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1. INTRODUCTION

A metamaterial is a material that gainspitsperties from its structure rather than
from its constituent material phases. Metamatemall negative refractive index is one
of the most active topics among the research contynurhe idea of it traces back to
1968 when Veselago (1968) postulated a theory éssiple materials having negative
electric permittivity §) and magnetic permeability), and hence resulting in a negative
refractive index. Three decades later, Smith ef28l00) proposed a design of making an
artificial material that exhibits a frequency region the microwave regime with
simultaneously negative permittivity and negatieenpeability. They demonstrated both
by numerical simulation and experiment the unugimisical phenomena. In the same
year, Pendry (2000) proposed a practical applicatib this type of electromagnetic
metamaterials: a perfect lens, capable of imagibjgats and fine structures that are
much smaller than the wavelength of light. As aultesf this development of novel
electromagnetic metamaterials, researchers extetidedame concept to the acoustic
counterparts immediately. For the negative-indeouatic metamaterials, basically it is to
find materials possessing negative mass densitynagdtive modulus because these two
material properties govern the wave motions in attoyor elastic) materials. However,
in contrast to the natural negative electric pemity, no natural material has been found
to possess negative mass density or negative madLihis difficulty brings about some
barriers to the realization of acoustic countepart

Some recent developments have theoreticahown that acoustic/elastic
metamaterials could be realized. Liu et al. (2000¥stigated a new type of composite
fabricated using lead balls coated with siliconbeibin the epoxy matrix. Around the
local resonance frequencies, the composite behagesa material with effective
negativity. Such an anomalous response of thersyst¢he consequence of the coupling
of the long-wavelength elastic wave in the host iom@dwith the localized vibration
motion of the spheres. Recently, Milton and Wi{2)07) and Huang et al. (2009) have
presented a theoretical foundation for the conoépegative effective mass.

The field of metamaterials is still in itsfancy. Further studies are needed to fully
understand the complex behavior of these mateN&dse designs of microstructures are
desired to produce new metamaterials with new ptigseand some of the unusual
behavior of metamaterials predicted by theoreticabdels need to be verified
experimentally. More importantly, practical apptioas of metamaterials should be
explored.

2. OBJECTIVE

The purpose of this research is to desigtridate, and study new acoustic
metamaterials with a negative effective mass dgmsitt modulus. Through this study, it
is anticipated that the implications to materiatl atructural applications of the negative
effective mass and modulus of metamaterials cafulbeunderstood. Moreover, more
microstructures for metamaterials will be designaad stidied. The 3D printing
technology will be utilized to produce these comgied microstructures and
metamaterial specimens for experiments.



3. APPROACH

The key feature of a metamaterial that mdyl®t a negative effective mass density
and modulus takes the form of a continuum contginlocal resonators. This
configuration yields a local resonance frequencyfeature essential to the desired
metamaterial. In view of this, we focus the effart the design of new resonator
microstructures, perform modeling and simulatiofishe dynamic behavior of these
materials, conduct experiments to verify the maatedictions, and identify applications
of these metamaterials.

4. Acoustic Metamaterial with Extreme Young’s Modul
4.1 Introduction

The subject of metamaterials has recently attraptadh attention of researchers.
Generally speaking, metamaterials are considemeeMaclass of composites with man-
made subwavelength microstructures that exhibisuaubehavior not readily observed
in natural materials. Veselago (1968) first podtdaa theory for possible materials
having negative electric permittivity and magnegtermeability, and hence resulting in a
backward wave and a negative refractive index. Tarecept, however, did not stimulate
much interest among researchers at that time. Tdeeades later, Smith et al. (2000)
investigated the possibility of making left-handgdctromagnetic metamaterials. Pendry
(2000) proposed a perfect lens made of left-handetamaterial that would lead to
practical applications. Shelby et al. (2001) denrartesd the experimental verification of
a negative index of refraction. Since then, numemarks regarding metamaterials have
been engaged and great numbers of publicationscared in.

Motivated by the mathematical analogy between aeoumnd electromagnetic
waves, researchers have attempted to find the eqart left-handed acoustic
metamaterials, namely, materials having negativessm@ensity and negative elastic
modulus simultaneously. Nevertheless, in contrastthe natural negative electric
permittivity, no natural material has been foungh¢ssess either negative mass density or
negative modulus. This makes the realization ofiatio counterpart metamaterials more
difficult. To this end, some researchers have tedoto man-made microstructures to
achieve an apparent effect of negative mass defisityet al., 2005; Milton and Willis,
2007; Yao et al., 2008; Huang et al., 2009; Huang Sun, 2009; Lee et al., 2009a).
Most of these researchers employed mechanical agssnas “microstructures” to form
the acoustic metamateriavhich was first introduced by Liu et al. (2000)was found
that if the acoustic metamaterial is treated asassical elastic solid, then its effective
mass density would be frequency-dependent and becwgative in certain frequency
range. Recently, acoustic metamaterials, possesgnggtive effective modulus, were
proposed and studied (Fang et al., 2006; Lee e@D9b). These “metamaterials” are,
however, structures having the form of a pipe Matteral Helmholtz resonators or side
holes designed to manipulate acoustic waves. Adtisonu of waves was also confirmed
experimentally within the negative range of effeetmodulus.



It is also of interest to note a type of compositaterials with negative-stiffness
inclusions proposed by Lakes et al. (2001) in whiehworking mechanism of this type
of materials is fundamentally different than thatlee aforementioned metamaterials. In
Lakes’ case, negative stiffness can occur, foramst, when the deforming object has
stored energy. This property is usually unstable Has been shown theoretically that
negative stiffness can be stabilized within a pesistiffness matrix (Drugan, 2007).
They (Lakes et al., 2001; Drugan, 2007) found ti&t resulting composites exhibit
extreme mechanical damping and large anomaliesifiness, as a consequence of the
high local strains that result from the inclusianisich deform more than the composite
as a whole. Jaglinski et al. (2007) further showreat this kind of composite materials
exhibit a viscoelastic modulus substantially gre#itan that of diamond.

In the present paper we focus on the acoustic neg&arals of the local-resonance
kind. First, a model that exhibits negative effeetyoung’s modulus is proposed and its
dynamic characteristics are investigated. The wanapagation behavior of the one-
dimensional system is subsequently studied. Sonmmaenocal simulations on wave
attenuation and filtering in the acoustic metamale@are presented at the end.

4.2. A mechanical model with extreme and negatffecgve Young’'s modulus

4.2.1 A unit model and its effective Young’'s modiilu

Rigid, massless

truss member
Sp—— F # — —_—

\/

Y o 0= E.q€e

Only movesiny

‘/ direction

Figure 4.1 A unit of the mechanical model and tfiective continuum

Consider a mechanical model shown in Figure 4ehtesenting a unit of a 1D
acoustic metamaterial. A spring with elastic consta and lengthL in its equilibrium
state is connected to four rigid and massless tnesabers. The main body is assembled
symmetrically as shown to support two sets of nsttrectures consisting of springs with
elastic constari, and massesy. Point massn, is allowed to move only ig direction.



Consider a dynamic test of stress-strain icelaby applying a symmetrical pair of
harmonic force$ in thex direction as shown in Figure 4.1. The equationsofion of
the system are readily obtained as

F= 2k1u1 +£k2(\/2 _Vl)
D (4.1)

9°v,

—= =Kk, (v, —V

atz 2( 1 2) (42)

. . — l'feial
In the equations above, the external force assuragsonic complex fornf = :

where F is the excitation force and is the excitation frequency. Assuming small
displacements, we have
_(L—ul)u1+(L—u1)2uf + ~_Lu1

v, = e
! D D* D (4.3)

The force-displacement relation is obtained byirdgttthe displacement fields be

— N alad — O Al
Uy =U€" andV2 = %€ and substituting the harmonic displacements irations (4.1)
and (4.2). We obtain

. k,a’ ?
Fezke (]
2w -wy\D

If the mechanical system is to be represented W eelastic solid as shown in
Figure 1, the stress-strain relation of the effectontinuum is

G=Eu € (4.5)

(4.4)

g=F/A (A is the cross-section of the elastic solid) &mu/L are average stress and

strain, respectively, of the continuum element, gﬁ'ﬁ is the effective Young’s modulus
of the 1D elastic solid. Since the models in thespnt study are 1D, in the following the
term “modulus” is referred to “Young’'s modulus” esk specified otherwise. To make
the two models dynamically equivalent, equationd)(and (4.5) must be the same and,
thus, the effective modulus of the elastic soliduldaake the form

E 2
_eff:1+% ,27

where E; =K,L/A is the static Young's modulus’,7 = wl o, Is non-dimensional wave
= — — 2

frequency in whicf% = KMy, O=k,/k gngtt=(L/D)*

2.2 Discussion

From equation (4.6), we note that the effective uhasl is frequency-dependent and
is unbounded when the driving frequerfeyis equal to the local resonance frequency,



e, =1 The dynamic stress-strain curves illustrating th#ective moduli
corresponding to different frequencies are schexaliti plotted in Figure 4.2. In the
figure, the frequency-dependent effective modukiseen to approach infinity when

@~ & =yK /My 514 approaches zero when- &* with

W = w212+ ) 4.7)

For frequencies in betweesy andw*, the effective modulus becomes negative.

Figure 3 shows an example of the non-dimensiomdleféective modulus and the
displacement ratig./u; with respect to excitation frequency. In the examghe material

and geometrical constants are selectedask, /k, =2, ¢ =(L/D)* =1. For harmonic
vibrations, the displacement ratiglu; is obtained from equation (4.2) as

v, _ K

U 771 (4.8)
It is clearly seen that for frequencies betwegmandw*, the effective modulus and the
ratio v, /u, would become negative.
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Figure 4.2 Stress-strain curves for various fregie=oy, &, and kg are values for the
corresponding static case
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Figure 4.3 Dynamic behavior of the model with redpe excitation frequency
4.3 Significance of negative effective Young’s motiis
4.3.1 1D lattice model

Consider a 1D model consisting of a large neimtif resonator units as shown in
Figure 4.4. The mass of the background materigigi1D model is lumped to nodes of
the lattice system and denotedrby The equations of motion for th® init are

a u(]) - . [ ~ . L
at; = k, (U9 =0y +k (U0 -y - 2k ( (0 1))5
+ 2K, (v —v) L
2D (4.9)
2/(i) |
Ve =k - )
at (4.10)
i) = L(ul(jﬂ)_ul(i))
In deriving equations (4.9- 4.10), the geometriedhtionship, 2D ,
(j+) = () @l (X +né=T")
is used. For the harmonic wave motion given Hy == U and
vim = ¢ el(éx +né-T")
2 2

, we derive the dispersion relation from the equetiof motion
with the result:

H@, &) =n* —{1+z(‘9 ‘9”)(1 cosf)}xy +29 5 (-cosf) =0
o (4.11)

where 8=m,/m, , ¢ =9 is non-dimensional wave numbeX =X/L is non-

dimensional dlstancee.a,ndT @t is non-dimensional timeThe dispersion curves are

plotted in Figures 4.5 and 4.6, respectively, Yoo tases:
Case 1:6=2,0=05, u=4.



Case 26 =05,0 =5, u=1.
In either case, a band gap associated with thé tesanance is present. Unlike the mass-
in-mass lattice system studied by Huang et al. $20the local resonance frequency of
the present system is located at the upper bounkdeolband gap. For frequencies in the

band gap, the wave number must assume a complex‘zfo:ra“ﬁ in order to satisfy
the dispersion equation (4.11). This implies thav@s with a frequency in the band gap
would attenuate spatially. It is noted that, in iresent case, the maximum attenuation
factorf, does not occur at the local resonance frequency.

m; Vv (i)
2 ot "

Figure 4.4 A 1D lattice model

It is of interest to represent the 1D lattice systey a 1D elastic solid with an
effective Young's modulukes . Since the dispersion curves depict the dynamic\heha
of the 1D lattice system, the representative elastilid should match the dispersion
behavior. First, take the effective mass of thdesyisto be the average mass of the unit,

namely,'oeff =P = ml/(AL). From the classical wave equation of an elastlid sthe

— 2
dispersion relation is given bfﬁjlow2 = Ferd . Next, substitute this dispersion relation in
equation (4.11) to obtain
Eeff

(n®-Hn? "
E, 1}

2(015+8ul2)n*-617] (4.12)

5 2 -1
=—n-{cos[1-
ri { [

Alternatively, we can adopt the effective moduliseg by equation (4.6) which is
obtained from the unit (see Figure 4.1) by a dymastiffness equivalence method.
Effective moduli given by equations (4.6) and (4.a& plotted in Figures 4.5 and 4.6 for
Casel and Case 2, respectively. The two methodshnve¢ll for frequencies up to a
certain range. Since the dispersion-curve-matchneghod gives the exact dispersion
relation of the lattice model, it is seen that dy@amic behavior near the band gap can be
captured accurately by the corresponding effectorginuum.
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Figure 4.6 Results for case @) Dispersion relation (AC: acoustic mode; OPticah
mode); (b) attenuation factor; (c) effective modubbtained by (M1) dynamic stiffness
equivalence method of a unit, and by (M2) matchihdispersion curves.



4.3.2 Mechanism of maximum wave attenuation

Of patrticular interest is the mechanism of maximwuave attenuation that occurs

at the frequenc§ = @™ . Let us consider a unit of the lattice shown igufe 4.7. One
side of the unit is hinged and the other side igjexzied to an excitation forde. The
equations of motion for the system are:

(m /2)G, =-ku, =2T, +F (4.13)

m,V, =K, (v, —V,) (4.14)
whereT; is the horizontatomponent of axial forc& in the massless rigid truss member.
From Figure 7, it is readily seen that

R=ku + 2T, (4.15)
L L

T, =—T,=—Kk, (v, —V

''D? 2D (V2 ) (4.16)

in whichT,is the vertical component at
V1 = —Lul
In the following analysis, the geometrical relasbip, 2D 7 which is valid

for small displacement, is adopted. For steadyestsrmonic motionsF = Fem,

— N Al —_ O Al
U = W€ "andV2 = %€ and from equations (4.13- 4.14) we obtain

G, F -m,’ +k,
M= kL
V| A} ———
2D (4.17)

A :imlmza)4 —E mK, +m,k, +%m2k2(L/ D)Z}a)2 + kK,

where 2 The time-

independent reaction ford{'% is obtained by substituting equation (4.17) intuaions
(4.15- 4.16) and using equation (4.7). We have

R_MK QL+l o o]

F A (4.18)

It is noted that at frequenay = w*, A# 0, but reaction forcdR=0. In other
words, no force is generated at the far side of uh& This explains why at this
frequency this lattice yields the maximum waveraitgion.
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Figure 4.7 A single unit of the 1D lattice model

4.3.3 Possible practical designs

One question arisen is how to practically realizmustic metamaterials with
negative elastic modulus. In Figure 8, we scherabyidllustrate one of the possible
designs of acoustic metamaterials with frequengeddent elastic modulus. This design
take directly the form of a host material embeddéth microstructures of the kind
shown in Figure 1. The spring; k now represents the stiffness of the base maéteria
Another possibility is shown in Figure 9. A basatplis employed and attached with
wavy springs. Concentrated masses are placed omwftdpe wavy springs, and, as a
whole, forming the lateral local resonators. Moreative designs are possible. However,
details are beyond the scope of the present study.

\ Base

Material

Pmem i m i m =)

Figure 4.8 ' possible design of metamaterial with frequencyesheient effective
modulus
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Figure 4.9 ¥ possible design of metamaterial with frequencyeselent effective
modulus

4.4 Dynamic behavior of the metamaterial

4.4.1 Semi-infinite 1D system

Using the finite element method we perform a seokenumerical simulations of
sinusoidal wave propagation in a 1D system (seer€ig.4). With a large number of
lattice units to prevent the reflection of wavelse tsystem can be considered semi-
infinite. Numerical results are obtained using tb@mmercial finite element code
ABAQUS Explicit. The material constants of CasenZSiection 4.3.hAre chosen so that

or :0'5345“)0. The truss members are assigned with a high esffrand low mass
relative to the springs and point masses so they ttan be regarded as rigid truss

members. A transient harmonic excitattor F sinat, t> i9,applied at one end of
the lattice system. Various input frequencies amsered.

4.4.1.1 Extreme effective moduli

It is of interest to study the dynamic stressigtralation at the first unit when the
lattice system is excited by an external force. filme histories of the stress-strain curves
are plotted in Figure 8. Six cases with differextigation frequencies are demonstrated.

()
In the figure the horizontal axis denotes non-disiemal strain® £ of the first unit,

&o

in which “° s the strain when fordéy is applied statically, and

eV (t) =[u” (©) —uP D]/ L

el : : uld . : :
where® s the strain for théjunit, andY1 " is the displacement of nat the " unit. In

Figure 4.10, the vertical axis is the non-dimenai@tress produced by the external force.

In the figure, an orange dashed-line denotes thieeeresponse during the simulation

(4.19)
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time window while a blue solid line shows the l&stv cycles of the response. It is
evident that due to the transient effect, the oeatigshed lines appear irregular initially
but converges to the steady-state response afterndber of cycles of loading. We
particularly note the dynamic characteristics oé fiirst lattice unit (j = 1) when it
exhibits an extreme effective modulus. As the extiwh frequency approaches the local
resonance frequenayo, the dynamic effective modulus of the unit becomess large,
resulting in small strain®©n the other hand, the effective modulus becomes| sa the

excitation frequency is ne@ér" .

(1)1 =0.0316 (0 < o < & 2)n=03162 (0 < o < &
T T T 1 /— ————
o0 _ 0 _
© : :
: f I
R ; ; i | :
-1 0.5 0 05 1 -1 0. 0 05 1
(3) n = 0.5376 (o near %) (4)n =0.7906 (0" < & < 0y)
1 : ‘ ‘ 1 : ‘ ‘
E 0 ................................. 0 ....................................
o
p : | ‘ p ; | ‘
1 05 0 05 1 1 05 0 05 1
(5)n =0.9171 (@ near ) (6)n=1.1068 (0 > o)
1 : ‘ 1 ‘
E 0 ..................................... 0 ...................................
o]
p : ‘ p : ‘
1 05 0 05 1 1 05 0 05 1
ef g ef g

Figure 10 Various time history responses of thesstistrain relations of the first lattice
unit for different excitation frequencies. Orangasked-lines represent the entire
responses of the simulation time window. Blue sbfids show responses for the last few
cycles of loading.

4.4.1.2 Spatial wave attenuation

It is shown in Figures 5¢c and 6c that, for wavéth frequencies in the band gap,
the dynamic effective modulus becomes negative further understand the mechanics of negative
modulus, we perform numerical simulations for frencies inside and outside the band gap. We measure
the attenuation of wave amplitude by considerirgrttio of strains in thdjlattice unit and (j+rf) unit as

e
‘5(1)‘ ‘ max@l‘”—ul(’”)) ‘

(4.20)
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Figure 4.11 shows the results for the first sitidat units for various frequencies. The
three cases) = 0.0316, 0.3162, 1.1068, are propagation modele wh= 0.5376, 0.7906,
0.9171, are attenuation modes. It is clear thatnthee amplitude decays spatially when
the wave frequency is in the band gap, especidiignit is neamw*.

N—
\
ookt ——n=0.0316 (0 < » < 0¥ il
Y ---1=0.3162 (0 < » < »*)
0.8+ “:.i_"\\ B =0.5376 (w near o*) .
07 | —4-n=0.7906 (0* < < 0)
1O 1=0.9171 (@ < o, but near o)
s 06 ——1=1.1068 (& > &) 1
W L
~ P
= 05} fE T
w b
h
0.4 \
&
0.3f Sl -
S
0.2} AN :
Sl g
01+ [ ST PRI T - —
% 1 2 3 4 5 6

Distance in number of unit cells, (n)
Figure 4.11 Dimensionless strain envelopes of pyafp)ag wave fields in various
(n)
frequencies.wo is the local resonance frequenay* is defined in equation (7)‘;5
represents the strain of th& anit.

4.4.2 A metamaterial sandwiched between two elastidia

Medium | AT~ Medium llI

—~L-

Medium II:
Metamaterial

Figure 4.12 A simple illustration showing wave paggtion through a metamaterial

14



sandwiched between two elastic media

In this section we perform numerical simulationstEnsient wave propagation
through a metamaterial (Medium II) sandwiched betwavo media (Medium | and III)
as depicted in Figure 4.12. This example is tahierdemonstrate the wave blocking and
filtering capability of the present metamateriakityy a representative 1D mass-spring
lattice system (see Figure 4.4), we choose twehits dor the metamaterial in the
(longitudinal) direction. Each unit has the dimemsin thex direction equal to 20 mm so
that the total thickness of the metamaterial iis tirection is 0.24 m. The twelve units
are divided into four sections with different undtproperties. In other words, the unit
resonators in each section are identical but ddfaong different sections. We select the
material parameters and corresponding frequeneigandw*, of each section as listed

in Table 4.1 with™ = 248-5Kg gk =175 N/m 1pq resulting band gap of the
designed metamaterial is covered from approximat&B0 Hz to 7550 Hz.

For simplicity and without loss of generality, wengloy a simple spring-mass
lattice system to represent Medium | and Mediumlilthe simulation, the mass and the

spring of this representative lattice are assumed be M= 208-5Kg gpqg

k=115N/m \ospectively. The lattice constant i§ 20 MM
Table 4.1 Material constants and the correspondiregguencies of
microstructures in each section of the sandwichethmaterial

Section 1 2 3 4

0 1.667 2.000 2.500 3.000
) 0.514 0.457 0.429 0.371
1) 1.778 1.778 1.778 1.778
wo (Hz) 7550 6500 5630 4785

o* (Hz) 6255 5480 4790 4145

A wave packet with an assigned central frequencgig from the far side to the left
of Medium | with a displacement-controlled exciteti The central frequency of the
wave packet can be selected so that its frequepegtraim falls inside or outside the
band gapTwo cases are considered. In the first case, theswacket with the central
frequency 3185 Hz is generated. The frequency sads roughly from 2500 Hz to
4100 Hz so that it does not contain frequenciesherband gap of the metamaterial.
Snapshots of the wave packet at t = 0.005 sec ar@@50 sec are shown in Figure 4.13.
D* denotes the non-dimensionalized amplitude of tisplacement with respect to the
maximum displacement of the input pulse. It is olngi that the wave packet propagates
through the metamaterial nearly without changingsirape and amplitude. A small
amount of reflection is due to the small impedamiematch. This can also be observed
from the frequency spectra of the incident andgmaitted waves shown in Figure 4.14.

In the second case, the wave packet with the ddnéuency 5900 Hz is generated.
The frequency band is roughly from 4100 Hz to 7620 Thus, it covers the band gap of
the metamaterial. The snapshots at t = 0.005 se&d¢ a&n0.050 sec are shown in Figure
4.15. It is evident that a large portion of the egacket is reflected by the metamaterial
and only a small portion of the wave is transmitietd the Medium Ill. Moreover, the
frequency spectra of the incident and transmittestes of the second case are shown in
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Figure 4.16. It is observed that a large amounfrefuency content is not transmitted.
Using the frequency defined in equation (7) anduwlated in Table 4.1 for each section,

we denotew*; in the figure where j* is the section number of the sandwiched

metamaterial. It is seen that the frequencies wigtximum wave attenuation match well
with those defined by equation (4.7).

(a) Time = 0.005s
1 T T T T

Incident wave

-

5 0
Direction of wave propagation
_1 L L L \ L L L L
0 10 20 30 40 50 60 70 80
(b) Time = 0.050s
1 T T T T T
Reflected wave : Transmitted wave
5 0 il
_1 L L L I L L L L
0 10 20 30 40 50 60 70 80
X (m)

Figure 4.13 Snapshots of the wave packet with &ralefiequency of 3185 Hz (outside
the band gap of the metamaterial) (a) before andafter it propagates through the
metamaterial. The metamaterial is located at x 8@40.24 m

1 T T
— |ncident wave
0.8+ ---Transmitted wave
0.6 -
x
<
0.4+ -
0.2+ -
0 b
0 2000 4000 6000 8000

Figure 4.14 Frequency spectra of the wave packigt avcentral frequency of 3185 Hz at
certain positions in the fluid-like media for (acident wave and (b) transmitted wave
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(a) Time = 0.005s
1 T T T T T T

Incident wave

Direction of wave propagation

_1 | | 1 | 1 1 1 |
0 10 20 30 40 50 60 70 80

(b) Time = 0.050s
1 T T T T T T T

Reflected wave Transmitted wave
) O*OVN‘WMMMWN: ; ———

_1 | | | I | | | |
0 10 20 30 40 50 60 70 80
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Figure 4.15 Snapshots of the wave packet with &raleinequency of 5900 Hz (a) before
and (b) after it propagates through the metamateria

1 T T T T
— Incident wave
08 ©4=414°0Hz> ---Transmitted wave !
0.6 @5 4790HZ— o*, = 5480 Hz .
x
< 0.4l o, = 6255 Hz
0.2+ .
0 !
0 2000 4000 6000 8000 10000 12000

®» (Hz)
Figure 4.16 Frequency spectra of the wave packitt avcentral frequency of 5900 Hz at
certain positions in the fluid-like media for (ajcident wave and (b) transmitted wave.

Frequency defined in Eqg. (7) and calculated in @dbfor each section is denotedas; ,
where | is the section number of the sandwichecamaterial.
4.5 Conclusion

We have proposed a “microstructural” model that barused to form an acoustic

metamaterial exhibiting unusual dynamic mechanbmttavior. It was shown that the
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effective Young’s modulus of the acoustic metamales frequency-dependent and can
become theoretically unbounded or vanishingly saiadlertain frequencies. Moreover, in
certain frequency range, a band gap is createdhiohathe effective Young's modulus

becomes negative. Using a 1D system consistingarbe number of the aforementioned
microstructural units, we demonstrated through mcak simulations these novel

dynamic characteristics. This confirms that it issgible to create metamaterials by
design of artificial microsctructures to achievetam unusual mechanical properties that
are not usually present in natural materials. Bynloiming the present model with the

existing acoustic metamaterials with negative eiffec mass density, acoustic

metamaterials having simultaneously negative dffecimass density and negative
effective Young’s modulus can be realized.

5. Wave Propagation in an Acoustic Metamaterial Hawg
Simultaneous Negative Mass Density and Young’'s Motlis

5.1 Introduction

For the substances having simultaneously negaftieetrie permittivity €) and
magnetic permeabilityu), many unusual properties like reverse Doppleectffreverse
Cherenkov radiation, and negative index of refragtimay arise (Veslago, 1968). The
idea has been that when batlandp are negative, the metamaterial sustain waves with
group velocity opposite to the phase velocity, #mel waves can still propagate in such
media without attenuation.

Similar phenomena may apply to the counterpart stcounetamaterials owing to
the mathematical analogy between acoustic andreteagnetic waves. Theoretical or
experimental attempts have been made for invegiigabf acoustic metamaterials
possessing, for instance, negative effective massity (Liu et al., 2000; Liu et al,;
Milton and Willis, 2009; Yao et al., 2008; Huang at, 2009; Huang and Sun, 2009;
Huang and Sun, 2011; Lee et al., 2009a, Islam amdad, 2012), or negative effective
elastic modulus Fang et al., 2006; Lee et al., BOQ®fuang and Sun, 2011), or both
simultaneously (Li and Chan, 2004; Ding et al. 200feng et al., 2008; Lee et al., 2010;
Fok and Zhang, 2011; Hu et al., 2011). For metana$ with double negativity, the
consequence is, as mentioned, metamaterial behafionegative refraction, and,
equivalently, negative phase-velocity and backwaade phenomena (Veslago,1968;
Lakhtakia,et al., 2002; Lindell et al., 2001; Aydind Guvan, 2005). Nevertheless, it has
been shown that the negative refraction can besgedinot only by metamaterials with
double negative properties, but also by Bragg sdat in periodic lattices (Notomi,
2000) and others (Chen, 2008; Ao and Chan, 201Dhe similarity between these
mechanisms relies on negative slope of dispersimmves in the first quadrant of
dispersion relation.

According to the definition, the negative slopetlé dispersion curves has been
related to negative group velocity in anomalougpelision. However, as we agree with
some references, and as it will be shown in thegrestudy, the term “negative phase
velocity” is better describing the negative slogeh® dispersion curves than “negative
group velocity”, at least for the acoustic metamate with double negativity. It also
distinguishes the aforementioned metamaterials fileennegative group-velocity media
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resulting in fast-light phenomena (Wang et al., 0Boyd and Gauthier, 2002;

Feigenbaum, 2009; Boyd and Gauthier, 2009). loied that the subject of the negative
phase velocity has, surprisingly, been discussedesiat least, 1904 by Lamb (Lamb,
1904), using mechanical models, and by Schustdru&er, 1904) in electromagnetism.
At that time, the researchers were pessimistic atheuphysical applications.

The study of EM waves in anomalous dispersion le&s lextensively carried out by
researchers in recent years, but that of acousiicedastic waves receives much less
attention. In the present study we propose a amestsional (1D) elastic mass-spring
system consisting of material units exhibiting sitaoneously negative effective mass
density and effective elastic modulus in a spedieaild. The local resonance acts as the
central mechanisms of the unusual behavior. Spettantion is focused on the
frequency band exhibiting negative slope of thepelision curves. Transient wave
propagation is investigated computationally to drettunderstand the dynamic
characteristics regarding negative phase velocity.

5.2 Theoretical models of acoustic metamaterials

5.2.1 Model of negative mass density (NMD)

Let us begin with the mass-in-mass lattice motiaet thas been discussed by
Huang and Sun (2009). As illustrated in Figuretha, mass-in-mass unit takes the form
of a rigid ring with massm which is connected to the neighboring units byrgs with
spring constank;. The ring contains an internal mass connected to the ring by an
internal spring with spring constakit Bothny andm, are only allowed to move in the
(horizontal) direction.

b NMD

L w peﬁ E;?EID

NTM [ NTAL
e

- | P

Figure 5.1 (a) One-dimensional lattice model anel ¢bntinuum representative having
negative effective mass density (NMD); and (b) @imaensional lattice model and the
continuum representative having negative effectimeng’s modulus (NYM).

The equation of motion for th¥ junit cell are given by
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d?u;” (D — (= — i+ () =y
D U= U D — )=
m, e +k1(2u1 u; Up )+k2(u1 u, )—O

(5.1)

d2uld _ _
m, u22 +k2(u§” —ul“))=0
dt (5.2)
(i)
where (y = 1 and 2) denotes the displacement of massn‘ the " cell. The
harmonic wave solution for the (j+hunit is expressed by
(10 — 7 @i +né=T")

u'™ =0e g (5.3)

In Eq. (3),¢ = 9L is the non-dimensional wavenumbegr= w/ w)™® the non-dimensional

NMD _ *
wave frequency, b =VKe /M, the Jocal resonance frequency, =X/L the non-
* NMD
dimensional spatial parameter with the lattice BpEad, andT =y the non-

dimensional time. The dispersion relation is afedi by substituting the harmonic
displacements in Eqg. (5.3) and solving the resglteigen-value problem of the
coefficients. We obtain

G (17 = wl )™, & =qL)

=n* {(1+ 0,,)+ 2;21 (1—0055)}/72 +%(1—cos€) =0
21 21 (54)
where 6,, =m, /m, and J,, =k, /k; are the non-dimensional mass ratio and stiffness
ratio, respectively.

An effective elastic solid was developed by Huand §un (2011b) to represent the
original mass-in-mass lattice. It was found thia¢ teffective mass density of the
equivalent elastic solid is frequency-dependenih@form

. n?
1+6,, 1-n (5.5)
NMD

where o, =(m, +m,)/ AL is the static mass density in whiéhandL are the cross-

sectional area and the lattice spacing, respeygtiv@his model is denoted as “NMD”
since it exhibits negative effective mass densitthe range

@
1<n= P <y1+6,

0 (5.6)
The time-independent wave equation for plane hareeaves is simply given by
2~
- peffa)zl’j = Eeff a_lzj
0X (5.7)

:pNMD
where the effective mass densﬁffff eff

— =NMD —
Young’s modulus,Eeff =Es _le/A, is determined from the static stress-strain

relation.

is given in Eq. (5.5), and the effective
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The harmonic wave solution for the equivalent étasolid is given by:‘ = Ue
Hence the dispersion relation is obtained as
GO (p &) = pNMD( NMD)ZOZ_ENMDEZ/LZZO
st

elast

(5.8)

5.2.2 Model of negative Young’s modulus (NYM)

Next we consider the mechanical lattice model mgvateral local resonators
shown in Figure 5.1b. This model was investigaded discussed by Huang and Sun
(2011a). Briefly, point massas; are connected by springs with a spring conskant
Four rigid and massless truss members are assesyiadetrically as shown to support
two sets of microstructures consisting of springthwpring constanks; and masseBsx.
Point massm is allowed to move only in thg (vertical) direction. L and D are
geometrical parameters shown in the figure.

For this lattice model, the equations of motiontfwj‘h unit are given by

(1)
m, d’u, +k (2u1(” —uld™ —ul(”l))+ 2k (vs(' M -y ”lebj
— 2k (vé” Vlmx L j:o
(1)
d*vs’ | S —v0) =0
dt? (5.10)

From geometrical relations based on the assumpfismall displacements, we have
wDZ_KZL—AqDﬂm9> (2L - Au)* (Au”)* |
' 4D 16D°
< Bu = s - u)
2D 2D (5.11)
In a similar manner, the dispersion relation isaot#d as
G (77 = wl af™, & =qL)

=r* {1+ 265 [1+Mj(1—cos{)}/72 +%(1—cos£)=0
O3 2 O3 (5.12)
NYM _
where 6, =m,/m,, 8, =k, /k., 7 =wla™, @ 7 VK /Mg , and y=(L/D)*.
The relation of the non-dimensional wave frequencgads
n :’7\/(931521) 1(6,,041) (5.13)

If this lattice system is represented by an egemalelastic solid, the effective
Young’s modulus of the solid is found frequency-elegent in the form

NYV \JYV( 3/‘ ‘; j
(E'l )

NYM _
where Eqa™ =kL/A is the static Young’s modulus. This model, dedaas “NYM”,
exhibits negative effective Young's modulus in thage
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\/ 2+25 < :% <t
aH “h (5.15)

The wave equation takes the form of Eq. (5.7), imcl the effective Young's
— =NYM
modulus,Eerf = Ber , is given by Eq. (5.14) and the effective masssilgns the static

— NYM _
formulation, ©eft = Pst = ml/AL. (Note that the masses in this model are assumed
to move only in they direction so that they contribute zero inertiacks in thex
direction). The dispersion relation is given by

S 2__
G (7.8) = PN (™ 777 - ENM&2 /12 =0 (5.16)

5.2.3 Model of double negativity (DN)

DN DN
P eff E efff

j B 1th j‘rh I+ 1th

Figure 5.2 One-dimensional lattice model exhibititogible negativity (DN)

Consider a 1D infinite lattice shown in Figure .5.2his model is a combination
of the two models in Figures 5.1 such that nrassé the NYM model is replaced by the
mass unit in NMD. This model is denoted as “DN'’itasill be shown to possess double

(i)
negativity. Let the displacements of massesm,, andms at the ' unit be Uy (t),

ulh (¢) vl (t) : . . th
2 , 3 , respectively. The equations of motion of theteysat the J cell are
readily obtained as

a2ul) _ _ _ _ _ _
S =0 ~U) Ul —ul?) k() -u?)
- o L . (L
= 2k (v - )(Ej+ 2k, (v5 _Vl“))(EJ (5.17)
0%uld _ ) |
m, : = kz(ul(J) _uéj))
ot (5.18)
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ot? (5.19)

The steady-state solution of the equations of mof(m17-5.19) is determined by
letting the displacements be
u(*m = glei(éx*+né—nT*) udi ™ :azei(éx*mf—rﬂ*) Vi = §gi(&#nénT)

, and (5.20)

— * o NMD
where, againé = 9L is the non-dimensional wavenumbe, = X/L and! ~@ O

are the non-dimensional parameters in space arg tespectively. Substituting these
harmonic displacements in Eqgs. (5.17) to (5.19) solding the resulting eigen-value
problem of the coefficients, we obtain the dispmrgielation:

Gy (7.6)=—11" + {1+ —gﬂgﬂ * &H“ —5321/”1 j(l— cos¢)+ 54}/7“

21Y31 521
_{(1_'_ 0 )531021 + 2&[531021 +1+ 531#](1-0085)}/72
21
521031 521 521931 2

0,,02
+222L (1 cosé)
21731

=0 (5.21)

On the other hand, the equation of motion of theévedent one-dimensional elastic

solid is given by Eq. (5.7). In this formulatiohet effective mass density and the
NMD

— ADN _
effective Young’'s modulus are given by Eq. (5.@3? = Peit = Peii | ang Eq. (5.14),

— DN _ NYM
Ber = Eer = B , respectively.  Consequently, the dispersion imiatof the
representative elastic solid is obtained as

2
GO (.8) = p5 (g™ fp? —ES'E? 112 =0 (5.22)

5.3. Effective dynamic parameters and dispersitation
For numerical illustrations, we present two caseth whe following assumed
material constants:

(Case 1) =M /M =15 6y =m/m =1 5, =k, /k =01 0y =ks/k =1
u=(L/D)* =278
and '
(Case 2)921 =225 ;1 = 0-4, 0, = 03 Oy = 025’ U=25

As has been mentioned in Section 5.2.3, the modeigure 5.2 is denoted as “DN”
because for some range of wave frequencies it cexiibit double negativity. This
range can be obtained from the negative modulusnzess density properties and their
corresponding spectral regions. The effective ndassity in Eqg. (5.5) and the effective
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Young’'s modulus in Eq. (5.14) with respect to tlmm{uimensional wave frequency for
Case 1 and Case 2 are illustrated in Figures 3larespectively.
In Figure 5.3 for Case 1, the material constanéssatected so that the frequency
range of the negative quantity of the NMD modes gart from that of the NYM model.
In other words, for the frequency range in-betwinentwo regions with negative quantity
(e.g.,n approximately ranges in 1.6 and 2.5 in Figure ,58)th the effective mass
density and the effective Young’s modulus are pasit On the other hand, in Figure 5.4
for Case 2, the material constants are chosen &otlie frequency ranges of both
negative quantities of the NMD and the NYM modelsrtap.

Effective Dynamic Parameters

Case 1
1
1
1
1
1
Ay
Ay
Bounds of AN 7
Eq. (15) RO,
S
-~
N
\
\
A Y
LY
A
1}
1 ___ NMD, NMD ]
Eounﬁds of H Pt / o
a. (6) \ oYM NYM
H off st
1 1 1 1 1 I
1 2 4 5 6
_ NMD
n=o/f @

Figure 5.3 Effective dynamic non-dimensional paresrsefor Case 1 using Egs. (5.5) and
(5.14). The bounds of negative quantities are dasdrin Egs. (5.6) and (5.15).

10

Case 2

Bounds of
Eq. (8)

-
------
-

Effective Dynamic Parameters

Bounds of Eq. (15)

e
A NMD ;, NMD |7
‘\l _peff / st
1 NYM NYM |7
‘1 ---Eeff / Est
L | 11 L L T T
0.5 1 1.5 2 2.5 3 35 4
_ NMD
n=eol/o

0

Figure 5.4 Effective dynamic non-dimensional parersfor Case 2. Descriptions are

referred to the caption of Figure 5.3.
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Next, the dispersion curves for both cases obtausaty the exact formulation (Egs.
(5.4), (5.12), and (5.21) for NMD, NYM, and DN mdslerespectively) of the lattice
model are shown in Figures 5.5 and 5.6, respegtiveith solid lines. In each figure,
three columns labeling DN, NMD, and NYM represemé tispersion curves of the
double negativity model, the negative mass densitglel, and the negative Young's
modulus model, respectively. For each diagramdlggaps, where waves attenuated and
stopped, exist due to the effect of the local rasos.

DN NMD NYM

5r 5 5r
L4 4 4}
5 Bounds of Eq. (15)
Il 4§  Bounds of
= Eq. (8)
2¢ 1 2r &

g=al g

Figure 5.5 Dispersion curves for Case 1. DN: douragativity model; NMD: negative
mass density model; NYM: negative Young’s modulusdet; Solid lines mass-spring
lattice model from Eqgs. (4), (12), and (21) for NMRYM, and DN models, respectively;
Circles equivalent elastic solid from Egs. (8), (16), d8&) for NMD, NYM, and DN
models, respectively.

The accuracy of the elastic solid representatian lwa verified by comparing the
dispersion curves obtained with the lattice andelastic solid models. In Figures 5.5
and 5.6, the dispersion curves of the equivaleadtel solid are obtained using Egs. (5.8),
(5.16), and (5.22) for the NMD, NYM, and DN modelsgspectively. Good
approximation is observed for the lower branchdtbrmodels. For the higher branch
some deviation is seen at the high frequency raree reason is that the equivalent
elastic solid employs an approximate formulaticanfrthe original lattice system based
on a long wavelength approximation. It is notedttthe shaded areas in the figures
indicate the negative properties derived from H§s) and (5.15) for the NMD and
NYM model, respectively. For both cases and fer BN model, the band gaps closely
match the shaded areas of the separate models.
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I \ Bounds of Eq. (15)
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: : Bounds of Eq. (6) :
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Figure 5.6 Dispersion curves for Case 2; Soliddimaass-spring lattice model; Circles:
elastic solid model; detailed description refert@éFigure 5.5.

5.4 Phase velocity and group velocity
5.4.1 Phase velocity

In the present study we adopt the definition of pirse velocity of a harmonic
wave as the following form

_a
v, =—

q (5.23)

All points of the same phase propagate in spade tis velocity. In the dispersian-q
diagram, the phase velocity is given by the slapthe straight line connecting the origin
and a certain point on the dispersion curve. Siegmtive wave frequency is not in our
consideration, it is obvious that the wave vectpr,points in the direction of phase
velocity.

For an effective elastic solid of an acoustic mettamal, the dispersion relation can
be obtained by, for instance, employing Eq. (5ogether withp,, in Eq. (5.5) andE,
in Eqg. (5.14), and substituting the harmonic plarare solution into the Eq. (5.7). The
dispersion relation reads

_ _ 2 _
G(OJ, q) - loeffc"J2 Eeffq =0 (524)

From the dispersion relation, one can immediatelyctude that in order for the elastic
medium to have wave propagation without attenuaian, a real solution for q), the
medium must have either both positipg, and E; or both negativeo,,, and E; .

26



The phase velocity is thus given by

v, _w_ + Eer
q Ioeff (525)
This is still not possible to determine the direntof a wave in the acoustic metamaterial
from the sign of phase velocity, or the wave vectmsed on the given dispersion
relation, since the real wave vectrcould be either positive or negative. We shall
proceed to the next subsections for further ingesion.

5.4.2 Group velocity of DN acoustic metamaterial

Of particular interest is to investigate the sigrgmup velocity of a wave group or
packet in an acoustic metamaterial. This wave grou packet corresponds to a
superposition of harmonic waves with very similaawe frequencie® and wavenumbers
g. In the dispersiom-q diagram, the group velocity of a wave group acket is given
by the slope of the dispersion curve. By using ithelicit differentiation, the final
expression of the group velocity reads

V__gg__{aej*(aGJ_ 2Eq

' “dg \ow) Loq)”

q q 2 ef-fa)+ apef‘f _aEeff peff a)z
dw dw E

(5.26)

From the expressions given by Eg. (5.5) and EG4{5t can be shown that
s 2082 0 ¢
ow W™ (1_,72)2

(5.27)
and
OE o — ES,\IIYM 531/1 n
dw - oM (,72 )250
b -1 (5.28)
- OE
where/ = a1+ 6x) The term{—a—eﬁg—eﬁ]a)2 in the denominator in Eq. (5.26) is
w eff
always positive ifo, and E, are of the same sign. Substituting Egs. (5.5)(&(#b) in

0
the remainder of the denominator of Eq. (5.28), w+( éOEﬁ jwz we obtain
w

9 NMD
2 CU+( perfja)z _ 20y

= ks [1—A 1- 22+A]20 5.29
0 )7 = g ¢ a-7?) (5.29)
Since0< A <1 is always true, this inequality holds for all fuemcies. It is, therefore,
proved that the denominator of Eq. (26) is positoareidentical signs ofp,, andE .

Obviously, from Eq. (5.26), group velocity, , is proportional toE.,q. The

sign of group velocity is, hence, affected by tign f the effective Young’'s modulus
E.« and the wave numbey. From the last section, in order for an elastedium to
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have wave propagation without attenuation, the oradnust possess either both positive
P and E,, or both negativeo,, andE_, . If p and E, of the medium are both

positive, group velocity, is obviously positive for a positive wavenumbe@n the
other hand, ip,, and E,, are simultaneously negative, waves, thereforepggate in
the medium with opposite signs of phase veloegjfyand group velocity, .

5.4.3 Negative phase velocity

For waves in a lossless elastic medium the eneetpcity is identical to the group
velocity (Brillouin, 1953). In view of positive engy flow for a lossless elastic medium,
the group velocity is always positive. Once agaue, exclude the negative group-
velocity media resulting in fast-light phenomenaThat negative group-velocity
phenomenon is beyond the scope of the present.study

For the acoustic metamaterial with frequency-depanhédffective mass densify.

and Young’'s moduluk&,, , if p and E,, are both positive, a positive group velocity
results in a positive wave number. On the otherdhaf o, and E, are negative

simultaneously, in order to have a positive growgoeity, wave number must be
negative. This means that in the double negativeguency region, the sign of phase
velocity v, in Eq. (5.25) must be negative.

5.5 Dynamic characteristics of wave propagatiosibyulation
5.5.1 Harmonic waves

To investigate how a group of waves of essentidlilg same wavelength
propagates with a negative phase velocity, we parftumerical simulations of transient
wave propagations. One of the reasons the transeare propagation rather than steady-
state wave propagation is studied is because tleetidin of disturbances, hence the
direction of group velocity, can be ensured.

Dynamic simulations are implemented by use of tlBAQUS Explicit solver. In
each simulation, a lattice model shown in Figur2 8. constructed with a sinusoidal

displacementfJ ® :UOSin(“t)H(t), applied at the left end of the lattice. The mate

NMD _
properties of Case 2 listed in Section 3 togethién o =11547rad/s are used. If

the lattice system is long enough, the reflectesendoes not appear in the window of
numerical results.
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Figure 5.7 Snapshots of sinusoidal wave propagatidimite DN model with excitation
n=wlw" = 0346 4 «'” =11547rad/s

frequency (in the double-positivity
: , T = MP [ = ©o AT = 0462
region; ts = time step; ap O =tsIAT with ).
s 5. Propagation direction —ts=
o i, OF wavefron ts=2
T T - --ts=3
T ts=4
0 5 10 15 20 25 30 35 40 45 50
Propagation direction ' ~ ts=51
Of Wavelpph%ﬁﬁl'.”_'."‘-‘-”-‘u>*‘"H‘rrw'wrrw‘mfm|n-un-.-.h..,.,., tS = 52
o - --ts = 53
------- ts = 54
1 1 1 1 1
25 30 35 40 45 50
1F
5 O
-1F I I “pen "' | I I I | |
0 5 10 15 20 25 30 35 40 45 50

Distance in humber of unit cells
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Figures 5.7 and 5.8 show the snapshots of theagigpient fields in space with two

_ NMD
different wave frequencie§7, =wlwy™ _ 0.346 and 1.559, respectivell * denotes

the normalized amplitude of the displacements wéspect toUO. In each figure, a

typical propagation mode is demonstrated. Threasecutive sections of time,
T =tslaT with the non-dimensional time increme%-{ - 0'462, show the behavior
of wave propagation. For now, let us assume tiatitne incremen@T is sufficiently

small in capturing the dynamic behavior of the nmiod&/e shall come to this point
NMD

immediately in the following paragraph. Note thagain,T =ap O is the non-
dimensional parameter in time domain and in seconds. “ts” denotes the time steps
hereafter. Section 1 (ts = 1~4), for instancehes initial state and the section 3 (ts =
101~104) is considered close to steady state.

Selection of the time incremen%T , for visualization of simulation results is
nontrivial. An improper selection of the incrememhay, on the one hand, produce
incorrect simulation results, or, on the other hasiohply cause expensive computation.
Here we provide a simple guide for the balance @fueacy and efficiency. The
definition of the time increment reads

AT" = @™P tl = ™ At (5.30)
Q

=

where At is the time step in seconds. Substituting the-diarensional wave frequency

n=wl w\MP . . .
° in Eq. (5.30) and use the relationship of angitequency and period of

time we obtain

AT =222 (5.31)

For a harmonic wavedt <T, /&hould be sufficient in capturing the dynamic debr
of the models in the present study. For Case Rintance, this inequalitht <T, /8

and the wave frequendy = 199 together with Eq. (5.31), result itT" < 0504.

Clearly the time increments chosen for both casesatisfactory.

In Figure 5.7, given the first section from ts 014, the propagation direction of the
front of the dynamic disturbance is seen pointingnf left to right, indicating the
direction of the energy flow. However, due to tieure of transient wave propagation,
the forerunner of the dynamic disturbance may donfeequencies other than the
excitation frequencw. Further time steps, in the middle and bottomdwims of Figure
5.7, need to be carried out in order to make dueeenergy direction of the sinusoidal
wave with exactly the excitation frequeney In the second section, ts = 51 to 54, it is
seen that the transient part of the wave alreadgaygates to the right side of the spatial
window, leaving the transition to steady statehat left part of the window. From the
third section, ts = 101 to 104, a more completdigaration approaching the steady-state
wave propagation can be observed. At this stdgeptopagation direction of the wave
phase is observed pointing from left to right.
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Figure 5.8 shows the profile of wave propagatiothva frequency in the region of
double negativity. Noticeable difference to Figs&Z is the negative propagation
direction of the wave phase with respect to posigmnergy flow. In the second and third
windows, the phase direction is clearly seen poitirom right to left during the
sequence of time evolution.

5.5.2 Wave packets

Group velocity is the velocity of the envelope ofvave group or packet. For a
wave packet corresponding to a superposition ahbarc waves with a finite frequency
band, the propagation behavior in a dispersive endidie DN acoustic metamaterial
should be of particular interest. One great achgaiof considering the wave packet is
that the frequency content of the packet can beralbed and the energy propagation
direction can be easily identified as the propagatlirection of the wave packet.

To this end, wave packets propagating in the metmah with double negativity
are simulated in a similar fashion. Two wave p&ske time as well as in frequency
domain used for the simulation are illustrated iguFe 9. In Figure 9a, the wave packet

— NMD _ _
possesses a frequency band approximately ftonf’ fap™ =022 to 77 = 047 (in the

double positivity region) with the central frequgrat 7 = 0346, while in Figure 9b, the

wave packet possesses a frequency band approxynfedeh 1=l @y o = 110 to

11= 210 (in the double negativity region) with the centir@iquency af? = 1229, Each
packet is sent from the left end of the model. Samaterial properties are chosen so that
the dispersion relation of the model is shown guiFe 5.6.

= MWD (b) T*=ts. AT* ®=1-
(a) T*=ts. AT* ® =10 S ] 0
1
0.8
0.5 | 08 ” | 0.5
06 0.6
S | X 0
< 0.4
0.4
-0.5
-05 1 o2 0.2
0 =0 g 3 1 0 10 20 0 1 2 3
- Time Step [ts Frequenc
Time Step [ts] Frequency [n] p[ts] d y [n]

Figure 5.9 Two typical wave packets in time andjfirency domain with (a) frequency
o = @l @)™ = 022

0346

to 7= 047 (in the double positivity
and; (b) frequency band approximately

band approximately fro

region) with the central frequency At

— NMD _ _
from 7= w/ap™" =110 to 7= 210 (in the double negativity region) with the central

frequency at? = 1999,
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Figure 5.10 Snapshots of wave-packet propagatiofinitte DN model; Wave packet
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Figure 5.10 shows a few snapshots of wave propagafi the wave packet shown
in Figure 5.9a, of which the central frequencydsdted at the positive effective mass
density and positive effective elastic modulus eagas shown in Figure 5.4. The wave
packet propagates without much distortion sincetrnbshe spectral content travel with
approximately the same speed, which is also evideniew of the dispersion curves
shown in Figure 5.6. The energy flow directionthe moving direction of the wave
packet, which is clearly from left to right. Notieat a wave packet contains not just a
single frequency, but a finite frequency bandis therefore difficult to identify the phase
velocity of from the propagation of the wave packet

Next, consider the case when the frequency compsreinthe wave packet are
selected in the frequency region of double negativiA wave packet of Figure 9b is
generated for simulation. The frequency band &f Wave packet is inside the double
negativity region shown in Figure 5.4. The wavelegd is sent from the left end and is
clearly seen to propagate in the positive direcfieft to right) from the top and bottom
windows of Figure 5.11. Negative phase directibthe packet is expected and can be
verified from the middle window of Figure 5.11.
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5.5.3 Discussion

The region of the dispersion curve with negativpslmeans a spectral range where
the phase and group velocities are opposite inctiiime Some researchers in the
literature have termed the backward-wave phenomelong with “negative group
velocity” simply because, perhaps, in the diagram the slope of the dispersion curve is
negative. For example, let us refer to the disperdiagram in Figure 12 for illustration.
The dispersion curves are reproduced from Figur€a&&e 2 in Section 5, for the DN
model. Usually the first quadrant of the diagrarconsidered where and q are both
positive. For the first lowest propagation modethbphase velocity and group velocity,
according to the definition in Section 4, are pwsit As for the second lowest
propagation mode, in the first quadrant, the phasecity is positive while the group
velocity is negative.

The misleading and confusing conclusion of the &ieg group velocity” may
come from the fact that energy velocity is not ciieprovided by the dispersion curves
in the first quadrant. In fact, the second braotthe dispersion curve should be plotted
in the second quadrant whereis positive and q is negative. By so doing, theug
velocity is positive while the phase velocity ignce, negative.
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5.6 Conclusion

We have proposed a one-dimensional mechanical nregeésenting an acoustic
metamaterial. The system can be modeled with aivalgnt elastic solid which exhibits
simultaneously negative effective mass density affdctive Young’s modulus in a
certain frequency range. In this double negatifigquency range, harmonic waves
propagate without attenuation. However, the phadecity becomes opposite to the
energy flow direction. In view of positive enerdiection, it is the backward wave that
propagates with negative phase velocity. Transieme simulation results not only
agree well with the analytical prediction, but aldearly illustrate the unusual wave
phenomenon.

6. DESIGN AND ANALYSIS OF ANISOTROPIC ELASTIC METAMATE RIALS
6.1 Introduction

An anisotropic elastic metamaterial madehefvy cylinder cores coated with
elliptical soft layer and embedded in a matrix heven in Fig. 1a is considered. The
representative volume element (RVE) is identifiend ashown in Fig. 1(b). The
microstructure is distributed in a rectangularidattarray. In the figure, the hard
inclusion core is labeled as medium 1, the softioganedium is labeled as medium 2,
and the matrix is labeled as medium 3. The isotropaterial constants of the inclusion
core, the coating layer, and the matrix gyeg;, vy; p1,Es v, andpg, E5, vy, respectively.
The radius of the core is. The lattice constants along tie andX; directions are
denoted ad, andd;. The semimajor and semiminor axes of the ellipgedenoted as
byandh,, respectively. In the unit celk, 1), position of the center point is given in the
global coordinateY, = X,' and X3 = X3. For convenience, we define a local polar
coordinate syster(r, &) as well as a local Cartesian coordings2sxz)in the unit cell
with x, = rcasf andx; = rsind, as shown in Fig. 1(b). Strong anisotropic prapsrof
the metamaterial along thi® andX; directions can be achieved by adjusting dimensions
of the major and minor axes of the coating ellipse.
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Fig. 6.1 (a) An anisotropic elastic metamaterial made ofincidrs coated with
elliptical soft layer in a matrix; (b) Tl ) element (RVE).

Due to geometric complexity of the microstructuaralytical-based methods cannot
be applied directly for the determination of théeefive dynamic mass density [28]. In
this study, a numerical-based method (FEM) wilblepted [8]. Consider the unit cell in
Fig.6.1(b), time-harmonic displacemerits= i e“" with = = 2,3 are prescribed on the
exterior boundary, and a harmonic analysis of thi cell is performed by using the
finite element method, from which resultant forges E <“ton the exterior boundary
can be obtained. The effective mass density tecaorthen be numerically defined and
determined by

E, . les’ et (i,

lej =L ) @
whereA, = d,d, is the area of the unit cell. To demonstrate thatmass density follows
the coordinate transformation law, effective masssity tensor in an arbitrary coordinate
system(x.¥), as shown in Fig.2, is similarly determined. Ire thgure,(x.xz) IS a
rectangular Cartesian coordinate system in prindaig&ctions andx. y) is an arbitrary
Cartesian coordinate system. It should be mentiaihed the unit cell in Fig. 2 is
specifically suggested for simplification of nunuaii calculation, in which the outer
matrix seems to follow the unit cell transformatidiis is because the outer host matrix
is mainly functioned as an effective mass in thHeuwation of the effective mass density
of the unit cell. Therefore, determination of tHéeetive mass density is independent on
the outer matrix geometry. Based on the numeriealllts of the unit cell, it can be
proved that the effective mass density followsdberdinate transformation law as

eff eff
['}II Py ] _
eff eff| —
Pyx Pyy

Cra +S5%  (Slesy —paz )

aff &ff n &ffF n &ffF 6.2
CSoms — P ) Clpyy’ +5%p ©2)
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wherecC = roz6, § = siné, andé is the angle of the transformation. Therefore,dffective
mass density admits the second-order tensoriakpiyp

Table 6.1The microstructure geometrical parameters.

Lattice parameters Elliptical coat Circle coat
d; =dj 20mm 20mm

a Imm 5.155mm

by Tmm 7.14mm

B4 Smm 7.1dmm

Table 6.2The constituent material parameters.

The parameters Core: lead Coating: rubber Matprxg

Mass density p1:11.31x 103 kg/m? | p,:0.92 x10% kg/m? | p3:1.11 x 10% kg/m?®
Young’s modulus | E;: 1.3 x 1010 N/m? E,1.5% 108 N/ m? E;:235x 109 N/
Poisson’s ratio vy: 0435 v,:0.499 v3:0.38

Area A, :ma? Agy:mi(by by —a?) Agz:dyd; —hyb;

Fig. 6.1 shows the effective mass density of thstel metamaterial along a direction
& = 307 by using the FEM model, whepa,. = (g, 4, + g 4; + g 4:1 /A, is the average
static mass density for the composite. The micuotlire geometry parameters and the
constituent material parameters are given in Tablésand 6.2, respectively. From the
figure, we can clearly see that the effective mdsssity is frequency-dependent,
anisotropic (ge # gy +fer’ # U) and becomes negative around the resonant
frequency. For the metamaterial with the currentrostructure, two different resonant
frequencies alongr; and x5 directions can be found &$*=862Hz and f*? = 950Hz,
respectively, which indicate anisotropy of the mad#erial. The significant difference
betweeng;’” and 7" can be observed when the frequency is close torgésenant
frequency. It is also interesting to note that tmass density become isotropic
(o51f = e, p2ff = 0) when the frequency is much less or much largan tihe resonant

frequency.
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Fig. 6.1.The anisotropic effective mass f:i:é;nsity of the elasfitatmaterial predicted by
the FEM model along a directi@= 30°.

6.2 Fabrication and Testing of Anisotropic Elasfietamaterial

The proposed anisotropic metamaterial platese manufactured witld=0 and
0=90, respectively. The elliptic holes were first cutan aluminum (Al) plate (Type
6061) with 600mm in length, 33mm in width and 3.4ird in thickness using a computer
numerical control (CNC) machine. The major and miages of the elliptic hole are
9.9mm and 7.1mm, respectively. The periodic hoB2€lQ) are arranged in a rectangular
lattice with lattice constant 11 mm. Then, puralleads (¢=3.175mm ESPI Metal¥ and
epoxy (p = 1033kg/m? ,E = 0.585GPa,v = 0.37, Crystal Cledt 202, Smooth-On InJ.
were filled in the elliptic holes to form the antisapic metamaterial plate, as shown in

Fig. 6.2 A fabricated anisotropic metamaterial @lat
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Fig. 6.2. The center positions of lead rods aretroad through the help of the
additional plate with exact location holes. To gase anisotropy of the metamtaerial,
four small circular holes are drilled in the epoxy.

6.2.1 Anisotropic band-gap validation

To investigate the band-gap behavior ofrttegamaterial, the transmission property
of the longitudinal wave propagating along the H#irection is first studied
experimentally. The set-up of the transmission erpent is shown in Fig. 6.3. Two
rectangular piezoelectric disks, functioned as ia plaactuators, are surface-bonded to
the up and down surfaces of the plate in order énegate longitudinal wave. Two
circular piezoelectric disks, functioned as a palirsensors, are used to receive the
transmitted signals after the metamaterial. By gi$imo symmetric sensors on the plate,
the out-of-plane components can be eliminated &edratio of signal-to-noise can be
significantly increased for the in-plane componeriig. 6.4a shows the experimental
measurement of the transmission properties of tetamaterial at=0. For validation,
the exact numerical simulation results are alsdtguioin the figure. From the figure, the
band-gap of the metamaterial can be found in thgore of frequency (17.2kHz,
21.6kHz). It should be mentioned that the ‘smalp’garound 12.8kHz from the
numerical simulation is because the sensor’'s posits located at the node of the
standing wave, which is caused by the band-gap vimhaFig. 6.4b shows the
experimental measurement of the transmission ptiegesf the metamaterial &t90.. As
expected, the band-gap of the metamateiakat is different from the metamaterial at
5=0the band-gap frequency is in the frequency regi23e8kHz, 31.6kHz). However, the
experimental results can accurately capture thedgap behavior of the metatmaterial.

: ey p—

Fig. 6.3 Experimental set-up of transmission tgstithe metamaterial
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Fig. 6.4 Experimental transmission measuremenisngfitudinal wave in the anisotropic
metamaterial plates f@=0 (a) and =90 (b)

6.2.2Determination of group and phase velocities ofrtte#amaterial

Analytically, the group velocity and phaselocity of the longitudinal wave
propagating along thej,xdirection in the metamaterial plate witiz0can be easily
obtained from the dispersion relation. Based.;ga';—;’, , the group velocity can be
obtained in a function of frequency by applying tcah difference to lowest two
longitudinal branches of the dispersion relationsaswn in Fig. 6.5(a). The phase
velocity can be obtained froms = ‘—” as shown in Fig. 6.5 (b).

2500
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n » 8000
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) o I
4000 -
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20004
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Fig.6.5 Group velocity (a) and phase velocity (b) & thetamaterial with=0
obiained from the lowest two longitudinal brancheshef dispersion relation.
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In order to experimentally measure the grama phase velocity of longitudinal
wave propagation in the anisotropic metamaterialepla transient experimental set up is
proposed in Fig. 6.6, which is similar to the sptaf the harmonic testing. The two
rectangular piezoelectric patches, functioned agatars, are used to generate in-plane
longitudinal wave. Unlike the transmission studwot pairs of symmetric bonded
piezoelectric sensors are used to collect theanglvave signals. Sensor pair 1 is before
the metamaterial area and the sensor pair 2 istatenetamaterial area as shown in Fig.
6.6. In order to capture the complete wave propagah the anisotropic metamaterial
plate without the interference of the reflected aswvthe total length of the anisotropic
metamaterial plate is extended to 2.5m by weldng Al plates with the same width to
the two ends of the metamaterial plate.

Fig. 6.6 Experimental set up for group velocity githse velocity measurement of the
metamaterial

A broadband wave signai(t) = A1 — caz(2nft)]zin(2nft) iS chosen, where A is the
amplitude and f is the frequency. Input signaldwist13.5kHz, 15.5kHz and 24.5kHz are
used in the experiment in the order to cover ther@sted frequency range in Fig. 6.5.
The continuous wavelet transform (CWT) based onGhbor wavelets, which has been
demonstrated to be very useful as a time-frequen@lysis tool of wave signals in

structural health monitoring (SHM), is used to abtthe group and phase velocity
dispersion curves. The continuous wavelet transf@@WT) of a given signal s(t) is

given by:

WT(a,b) = = [ s{ﬂqe.-{?j dt 6.3)

wherey(t) is called the mother wavelet function and the lwerindicates the complex
conjugatea ands are known as the scale and translation parametspectively. The
reciprocal ofa is associated with frequency amds related to time. Gabor function is
chosen as the mother wavelet function in our amalgsice it can provide a better
resolution both in the time and frequency domaianttany other wavelets based on
Heisenberg Uncertainty.
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Fig. 6.7 The magnitudes of WT coefficients of outgignals collected from sensor pair 1(a)

sensor pair 2 (b) at frequency 13.6KHz.

Tnd

Fig. 6.7 shows the magnitudes of WT coedfits of the measured output signals
collected from sensor pair 1 and sensor pair 2 given scale:, which is related with
certain frequency. The arrival times for the output signals in twensor pairs are
determined by the peak locations in Fig. 6.7 (ayl 4h), respectively. The time
difference at, is then calculated. Since the distance betweesosgair 1 and sensor pair
2 isd = 215mm and the length of the metamaterial are, is 110mm, the group velocity
as a function of frequency can then easily deteeohias:

C,(f)=—2=
a() A ()" (6.4)
]

wherec}* is the group velocity of the matrix materigl’ = s400m /s is used for the
aluminum plate at low frequencies.

Figure 6.8 shows the experimental measuredpgvelocity of the metamaterial with
5=0. For the comparison, analytical solution obtainexhf the dispersion relation of the
metamaterial in Fig. 6.5 is added for the refere@eod agreements between the
theoretical result and the experimental measuremramtbe found in the most interested
frequency regime.
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Fig. 6.8 Comparison of the group velocity from thanerical simulation and experimental testing.

In order to calculate the phase velocitye tphase anglep(a.5), of the WT
coefficient needs to be considered. At a givetesgahe corresponding phase angle for
the output signal at arrival time in each sensaripaletermined and the phase difference
Ag between the received signals in sensor pair 1sams$or pair 2 can be calculated.
Then, the phase velocity is obtained in a functadnfrequency using the following
relation:

C,(F) = %

(at(f) +E;p§] —%}
whereat is the arrival time difference anwj* is the phase velocity of the matrix material.
Fig. 6.9 shows the comparison of the phase veldmiyn the experimental testing and the
theoretical result from the dispersion relation tbe metamaterial. Similarly, good
agreements can be observed to show the feasilwfityhe proposed experimental
approach for determination of the group and phasecities of the elastic metamaterial.

Finally, the effective dynamic mass densifyttee anisotropic metamaterial can be
estimated by the experimentally obtained phasecitglcand the effective stiffness
matrix. The effective stiffness of the metamatecah be directly determined through the
unit cell analysis and is found that it is not degent on the wave frequency. Using the
equation g™ (f) =r:jjf,f{r:pj=, the effective dynamic mass density of the anigotr
metamaterial along x direction can be experimed&érmined as shown in Fig. 6.10.
The very good agreement with the numerical soluti&m be also observed.
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Fig. 6.10 Comparison of the mass density alongiréttion of the metamaterial from the
numerical simulation and experimental testing
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7. DESIGN OF BROADBAND ELASTIC METAMATERIALS
7.1 Introduction

Although many metamaterials have been pregosarrow working frequencies of
metamaterials have limited their applications (Lak, 2009; Capolino, 2009; Cui et al.,
2010). In view of this, there are several paperg&wproposed to solve the narrow band
gap problem. However, most of them focused on aptitetamaterials; there are just a
few literatures developing acoustic/elastic broagbanetamaterials. Zigoneanu et al.
(2011) used strong anisotropic acoustic metamddet@abroaden band gap up to 500—
3000 Hz. Meng et al. (2012) applied genetic alponitto achieve the optimized
broadband sound absorption 800-2500 Hz. In thidystwe focus on the design of
microstructures to improve the bandwidth up to 3BizOstarting with a band-gap lower
bound of 292 Hz. Three metamaterial models witlylsimegativity are proposed, and
parametric studies as well as comparisons are nwadétain metamaterials with large
band gaps. Moreover, the start frequency of thellgap is in hundreds of Hertz.

7.2 Three Models for Single Negative (SN) Metamater

Three microstructures with dimensions arsigieed for metamaterials as shown in
Figs. 7.1 — 7.3. The material properties of thésea models are listed in Tables 7.1 —
7.3, respectively. The three types of metamatemadse fabricated with a 3D printer
using a polymer ink. Figs 7.4 and 7.5 show a stifpthe Type 2 and Type 3
metamaterials, respectively. The thickness of thestamaterials varies over the
microstructure in order to achieve the equivaleatamnal properties listed in the tables.

2 2

40

Unit : mm

Fig. 7.1 Type 1 SN metamaterial model

44



TABLE 7.1 Material parameters for the Type 1 SN mogtructure

Mass densityp Young’s modulust _ .

Marked area Poisson’s ratiav
kg/ nt GPa

Blue 1300 5.0000 0.49

Purple 4000 15.3846 0.49

Green 1615 6.2115 0.49

Orange 4000 15.3846 0.49

Red 1690 6.5000 0.49

Unit : mm

Fig. 7.2 Type 2 SN metamaterial model

TABLE 7.2 Material parameters for the Type 2 SN mogtructure

Mass densityo Young’s modulusg
Marked area

g/ P GPa Poisson’s rativ
Blue 1300 5.0000 0.49
Purple 2000 7.6923 0.49
Green 1500 5.7692 0.49
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Unit: mm

Fig. 7.3 Type 3 SN metamaterial model

TABLE 7.3 Material parameters for the Type 3 SNmostructure

Mass densityp Young’s modulust _ .
Marked area Poisson’s ratiav

kg/ nt GPa
Blue 1300 5.0000 0.49
Purple 2000 7.6923 0.49
Green 1500 5.7692 0.49
Orange 5200 20.0000 0.49
Red 5200 20.0000 0.49

Fig. 7.4 Type 2 SN metamaterial manufactured bfp gB8nter
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Fig. 7.5 Type 3 SN metamaterial manufactured bip g8nter

In the Type 1 SN metamaterial model shown in Fid.,7he two green horizontal
beams with length of 30 mm and width of 1 mm seasewo vertical springs with the
desired frequency to form negative Young’s moduldN¥M) resonator. Because the
rhombus frame is only used for transmitting forttes width of frame is designed as 1.5
mm to avoid the eigenmode coupling between horgdlobeam bending and frame
stretching. In addition, a red vertical beam seyvis two horizontal springs and
supporting triangular-shapes masses is used asiveegaass density (NMD) resonator.
The material properties are chosen to broaden @neviaidth by combining bandgaps of
NYM and NMD.

Instead of using beam bending, Type 2 SN metanadteses frame stretching as the
stiffness of the resonator. As shown in Fig. T2, thombus frames serve as two vertical
springs supporting purple masses to achieve NYMIIaesonance. It is noted that Type 2
SN model is only with NYM. The geometry and mateparameters are chosen from a
parametric study and listed in Table II.

Type 3 SN metamaterial is formed by adding two masors to Type 2 SN model. As
shown in Fig. 7.3, the two red vertical beams sawéwo sets of horizontal springs and
support orange masses to achieve NMD local resenanen they move in phase. In
addition, the frame stretching resonator and timensgtrical mode of the internal masses

(when the two red vertical beams mol@80 out-of-phase) form two sets of NYM
resonators with desired frequencies. The band-ggmpm is broadened by combining
multiple NMD and NYM bandgaps.

7.3 Mode Shapes and Dispersion Curves

Considering one-dimensional longitudinal harmonicaver propagation, the
displacement can be expressed as

u(x,t) = Ag9 = Ad™e (7.1)

wherec denotes phase velocity agdvave number. By selecting two locations as nodes
(zero displacement), Eq. (7.1) can be treated faseavibration problem of a finite body
with the fixed end condition. With this concept, wenstrain the horizontal movements
of the left and right ends of a 100-unit-cell lostip (so the two ends become nodal
points) for modeling the infinite number of unitllsemetamaterial with 100 unit cell
periodicity. The result of the free vibration aradyyields the natural frequencies and the
corresponding mode shapes, from which wave nundrersbtained.
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The ABAQUS commercial software is used fo finite element analysis. Since the
beam bending serves as the stiffness of resoratouracy for beam bending estimation
is crucial. For element type selection, the incotilpbe mode element (CPS4I) is applied
due to its efficiency for bending calculation. FALiPS4l elements are placed along the
thickness of the beam to achieve element-numbevergence.

Figs 7.6—7.8 show the dispersion curves for Type3 $N metamaterials. Each
passing band corresponds to a distinct RVE vibnatimde, as listed in Table 7.4 and
Table 7.5.

Dispersion curves for the Type 1 SN microstructame shown in Fig. 7.6, the NMD
and NYM resonators are optimized by minimizing thassing band between two
adjacent bandgaps (the narrow passing bart#96—-51017 Hz). It is noted that the
other narrow passing band with frequenclé&835-46347Hz in Fig. 7.6 is caused by
the rotational mode of the horizontal beams. If the® narrow passing bands are
neglected, the overall band gap regiodt@3-554 Hz, firstly caused by NMD then by
NYM. The two local resonances in Type 1 SN metanedtare both produced by beam
bending.
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FIG. 7.6 Dispersion curves for the Type 1 SN model

Fig. 7.7 shows the dispersion curves for Type 2 r8&tamaterial. If the narrow
passing band from the rotational modg06.41 506.91Hz) is ignored, the bandgap
region is345- 309'Hz. This bandgap is caused by frame stretching hwpioduces a
much broader bandgap than the beam bending mode.
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FIG. 7.7 Dispersion Curves for the Type 2 SN model
TABLE 7.4 Mode shape of the Type 2 SN model
Frame stretching mode Rotational mode

340.85 Hz 501.93 Hz

The dispersion curves for Type 3 SN metamaterialsiwown in Fig. 7.8. There are
two narrow passing bands within the total bandgapon of 292—- 369¢Hz. They are a
rotational mode with frequenciés52.40- 755.2. Hz, and a double negativity region with
frequenciesl064.8- 1097. Hz. The overall bandgap region is caused by the frame
stretching mode (NYM), the symmetrical mode of intd masses (NYM), and the anti-
symmetrical mode of internal masses (NMD). The masars are designed in order to
form a large combining band-gap region. It is nateat the Type 3 SN model broadens
the bandgap region of the Type 2 SN model by adtliagextra resonators.
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TABLE 7.5 Mode shape of the Type 3 SN model
Frame stretching mode Rotational mode

LYY

287.05 Hz 746.23 Hz
Internal masses symmetrical mode Internal masses anti-symmetrical mode
1062.0 Hz 1089.8 Hz

7.4 Representative Volume Element Steady StateyAisal

In addition to utilizing dispersion curves to oltatihe bandgap region, we also
investigate the use of the representative voluneeneht (RVE) steady-state analysis.
Taking Type 3 SN model for example, for long wavetions, the frequency-dependent
effective modulus of the metamaterial can be olethiny applying symmetrical loading
F,sinat on the RVE as shown in Fig. 7.9(a). The displacemat side edges of the
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RVE are constrained straight and with the corredpawndisplacements = +u,sinat .
The dynamic stiffness of the RVE is hence given by

k=Fo (7.2)

It is noted that the stiffness of the unit cellidetl by Eq. (7.2) is proportional to the
effective Young’s modulus of the metamaterial.

The dynamic stiffness frequency spectrum is showrFig. 7.9(b). The bandgap
region is defined as the frequency range withinclvli has negative value, i.e., 294-866
Hz and 1064-3694 Hz.

The effective mass density of the microstructuras loe obtained from the dynamic
response of the RVE loaded as in Fig. 7.10(a). dieplacements at side edges of the
RVE are set to be equal and straight. The effectiass of the unit cell is presented by
=-Fo (7.3)

Up

The effective mass frequency spectrum is showngnF10(b). The bandgap region
is defined as the frequency range wherg becomes negative, i.e., 867-1099 Hz. It is

noted that the small peak in Fig. 7.10(b) at fremyer55 Hz is caused by the rotational
mode, which can also be observed in dispersionecasvshown in Fig. 7.8.

The bandgaps predicted using RVE are listed in &Ml — VII together with the
bandgaps obtained from the dispersion curves uiBgunit cells based on free vibration
analysis. It is evident that the RVE steady-statysis is very accurate in estimating the
bandgaps. One shall also notice that the frequesmoge 1065—-1097 in Table VIl of the
dispersion curve approach is the double negatr@gyon (band-gap overlap from NMD
and NYM).

The reason for RVE precisely determining band-gegion lies in the accurate
estimation for dispersion curve in longest and w&sirwaves. When the wave length is
much larger than the characteristic length of RYHe, boundary condition for each unit
cell for dispersion curve coincides with the asstiompwe put on RVE: the side edges of
RVE have equal displacement magnitude. For showese length in each branch of
dispersion curve, the half wave length is exadily $ame as the characteristic length of
one unit cell. As a result, each unit cell in digp@n curve has the equal displacement
magnitude on its edge, which is also the sameebdhindary condition we use for RVE
analysis. It shall be pointed out that the method RVE steady-state simulation has
limitation in predicting the band-gap region folbration mode involving non-straight
side edges in unit cells.

meff
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TABLE 7.6 Comparison of band gap region predicfionType 2 SN model

Method Bandgap Region Estimation (Hz)
Dispersion Curve 345 — 3097
RVE steady-state analysis 347 — 3097

TABLE 7.7. Comparison of band gap region predicfionType 3 SN model

Method Bandgap Region Estimation (Hz)
Dispersion Curve 292 — 1065

1097 — 3694
RVE steady-state analysis 294 — 866 (From RVE N¥st)t

867 — 1099 (From RVE NMD test)
1064 — 3694 (From RVE NYM test)

7.5 Design Guide for SN Metamaterials

For Type 1 SN metamateraial, the wider bandgapgh frequency range is easier to
produce by NYM than NMD. Therefore, a smaller mass$arger stiffness for the NYM
resonator is used to broaden the bandgap regi¢tnhigh frequencies. On the other hand,
for the NMD resonator, a large mass and largenst#f§ generally result in a broader
bandgap, and the resonator’s stiffness has evemtegranfluence than the resonator’s
mass. However, since a low-frequency gap is desmethetamaterials, large resonator’s
mass is still recommended for the NMD model. A®sutt, the appropriate design is to
use large mass and large stiffness for the NMDnatsw to forbid low frequency waves,
and apply small mass and large stiffness of the Nébbnator to block high frequency
waves. By combining NMD and NYM bandgaps, a metanmtfor filtering waves with
low frequencies in wider range is achieved.

For Type 2 SN metamaterial, a large mass and stifiiless of the NYM resonator
is effective to shift the bandgap region to lowqftencies. However, the bandwidth
shrinks drastically with the increment of the matthe resonator. As a result, for Type 2
SN metamaterial, a median mass of the NYM resonat@commended.

For Type 3 SN metamaterial, although a large mas&/@ NYM resonators (frame
stretching mode and internal masses symmetricaiomaire the two NYM resonators)
can reduce the lower bound of the bandgap, it aéscows the bandwidth. Therefore, a
median mass of the NYM resonator is recommended! &nd error of the stiffness of
NYM resonators are required after specifying thessnaf NYM resonator. Since the
internal masses serve as NYM and NMD resonatorsg ¢time material properties of the
NYM resonator is set, the NMD resonator is detesdin
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7.6 Summary

Three types of SN microstructures are designednfetamaterials in this study.
Parametric studies are made to obtain the metaialateith a broad bandgap in low
frequency range. It is found that the frame strieghmode is more effective than using
beam bending mode in designing broadband SN megaialat Moreover, by adding
internal mass components, the bandgap can beisagmtify expanded.

In addition, an RVE steady-state analysis to deterbandgap regions is found to be
quite accurate as compared with that based onrdispecurves.

The broadband metamaterials proposed in this sitglyabricated using a 3D printer.
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