realS2lmeasl+lj.*imagS2lmeasl;

S21lmlds=interpl (wf, S21lmeasl, wfds);

S21mlds=S21mlds (:);

Sl2measl=realSl2measl+lj.*imagSl2measl;

S12mlds=interpl (wf, S12measl, wfds);

S12mlds=S12mlds (:);

S22measl=realS22measl+lj.*ximagS22measl;

S22mlds=interpl (wf, S22measl, wfds);

S22mlds=S22mlds (:);

[)

% if length (dmat)==

if ismember (solveCase, [3 6])==

% downsample the measured data, combine real & imag,

downsample

transpose to columnns

% if using the two-thickness method, get second set of measurements

if self_cal== % use VNA cal'd data
% % original import code - needs to have sparams in a specific order
% [f,realSllmeas?2,imagSllmeas?2, realS2lmeas?2, imagS2lmeas?2, ...
% realSl2meas2?2, imagSl2meas2, realS22meas?2, imagS22meas2]. ..
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216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

239

240

241

242

243

244

245

246

247

o

)

=fileformat4 (inputFile2); % grab data from input file

[A, svarnames]=fileformat5 (inputFile2);

[

% use the svarnames to assign the correct name to the sparams

eval (['real' cell2mat (svarnames(l)) 'meas2=A(:,2);"'1);
eval (['imag' cell2mat (svarnames(l)) 'meas2=A(:,3);"'1);
eval (['real' cell2mat (svarnames (2)) 'meas2=A(:,4);"'1);
eval (['imag' cell2mat (svarnames (2)) 'meas2=A(:,5);"'1);
eval (['real' cell2mat (svarnames (3)) 'meas2=A(:,6);"'1);
eval (['imag' cell2mat (svarnames (3)) 'meas2=A(:,7);"'1);
eval (['real' cell2mat (svarnames (4)) 'meas2=A(:,8);"'1);
eval (['imag' cell2mat (svarnames (4)) 'meas2=A(:,9);"'1);
elseif self_cal==1 % if you want to do your own TRL cal

[f,S1llmeas2, S21lmeas?2,S12meas2, S22meas2]=TRL('thru.txt', 'line.txt"', ...

'reflect.txt',inputFile2);
realSllmeas2=real (Sllmeas2);
imagSllmeas2=imag (Sllmeas2) ;
realS2lmeas2=real (S21meas2);
imagS2lmeas2=imag (S21lmeas2) ;
realSl2meas2=real (S1l2meas2);
imagSl2meas2=imag (Sl2meas2) ;
realS22meas2=real (S22meas?2);
imagS22meas2=imag (S22meas2) ;

end

% in case the data is outside of normal freq range,
realSllmeas2=realSllmeas2 (minidx:maxidx) ;
imagSllmeas2=imagSllmeas? (minidx:maxidx) ;
realS21lmeas2=realS21lmeas2 (minidx:maxidx) ;
imagS2lmeas2=imagS2lmeas?2 (minidx:maxidx) ;
realSl2meas2=realSl2meas2 (minidx:maxidx) ;
imagSl2meas2=imagSl2meas?2 (minidx:maxidx) ;

realS22meas2=realS22meas?2 (minidx:maxidx) ;
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248 imagS22meas2=imagS22meas2 (minidx:maxidx) ;

249

250 % Combine real and imaginary parts, transpose to column vector
251 Sllmeas2=realSllmeas2+1lj.*imagSllmeas2;
252 Sllm2ds=interpl (wf,Sllmeas2,wfds);

253 S11m2ds=S11m2ds(:);

254 S21lmeas2=realS2lmeas2+1lj.*imagS2lmeas?2;
255 S21lm2ds=interpl (wf, S21lmeas2,wfds);

256 S21m2ds=S21m2ds (:);

257 Sl2meas2=realSl2meas2+1j.+ximagSl2meas?2;
258 S1l2m2ds=interpl (wf, S12meas2,wfds);

259 S12m2ds=S12m2ds (:) ;

260 S22meas2=realS22meas2+1lj.*imagS22meas?2;
261 S22m2ds=interpl (wf, S22meas2,wfds) ;

262 S22m2ds=S22m2ds (:) ;

263 end

264

265

2% %% % %5 %5 55T TSNS SSS

267 % % choose init guess method for LSQCurvefit

o\
o\

e o o o o o o o o o o o o o o o o o
268 G © © © © © © © © © © © © © © © © ©
269

270 if strcmp (init_method, 'nrw')==

271

272 % NRW analysis

273 [fnrw,realSllex, imagSllex, realS2lex, imagS2lex, ...

274 realSl2ex,imagSl2ex,realS22ex,imagS22ex]=fileformat4 (nrwlnput) ;

275 wnrw=2xpixfnrw;

276 [epsfwd, epsbw, mufwd, mubw]=waveguide_nrw (fnrw, realSllex, imagSllex, ...
277 realS2lex,imagS2lex,realSl2ex,imagSl2ex,realS22ex,imagS22ex,1s);
278 epsNRW=epsbw;

279 muNRW=mubw;
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280

281

282

283

284

285

286

287

288

289

290

291

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

[o)

°

etguess=etguess(:);
ezguess=ezguess (:);
mutguess=mutguess(:);
muzguess=muzguess (:);

elseif strcmp(init_method, 'nrwTruth')==1

o\

display the NRW results

o)

a3 |} o o
display('$%5%%%%%%5%5%5%5%5%5%35%5%5%5%5%505005%

display ('NRW processing finished')

display(['Mean forward eps =

o

num2str (mean (epsNRW) ) ])

display(['Mean forward mu = ' num2str (mean (muNRW))])

|l

display (['Mean backward eps =

display ([ 'Mean backward mu =

[o)

3 o o [ee) [oe)
display('$%%%%%%5%%5%5%5%5555%5556505005%

display (' ")

initial guesses based on NRW

num2str (mean (epsbw) ) 1)

num2str (mean (mubw) ) ])

etguess=interpl (wnrw, epsNRW, wfds) ;

ezguess=interpl (wnrw, epsNRW, wfds) ;

mutguess=interpl (wnrw, muNRW, wfds) ;

muzguess=interpl (wnrw, muNRW, wfds) ;

load ('NRW_vals.mat');

initial guesses based on NRW

etguess=interpl (wnrw, epsNRW, wfds) ;

ezguess=interpl (wnrw, epsNRW, wfds) ;

mutguess=interpl (wnrw, muNRW, wfds) ;

muzguess=interpl (wnrw, muNRW, wfds) ;

etguess=etguess(:);
ezguess=ezguess (:);
mutguess=mutguess (:);
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312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

muzguess=muzguess (:);

[

elseif strcmp(init_method, "initup')==1 % one initial guess + update as we go

etguess=zeros (length (wfds)+1,1);
ezguess=zeros (length (wfds)+1,1);
mutguess=zeros (length (wfds)+1,1);
muzguess=zeros (length(wfds)+1,1);

etguess (l)=(myret+lj*myiet);

ezguess (1) = (myrez+ljxmyiez) ;
mutguess (1) = (myrmut+1jxmyimut) ;
muzguess (1) = (myrmuz+1jxmyimuz) ;
elseif strcmp(init_method, "initone')==1 % same initial guess every time

etguess=(myret+ljxmyiet) rones (length (wfds),1);
ezguess=(myrez+ljxmyiez) rones (length (wfds),1);
mutguess= (myrmut+1j*myimut) rones (length (wfds),1);

muzguess= (myrmuz+1jxmyimuz) *ones (length (wfds),1);

end

o\
o\

solution routine

o\
o\°

2 9 o 2 9 2 2 9 o 2 9 o o o o o o o
0 © © © © © © © © ™©®© © ©®© © © © © © ©

o\
o

Calculation of A coefficients and scattering parameters

o\
o\

% pre—allocate the solution vectors
etsol=zeros (length(wfds),1);
ezsol=zeros (length(wfds),1);

mutsol=zeros (length(wfds),1);
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345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

muzsol=zeros (length(wfds), 1) ;

tsolve=zeros (length(wfds),1);

eigerror=zeros (length(wfds)+1,1);

Y=0; % initialize the solution array

if errchk==
stddeltaetreal=zeros (length(wfds),1);
stddeltaetimag=zeros (length(wfds), 1) ;
stddeltaezreal=zeros (length(wfds),1);
stddeltaezimag=zeros (length(wfds), 1) ;
stddeltamutreal=zeros (length(wfds),1);
stddeltamutimag=zeros (length (wfds),1);
stddeltamuzreal=zeros (length (wfds),1);
stddeltamuzimag=zeros (length (wfds),1);

end

for widx=1l:length(wfds) % solve at each frequency
tic;
wval=wfds (widx) ;
% sometimes NRW routine gives positive imag eps or mu...
if imag(etguess (widx))>=0

etguess (widx)=etguess (widx) ';
ezguess (widx)=ezguess (widx) ';

end

if imag (mutguess (widx))>=0
mutguess (widx)=mutguess (widx) ';
muzguess (widx)=muzguess (widx) ';

end

if solveCase==7 % set the transverse values to known values

ket=etguess (widx) ;

kmut=mutguess (widx) ;
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376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

401

402

403

404

405

406

407

end

display (sprintf ('$%%%%%%%
display (sprintf (['Now pro

num2str (length (wfds))
display (sprintf (['Frequen
display (sprintf(['Initial
display(sprintf(['Initial
display (sprintf (['Initial
display (sprintf(['Initial
display (sprintf ('$%$%%%%%%

display (sprintf (' \n'))

cessing point ' num2str(widx) '/

1)

' num2str(wval/2/pi) 'GHz']l))

cy =

et ="' num2str (etguess(widx)) 1))
ez ="' num2str (ezguess (widx)) 1))
mut =' num2str (mutguess (widx)) 1))
muz =' num2str (muzguess (widx)) 1))

construct the measured s-parameter matrices and downsample

Q

if porttouse==1 % Use onl

y S11 and S21

Smeas=cat (1, real (S11lmlds (widx)),imag(S1lmlds (widx)), ...

real (S21mlds (widx) ), imag (S21lmlds (widx)));

o)

elseif porttouse==2 % use

only S22 and S12

Smeas=cat (1, real (S12mlds (widx) ), imag(S12mlds (widx)), ...

real (S22mlds (widx) ), imag (S22mlds (widx)));

elseif porttouse== % us

e both

Smeas=cat (1, real (S1lmlds (widx)),imag(S1llmlds (widx)), ...

real (S21mlds (widx) ), imag (S21mlds (widx)), ...

real (S12mlds (widx) ), imag (Sl2mlds (widx)), ...

real (S22mlds (widx) ), imag (S22mlds (widx)));

end

if (length (dmat)==2) &&
Smeas=cat (1, Smeas

real (S21m2ds (

elseif

(length (dmat)==2)

Smeas=cat (1, Smeas

)

(porttouse==1) % two thickness method

,real (S11lm2ds (widx) ), imag(S1lm2ds (widx)), ...

widx)),imag (S21lm2ds (widx)));

&& (porttouse==2)

,real (S12m2ds (widx) ), imag(S12m2ds (widx)), ...
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410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

431

432

433

434

435

436

437

438

439

o
o

o\
o\

o\
o\°

o
o

real (S22m2ds (widx) ), imag (S22m2ds (widx)) ) ;

elseif (length (dmat)==2) && (porttouse==3) % use both

Smeas=cat (1, Smeas, real (S11m2ds (widx) ), imag (S1llm2ds (widx)), ...

real (S21m2ds (widx) ) ,imag (S21m2ds (widx)), ...
real (S12m2ds (widx) ), imag (S12m2ds (widx) ), ...
real (S22m2ds (widx) ), imag (S22m2ds (widx)));

end

Solve using lsqgcurvefit - unknowns are [ret iet rez iez rmut imut rmuz imuz]

© o o o o o o o o o o o o o o o o o o
© © © © © © © © © © © © © © © © © © ©

[etsol (widx), ezsol (widx), mutsol (widx), muzsol (widx) ]
= runSolver (Smeas,wval, etguess (widx),ezguess (widx), ...

mutguess (widx) ,muzguess (widx) ) ;

s o o o o o o o o o o o o o o o o o o
© © © © © © © © © © © © © © © © © © ©

error bars routine

e o o o o o o o o o o o o o o o o o o
6 © © © © © © © © © © © © © © © © © ©

if errchk==

[stddeltaetreal (widx), stddeltaetimag(widx), stddeltaezreal (widx),...

stddeltaezimag (widx), stddeltamutreal (widx),
stddeltamutimag (widx), stddeltamuzreal (widx),
stddeltamuzimag (widx) ]

= getErrorTerms (etsol (widx),ezsol (widx), ...

mutsol (widx),muzsol (widx), Smeas,wval, ...

etguess (widx) ,ezguess (widx) ,mutguess (widx) ,muzguess (widx)) ;

end

update initial guesses, if needed

253



440

441

442

443

444

445

446

447

448

449

450

451

452

453

454

455

456

457

458

459

460

461

462

463

464

465

469

470

471

if strcmp(init-method, 'initup')==1
etguess (widx+1l)=etsol (widx) ;
ezguess (widx+tl)=ezsol (widx) ;
mutguess (widx+1)=mutsol (widx) ;
muzguess (widx+1)=muzsol (widx) ;

end

tsolve (widx)=toc;

o

output the final values

display (sprintf ('$%%%%%5%%5%%%%%%%%5%%5%5%5%5%5%5%5%5%5%%%%%%%%%%%% "))

display (sprintf(['Final values for Frequency = ' num2str (wval/2/pi)...
'GHz']))

display (sprintf(['et = ' num2str(etsol (widx)) 1))

display(sprintf(['ez = ' num2str(ezsol (widx)) 1))

display (sprintf (['mut = ' num2str (mutsol (widx)) 1))

display (sprintf(['muz = ' num2str (muzsol (widx)) 1))

display (sprintf(['Time to solution = ' num2str (tsolve (widx)) 's']))

display (sprintf ('$%%%%%%5%%%%%%5%5%5%5%%%%5%5%5%5%5%%%%%%%%%%%%%%"))

display (sprintf (' \n'));

end % end of w loop

%% final diagnostics

o\

2 29 9o 9 9 o 9 9o 9 9 9o 9 9 o 9 9o 9 9o o 9
© © © © © © © © © © © © © © © © © © © ©

o\

all done - print some diagnostics

o

e o2 o o o o o o o o o o o o o o o o o o
©c © © © © © © © © © © © © © © © © © © ©

ttsolve=sum(tsolve);

hrs=floor (ttsolve/3600);

mins=floor ((ttsolve-hrs+*3600)/60);
secs=floor (ttsolve-hrs+*3600-mins+60) ;

tstring=[num2str (hrs) ' hours, ' num2str (mins) ' mins, '
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488
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490

491

492

493

494

495

499

500

501

502

503

num2str (secs) ' secs' ];
meanet=mean (etsol) ;
meanez=mean (ezsol) ;
meanmut=mean (mutsol) ;

meanmuz=mean (muzsol) ;

display (sprintf (['Finished - total solution time = ' tstring]))
display (sprintf (['Avg et = ' num2str (meanet) 1))
display (sprintf (['Avg ez = ' num2str (meanez) 1))

display (sprintf (['Avg mut ' num2str (meanmut) ]))

display (sprintf (['Avg muz = ' num2str (meanmuz) ]))

close all; % close the LSQ diagnostics

% 1f we want to smooth out the data
if smooth_zvals==
ezsolbak=ezsol;
ezsol=smooth (ezsol, sspan, smeth) ;
end
if smooth_tvals==
etsolbak=etsol;
etsol=smooth (etsol, sspan, smeth) ;

end

o o

% % generate pretty pictures

[)

% figure out the best limits, according to solution values

pad=0.2;

etminval=round (10+ ( (l+pad)*min (imag(etsol) ) ) )/10;
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525

526

527

528

529

530

531

532

533

534

535

ezminval=round (10+ ( (l+pad)*min (imag(ezsol) ) ) )/10;

etmaxval=round (10x ( (l+pad)*max (real (etsol) ) ) )/10;
ezmaxval=round (10+ ( (l+pad) *max (real (ezsol) ) ) )/10;
epslims=[min([etminval ezminval]) max([etmaxval ezmaxvall])];
mutminval=round (10* ( (l+pad)*min (imag(mutsol) ) ) )/10;
muzminval=round (10* ( (l+pad)*min (imag (muzsol) ) ) )/10;
mutmaxval=round (10* ( (l+pad)*max (real (mutsol) ) ) )/10;
muzmaxval=round (10* ( (l+pad)*max (real (muzsol) ) ) )/10;
mulims=[min ([mutminval muzminval]) max ([mutmaxval muzmaxvall])];

if errchk==

etminval=round (10x ( (l+pad)* (epslims (1) - (2+min (stddeltaetimag ))) )
ezminval=round (10x ( (l+pad) * (epslims (1l)-(2+min (stddeltaezimag ))) )
etmaxval=round (10x ( (l+pad) * (epslims (2)+ (2+max (stddeltaetreal ))) )
ezmaxval=round (10x ( (l+pad) * (epslims (2)+ (2+max (stddeltaezreal ))) )
epslims_err=[min([etminval ezminval]) max([etmaxval ezmaxval])];
mutminval=round (10x ( (l+pad)* (mulims (1) - (2*min (stddeltamutimag )))
muzminval=round (10* ( (l+pad)* (mulims(1l)-(2*min(stddeltamuzimag )))
mutmaxval=round (10x ( (l+pad)* (mulims (2)+ (2*max (stddeltamutreal )))
muzmaxval=round (10* ( (l+pad)* (mulims (2)+ (2+max (stddeltamuzreal )))
mulims_err=[min ([mutminval muzminval]) max ([mutmaxval muzmaxval])];

end

sidebyside_pos_-1=[0.1344 0.4 0.3319 0.4290];

sidebyside_pos_2=[0.5267 0.4 0.3319 0.429071;

sidebyside_annotation=[ 0.3184 0.1894 0.1336 0.08337;

sidebyside_leg=[0.4991 0.1239 0.1461 0.1935]1;

if strcmp(init.method, 'nrw')==1 || strcmp(init_method, 'nrwTruth')==
nmnyfigure;

256

) /10;
)/10;
) /10;

)/10;

)/10;
)/10;
)/10;

) /10;



536

537

538

539

540

541

542

543

544

545

546

547
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559

560

561

562

563

564

565

566

567

orient landscape;

subplot ('Position', [0.0999
plot (wfds/2/pi/1e9, real (etsol), '-o',wfds/2/pi/1le9,imag(etsol), '-0o', ...

wfds/2/pi/le9, real (ezsol), '-o',wfds/2/pi/1le9, imag(ezsol), '-0');

0.5514

title('Extracted \epsilonyr Values')

legl=legend('Re (\sigma_t)', 'Imag (\sigma_t) ', 'Re (\sigma_z) ', 'Imag (\sigma_z) ') ;

xlabel ('f

(GHz) ') ;

ylim(epslims);

set (legl, '"Position', [0.4619

subplot ('Position', [0.5891
plot (wfds/2/pi/1e9, real (mutsol), '-o',wfds/2/pi/1le9, imag (mutsol), '-o', ...

wfds/2/pi/le9, real (muzsol), '-o',wfds/2/pi/1e9, imag (muzsol), '-0');

0.6417

0.5514

title ('Extracted \mu.r Values')

xlabel ('L

(GHz) ") ;

ylim(mulims) ;

subplot ('Position', [0.0988
plot (wfds/2/pi/1e9, real (etsol), '-o',wfds/2/pi/1le9,imag(etsol), '-0o', ...

wnrw/2/pi/le9, real (epsNRW), '-o',wnrw/2/pi/1le9,imag (epsNRW), '-o");

0.0776

0.3347

0.0994

0.3347

0.3347

title('Comparison of \epsilon,t Values')

leg2=legend('Re - tFWGT', 'Im - tEFWGT','Re — NRW', 'Im - NRW'");

xlabel ('f

(GHz) ') ;

ylim(epslims);

set (leg2, '"Position', [0.4409

subplot ('Position', [0.5914
plot (wfds/2/pi/1e9, real (mutsol), '-o',wfds/2/pi/1le9, imag (mutsol), '-o', ...

wnrw/2/pi/le9, real (muNRW), '-o',wnrw/2/pi/1e9, imag (muNRW), '-0");

0.2032

0.0776

title('Comparison of \mu,t Values')

ylim(mulims) ;

xlabel ('f

(GHz) ') ;
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mtit (gcf, regexprep (casedesc,'_'," "), 'FontSize',14, 'yoff',0.06, 'xoff',-0.02);

dielectric, magnetic

elseif strcmp(init_method, 'nrw')==0 && (solveCase==3 || solveCase==6)

nyfigure;

orient landscape;

subplot ('Position', sidebyside_pos_1);

plot (wfds/2/pi/1e9, real (etsol), '-o',wfds/2/pi/1le9,real (ezsol),'-0o', ...
wfds/2/pi/1e9, imag (etsol), '-o',wfds/2/pi/1e9,imag(ezsol), '-0');

title ('Extracted \epsilon Values')

legl=legend('Real - \sigma.t','Real - \sigma.z', 'Imag — \sigma_-t',...
'"Imag - \sigma_z');

xlabel ('f£ (GHz)');

ylim(epslims);

subplot ('Position', sidebyside_pos_2);

plot (wfds/2/pi/1le9, real (mutsol), '-o',wfds/2/pi/1le9,real (muzsol),'-o', ...
wfds/2/pi/1e9, imag (mutsol), '-o',wfds/2/pi/1e9, imag (muzsol), '-0');

title ('Extracted \mu Values')

ylim(mulims) ;

xlabel ('f (GHz)'");

set (legl, 'Position', sidebyside_annotation)

annotation ('textbox',sidebyside_leg, 'string',{['Avg \epsilon.t = '
num2str (meanet) ], ['Avg \epsilon,z = ' num2str (meanez)], ...
['Avg \epsilon.t = ' num2str (meanmut)], ['Avg \mu.z = '

numZStr(meanmuz)]},'FitBoxToText','on , 'VerticalAlignment', ...

'middle’', 'BackgroundColor', 'w'");

mtit (gcf, regexprep (casedesc,'_'," '), 'FontSize',14, 'yoff',0.1, 'x0off',-0.02);
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600 if errchk==

601 % one figure for permittivity

602 myfigure;

603 orient landscape;

604

605 subplot ('Position', sidebyside_pos_1l);

606 errorbar (wfds/2/pi/1e9, real (etsol),2+xstddeltaetreal, 'b'");

607 errorbar (wfds/2/pi/1le9, imag(etsol), 2+xstddeltaetimag, 'Color', [0 0.4 0]);
608 title('Extracted \epsilon_t Values')

609 legl=legend('Real', 'Imag ");

610 xlabel ('f (GHz)'");

611 ylim(epslims_err);

612

613 subplot ('Position', sidebyside_pos_2);

614 errorbar (wfds/2/pi/le9, real (ezsol),2+«stddeltaezreal, 'b'");

615 errorbar (wfds/2/pi/1e9, imag (ezsol),2+xstddeltaezimag, 'Color', [0 0.4 0]);
616 title ('Extracted \epsilon,z Values')

617 ylim(epslims_err);

618 xlabel ('f (GHz)'");

619

620 set (legl, 'Position',sidebyside_leqg)

621 annotation ('textbox', sidebyside_annotation, 'string', ...

622 {['Avg \epsilon.t = ' num2str (meanet)],

623 ['Avg \epsilon._z = ' num2str (meanez)]}, 'FitBoxToText', ...
624 'on', 'VerticalAlignment', 'middle', 'BackgroundColor', 'w');
625 mtit (gcf, [regexprep(casedesc,'_-'," ") ' eps uncertainty'l,...
626 'FontSize',14, 'yoff',0.1, "xoff',-0.02);

627

628 % another figure for permeability

629 myfigure;

630 orient landscape;

631
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663

subplot ('Position', sidebyside_pos_1);

errorbar (wfds/2/pi/le9, real (mutsol), 2+xstddeltamutreal, 'b'");

errorbar (wfds/2/pi/1e9, imag (mutsol), 2+xstddeltamutimag, 'Color', [0 0.4 0]);
title('Extracted \mu_t Values')

legl=legend('Real', "Imag ');

xlabel ("f (GHz) ");

ylim(mulims_err);

subplot ('Position', sidebyside_pos_2);

errorbar (wfds/2/pi/1e9, real (muzsol),2+xstddeltamuzreal, 'b'");

errorbar (wfds/2/pi/1e9, imag (muzsol), 2+xstddeltamuzimag, "Color', [0 0.4 0]);
title('Extracted \mu,z Values')

ylim(mulims_err);

xlabel ('f (GHz)');

set (legl, 'Position',sidebyside_leq)

annotation('textbox‘,sidebyside,annotation,'string',{['Avg \mu,t =
num2str (meanmut)], ['Avg \mu.z = ' num2str (meanmuz)]}, 'FitBoxToText', ...
'on', 'VerticalAlignment', 'middle', 'BackgroundColor"', 'w');

' mu uncertainty'],...

mtit (gcf, [regexprep (casedesc, ' ', " ")
'FontSize',14, 'yoff',0.1, 'xoff',-0.02);
end
% non-dielectric, magnetic
elseif strcmp(init_method, 'nrw')==0 && (solveCase==2 || solveCase==5)
myfigure;

orient landscape;

subplot ('Position', sidebyside_pos_1);
plot (wfds/2/pi/1e9, real (mutsol), '-o',wfds/2/pi/1le9, imag (mutsol), '-0o'");
title ('Extracted \mu_t Values')

legl=legend('Real', "Imag');
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xlabel ('f (GHz)'");

ylim(mulims) ;

subplot ('Position', sidebyside_pos_2);
plot (wfds/2/pi/1e9, real (muzsol), '-o',wfds/2/pi/1le9,imag (muzsol), '-0'");
title('Extracted \mu.z Values')
ylim(mulims) ;
xlabel ('f (GHz)'");
annotation ('textbox', sidebyside_annotation, 'string',{['Avg \mu.t = '
num2str (meanmut) ], ['Avg \mu,z = ! num2str(meanmuz)]},'FitBoxToText',...
'on', 'VerticalAlignment', 'middle’', 'BackgroundColor', 'w'");
set (legl, 'Position', sidebyside_leq)
mtit (gcf, regexprep(casedesc,'_'," "), 'FontSize',14, 'yoff',0.1, 'x0off"',-0.02);
if errchk==1
myfigure;

orient landscape;

subplot ('Position', sidebyside_pos_1);

errorbar (wfds/2/pi/1e9, real (mutsol),2+xstddeltamutreal, 'b'");

errorbar (wfds/2/pi/1e9, imag (mutsol), 2+xstddeltamutimag, "Color', [0 0.4 0]);
title('Extracted \mu.-t Values')

legl=legend('Real', 'Imag');

xlabel ('f (GHz)"'");

yvlim(mulims_err);

subplot ('Position', sidebyside_pos_2);

errorbar (wfds/2/pi/le9, real (muzsol), 2xstddeltamuzreal, 'b");

errorbar (wfds/2/pi/1e9, imag (muzsol),2+xstddeltamuzimag, 'Color', [0 0.4 0]);
title('Extracted \mu_z Values')

ylim(mulims_err) ;
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696 xlabel ('f (GHz)'");

697

698 annotation('textbox‘,sidebyside_annotation,'string',{['Avg \mu,t =
699 num2str (meanmut)], ['Avg \mu.z = ' num2str (meanmuz)]}, 'FitBoxToText', ...
700 'on', 'VerticalAlignment', 'middle', 'BackgroundColor"', 'w');

701 set (legl, 'Position',sidebyside_leq)

702 mtit (gcf, [regexprep (casedesc, ' '," ") ' uncertainty'],'FontSize', ...
703 14, 'yoff',0.1, "xoff',-0.02);

704 end

705

706

707 % dielectric, non-magnetic

708 elseif strcmp(init_method, 'nrw')==0 && (solveCase==1 || solveCase==4)

709 myfigure;

710 orient landscape;

711

712 subplot ('Position', sidebyside_pos_1);

713 plot (wfds/2/pi/1e9, real (etsol), '-o',wfds/2/pi/1e9,imag(etsol), '-0');

714 title('Extracted \epsilonjt Values')

715 legl=legend('Real', "Imag');

716 xlabel ('f (GHz)"'");

717 ylim(epslims);

718

719 subplot ('Position', sidebyside_pos_2);

720 plot (wfds/2/pi/1le9, real (ezsol), '-o',wfds/2/pi/1e9,imag(ezsol), '-0');

721 title('Extracted \epsilon,z Values')

722 ylim(epslims);

723 xlabel ('f (GHz)'");

724

725 annotation ('textbox',sidebyside_annotation, 'string',{['Avg \epsilon.t = '
726 num2str (meanet) ], ['Avg \epsilon,z =" num2str(meanez)]},'FitBoxToText','on‘,
727 'VerticalAlignment', 'middle', 'BackgroundColor"', 'w');
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759

set (legl, 'Position', sidebyside_leq)

mtit (gcf, regexprep (casedesc, ' ',

if errchk==

end

myfigure;

orient landscape;

"), 'FontSize', 14, 'yoff',-0.06, 'xoff',-0.02);

subplot ('Position', sidebyside_pos_1);

hold on;

errorbar (wfds/2/pi/1e9, real (etsol),2xstddeltaetreal, 'b'");

errorbar (wfds/2/pi/1le9, imag(etsol), 2+xstddeltaetimag, 'Color', [0 0.4 0]);

title('Extracted \epsilon,t Values')

legl=legend('Real', "Imag');
xlabel ('f (GHz)'");

yvlim(epslims_err);

subplot ('Position', sidebyside_pos_2);

hold on;

errorbar (wfds/2/pi/1e9, real (ezsol),2xstddeltaezreal, 'b'");

errorbar (wfds/2/pi/1e9, imag(ezsol), 2+xstddeltaezimag, 'Color', [0 0.4 0]);

title('Extracted \epsilon,z Values')

yvlim(epslims_err);

xlabel ('f (GHz)');

annotation ('textbox', sidebyside_annotation, 'string', ...

{['Avg \epsilon.t = ' num2str (meanet)], ...

['Avg \epsilon.z = ' num2str (meanez)]}, 'FitBoxToText','on', ...

'VerticalAlignment', 'middle', 'BackgroundColor', 'w');

set (legl, 'Position',sidebyside_leq)

mtit (gcf, [regexprep (casedesc,

'y ")y ' uncertainty'], 'FontSize', ...

14, 'yoff',-0.06, 'xoff',-0.02);
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760 end

761

762 fds=wfds (:)/2/pi/1le9;
763

764 1f print==

765 printfigs;

766 end

767

768 1f makeFile==

769 if ismember (solveCase, [1 3 4 6])==1 && errchk==

770 M=[fds, real (etsol)];

771 csvwrite(['et vals_real_ ' num2str (numModes) 'mode' add2casedesc '.dat'],M)
772 M=[fds, imag(etsol)];

773 csvwrite(['et vals_imag.' num2str (numModes) 'mode' add2casedesc '.dat'],M)
774 M=[fds, real(ezsol)];

775 csvwrite(['ez_vals_real_' num2str (numModes) 'mode' add2casedesc '.dat'],M)
776 M=[fds, imag(ezsol)];

777 csvwrite(['ez vals_imag.' num2str (numModes) 'mode' add2casedesc '.dat'],M)
778 elseif ismember (solveCase, [l 3 4 6])==1 && errchk==

779 M=[fds, real(etsol), stddeltaetreall;

780 csvwrite(['et vals_real_ ' num2str (numModes) 'mode' add2casedesc '.dat'],M)
781 M=[fds, imag(etsol), stddeltaetimag];

782 csvwrite(['et vals_imag.' num2str (numModes) 'mode' add2casedesc '.dat'],M)
783 M=[fds, real (ezsol), stddeltaezreall;

784 csvwrite(['ez_vals_real_' num2str (numModes) 'mode' add2casedesc '.dat'],M)
785 M=[fds, imag(ezsol), stddeltaezimag];

786 csvwrite(['ez vals_imag.' num2str (numModes) 'mode' add2casedesc '.dat'],M)
787 end

788 if ismember (solveCase, [2 3 5 6])==1 && errchk==

789 M=[fds, real (mutsol)];

790 csvwrite (['mut_vals_real_ ' num2str (numModes) 'mode' add2casedesc '.dat'],M)
791 M=[fds, imag(mutsol)];
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817

818
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820

821

822

823

csvwrite (['mut_vals_imag.' num2str (numModes) 'mode'

M=[fds, real (muzsol)];

csvwrite (['muz_vals_real_.' num2str (numModes) 'mode'

M=[fds, imag(muzsol)];

csvwrite (['muz_vals_imag.' num2str (numModes) 'mode'
elseif ismember (solveCase, [2 3 5 6])==1 && errchk==

M=[fds, real (mutsol), stddeltamutreall];

csvwrite (['mut_vals_real_ ' num2str (numModes) 'mode'

M=[fds, imag(mutsol), stddeltamutimag];

csvwrite (['mut_vals_imag.' num2str (numModes) 'mode'

M=[fds, real (muzsol), stddeltamuzreall];

csvwrite(['muz_vals_real_.' num2str (numModes) 'mode'

M=[fds, imag(muzsol), stddeltamuzimag];

csvwrite (['muz_vals_imag.' num2str (numModes) 'mode'
end

end

% save the workspace

save ([casedesc '_workspace.mat']);

diary off;
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20140516

o\

- fixed a couple of errors in

o\

- added logic to output *.dat files

o

o\

(helps with large error bars)

o\

20140415
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Sparams case 5 integrals

add2casedesc

add2casedesc

add2casedesc

add2casedesc

add2casedesc

add2casedesc

add2casedesc

(11 and 12)
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.dat'],M)
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.dat'],M)

- limits for errorbar plots are now calculated separately from normal plots



824

825

826

827

828

829

830

831

832

833

834

835

836

837

838

o

- changed logic for errchk plots

o\

- made error bars 2xsigma

o\

20140225:

o\
|

updated S-parameters import to account for any order in the

% cti file
% — added print switch

o
|

reorganized options to be a little more intuitive

% — started the change log
% - added ylimits to make the plots on the same scale

o\
|

added the average dotted line

o\
|

added the numds=0 option for no downsampling (requires no knowledge

o\

of number of input points)

o\

20140107:

o\

— finally fixed the errorbars code!!!!

F.2 runSolver.m

This function determines the appropriate number of inputs for the LSQ solver to pass to the

Sparams.m function (which calculates the theoretical scattering parameters.

function [etsol,ezsol,mutsol,muzsol] = runSolver (Smeas,wval,etguess,ezguess...

,mutguess, muzguess)

global epsO0 muO solveCase alg ket kmut;

o\

set the options for the solver

o

options=optimset ('Display', 'off', '"PlotFcns', ...
g {@Qoptimplotfunccount Qoptimplotx R@optimplotfval @optimplotstepsize});
if strcmp(alg, 'LM')==

options=optimset ('Display', 'iter', 'Algorithm', {'levenberg-marquardt',le-6});
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32

33

34

35

36

37

38

39

40

41

4

elseif strcmp(alg, '"TRR'")==1

options=optimset ('Display', "iter'");

1b=-50;
ub=50;

end

[

% eval the

solveCase flag

switch solveCase

case 1

if

els

end

etsol=Y

ezsol=Y

mutsol=

muzsol=

case 2

if

els

end

% 1sotropic, dielectric, non-mag -> ez=

strcmp (alg, 'LM'")==1

Y=1sqgcurvefit (@Sparams, [real (etguess)
wval, Smeas, [], []1,options);

eif strcmp(alg, '"TRR')==

Y=1sqgcurvefit (@Sparams, [real (etguess)

wval, Smeas, [0 1b]l, [ub 0],options);

(L) +13xY(2);
(1) +13*Y(2);
1;

1;

% 1sotropic, non-dielectric, mag -> ez=

strcmp (alg, 'LM'")==1

Y=1lsqgcurvefit (@Sparams, [real (mutguess)
wval, Smeas, [], [],options);

eif strcmp(alg, '"TRR'")==

Y=1sqgcurvefit (@Sparams, [real (mutguess)

wval, Smeas, [0 1b], [ub 0],options);
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imag (etguess) ], ...

imag (etguess) ], ...

et=epsO0 and muz=mut

imag (mutguess) ], ...
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45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

o\

o\

o\

etsol=1;
ezsol=1;
mutsol=Y (1) +1jxY (2);
muzsol=Y (1) +1jxY (2);
case 3 % isotropic, dielectric, mag —> ez=et and muz=mut
if strcmp(alg, 'LM')==1
Y=1sqgcurvefit (@Sparams, [real (etguess) imag(etguess)
real (mutguess) imag (mutguess)], ...
wval, Smeas, [], [],options);
elseif strcmp(alg, 'TRR')==
Y=1sqcurvefit (@Sparams, [real (etguess) imag(etguess)
real (mutguess) imag(mutguess)], ...
wval, Smeas, [0 1b 0 1b], [ub 0 ub 0],options);
end
etsol=Y (1)+1j%xY(2);
ezsol=Y (1l)+1j*xY(2);
mutsol=Y (3)+1jxY (4);

muzsol=Y (3)+1jxY (4);

case 4 % uniaxial, dielectric, non-mag -> ez,et and muz=mut=mul
if strcmp(alg, 'LM')==1
Y=1sqgcurvefit (@Sparams, [real (etguess) imag(etguess)...
real (ezguess) imag(ezguess)],...
wval, Smeas, [], []1,options);
elseif strcmp(alg, 'TRR')==1
Y=1sqgcurvefit (@Sparams, [real (etguess) imag(etguess)...
real (ezguess) imag(ezguess)], ...
wval, Smeas, [0 1b 0 1b], [ub 0 ub 0],options);
Y=1sqgcurvefit (@Sparams, [real (etguess) imag(etguess)...
real (ezguess) imag(ezguess)], ...

wval, Smeas, [1b 1lb 1b 1b], [ub ub ub ub],options);
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89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

end
etsol=Y(1)+13*Y(2);
ezsol=Y (3)+1jxY(4);
mutsol=1;
muzsol=1;
case 5 % uniaxial, non-dielectric, mag —-> ez=et=epsO0 and muz,mut
if strcmp(alg, 'LM')==1
Y=1sqgcurvefit (@Sparams, [real (mutguess) imag (mutguess)...
real (muzguess) imag (muzguess)l], ...
wval, Smeas, [], []1,options);
elseif strcmp(alg, "TRR')==
Y=1sqgcurvefit (@Sparams, [real (mutguess) imag(mutguess)...
real (muzguess) imag(muzguess)l], ...
wval, Smeas, [0 1b 0 1b], [ub 0 ub 0],options);
end
etsol=1;
ezsol=1;
mutsol=Y (1) +1j*xY (2);

muzsol=Y (3)+1j*Y (4);

case 6 % uniaxial, dielectric, mag —-> ez,et and muz,mut
if strcmp(alg, 'LM')==
Y=1sqgcurvefit (@Sparams, [real (etguess) imag(etguess) ...
real (ezguess) imag(ezguess) real (mutguess) imag(mutguess)...
real (muzguess) imag(muzguess)l]l, ...
wval, Smeas, [], []1,options);
elseif strcmp(alg, "TRR'")==1
Y=1sqgcurvefit (@Sparams, [real (etguess) imag(etguess)...
real (ezguess) 1imag(ezguess) real (mutguess) imag (mutguess)...
real (muzguess) imag(muzguess)l], ...

wval, Smeas, [0 1b 0 1b 0 1b 0 1b], [ub 0 ub 0 ub 0 ub 0],options);
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end
etsol=Y(1)+1j%xY (2);
ezsol=Y (3)+1jxY(4);
mutsol=Y (5)+1jxY (6);
muzsol=Y (7)+13xY (8);
case 7 % uniaxial, dielectric, mag with known et and mut
if strcmp(alg, 'LM')==1
Y=1sqgcurvefit (@Sparams, [real (ezguess) imag(ezguess)
real (muzguess) imag (muzguess)l], ...
wval, Smeas, [], [],options);
elseif strcmp(alg, 'TRR')==
Y=1sqgcurvefit (@Sparams, [real (ezguess) imag(ezguess)
real (muzguess) imag(muzguess)l], ...
wval, Smeas, [0 1b 0 1b], [ub 0 ub 0],options);
end
etsol=ket;
ezsol=Y(1)+13*Y(2);
mutsol=kmut;

muzsol=Y (3)+1j*Y (4);

end

F.3 Sparams.m

This function calculates the theoretical scattering parameters, based on the solveCase

variable.

function Sthy=Sparams (X, wval)

[

% export the theoretical scattering coefficients with the real part on top

[)

% and the imaginary part below
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32
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34

35

o

INPUTS:

o\

1) the vector X contains the input arguments in the order:

% — real(et), imag(et), real(ez), imag(ez)

o\

- real (mut), imag(mut), real(muz), imag(muz)

o\

2) wval is the angular frequency (single value)

o)

% Calculation of A coefficients and scattering parameters

o\

global v wi a b dmat epsO0 mu0 numModes includeModes solveCase porttouse...

ket kmut num_int;

[

kO=sqgrt (wval. 2.xeps0.+mul); % gonna need this later

Sthy=T[1];

All=zeros (numModes, numModes) ;

Al2=A11;

Bmat=zeros (2+«*numModes, 1) ;

% cases:

% 1 — isotropic, dielectric, non-magnetic (et=ez=er) & (mut=muz=mu0)

% 2 — 1isotropic, non-dielectric, magnetic (et=ez=eps0) & (mut=muz=mur)
% 3 - isotropic, dielectric, magnetic (et=ez=er) & (mut=muz=mur)

% 4 - uniaxial, dielectric, non-magnetic (et,ez) & (mut=muz=muO)
% 5 - uniaxial, non-dielectric, magnetic (et=ez=eps0) & (mut,muz)
% 6 — uniaxial, dielectric, magnetic (et,ez) & (mut,muz)

switch solveCase
case 1
ret=X(1);
iet=X(2);
rez=ret;
iez=iet;
rmut=1;

imut=0;
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59

60

61
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63

64

65

66

67

rmuz=rmut;

imuz=imut;

2

ret=1;
iet=0;
rez=ret;
iez=iet;
rmut=X (1) ;
imut=X(2);
rmuz=rmut;

imuz=imut;

case 3

ret=X(1);
iet=X(2);
rez=ret;

iez=iet;

rmut=X(3) ;
imut=X(4) ;
rmuz=rmut;

imuz=imut;

case 4

ret=X(1);
iet=X(2);
rez=X(3);
iez=X(4);
rmut=1;
imut=0;
rmuz=rmut;

imuz=imut;
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68

69 case 5

70 ret=1;

7 iet=0;

72 rez=ret;

73 iez=iet;

74 rmut=X (1) ;

75 imut=X(2);

76 rmuz=X(3) ;

77 imuz=X(4);

78 case 6

79 ret=X(1);

80 iet=X(2);

81 rez=X(3);

82 iez=X(4);

83 rmut=X(5) ;

84 imut=X(6);

85 rmuz=X(7);

86 imuz=X(8);

87 case 7

88 ret=real (ket);
89 iet=imag (ket);
90 rez=X(1);

91 iez=X(2);

9 rmut=real (kmut) ;
93 imut=imag (kmut) ;
o4 rmuz=X (3) ;

95 imuz=X(4);

96 end

97
o

9% % put the real and imaginary parts together

99 et=ret+ljxiet;
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100 ez=rez+ljxiez;
101 mut=rmut+1ljximut;
102 muz=rmuz+ljximuz;

103

104 % % display some useful info

105 % display(['Current Values are:'])
106 % display(['widx = ' num2str (widx)])
107 % display(['et = ' num2str(et)])

108 % display(['ez = ' num2str(ez)])

109 % display(['mut = ' num2str (mut)])
1o % display(['muz = ' num2str (muz)])

111

12 for didx=l:length(dmat) % if we have two thicknesses

113 d=dmat (didx) ;

114 midx=0;

115 for m=includeModes % source modes
116 midx=midx+1;

117 nidx=0;

118 vm=v (m) ;

119 wm=wi (m) ;

120 if wm==

121 deltaOwm = 1;

122 else

123 deltaOwm = sqgrt(2);
124 end

125

o\

126 waveguide parameters for m

127 kxm=vm.+*pi/a;
128 kym=wm. *xpi/b;
129 kcm=sqgrt (kxm. " 2+kym."2);
130 kzm=sqgrt (k0. 2-kcm. " 2);

131
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132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

m index normalization coefficients
if any(m==[4 7 9 12 15 19]) % tmz

Zm=kzm./ (wval.*epsO0) ; % TMZ m index

Mhxm= (sqrt (2) . *kym.*deltaOwm) ./ (Zm.xkcmxsqrt (a*b) ) ;
Mhym=- (sqrt (2) . xkxm.*deltalwm) ./ (Zm.+rkcm+sqrt (a*xb) ) ;
else % it's tez
zm=wval.*muO./kzm; % TEZ m index
Mhxm= (sqrt (2) .*kxm.*deltaOwm) ./ (Zm.xkcmssqrt (a*b) ) ;
Mhym= (sqrt (2) . xkym.*deltalOwm) ./ (Zm.*kcmxsqgrt (a*b)) ;
end
for n=includeModes % observation modes
nidx=nidx+1;
% the source terms for the MFIE's
if m==1 && n==1 % only the dominant source is excited

Bmat (1)=(2./(Zm."2));
end
vn=v (n) ;

wn=wi (n);

if wn==

deltaOwn = 1;
else

deltalOwn = sqgrt(2);
end

deltamn=1.x* (m==n) ;

% waveguide parameters for n
kxn=vn.*pi/a;

kyn=wn.*pi/b;
kcn=sqrt (kxn. 2+kyn."2);

kzn=sqrt (k0. 2-kcn."2);
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165
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169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

o

o\

o°

% n index normalization coefficients
if any(n==[4 7 9 12 15 19])

Zn=kzn./ (wval.*eps0); % TMZ n index

o\°

Mhxn= (sqrt (2) .xkyn.*deltalwn) ./ (Zn.+kcn*sqrt (axb)) ; TMZ
Mhyn=- (sqrt (2) .*kxn.*deltalOwn) ./ (Zn.xkcnxsqrt (a*b)); % TMZ
else
Zn=wval.xmuO./kzn; % TEZ n index
Mhxn= (sqgrt (2) .*kxn.+deltaOwn) ./ (Zn.xkcn*sqgrt (axb)); % TEZ
Mhyn= (sqgrt (2) .xkyn.*deltalwn) ./ (Zn.xkcn*sqrt (a*xb)) ; $ TEZ
end
% % which set of lamy solutions we use depends on wm and wn
if num_int==
intvalll=2+xquad2d (@ (lamx, lamy) SelfIntegral2d(wval,et,ez, ...
mut,muz, vm, v, wm, wn, a, b, d, Mhxm, Mhxn, Mhym, Mhyn, lamx, lamy) , . ..
0,50e3,0,50e3, "abstol',1le-10, 'reltol',1le-10);
intvall2=2+xquad2d (@ (lamx, lamy) CouplingIntegral2d(wval,et,ez,...
mut,muz, vm, vn, wm, wn, a, b, d, Mhxm, Mhxn, Mhym, Mhyn, lamx, lamy), . ..
0,50e3,0,50e3, "abstol',1le-10, '"reltol',1le-10);
else
if wm == 0 && wn == % Case 1
% quadgk numerically solves the lamx integrals

disp(['v.m = ' num2str (vm) ''and v.n = ' num2str(vn)])

|l

disp(['w.m = num2str (wm) ' and w.n !

num2str (wn) )
disp('Using Case 1"'")
intvalll=quadgk (@ (lamx) SelfIntegral_l(wval,et,ez...
,mut,muz, vm,vn, a, b, d, Mhxm, Mhxn, lamx), ...

0,50e3, "abstol"',1le-10, 'reltol',1le-10);

intvall2=quadgk (@ (lamx) CouplingIntegral_l(wval,et,ez,...

mut,muz,vm,vn,a, b, d, Mhxm, Mhxn, lamx), ...

0,50e3, "abstol',1le-10, 'reltol',1le-10);
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200
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205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

Q

elseif wm ~=0 && wn==0 % Case 2

o

disp(['v.m = ' num2str (vm) ' and v_.n ' num2str(vn) ])

o\°

disp(['w.m = ' num2str (wm) ''and w_n = ' num2str(wn)])

o

disp('Using Case 2')
intvalll=quadgk (@ (lamx) SelfIntegral_2(wval,et,ez...
,mut,muz, wm, vim, vi, a, b, d, Mhxm, Mhxn, Mhym, lamx) . ..
,0,50e3, "abstol',1le-10, 'reltol',1le-10);
intvall2=quadgk (@ (lamx) CouplingIntegral_ 2 (wval,et,ez,...
mut, muz, wm, vin, vy, a, b, d, Mhxm, Mhxn, Mhym, lamx), ...
0,50e3, 'abstol',1le-10, 'reltol',1le-10);

Q

elseif wm==0 && wn~=0 % Case 3

o\°

disp(['vom = ' num2str (vm) ''and v.n = ' num2str(vn)])

o
Il
I

disp(['w._m ' num2str (wm) ' and w.n ' num2str (wn)])

o\°

disp ('Using Case 3')
intvalll=quadgk (@ (lamx) SelfIntegral 3 (wval,et,ez, ...
mut, muz, wn,vm,vn, a,b,d, Mhxm, Mhxn, Mhyn, lamx), ...
0,50e3, "abstol',1le-10, 'reltol',1e-10);
intvall2=quadgk (@ (lamx) CouplingIntegral_3(wval,et,ez,...
mut,muz, wn,vm,vn, a, b, d, Mhxm, Mhxn, Mhyn, lamx), ...
0,50e3, 'abstol',1le-10, 'reltol',1le-10);

elseif wm~=0 && wn~=0 && wm==wn % Case 4

o\

disp(['v.m = ' num2str (vm) ''and v_n = ' num2str(vn)])

disp(['w.m = ' num2str (wm) ! !

o\

and w_n num2str (wn) ])

o

disp('Using Case 4"')
intvalll=quadgk (@ (lamx) SelfIntegral_4 (wval,et,ez, ...
mut,muz, wm, vm, vn, a, b, d, Mhxm, Mhxn, Mhym, Mhyn, lamx), . ..
0,50e3, 'abstol',1le-10, 'reltol',1le-10);
intvall2=quadgk (@ (lamx) CouplingIntegral_4 (wval,et,ez,...
mut, muz, wm, vin, via, a, b, d, Mhxm, Mhxn, Mhym, Mhyn, lamx), . ..
0,50e3, 'abstol',1le-10, 'reltol',1le-10);

o)

elseif wm~=0 && wn~=0 && wm~=wn % Case 5

disp(['v.m = num2str (vm) !

and v_n = ' num2str(vn)])

o\
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o°

disp(['w.m = ' num2str (wm) ''and w_n = ' num2str(wn)])

o\°

disp('Using Case 5'")
intvalll=quadgk (@ (lamx) SelfIntegral 5(wval,et,ez, ...
mut, muz,wm,wn, vm, vy, a, b, d, Mhxm, Mhxn, Mhym, Mhyn, lamx), ...
0,50e3, 'abstol',1le-10, 'reltol',1le-10);
intvall2=quadgk (@ (lamx) CouplingIntegral_ 5 (wval,et,ez,...
mut, muz,wm, wn, vin, via, a, b, d, Mhxm, Mhxn, Mhym, Mhyn, lamx), . ..
0,50e3, "abstol',1le-10, 'reltol',1e-10);

[

end % end case logic

o)

end % end num_int logic

o\

the A & B coefficients

All (midx, nidx)=deltamn./ (Zm.xZn) — ( ( (Zn)./(4) ).* 2.xintvalll );
Al2 (midx, nidx) = ((Zn) ./ (4)) .* 2.xintvall2;

A21=A12;

A22=A11;

)

end $ end of n loop

Q

end $ end of m loop

245

246

247

248

249

251

252

253

254

255

256

257

258

259

solve for the C matrix
Amat=[All Al2; A21 A22];

Cmat=Amat \Bmat;

o\°

scattering parameters
Sllthy=Cmat (1)-1;
S21thy=Cmat (numModes+1) ;
S22thy=S11lthy;
S12thy=S21thy;
if porttouse==
Sthy=cat (1, Sthy, real (S1lthy), imag(S1llthy),real (S21thy),imag(S21thy));
elseif porttouse==
Sthy=cat (1, Sthy, real (S12thy), imag (S12thy), real (S22thy),imag(S22thy));

use all 4



260

261

262

263

264

265

Sthy=cat (1, Sthy,real (S1lthy),imag(S1llthy), real (S21thy),imag(S21thy), ...

real (S12thy),imag (S12thy), real (S22thy), imag(S22thy));

o)

end % end of dmat loop

o)

end % end of function

F.4 SelfIntegral 1.m

This is provided as an example of how the code calculates the A-coefficients, specifically,

AUD for Case I.

function y = SelfIntegral_l(w,et,ez,mut,muz,vm,vn,a,b,d,Mhxm,Mhxn, lamnx)

global eps0 mul;

Clamx= ((1-(-1). vm.*exp(lj.*lamx.*a)) .+ (1-(-1). vn.*xexp(-1j.+xlamx.*a)))./...

((lamx. 2= (vm.*pi./a)."2).x (lamx. 2= (vn.xpi./a)."2));
% % tez term
% the sum term
1max=100;
kt=sqgrt (w"2xepsOxetxmul*mut) ;
ktz=sqgrt (w 2+xepsOxet*mul*muz) ;

kzt=sqgrt (w 2xepsOxez+mul*mut) ;

[1,lamx1] = ndgrid(0:1lmax, lamx) ;
lamylth=sqgrt (ktz"2) *sqgrt (1-((pi~2*1.72)/(d"2+xkt"2))-((lamxl."2)/(ktz"2)));
sumterml= - ( (4+pi+mul*muz.+lamx.” 2.+Clamx) ./ (wxmuQ " 2+mut”"2+d)) .*...

sum( ( ( (pix1l/d)."2 ).*(l-exp(-1j*lamylth*b) ) )./...

( lamylth. " 3.* (lamylth."2 + lamxl."2) ),1);

[)

% the other term
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22
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24

25

26

27

28

29

30

31

32

33

34

35

36

lamztha=kt*sqgrt (

1 - ( lamx/ktz

)

7205

term2stable=((1Jj*2+pi*b.+xlamztha.*Clamx) ./ (wxmut*mu0) ) ;

term2unstable=((cos (lamzthax*d)) ./ (sin (lamzthaxd)));

term2unstable (isnan (term2unstable))=17;

% the whole tez term

omegalltez=(term2stable.xterm2unstable + sumterml);

S o
°

°

lamylpsi=sqgrt (kzt"2) *sqrt (1-((pi”"2%1.72)/(d"2xkt"2)) - ((lamxl."2)/(kzt"2)));

tmz term

omegalltmz=—((4.*pi.*w.xez.xeps0.xClamx)./(d)) .x...

y=(

end

sum( (l-exp(-1j.*lamylpsi.xb))./...

(lamylpsi.* (lamylpsi. 2 + lamxl."2).x(1+1.x(1==0))),1);

(Mhxm.*Mhxn.+vm. *xvn)

./

(a”2)

) .* (omegalltez+omegalltmz) ;
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