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ABSTRACT

A new method has been developed for simultaneously minimising the peak tangential
stresses on multiple segments around the boundary of a hole in a uniaxially-loaded or
biaxially-loaded plate. It is based upon iterative finite element analysis. The efficacy of this
new multi-peak method is demonstrated by 2D and 3D numerical examples, some of which
include significant geometric constraints. A comprehensive series of benchmarks is explored
in some detail and sets of useful transferable coordinates of optimised hole shapes for
selected load and geometry cases are provided. It is shown that, when the optimal shape is
achieved, the separate tensile and compressive stress segments around the hole boundary
converge to constant stress regions of different values. The optimal hole shapes produce
significant reductions in peak stress for all regions around the hole boundary, as compared
to typical non-optimal circular holes. As the most fatigue critical location in a structure may
not necessarily be the one with the biggest active tensile peak, it is desirable to be able to
minimise these other stress peaks around the hole boundary. Hence, optimal shapes
computed using the multi-peak method are useful for critical structural regions where it is
desirable to substantially increase or maximise the fatigue life.
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Shape Optimisation of Holes in Loaded Plates by
Minimisation of Multiple Stress Peaks

Executive Summary

Aerospace Division has developed many technologies that reduce the cost of ownership of
aircraft in service with the Royal Australian Air Force (RAAF) by extending the fatigue lives
of airframe structural components. This is usually achieved by developing repair designs
that can be applied to areas where stress concentrations have caused a location to become
fatigue critical. A shape optimisation technology, based on using iterative finite element
analyses, has been developed and used by the Defence Science and Technology Organisation
(DSTO) to determine optimal repair profiles with multiple minimised local peak stresses
under operating conditions. Previous work has utilised single-peak shape optimisation
methods, which work only on the dominant peak. However, many stress concentrations
display large secondary stress peaks, and so a need therefore exists for the ability to
simultaneously reduce the amplitudes of multiple stress peaks occurring along a general
boundary contour.

This report presents a new iterative shape optimisation method that has been developed for
simultaneously minimising the peak tangential stresses on multiple segments around the
boundary of a hole using finite element analysis. A comprehensive series of 2D and 3D
numerical examples, some of which include significant geometric constraints, is explored in
some detail and serves to demonstrate the efficacy of this new multi-peak shape optimisation
method. It is shown that, when the optimal shape is achieved, in general the separate tensile
and compressive stress segments occurring around the hole boundary converge to constant-
stress regions of different values. The optimal hole shapes produce significant reductions in
peak stress for all regions around the hole boundary, as compared to typical non-optimal
circular holes. As the most fatigue critical location in a structure may not necessarily be the
one with the biggest active tensile peak, it is desirable to be able to minimise these other
stress peaks around the hole boundary. Hence, optimal shapes computed using the multi-
peak method can usefully be applied to critical structural regions where it is usually highly
desirable to substantially increase or maximise the fatigue life.

The multi-peak shape optimisation techniques developed and implemented by DSTO and
reported here have improved the capability for rapid and effective creation of rework shapes
for use in the solution of advanced structural shape optimisation problems in order to reduce
the amplitudes of peak stresses. Using this capability, it will be possible to significantly
enhance the fatigue lives of RAAF airframe structural components. Included in this report
are sets of useful transferable coordinates of optimised shapes for selected geometry and
loading cases typically occurring in aircraft structures. The computer program code that was
developed and used to determine the optimal shapes is also provided, with some
accompanying documentation, including an example input deck related to one of the hole
geometries that was optimised.
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Nomenclature

b distance between centres of two semicircular arcs

{Bi }.q g mesh generation blocks

c an arbitrary characteristic length

d/ increment of movement of the i-th node in the j-th stress subregion around the hole
boundary

e distance of centre of hole from edge of plate

E Young's modulus

h half-height of hole in plate

H height of plate

Ki stress concentration factor

Ni, N2 parameters defining subdivision of automatic mesh generation blocks

r radius of semicircular arc

s step size scaling factor

S1 applied remote stress in x-direction

S2 applied remote stress in y-direction

u arc length around perimeter of hole boundary

ur total arc length around the hole perimeter

w half-width of hole in plate

w width of plate

X,y coordinates of orthogonal axis system

r denotes the general hole boundary

Yz normalised arc length parameter = u/ur

y7 total combined normalised arc length of constant stress zones around the entire
hole boundary

0 angle of inclination from the vertical

P local radius of curvature

Oumin minimum radius of curvature

lof local tangential stress at the i-th node

o} tangential stress at node i in the j-th stress subregion around the hole boundary

o) stress threshold corresponding to peak positive or negative stress occurring in the

j-th stress subregion around hole boundary

{o,}|.. n stress peaks around hole boundary

* n .
{o,i}j. n zones of uniform stress

v Poisson’s ratio
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1. Introduction

Prior work has been undertaken at the Defence Science and Technology Organisation
(DSTO) to determine precise optimal rework shapes. These aim to minimise the peak stresses
occurring at existing holes and other stress concentrations in ageing aircraft structures,
leading to substantial increases in fatigue life (Heller et al. 1999; Waldman et al. 2001;
Waldman et al. 2002a; Heller et al. 2002; Burchill and Heller 2004a; Waldman et al. 2003,
Burchill and Heller 2004b; McDonald and Heller 2004, Waldman and Heller 2005). The
shapes were computed using a fully-automated iterative shape optimisation algorithm
utilising finite element analysis (FEA). The method was implemented as a custom-written
FORTRAN program executed via a shell script (Heller et al. 1999).

The shape optimisation algorithm used here is based on the biological growth analogy
consistent with work of Heywood (1969) and Mattheck and Burkhardt (1990), where material
is added where stresses are high and removed where they are low. For example, Heywood
used a photoelastic technique to adjust locally (via material removal only) the boundary of
an unsatisfactory design to obtain a uniform stress along the boundary of a stress
concentrator, reducing significantly the stress concentration factor K; values for optimised
tillet profiles in the Rolls-Royce “Merlin” aero engine. In later work, Neuber (1972) provided
a theoretical treatment showing that it is possible to alter locally the boundary shape of a
stress concentrator to produce a uniform state of stress with a reduced value of K:. This
constant-stress feature of optimal shapes was also subsequently confirmed by Wheeler
(1976), and early attempts at analytical approaches that had been formulated using this aim
were those of Baud (1934) and Lansard (1955) in relation to fillets.

The shapes resulting from application of the DSTO shape optimisation method are fully free
form and do not rely on analytical functions to represent the boundary shape, and the
method was extended to include radius of curvature constraints (Waldman et al. 2002a). To
date, the fully-automated single-peak approach has successfully reduced the dominant stress
peak (tensile or compressive) on boundary segments of stress concentrators, producing more
limited stress reductions in other regions (e.g. those having peaks of opposite sign).
However, because the most fatigue critical location (i.e. the one that has the most rapid crack
growth, and governs the choice of inspection interval) may not be the one with the biggest
active tensile peak, it is also desirable to minimise these other stress peaks around the hole
boundary. Key factors for different locations on the hole boundary segments are: (i) different
residual stresses, both in peak values and stress distributions; (ii) the rate of stress decay
normal to the hole boundary; and (iii) the probabilities of detection of cracks (i.e. a bigger
crack size may be required for reliable detection of cracking at a secondary location). This
situation occurred in service for fatigue-critical holes in the wing pivot fitting of the General
Dynamics F-111 aircraft (Heller et al. 2002).

For a highly-idealised loading and unconstrained geometry, Vigdergauz and Cherkayev
(1986) have shown analytically that an optimal shape with minimum K; is obtained when the
distribution of tangential stress around the boundary of a stress concentrator is piecewise
constant. It is this fundamental concept that forms the basis for the DSTO multi-peak shape
optimisation method. In the present work, we have fully automated the multi-peak method
for the case of realistic highly geometrically constrained holes, to simultaneously minimise
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the tangential stresses on multiple segments around a hole boundary. The advanced multi-
peak method is described below, followed by a number of benchmark problems and other
numerical examples, which together serve to demonstrate its efficacy and general
applicability to a wide range of targeted problems. This comprehensive set of benchmarks is
explored in some detail for a number of reasons.

Although a number of investigators have proposed “optimal” shapes (Heller 1969; Durelli
and Rajaiah 1979; Dhir 1981;Vigdergauz and Cherkayev 1986), which are derived from semi-
analytical, FEA or experimental methods, when these shapes are examined more closely (see
Section 2.1), there are a number of issues with these solutions. These include: (i) when
viewed in the light of the evaluation criteria proposed in this paper, their shapes are
suboptimal in terms of their ability to maximise the reduction of stress concentrations;
(ii) some solutions present K; values but do not provide any shapes that can be verified; and
(iii) many of the results are for highly-idealised problems and as a result are not accurately
transferable to actual structures.

A description of the general multi-peak method and its numerical algorithm and
implementation using a finite element analysis code is provided in Section 2. This is followed
in Section 3 by the analysis of a series of benchmarks for comparison with idealised solutions
available in the literature. These involve holes of various aspect ratios in plates that are
remotely loaded uniaxially or biaxially. Further numerical examples involving holes near the
edge of a plate, as well as ones for an inclined slotted hole, are presented in Section 4. Both
types of holes include significant geometric constraints. An extension of the multi-peak
method to 3D shape optimisation is covered in Section 5. Some general guidelines for
performing multi-peak shape optimisation are provided in Section 6. An effective procedure
for modifying sharp-cornered optimal hole shapes to improve robustness is described
Section 7.

2. Description of method

2.1 Fundamentals of the multi-peak approach

To illustrate the DSTO multi-peak method, consider a hole in a remotely loaded large plate,
as shown in Figure 1. Here u is the distance around the perimeter of the hole boundary I",
and p is the local radius of curvature. If we define ur to be the total arc length around the
hole perimeter, then we can define a normalised arc length parameter 1= u/ur, such that
0 < u <1. There are k nodes distributed around the hole boundary, and the local tangential
stress at the i-th node is o;. The optimisation is subject to an arbitrary geometric constraint
consisting of a polygon with m sides and a minimum radius of curvature constraint p > pmin.
The latter constraint can be activated to ensure that sharp corners, which are commonly
found in some optimal shapes (Waldman et al. 2001; Waldman et al. 2002a; Vigdergauz and
Cherkayev 1986; Durelli and Rajaiah 1979), do not develop. This results in optimal shapes
that are more robust by being less sensitive to variations in loading direction, as well as
being more amenable to manufacture. However, this can result in a relatively small but clear
trade-off with regard to the degree of reduction in peak stresses that can be achieved under
these circumstances (as shown in Figure 2 and Figure 10 and discussed later).
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The typical multi-peak distribution of tangential stress around the boundary of a circular
hole in a uniaxially-loaded plate is shown in Figure 2. The zero crossings in the stress
distribution are used to identify the set of n subregions of positive and negative stress. In
Figure 2 there are n = 4 distinct stress peaks around the closed boundary, corresponding to
the n = 4 zero crossings. Each of the stress peaks is denoted by {o;}]_;. In general, for non-
circular holes, the peaks would not be expected to be equal to one another. Consistent with
the work of Vigdergauz and Cherkayev (1986), as well as prior non-automated multi-peak
shape optimisation work by Durelli and Rajaiah (1979), we postulate that a constrained
optimal shape will have n stress peaks consisting of zones of uniform stress, denoted in
Figure 2 by {O';;j}rj]:l. We note in passing that the optimal solutions to many problems will
have multiple stress peaks, while some will reduce to an optimal shape with one stress peak
only (e.g. the classic case of a biaxially-loaded plate with an optimal elliptical hole, where the
aspect ratio of the optimal ellipse is equal to the ratio of the remote stresses, which are of the
same sign; or the case of two closely-spaced interacting holes (Cherepanov 1974; Waldman,
Heller and Rose 2003; Vigdergauz 2008; Vigdergauz 2010)).

In our FEA implementation, using a custom-written FORTRAN 90 program (the source code
listing is provided in Appendix A), during each iteration the stresses are computed at all the
nodes around the hole boundary. The i-th boundary node, which is located in the j-th stress
subregion, is then moved in the direction of the local outward normal to the boundary by a
distance d,' . This distance is computed using

(o) g _ o S
d/ =(O-'—j6mj sc, o4 =max(s!) if o! >0 or o} =min(c’) if 6! <0,j=1,2,...n (1)
O

where & is the tangential stress at node i in the j-th stress subregion, o, is the stress
threshold corresponding to the peak positive or negative stress occurring in the j-th stress
subregion, c is an arbitrary characteristic length, and s is a step size scaling factor. Due to the
selection of the stress threshold, in all cases we are only removing material, so the optimal
shape will encompass the initial starting shape, which is advantageous in the context of
shape reworking of an existing airframe component.

In general, for realistic multi-peak problems subject to geometric constraints, the final
optimal shape will have some dependence on the size and the aspect ratio of the initial shape
and the prevailing geometric constraints. This issue is discussed in more detail in the
numerical examples.

2.2 Convergence checks and evaluation of solution quality

The process described above is repeated until the stresses in each subregion converge to a
reduced constant value, to within some prescribed tolerance, over the maximum possible
length of arc (maximising the length of the constant stress region is well known as leading to
local stress minimisation (Neuber 1972)). For typical complex constrained problems, each
segment converges to a flat-topped region of constant stress of different magnitude to give
the best overall solution. There are usually no distinct flat-topped stress regions present
initially, but these soon develop as the solution converges towards the optimal shape. The
length of each such zone of uniform stress, where the stress is within some nominal
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percentage of the peak value in the j-th stress subregion (1% was used for the work
presented here), is denoted by {u j}r;:l (see Figure 2 for a typical case with n = 4). The quality
of the solution is assessed at each step by computing the length of each of these zones, from
which

ﬂT:Zﬂj (0< 1, <1) @)

can be determined. Here 4; represents the total combined length of the constant stress
zones around the entire boundary of the hole. The parameter (/; is equivalent to the
quantitative coefficient of efficiency first proposed by Durelli, Brown and Yee (1978). As the
solution shape approaches optimality and the stress peaks are reduced, the individual
lengths of these flat-topped stress zones progressively increase. When the optimal solution
has been obtained, it is found that /4 has reached a maximum for the problem under
consideration and the magnitude of the peak stress in each stress subregion has been
minimised. In the limiting case, where there are no geometric constraints invoked, it is
expected that the condition of £4; =1 will be obtained. The range and standard deviation of
the stresses in the flat-topped stress zones are also computed, and they are used in the
assessment of solution optimality, wherein small values of these parameters are indicative of
a high-quality converged optimal solution.

2.3 FEA code used and element types

All of the FEA work described in this paper was performed on a Hewlett-Packard K260
Series 9000 computer and utilised the commercially available PAFEC FE Level 8.5 FEA code.
This code has also been used in prior shape optimisation work. The PUPPIES utility program
was used for extracting stress data from the PAFEC binary output files. All the 2D FEA
meshes consisted of 8-noded quadrilateral isoparametric elements and linear elastic plane
stress conditions were assumed. The 3D FEA meshes utilised 20-noded isoparametric solid
elements. The material properties used were typical of those for an aluminium alloy, with
Young's modulus E = 73 GPa and Poisson's ratio v = 0.32.

24 Automated mesh updating normal to stress concentrator boundary

When the shape changes as a result of material removal, the finite element mesh must be
adjusted in order to avoid mesh distortion. The approach that has been used in conjunction
with the PAFEC FE code is explained below.

By using a valuable and convenient automatic mesh generation feature that is available
within PAFEC, which is called PAFBLOCKS, only the nodal movements at the stress
concentrator boundary need to be specified. For two-dimensional FEA, the mesh generation
blocks are usually four-sided subregions of the FEA model consisting of a number of plate
elements. Figure 3a shows the general idealised layout of an FEA mesh that makes use of g
mesh generation blocks, {Bi }?zl. Figure 3b shows a detail view of two such mesh generation
blocks, which are labelled as B; and B.. Using two parameters, N; and N, each mesh
generation block can be subdivided into a number of smaller elements in the spanwise and
chordwise directions as shown in the diagram. The parameters N1 and N> define how many
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elements are to be created within each mesh generation block, as well as the spacing of those
elements. In order for proportionately sized internal elements to be created, only the
locations of the corner nodes and the number of elements along the sides of the blocks need
to be specified. The thick dotted line in Figure 3b denotes the moving boundary during the
shape optimisation, while the edges of the elements within each mesh generation block are
denoted by the thin dotted lines. For each mesh generation block, the edge of the block that
lies directly opposite to the moving boundary remains fixed, with the thick solid line
denoting the fixed boundary.

Within the PAFEC code, the edges of each mesh generation block are defined by two corner
nodes and a midside node in such a way that these three nodes lie on a circular arc or a
straight line segment. The former applies for the initial FEA mesh for a model of a circular
hole. These multiple circular arcs are used by PAFEC for the generation of intermediate
nodes. At every iteration during the shape optimisation, the nodes on the free boundary that
define the edges of each of the mesh generation blocks are completely free to move to any
location in accordance with Equation (1). The internal elements within each of the mesh
generation blocks simply shrink or grow in proportion to this nodal movement. Consider the
case where there are 1 element corner nodes arbitrarily spaced along a typical side of a mesh
generation block that consists of a straight edge. At the m-th iteration, the coordinates (X;,
y;) of the j-th node are as shown in Figure 3. If the predicted movement of the boundary
node (X, Y;) is denoted by d, = (AX;,AY,), then the new coordinates of the g element corner
nodes at iteration m+1 can be computed using

X" —x"

+1 _ ] q
X[ =X+ A —le - x;“j (3)

N y! =Yg
yi =yl + Ay ﬁj 4)

1 q

The automated remeshing of elements by the PAFBLOCKS helps to maintain mesh integrity
by avoiding mesh distortion, something that can cause significant problems for other FEA-
based shape optimisation programs. To some extent, the selection of the number of segments
to be used to subdivide and model the moving boundary is arbitrary. However, if there are
not enough segments then this will be readily apparent in the solution stresses, which will
not be uniform along the boundary of the hole as required for a true optimal solution.

2.5 Complex geometric constraints

The optimisation procedure implemented here has provision for enforcing geometric
constraints on the boundary of the hole as it evolves during the shape optimisation process.
The two types of constraints that the hole is not permitted to violate can include a minimum
radius of curvature constraint and an arbitrary multi-sided polygonal constraint boundary.
These constraints can be applied individually or together, as determined by the user, to suit
the requirements of the problem under consideration.
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During the shape optimisation process, a new set of node locations is computed at every
iteration, thus defining a new boundary for immediate potential use. The radius of curvature
is calculated at each nodal point around this new hole boundary using a three-point circle
curve fit, which also conveniently handles straight-line segments that may often be present.
Each of the new node locations is also checked to see if it lies within the polygonal boundary
constraint. This is done using an algorithm proposed by Morris (1993), which can determine
whether a point lies within a polygon. If either of these two constraints is violated, then the
last calculated normal displacement of each offending node is repetitively halved, until
neither constraint is violated anywhere around the boundary. Although simple in its
approach, this algorithm works well in practice, maintaining a smooth hole boundary. It
should be noted that many problems do not require the use of a multi-sided polygonal
bounding box constraint.

2.6 Automated mesh updating tangential to stress concentrator boundary

As the shape changes because of material removal, the tangential spacing of the elements
around the stress concentrator boundary must often be adjusted to avoid mesh distortion.
The approach that has been used is explained below.

At each iteration, once a valid hole boundary that does not violate the geometric constraints
has been determined, a parametric interpolant consisting of a spline under tension is fitted to
the new node coordinates on the boundary. For small tension factors the spline under
tension resembles a cubic spline, while for large tension factors it resembles a piecewise
linear interpolant. The theoretical development of a spline under tension is given by Cline
(1974a), and the source code to the FORTRAN subroutines is provided by Cline (1974b).
Note that electronic copies of the subroutines were obtained from the FITPACK library of
FORTRAN subroutines available from the publicly accessible NETLIB software repository,
which is described by Dongarra and Grosse (1987).

Its smoothness and ability to accurately reflect local behaviours make the spline under
tension an excellent candidate for accurately representing the 2D free-form boundary curve
at each step of the optimisation. The spline is fitted through a sequence of k points
(commonly known as knots), {(Xi Y )}:(:1, corresponding to each of the nodes around the hole
boundary, and a mapping of points in the interval [0, 1] onto a curve in the plane can be
performed. The use of both open and closed parametric curves is fully supported, and a zero
tension factor was utilised for the interpolation. The ability to accurately interpolate a closed
curve is important for conducting shape optimisation of holes in complex structural
geometries and loadings where conditions of symmetry cannot be used to advantage,
necessitating the use of a full FEA model.

As implemented in the multi-peak shape optimisation method, the parametric spline curve-
fit allows the nodes along the boundary to be automatically redistributed, and it is well
suited to handling the large number of nodal boundary points that typically feature in
applications of gradientless shape optimisation methods. The parametric curve-fit enables
any predefined mesh spacing to be retained throughout the optimisation, and it is often
convenient to choose to maintain the mesh spacing that was used for the initial shape. The
application of this node redistribution strategy at every iteration circumvents problems with
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mesh distortion, which would otherwise require cumbersome and time-consuming manual
intervention to carry out remeshing one or more times before the optimal shape is obtained.
Significant mesh distortion is an area of considerable concern in other shape optimisation
codes. It becomes a major issue when it is necessary to compute optimal shapes that contain
sharp corners, to the extent that most codes simply fail to converge to a sharp-corner optimal
shape. The use of parametric spline curve-fits and the redistribution of the nodes around the
boundary work well in tandem to prevent mesh distortion from arising in such instances.

By coupling the node redistribution algorithm with the element generation capability
provided by the PAFBLOCKS feature of the PAFEC FE code, an automated remeshing
capability that is both elegant and adaptable is embodied in the multi-peak shape
optimisation code. This allows smooth as well as sharp-cornered optimal shapes to be easily
and reliably obtained for a wide range of typical problems, particularly those that involve
very large shape changes between the initial and the final optimal shapes. There is minimal
computational overhead, and the method copes easily with the enforcement of minimum
radius of curvature and arbitrary polygonal geometric constraints.

It is important to note that the use of the splines does not change the optimal shape. The
shape depends simply on the predicted movements, the minimum radius of curvature
constraints, and any multi-sided polygonal bounding box constraints (if activated).

3. Comparison with idealised solutions

To evaluate the performance of the multi-peak shape optimisation method in determining
the shapes of optimal holes, we considered some classic cases of holes of various aspect
ratios in plates under uniaxial and reversed biaxial loading. The results of the multi-peak
method for these highly-idealised problems were compared to the limited solutions that
were available in the literature. Although they have limited practical applicability for
complex structures and loadings, it is nevertheless instructive to consider them as
benchmark cases. The general notation and geometry for a central hole in a biaxially-loaded
plate is shown in Figure 4, where the plate width is W and the plate height is H. Here the
initial central hole is depicted as an ellipse whose semi-major axis is # and semi-minor axis is
w, representing a hole of aspect ratio h:w. The dimensions of the plate were chosen to be
relatively large in comparison to the hole size in order to reduce the effects of finite plate size
on the results (W/w =10, and H/h = 5 when h:w = 2 or H/h = 10 when h:w = 1), therefore
allowing better comparison with infinite plate solutions where available. S; and S, are the
uniform in-plane remote stresses applied to the plate in the x- and y-directions, respectively.
Figure 5 shows the local detail of the Y4-symmetry FEA mesh for a typical optimal shape.

3.1 Central hole in 2D plate under uniaxial loading

Multi-peak and single-peak shape optimisations were performed for the case of uniaxial
tensile loading in the y-direction (i.e. S>> 0, S1 = 0) and hole aspect ratios of h:w = 1:1 and 2:1.
In the FEA, a uniform uniaxial in-plane tension load S> = 100 MPa was applied to the plate.
Values of ¢ = h = 100 mm and s = 0.005 were used for the optimisation in accordance with
Equation (1). Table 1 includes the results of analyses of two distinct aspect ratio cases that
were studied to provide data for typical minimum radii of curvature that are of practical
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interest. The minimum radius of curvature pumi» was constrained to pu»/ur = 0.02 and 0.04,
where ur is the total circumference around the hole. There are n = 4 stress peaks around the
hole boundary, denoted by stress concentration factors {Ktj}‘}:l, and due to symmetry we
have that Kn = Ki and Kp = Ku. Also given in Table 1 is the normalised length {yj}‘}:l of
each distinct flat-topped stress zone where the stress lies within 1% of the peak value,
together with the total normalised length £; of the hole boundary meeting this criterion.

3.1.1 Discussion of 1:1 aspect ratio case

For puin/ur = 0.02, the value of the peak tensile K; obtained for this case using the multi-peak
method (Kn = 2.193) is negligibly higher (0.14%) than that obtained using the single-peak
method (Kn = 2.190). However, the multi-peak method was able to significantly reduce the
size of the compressive stress peak relative to the reduction produced by the single-peak
method. We note also that Kn and Ky decrease as pmin/ur decreases, and that puin/ur = 0.02
represents only a relatively moderate minimum radius of curvature. Correspondingly, as
pmin/ ur decreases, the lengths of the flat-topped stress zones increase quite considerably,
with the largest gains being consistently achieved by the multi-peak method. This indicates
that the optimality of the solution achieved by the multi-peak method is better than that
produced by the more limited single-peak approach.

It is a general feature of optimal shapes that the reduction in the values of the peak stresses
that can be achieved becomes less as the allowable minimum radius of curvature increases.
This also brings about a reduction in the total length of the constant-stress regions, indicating
that the solution will not be as optimal as one with a tighter minimum radius of curvature.

Table 2 presents the transferable Yi-symmetric normalised coordinates (x/w, y/w) for
optimal hole shapes for two representative cases with aspect ratio h:w = 1:1. The shapes for
minimum radius of curvature constraints of pui»/w = 0.150 and pmin/w = 0.286 are provided.

A number of other researchers have also attempted to determine the optimal shape of a hole
of 1:1 aspect ratio in a uniaxially-loaded plate, and their results are presented in Table 1.
Durelli and Rajaiah (1979, 1980, 1981) used a two-dimensional photoelastic shape
optimisation technique to determine a solution to this problem. They placed particular
emphasis on obtaining a uniform stress distribution around the discontinuity even in the
presence of reversal of stress around the hole, an approach that is conceptually similar to the
present multi-peak shape optimisation method that is implemented here. By conducting the
optimisation for both the tensile and the compressive segments around the hole boundary,
the optimal shape that they obtained was that of a quasi-square hole (i.e. a square hole with
rounded corners). Their optimal shape produced a peak tensile K; = 2.54 and a peak
compressive K; = —0.87 (for W/w = 7.1), and the tangential stresses tended to remain uniform
along large portions of both the tensile and compressive segments around the edge of the
hole.

The optimal shapes for some solutions are compared in Figure 6a, which also gives the
starting location for the measurement of the arc length u around the hole boundary. For the
single-peak optimal shape, note that the vertical extent of the shape was constrained during
the optimisation process so as not to exceed that which had been defined by the multi-peak
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optimal shape that had been computed first. This was done to ensure that the aspect ratios of
the single-peak and multi-peak shapes were identical to allow comparison of their resultant
K; values. The corresponding K; distributions are shown in Figure 6b, together with the
results obtained by Durelli and Rajaiah (1981) that have a peak tensile K; = 2.54. However, as
indicated by an FEA of the optimal shape of Durelli and Rajaiah (1981) that was carried out
by Schnack (1983), the photoelastic technique appears to have difficulty resolving small
stress variations. Schnack determined an optimum minimised peak tensile K; = 2.33, which is
still higher than that achieved by the present multi-peak method (K: = 2.19), even though the
minimum radius of curvature associated with Schnack’s solution was much smaller.
Furthermore, the length of the boundary region over which the stresses are uniform was also
significantly less than that obtained using the present multi-peak method ( £; = 0.55 versus
M1 =0.90).

Looking further at the optimal shapes presented in Figure 6a, yet another feature is that, in
the central portion of the constant-stress region corresponding to an optimised stress peak,
the edges of the boundaries have a large radius of curvature, often tending towards being a
straight line. It is also interesting to note that the sides are convex or concave depending on
the sign of the tangential stress, the latter being obtained when the multi-peak method is
used. However, it should be noted that the allowable minimum radius of curvature must be
sufficiently small to enable convex sides to form.

Looking further at the K; distributions shown in Figure 6b, it is evident that along the hole
boundary there is a very rapid step-like change from a region of uniform positive tangential
stress to one of negative tangential stress, and vice versa. This rate of change of stress is
much greater than that which occurs for the initial unoptimised shape (in this case a circular
hole). It should be noted that the width of the transition region going from positive to
negative stress increases with increasing minimum radius of curvature, puin. As the value of
the minimum radius of curvature constraint is increased, the corners that are present in the
plot of K; versus & will become more rounded, and the maximum value of the rate of
change of K; in the transition region will decrease.

In other work, Rajaiah and Naik (1983) presented an analytical expression for computing the
tangential stress around the boundary of a quasi-square or quasi-rectangular hole in an
infinite biaxially-loaded plate. Their solution made use of conformal transformation and an
analytical expression to define the parametric shape of the quasi-square hole that had
rounded corners and sides. This allowed the peak K: value to be computed for a range of
geometries in order to determine the minimum peak K; and the corresponding hole shape.
For their optimum quasi-square hole solution, corresponding to pwin/ur = 0.074, they
obtained a peak tensile K; = 2.469 and a peak compressive K; = —0.911. However, with a very
low value of i =0.158, they were unable to reproduce the same degree of stress uniformity
obtained by Durelli and Rajaiah (1980), whose optimal shape had £y = 0.655. This indicates
that the analytical solution proposed by Rajaiah and Naik (1983) is somewhat suboptimal
and can therefore be improved upon. In comparison, the optimal shape computed by
Schnack (1983) had u; = 0.552, which is comparatively much closer to that obtained by
Durelli and Rajaiah (1980).
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The results obtained by Rajaiah and Naik (1983) have been checked during the current study
using a finite element model to compute the tangential stress around the boundary of the
quasi-square hole in a large plate of finite width and height (H/h = W/w = 10). The overall
distribution of tangential stress was very similar to that obtained by Rajaiah and Naik (1983),
with the present FEA estimating a peak tensile K; = 2.54 and peak compressive K; = -0.97,
which are 2.8% and 6.6% higher than their published results. In comparison, a circular hole
in our particular finite plate has a peak tensile K; = 3.09 and peak compressive K; = -1.07,
which are 3.0% and 7.0% higher than the exact analytical results for a circular hole in an
infinite plate. Once these intrinsic differences between the infinite-plate and finite-plate
solutions have been taken into account, it can be concluded that the solution offered by
Rajaiah and Naik (1983) is actually in very good agreement with that obtained by FEA.

Dhir (1981) also analysed this case by minimising an integral involving the stresses around
the hole boundary, obtaining an optimal shape with a peak tensile K; = 2.47 and a peak
compressive K; = —0.92. This solution corresponded to a value of puin/ur =~ 0.15 (determined
by scaling from the given plot of the optimal shape), which is a relatively large minimum
radius of curvature. The optimal shape was of 1:1 aspect ratio and had rounded corners and
sides, and it was very similar to the shape obtained by Rajaiah and Naik (1983). Dhir (1981)
noted that his proposed shape optimisation method leads to a relatively constant boundary
stress distribution with attenuated peaks. From the stress plot that was provided, this indeed
appeared to be the case, but the lengths of what might be assessed as being constant-stress
zones were also quite short, indicating that the proposed solution was still in fact
suboptimal. Note that the peak tensile K; value in the solution obtained by Dhir (1981) is
effectively identical to that obtained by Rajaiah and Naik (1983) for puix/ur = 0.074, and the
peak compressive K; is also in very close agreement.

Inspection of the results for uniaxial loading presented in Table 1 indicates that the multi-
peak method produces optimal shapes that have superior stress concentration reducing
properties. For the hole of nominal 1:1 aspect ratio and pmi»/ur = 0.02, a peak tensile K; = 2.19
and peak compressive K; = —0.83 were obtained. The fact that £ = 0.900 indicates that a
highly optimal solution has been achieved by the present multi-peak method, and it is noted
that the tensile constant-stress zone was moderately shorter than the compressive constant-
stress zone. Although the single-peak shape optimisation for this case produced effectively
the same peak tensile K;, the peak compressive K; = —0.89 was about 7.5% higher.

3.1.2 Discussion of 2:1 aspect ratio case

For the case of a hole of nominal 2:1 aspect ratio, which has a lower stress concentration
effect than a 1:1 hole, the multi-peak method produced optimal shapes that had lower peak
stresses than the shape proposed by Rajaiah and Naik (1983). The multi-peak results were
also better than those offered by the single-peak method, both in terms of reducing the
magnitude of the peak compressive stress and the total extent of the zones of uniform stress.

All the analyses that were undertaken indicate that the “optimal” hole shapes depend on the
aspect ratio of the initial starting shape. The numerically determined optimal shapes
effectively have the same aspect ratio as the starting shape, but they have increased area and
reduced stress. Overall, inspection of the results in Table 1 shows that, for any given hole
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aspect ratio and loading case, as pmin/ur — 0 then fi; — 1. The only points on the boundary
that are not in a constant stress zone are those that have locally invoked the pui» constraint.
As expected, increasing the aspect ratio of the hole provides progressively lower values of
the peak stresses.

Table 2 also presents the transferable Y4-symmetric normalised coordinates (x/w, y/w) for
optimal hole shapes for two representative cases with aspect ratio h:w ~ 2:1. The shapes
corresponding to minimum radius of curvature constraints of puin/w = 0.218 and 0.422 are
provided.

3.2 Central hole in 2D plate under reversed biaxial loading

Two different cases involving a hole in a plate under reversed biaxial remote loading were
also investigated. The first considers holes with a 1:1 aspect ratio under loading conditions
where the biaxial loading is of equal and opposite sign, S2:S51 = 1:=1. The second looks at
holes with 2:1 and 1.329:1 aspect ratios under loading conditions where the biaxial loading is
of 52:51 =1.377:-1.

Table 3 shows the results obtained using the multi-peak method for a hole of 1:1 aspect ratio
(in a plate of W/w = 10) where the large plate is loaded remotely by the reversed biaxial
loading 52:51 = 1:-1. A variety of normalised minimum radius of curvature constraints were
considered in the range 0 < puin/w < 0.500. Table 4 shows the results for the optimised
benchmark problems that involved a reversed biaxial loading of S,:51 = 1.377:~1, which were
conducted for holes with aspect ratios h/w =1, 1.329, and 2. For optimised holes with aspect
ratio h/w = 2, minimum radius of curvature constraints of pumin/w = 0.222 and 0.430 were
used. For the optimised holes with aspect ratio i/w = 1.329, minimum radius of curvature
constraints of puin/w = 0.100 and 0.174 were used. For the optimised hole with aspect ratio
h/w =1, a minimum radius of curvature constraint of p,.ix/w = 0.100 was used.

3.2.1 Discussion of S2:S1 = 1:-1 loading case

Figure 7a presents the optimal shapes for the multi-peak solutions for pui»/ur = 0 and 0.02,
and compares them against the double barrel hole (with W/w = 6.13) that Durelli and
Rajaiah (1981) thought would be close to the optimal shape, as well as the initial circular
hole. It also gives the starting location for measurement of the arc length u around the hole
boundary. The corresponding K; distributions are shown in Figure 7b, where the rounded
peaks of the double barrel hole are clearly contrasted against the flat-topped zones produced
by the multi-peak method. The peak K: = 2.84 for puix/ur = 0 is considerably lower than the
peak K; = 3.58 for the double barrel hole. These two features clearly indicate that the double
barrel hole is not an optimal solution for this load case. The shape of the suboptimal double
barrel hole lies between that of the circular hole and the multi-peak optimal shapes. Its
higher stress concentration is caused by the use of a relatively large value of minimum
radius of curvature, with pui» = 0.23w in the corners, corresponding to pmin/ur = 0.068.

It is noted that puin/ur = 0 corresponds to a solution with sharp corners, and this particular
case is important as it represents the best possible optimal solution that can be achieved for
this geometry and loading condition. It therefore serves as a baseline against which solutions
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for other puix/ur values can be compared, even though it may be only of academic interest
because of its sensitivity to changes in load orientation. In agreement with an observation
reported by Durelli and Rajaiah (1979, 1980), we note here that, if sharp corners are allowed
to occur in optimised shapes, they produce zero stress at the corner locations (i.e. the
distribution of tangential stress around the hole boundary does not have any singularities,
contrary to many an engineer’s intuition). The puin/ur = 0 case is also a stringent test case for
the DSTO shape optimisation program, as a sharp reentrant corner must be created and
managed in order to obtain a solution. The sharp-cornered shape that has developed during
the optimisation of the hole for the puin/ur = 0 case indicates that the program is able to
handle cases such as this.

Looking further at the K; distributions shown in Figure 7b, the very rapid transitions
between the positive and negative regions of tangential stress are evident for the optimal
shapes, just as they were in Figure 6b. In the limit, a step change is produced when the
corner radius is permitted to go to zero, which corresponds to the case where puin/ur = 0. A
zoomed-in view of one of the corner regions in the K; distribution is provided in order to see
this characteristic behaviour more clearly.

Using an approximate analytical solution for pui»/ur = 0, Vigdergauz and Cherkayev (1986)
have tabulated infinite-plate optimal K; values for a small number of ratios of reversed
biaxial loading -S>/ S1 between 0 and 1. In their solution, the absolute value of K; is constant
around the entire hole boundary. Their results are plotted in Figure 8. There the optimal
shape for the case —S»/S1 = 0.866 corresponds to a hole of aspect ratio h/w = 1.47, and the
aspect ratio increases as —S1/S2 — 0. Note that there is a step-like change in K; near -5,/ 51 =
0.3, which is not understood. Nevertheless, keeping this discrepancy in mind, our results
were still compared to those obtained by Vigdergauz and Cherkayev (1986).

For the case where S5; = -5;, Vigdergauz and Cherkayev (1986) obtained a solution with | K; |
= 2.732. Although they did not provide a plot of the optimal shape, which has a 1:1 aspect
ratio, they did mention that it differs from a square only in that small segments of the
rectilinear boundary adjacent to each corner have become rounded. Application of the
present free-form multi-peak optimisation method for pmin/ur = 0 produced an optimal
finite-plate solution with |K;| = 2.844, which is only 4.1% higher than their infinite-plate
solution. Importantly, the stresses produced by the multi-peak method were uniform around
the entire hole boundary (£ = 1), indicating that a fully optimal shape had indeed been
achieved.

For the case where S; = —S;, with puin/ur = 0.04, the multi-peak method has an optimal
tensile K; = 3.021 and compressive K; = —=3.019. This result is in quite close agreement with
Rajaiah and Naik (1983), who obtained |K;| = 3.074 for a slightly larger minimum radius of
curvature puin/ ur = 0.047. For this same loading case, Dhir (1981) obtained |K;| = 3.07 for an
infinite-plate solution that produced a square-like (double barrel shape) with rounded
corners (with unknown puin/ ut). For pmin/ur = 0.02, the present multi-peak method produced
an even greater reduction in peak stress, with an optimal tensile K; = 2.942 and compressive
Ki = —2.940. This result is only about 3.4% higher than for the sharp-corner optimal shape
with pyin/ur = 0.

12
UNCLASSIFIED



UNCLASSIFIED
DSTO-RR-0412

Table 5 presents the transferable Yi-symmetric normalised coordinates (x/w, y/w) for
optimal hole shapes for three representative cases with aspect ratio h:w = 1:1. The shapes are
provided for cases with minimum radius of curvature constraints of puin/w = 0, 0.150 and
0.286.

3.2.2 Discussion of S2:S1 = 1.377:-1 loading case

Looking at the results presented in Table 4 for the reversed biaxial loading of S2:51 = 1.377:-1,
it is noted that the peak stress is compressive for hole aspect ratios h/w = 1.329 and 2. For the
hole with h/w = 2, the multi-peak optimal shapes produced flat-topped peaks of K; = -3.020
and K: = +2.424 for puin/w = 0.111, and K: = -3.199 and K: = 2.465 for puin/w = 0.215. For the
hole with aspect ratio h/w = 1.329, the optimal shape produced flat-topped peaks with K; =
+2.561 and -2.560 for pui,/w = 0.087. It is interesting to note that the peak positive and
negative K; values were essentially the same in magnitude for this particular case.

In order to provide a point of comparison with shapes obtained using an alternative
approach, the method proposed by Rajaiah and Naik (1983) was implemented in a
FORTRAN program. Some of the numerical results that were produced are provided in
Table 4, where it is quite clear that the K; values that were obtained using Rajaiah and Naik’s
approach were generally greater than those produced by the multi-peak shape optimisation
method. This is as a result of the constraints on the possible shapes that were imposed by the
simple trigonometric functions used to define the behaviour of their assumed shape.

Table 6 presents the transferable Yi-symmetric normalised coordinates (x/w, y/w) for
optimal hole shapes for the two different hole aspect ratios that were analysed. For the
optimal holes with aspect ratio h:w = 2:1, the shapes for minimum radius of curvature
constraints of puin/w = 0.222 and 0.430 are provided. For the optimal holes with aspect ratio
h:w = 1.329:1, the shapes for pumin/w = 0.100 and = 0. 174 are provided.

4. Numerical examples for other 2D cases

In the prior section, the performance of the multi-peak shape optimisation method was
demonstrated by solving a number of idealised problems, some of which included a modest
geometric minimum radius of curvature constraint. We will now proceed to showcase the
capabilities of the multi-peak method when confronted with holes subject to progressively
more demanding geometric constraints. The examples analysed here are more typical of the
realistic practical problems that are often encountered in aircraft structures.

4.1 Large 2D plate with central hole near one edge

Figure 9a shows a hole located close to an edge in a large rectangular plate. A moderate
geometric constraint is active to prevent the edge of the hole from getting closer to the plate
edge during the optimisation. In this analysis, the height and width of the plate were H =
1000 mm and W = 600 mm, and the vertical constraint line was located at x = =50 mm. Three
initial elliptical hole geometries were studied, both with the centre of the ellipse located a
distance ¢ = 100 mm from the edge of the plate. The first was a 1:1 ellipse (a circular hole)
with i =100 mm and w = 100 mm. The second was a 2:1 ellipse with h = 200 mm and w = 100
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mm. The third was a 3:1 ellipse with i = 300 mm and w = 100 mm. The plate was subjected to
a uniaxial in-plane tension stress of S = 100 MPa applied to the plate edges at y = £500 mm.
A number of different cases of minimum radius of curvature were investigated for each
configuration, with typical values being pmin/ur = 0.02 and 0.04. Values of characteristic
length c = 100 mm and step size s = 0.004 were used for the optimisations in accordance with
Equation (1), and smooth convergence to an optimal shape was typically achieved after 70-
150 iterations. Figure 9b shows the local detail of the Y2-symmetry FEA mesh for a typical
optimal shape corresponding to a hole with py.in/ur = 0.02 and final aspect ratio 2.068:1.

Figure 10a shows a comparison of the shape of the initial 2:1 elliptical hole with that of the
optimal hole for cases with pmin/ur = 0.02 and 0.04, and it also gives the starting location for
the measurement of the arc length u around the hole boundary. Figure 10b shows the
corresponding variation of K; around the hole boundary for the initial elliptical hole and the
final free-form optimal holes. Between the four zero crossings, the initial 2:1 elliptical hole
has n = 4 major stress peaks, which from left to right are {Ktj}‘}:l = {3.089, -1.509,
2.325, —1.509}. The optimal shape reduces these peaks to flat-topped zones with values of
{Ktj }‘}:1 = {2.270, -1.011, 2.030, —1.011}, which are all uniform to within a tolerance of 0.0005.
This represents reductions in each of the respective peak stresses of 26.5%, 33.0%, 12.7% and
26.5%. The high degree of stress uniformity indicates excellent convergence in the optimal
solution, and 90% of the circumference has regions with uniform stress (£ = 0.900). The
aspect ratio of the optimal shape has increased only slightly from 2:1 to 2.068:1, although the
corresponding increase in the area of the hole is more significant. This type of behaviour is a
typical characteristic of the optimal shapes determined by multi-peak method. Note that for
this particular case the vertical constraint line at x = -50 mm was in force only at the single
point (x, y) = (=50, 0), although the shape approached this line quite closely for a large
proportion of the left hand edge of the hole. The optimal shape with a larger minimum
radius of curvature puin/ur = 0.04 produced flat-topped zones with values of {Ktj}‘}:l =
{2.319, —1.054, 2.066, —1.054}, which are slightly lower reductions in the peak stresses of
24.9%, 30.2%, 11.1% and 30.2% than before.

The overall set of results for optimal holes close to an edge of a plate is presented in Table 7,
which gives the values of {Ktj}‘}:1 and proportions {u j}‘}:l for each of the four optimised
regions with constant stress. For ease of comparison, K; values for the initial starting shapes
are also provided in the bottom part of this table. It is also seen that the aspect ratios of the
optimal shapes hardly change from that of the initial shapes, even though there are
substantial stress reductions; what changes is the area of the hole. As expected, for a given
hole aspect ratio and loading case, we find that as pui»/ur — 0 then g — 1. It is noted once
again that the only points on the boundary that are not in a constant stress zone are those
that have locally invoked the pyi» constraint (i.e. in the corner regions of the optimal shape
shown in Figure 10a).

Figure 11 shows the optimal shapes that were obtained using multi-peak shape optimisation
for a hole of aspect ratio h:w = 1:1 close to an edge (e/w = 2) in a uniaxially-loaded large
rectangular plate with minimum radius of curvature constraints p.i/w = 0.200 and 0.400.
Figure 12 shows the optimal shapes obtained from multi-peak shape optimisation for a hole
of aspect ratio h:w = 3:1 close to an edge (e/w = 2) in a uniaxially-loaded large rectangular
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plate for puin/w = 0.300 and 0.570. As expected for this uniaxial loading case, the amplitudes
of the peak K; values decrease with increasing hole aspect ratio h:w.

Three sets of transferable Y2-symmetric normalised coordinates (x/w, y/w) for optimal hole
shapes for the case of a hole close to an edge (¢/w = 2) in a uniaxially-loaded large plate have
been computed and are provided here. Table 8 presents the optimal shapes for a hole aspect
ratio of h:w =~ 1:1 and minimum radius of curvature constraints of pui»/w = 0.200 and 0.400.
Next, Table 9 presents the optimal shapes for a hole aspect ratio of h:w =~ 2:1 and minimum
radius of curvature constraints of pmin/w = 0.222 and 0.430. Finally, Table 10 presents the
optimal shapes for a hole aspect ratio of hiw = 3:1 and minimum radius of curvature
constraints of puix/w = 0.300 and 0.570.

4.2 Large 2D plate with inclined slotted hole constrained by inclined line

The general geometry of a centrally-located inclined slotted hole (a slot with semicircular
ends) in a large plate is depicted in Figure 13a, together with the constraint conditions. The
radius of each of the two semicircular ends is r, the distance between the centres of the two
semicircles is b, and the angle of inclination of the hole from the vertical is 6. For this
example, the slotted hole is inclined at an angle 6 = 16° to the vertical, and a fixed geometric
constraint line also inclined at 6 = 16° is included. The latter is considered to be a very
significant geometric constraint, as it applies over a large portion of the hole boundary. A
uniform uniaxial in-plane tension load S» = 100 MPa was applied to the plate in the y-
direction. When b/ = 0, the initial hole has a circular shape and the inclined constraint line is
tangent to this circle at one point on its circumference. A range of initial holes with values of
b/r =0, 2 and 4 were optimised with two different values of minimum radius of curvature
constraint, puin/ur = 0.02 and 0.04. These two values of puin/ur represent typical minimum
radii of curvature that are of practical interest when reworking cracked aircraft components.
The local detail of the FEA mesh for a typical optimal shape is shown in Figure 13b for the
case where b/r =2 and pyuin/ur = 0.02.

Table 11 presents the results of shape optimisations carried out using the above range of b/r
and puin/ ur values. There are n = 4 stress peaks around the hole boundary, denoted by stress
concentration factors {Ktj}‘}zl. The table also gives the normalised lengths {u j}‘}:l of each
distinct flat-topped stress zone where the stress is within 1% of the peak value in each
subregion, together with the total normalised length of the hole boundary meeting this
criterion. The K; values for the initial starting shapes are also provided for ease of
comparison. As in the previous example, the aspect ratios of the optimal shapes hardly
change from that of the initial shapes, even though there are substantial stress reductions;
what changes is the area of the hole. As expected, for a given hole aspect ratio and loading
case, we find that as pmin/ur — 0 then f; — 1. Because this case is more highly constrained
than the previous example, the values of fi; that are obtained are somewhat lower. It is
noted once again that the only points on the boundary that are not in a constant stress zone
are those that have locally invoked the pui» constraint or the inclined line constraint (as
shown in Figure 12).

When b/r = 2, the hole shape was representative of an F-111 fuel flow vent hole, which had
previously been the subject of single-peak shape optimisation (Heller et al. 1999), providing a
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useful point of comparison with the results from the present multi-peak method. Values of ¢
= 4r = 50 mm and s = 0.0045 were used for the optimisation in accordance with Equation (1).
The effects of these two types of constraints on the optimal shapes can be seen in Figure 14a,
which also shows the starting location for the measurement of the arc length u around the
hole boundary, at (x, y) = (bcos16°,bsin16°). The variation of the stress concentration factor
K: around the hole boundary as a function of normalised arc length £ for the initial slotted
hole and the final free-form optimal holes is shown in Figure 14b. Here we define K; = &' /S,
. Note that the hole boundary is convex in regions of compressive stress and concave where
the stresses are tensile. Between the n = 4 zero crossings there are the same number of major
stress peaks, which from left to right are {KUA}‘}:1 = {3.288, —1.045, 3.254, —1.051}. For the
optimal shape with puin/ur = 0.02, these peaks have been reduced to flat-topped zones with
values of {Ktj}‘}:1 = {2.558, —0.820, 1.847, —0.727}, which are uniform to within a tolerance of
0.001. This is a reduction in each of the respective peak stresses of 22.2%, 21.5%, 43.2% and
30.8%. The high degree of stress uniformity indicates excellent convergence in the optimal
solution, and 66 % of the circumference has regions of uniform stress ( £; = 0.661). Because of
the action of the constraint line, the extent of the uniform stress zone between
0.097 < ¢ <£0.190 (4,=0.093) is much less than that between 0.394 < 1 <0.716 (u; = 0.322).
Compared to a reduction of only 11% in the maximum absolute peak stress obtained using
the prior single-peak algorithm (Heller et al. 1999), the multi-peak method has produced a
much greater reduction of 23%.

5. Extension to 3D shape optimisation

The multi-peak shape optimisation method has also been applied to problems where the
nodal displacements are computed using the full 3D stress data around the boundary of the
hole. The particular implementation that has been chosen tackles ease of manufacturing
considerations by maintaining a constant profile for the hole through the thickness of the
structure. In this way, the shape optimisation is in fact quasi-3D in nature with respect to the
calculated geometry. We look at the stress variation through the thickness of the component
along lines of varying z for any given constant x and y at nodal points on the boundary of the
hole, taking into account the full 3D effects on the stress distribution. The maximum value of
the through-thickness stress is then used for each of the individual o, when the nodal
movement is calculated. Hence, Equation (1) is modified so that, at any angular position i
around the boundary corresponding to a stress zone j, we can calculate

j
Ot

_ i
0/~ 2L s, 1,2
o} =max(c}),) if 6! >0 or o} =min(c!,) if o' <0, k=1,2...p )
o) =max(c}) if o) >0 or o) =min(a})if ) <0
where ai‘:k is the stress at the k-th through-thickness location at the i-th angular position

around the stress concentrator, and p is the number of through-thickness nodal points (and p
is constant around the boundary of the stress concentrator).
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By making the in-plane x and y components of the computed nodal movement identical
along a through-thickness line passing through the node and parallel to the z-axis, the shape
can be manufactured using simple machining operations, as the profile remains the same
through the entire thickness of the component.

5.1 Central hole in thick 3D plate under uniaxial loading

In this example, we consider a centrally-located elliptical hole in a large plate of thickness ¢
subjected to a uniaxial in-plane loading. This is analogous to the hole in a 2D plate that was
analysed previously in Section 3.1. The geometry is the same as that shown in Figure 4, but
with the addition of the plate thickness parameter. In the FEA, the height and width of the
plate were H = 1000 mm and W = 1000 mm, and the plate thickness was t = 90 mm. Two
different hole aspect ratios were studied. The first corresponded to an initial circular hole
with h:w = 1:1 (h = w = 50 mm). The second corresponded to an initial elliptical hole with h:w
= 2:1 (h = 2w = 100 mm). The applied uniaxial stress was S» = 100 MPa for both cases. Values
of ¢ =100 mm and s = 0.005 were used for the shape optimisation. For the circular holes, the
imposed minimum radius of curvature constraints consisted of cases with puin/ur = 0.020,
0.040, and 0.084. For the elliptical holes, the imposed minimum radius of curvature
constraints consisted of cases with puin/ur = 0.020 and 0.040. Apart from the minimum radius
of curvature constraints, the shape was unconstrained during the optimisation process. The
effects of the finite plate size are expected to be small, as the dimensions of the plate are large
in comparison to the hole dimensions (H/h > 5).

Figure 15 shows the local detail of the ¥s-symmetry FEA mesh for a typical 2:1 optimal hole
with puin/ur = 0.020. Note that the mesh has been refined near the plate surface to improve
the accuracy of the stress calculations in this region (as the stress gradient is higher here than
at the midplane of the plate). Figure 16a shows a comparison of the shape of the initial 2:1
elliptical hole with the resulting optimal holes for pui/ur = 0.020 and 0.040. Although the
optimal holes are somewhat larger in area, they both retain an approximately 2:1 aspect
ratio. Figure 16b shows the variation of the peak through-thickness K; around the hole
boundary for the initial elliptical hole and the free-form optimal hole that was obtained for
Pmin/ ur = 0.020 and 0.040. Between the n = 4 zero crossings, the elliptical hole has four major
stress peaks, which from left to right are {Ktj }‘}':l = {1.941, -1.153, 1.941, —1.153}, and the peak
tensile stress concentration factor occurs at the two points located at (x, y, z) = (50, 0, 0) on
the midplane of the plate. For the optimal shape with puin/ur = 0.020, these stress peaks have
been reduced to flat-topped zones of constant stress with values of {K; }‘}:1 = {1.648, —0.802,
1.648, —0.802}, which are uniform to within a tolerance of 0.002. This corresponds to
reductions in the peak stresses of 15.1% for the tensile peaks, and 30.4% for the compressive
peaks. Just as in earlier examples, the high degree of stress uniformity that has been achieved
indicates excellent convergence in the optimal solution. The extents of the uniform regions of
tensile and compressive stress were {,uj}‘}:l = {0.363, 0.188, 0.263, 0.188}, with a combined
Mp =0.925.

Table 12 presents the results of the 3D multi-peak shape optimisation of the initial circular
holes for puin/ur = 0.020, 0.040, and 0.084, as well as the results for the initial 2:1 elliptical
holes for pui/ur = 0.02 and 0.04. For ease of comparison, K; values for the initial starting
shapes are also provided. It is evident that, where the aspect ratios of the optimal holes have
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increased from that of the starting configuration, the increase is negligible. It is also clear the
lowest peak stresses and greatest total length of uniform stress around the boundary are
obtained for the smaller value of puin/ur. As expected, the holes with larger aspect ratio
produce the lowest peak stresses. It is noted once again that the only points on the boundary
that are not in a constant stress zone (based on the maximum through-thickness stress at
each angular location on the hole boundary) are those that have locally invoked the puin
constraint (as shown in Figure 14).

Focussing now on the case involving the initial circular hole, which has n = 4 zero crossings
occurring between the four major stress peaks around its boundary, Table 12 lists the initial
stress peaks as being {Ktj}‘}:l = {3.074, —-1.118, 3.074, —1.118}. The resulting optimal hole for
this case with pun/ur = 0.020 was of approximately 1:1 aspect ratio, and it produced
reductions in the peak stresses of 26.8% for the tensile peaks (Kn = Kiz = 2.252) and 19.6% for
the compressive peaks (Ki = Kiu = —0.899). Once again, a high degree of stress uniformity in
the flat-topped zones was achieved, and 90% of the circumference of the optimal hole has
zones of uniform stress ( £; = 0.900). In comparison, the results for pui»/ur = 0.040 produced
peak values of tensile and compressive K; that were greater than for the pyix/ur = 0.020 case,
in this case by 2.8% and 0.7%, respectively. This was as expected, as was the fact that the total
length of the zones of uniform stress was also less, by 8.3% in this case. Similar trends were
also evident with the 2:1 holes.

The positive-K; value obtained for the 1:1 aspect ratio hole with puin/ur = 0.020 for the 3D
case presented in Table 12 is 2.7% higher than the corresponding 2D results presented in
Table 1. On the other hand, the positive-K; value obtained for the 2:1 aspect ratio hole with
Pmin/ur = 0.020 for the 3D case is 7.5% lower than the corresponding 2D results. A plot
comparing the 2D and 3D optimal shapes obtained for the 2:1 aspect ratio hole is presented
in Figure 17a. It is seen that the two shapes are very similar. A close-up view of the 2D and
3D shapes in the corner region is shown in Figure 17a, where it is apparent that the 2D shape
has removed a little more material. The comparison of the results obtained using 2D and 3D
plates shows that, in order to achieve the best possible results, it is important to account for
the 3D nature of the stress distribution at a stress concentrator boundary.

6. Guidelines for performing multi-peak shape
optimisation

Some important and useful guidelines are given below regarding the convergence of a
solution during multi-peak shape optimisation, and also the selection of a good initial
starting shape.

6.1 Monitoring solution convergence

From a detailed examination of the examples in Sections 4.1 and 4.2, it was found that
monitoring the individual lengths of the constant stress regions, as well as their total sum,
was very useful in determining the point at which no further iterations were required. For
example, two typical cases are given, the first in Figure 18 for a 2:1 hole close to an edge, and
the second in Figure 19 for a 2:1 hole geometrically constrained by an inclined line, both for
Pmin/ ur = 0.02. The graphs show that the length of each constant stress region increases
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steadily with increasing iteration number. Eventually a very distinct point is reached where
the individual lengths of the constant stress regions no longer increases. The graphs also
show the total combined normalised length of the constant stress zones around the entire
boundary of the hole, fi;, as computed from Equation (2). Once all the individual lengths of
the constant stress zones have become constant, ti; also plateaus. There is no significant
further improvement in the stresses for iterations beyond this point. Hence, final plateauing
of 4, is considered to be a good indicator of solution convergence. As expected, for
geometrically unconstrained holes for a given hole aspect ratio and loading case, we find that
as Pmin/ ur — 0 then ; — 1, and for puin/ur =0 then fi; =1. For constrained holes, the same
trend applies, but it is not possible to achieve the limit of f/; =1 even when ppuin/ur = 0.

For all cases that were investigated, it is noted that the only points on the boundary that were
not in a constant stress zone were those that had locally invoked geometric constraints
involving the pui» constraint or the inclined line constraint.

6.2 Selection of starting shape to obtain optimal shape

All the analyses undertaken thus far indicate that the “optimal” shapes are all dependent on
the aspect ratio of the initial starting shape. The numerically determined optimal shapes
effectively have the same aspect ratio as the starting shape, but they have increased area and
reduced stress. Hence, in practice, analysts should undertake numerical shape optimisation
using shapes with a few different aspect ratios, typically in the range 1:1 to 3:1, and then
select the solution that best suits their requirements. Note that increasing the aspect ratio
provides progressively lower peak stresses.

To efficiently determine an optimal shape with a minimum of iterations, it is desirable to: (i)
align the initial hole with the direction of the dominant loading, and (ii) use a smooth
starting shape (such as an ellipse). The present algorithm has been well validated to apply
for the case where the minimum radius of curvature of any point on the initial shape is
greater than the user-selected minimum radius of curvature constraint, pi». Hence, this fact
needs to be taken into account when selecting the initial starting shape.

6.3 Alignment of optimal shapes with bulk principal stress directions

As expected, the optimal shapes obtained here for reducing stress concentrations display the
characteristic feature that their boundaries tend to align themselves with the bulk principal
stress directions. This is certainly very evident for the optimal holes in the uniaxially-loaded
plates considered in this report, and it is the same for optimal fillets in tension and bending
(Waldman et al. 2001). Further examples of this characteristic can be found in the study of
structural loadflow around various optimal shapes (Waldman et al. 2002b). For the case of an
optimal elliptical hole in a biaxially-loaded plate, where the hole displays constant stress
around its entire boundary, the ratio of the minor and major axes of the ellipse is equal to the
ratio of the applied bulk principal stresses. It is also well known that the major axis of the
optimal ellipse will be aligned with the dominant bulk principal stress direction. These
optimality conditions related to an elliptical hole in a biaxial stress field were long ago
identified by Durelli and Murray (1943). Hence, when choosing an initial shape from which
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to start the optimisation process, it is useful to try and align the major axis of the shape with
the dominant bulk principal stress direction.

7. Modification of sharp-cornered optimal hole shapes to
improve robustness

Although optimal shapes with sharp corners are the theoretical ideal optimal solutions for
the loading conditions considered here, in practice it is usually desirable to modify these
shapes by removing the sharp re-entrant corners. This serves to enhance the robustness of
the designs under moderately different loadings or situations where loading misalignment
away from the design conditions can occur. An additional important benefit is that the
smoothed optimal shape will be easier to manufacture as it does not contain a re-entrant
corner. In prior work, the design of robust shapes has been accomplished by perturbing the
loads (Heller et al. 2009).

As an example, Figure 20 shows the normalised contours of maximum principal stress for a
typical ideal sharp-cornered optimal hole geometry taken from Burchill and Heller (2004b).
Looking at the bottom right corner of the hole, it is apparent that the material that is located
above and to the right of the sharp corner is very lowly stressed. A similar situation exists for
the other three corners as well. As a result, it is possible to remove this redundant material
without significantly increasing the value of the stress concentration factor relative to the
original sharp-cornered optimal design.

7.1 Method for adding an undercut to ideal optimal holes

One method of designing robust rounded shapes for both sharp-cornered ideal optimal fillet
shapes and optimal hole shapes is to create intentional undercuts in the re-entrant corner
regions of the optimal hole profile. Such an undercut is depicted by the curve between Points
A and B in Figure 21. This design approach is relatively easy to apply, and it also has the
benefit of removing a minimal amount of redundant material from the low-stressed region. It
is generally convenient to use a circular undercut, although other smooth shapes could also
feasibly be utilised in a similar manner. Note that the method that is being proposed here can
also be used with optimal fillets, which also feature sharp corners in their designs (see
Waldman, Heller and Chen 2001).

A schematic for a robust optimal hole design with a circular undercut is shown in Figure 22.
It is possible to calculate an estimate of the local radius of curvature of the original optimal
profile at what used to be the re-entrant corner (Point P;) simply by fitting a circle to the
three points P1, P>, and P;. A circular arc with this radius has then been used to create the
undercut. Here it is necessary to ensure that the circular undercut is positioned in such a way
that continuity of slope between the undercut and the original optimal profile is enforced at
Point P3, which is the transition point between the two curves. This requirement is readily
met by using the centre of the previously determined circle as the centre of the circular arc
undercut.

Consider a circle of radius r whose centre is located at point P. = (x., yc). The equation of this
circle is:
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(x — xc)z + (- yc)z =r? (6)

If P1 = (x1, y1), P2 = (x2, y2), and Ps = (x3, y3) are three points that lie on a circle, the radius, r,
and the coordinates of the centre of the circle, (x., yc), can be computed using the following
set of three equations:

x. = (ed—cf)/g @)
ye = (af —eb)/g @)
r= \/(xc - X3)2 + (yc - }’3)2 (9)

where

a=2(x; —x)

b =2(x3 —x3)
c=20,-y1)
d=2ys;—Y2)

.2 2 2 2
e=X"+tY" —x1" =)

f=x3%+ys? —x% = y,°
g =ad — bc
If the value of g is zero, then the three points are collinear and the equations given above no

longer apply.

The location of the point P = (x5, 5 in Figure 22, which is where the upper end of the circular
arc of the undercut meets with the flat boundary of the hole or fillet, can be computed as
follows:

Xf = X3 (10)
Vr=2Yc— Y3 (11)
The depth of the undercut is then given by:
Al =x,+1—x3 (12)
7.2 Example of an undercut optimal hole shape

The example optimal hole considered here is for the case of uniaxial loading (52:51 = 1:0) and
a single hole of aspect ratio w/h =1 (see Figure 4 for a schematic diagram of the geometry
and loading). The desired design half-length of the hole is # = 100 mm. The sharp-cornered
optimal profile has K; = 2.147, which is 29 per cent less than an equivalent circular hole in the
same finite plate. The last three points in the optimal hole profile leading up to and including
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the re-entrant corner are P1 = (x1, y1) = (98.089, 18.196), P> = (x2, y2) = (99.085, 19.024), and P5 =
(x3, y3) = (100, 19.996).

Using Equations (6)-(9), the equation of the circle passing through those three points is:
(x — 91.7067)2 + (y — 26.863)% = 10.78212
The depth of the resulting undercut is Al = 2.489 mm.

Finite element models of the two hole geometries were created and analysed, one with the
re-entrant corner and the other with the robust circular undercuts added. The chosen size of
the hole was 1/20 the size of the plate in order to minimise finite-width plate effects (see
Burchill and Heller, 2004b). The contours of maximum principal stress for the two
geometries are plotted in Figure 20 and Figure 23, and these correspond to an applied
uniaxial remote tensile stress of S1 = 100 MPa. The geometry with the undercut has a K; =
2.156, which is only 0.4 per cent greater than for the sharp-cornered optimal profile, thus
confirming the usefulness of this approach.

8. Conclusion

For the first time, a practical fully-automated shape optimisation capability has been
demonstrated for minimising multiple stress peaks in stress concentrators that are subject to
considerable geometric and minimum radius of curvature constraints. The FORTRAN 90
source code for the shape optimisation program is provided in Appendix A. The DSTO
multi-peak shape optimisation method represents a new standard in general-purpose shape
optimisation technology, computing shapes with superior stress reducing properties
compared to other methods. It is very useful for reducing stresses so as to help maximise the
fatigue life of a wide range of engineering structures with stress concentrations, with
particular applicability to free-form shape optimisation of both holes and fillets. Compared
to the single-peak method of shape optimisation, the multi-peak approach is able to reduce
the size of the any compressive stress peaks at the same time as it reduces the tensile stress
peaks. K: values and tables of transferable optimal shape coordinates are provided for
selected classic benchmarks and other cases of significance for holes of various aspect ratios
in large plates under uniaxial or biaxial remote loading. The new multi-peak method is
especially applicable to creating individual optimal shapes for the unique geometry and
loading cases that are typical of actual practical problems. It also embodies an easily-
computed parameter for evaluating the optimality of any proposed optimal shape. This
parameter consists of the summation of the lengths of the flat-topped stress zones that exist
around the perimeter of the stress concentrator whose boundary shape has been optimised.
The effectiveness of a method for modifying sharp-cornered optimal shapes to improve their
robustness, by introducing a circular undercut into their design, has also been demonstrated
and shown to be both simple and effective in its application.
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Table 1: Optimal K; values and proportions of the hole boundary with flat-topped stress distribution
for a large plate with a central hole subject to uniaxial remote loading (S2:S1 = 1:0).

4
Initial Optimal Kn Kp Hh M
Method min/ U min/ W Hj
e TPy Ky gy e &
D &R! 1.000 1.000 0.066 — 2542  -0.869 0.218 0.109 0.655
R & N2 — 1.000 0.074 0249 2468 -0912  0.050 0.029 0.158
Dhir? - 1.000 ~0.15 — 2470  -0.920 - - -
Schnack* 1.000 1.000 ~0 ~0 2326 -0.804 0.276 0.000 0.552

Single-peak  1.000  1.046  0.01999 0.148 2191 -0.890 0.263 0.050 0.625
Single-peak  1.000  1.020  0.04012 0.288 2260 -0.881  0.250 0.038 0.575

Multi-peak ~ 1.000  1.056 - 0100 2172 -0.837 0.275 0.188 0.925
Multi-peak ~ 1.000 1.046  0.02024 0.150 2193  -0.829  0.263 0.188 0.900
Multi-peak ~ 1.000  1.031 - 0200 2219 -0.833 0.263 0.175 0.875
Multi-peak  1.000  1.020  0.03982 0.286  2.259 -0.836  0.250 0.163 0.825
Multi-peak  1.000  1.019 — 0300 2265 -0.836  0.250 0.163 0.825
Multi-peak ~ 1.000  1.009 — 0.400 2320 -0.844 0.225 0.150 0.750
Multi-peak ~ 1.000  1.002 — 0500 2381 -0.857 0.213 0.125 0.675

R & N2 — 2.000 0.078 0387 1862 0954 0.125 0.000 0.250

Single-peak ~ 2.000  2.019 0.02011 0.218 1.782 -0.881  0.350 0.025 0.750
Single-peak ~ 2.000  2.000  0.04005 0422 1.816 -0.907 0.338 0.000 0.675

Multi-peak ~ 2.000  2.070 - 0100 1.761 -0.809  0.363 0.113 0.950
Multi-peak ~ 2.000  2.020 - 0.200 1.780 -0.837  0.363 0.100 0.925
Multi-peak ~ 2.000 2.019 0.02011 0218 1.782 -0.837  0.350 0.100 0.900
Multi-peak ~ 2.000  2.007 — 0300 1.798 -0.848  0.363 0.088 0.900
Multi-peak ~ 2.000  2.001 — 0.400 1.813 -0.863 0.338 0.075 0.825
Multi-peak ~ 2.000 2.001  0.04008 0422 1817 -0.867 0.338 0.075 0.825
Multi-peak ~ 2.000  2.000 — 0500 1.828 -0.885  0.338 0.063 0.800
1D & R = Durelli and Rajaiah (1981) 2R & N = Rajaiah and Naik (1983)
3 Dhir = Dhir (1981) 4 Schnack = Schnack (1983)
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Table 2: Coordinates of a Va-symmetric centrally-located optimal hole of different aspect ratios (h/w
~1.0 and h/w ~2.0) and a variety of normalised minimum radius of curvatures (Pmin/w)
in a uniaxially-loaded large plate (S2:S1 = 1:0) , optimised using multi-peak method.

1w =1.046 I/w=1.020 1w =2.019 1w = 2.001
pn1in/w = 0.150 pn1in/w = 0.286 pmln/w = 0.218 pn1in/w = 0.422
pmin/uT =0.02024 pmin/uT =(0.03982 pmin/uT =0.02011 pmin/uT = 0.04005
Ky=2.193 Ky =2.259 Ki=1.782 K:=1.817
x/w y/w x/w y/w x/w y/w x/w y/w

1.00000  0.00000 1.00000 0.00000  1.00000  0.00000 1.00000 0.00000
0.99971 0.04632  0.99969 0.04489  0.99976  0.06776  0.99975 0.06580
0.99884  0.09263  0.99877  0.08977  0.99902  0.13551 0.99898 0.13161
0.99739  0.13892  0.99723 0.13463 099780  0.20326  0.99771 0.19740
0.99534  0.18519  0.99507  0.17947  0.99608 0.27100  0.99592  0.26318
0.99270  0.23143  0.99227  0.22427  0.99387  0.33872  0.99361 0.32894
098945  0.27764  0.98882  0.26903 0.99115 0.40642  0.99077  0.39469
0.98558  0.32379  0.98470 0.31373 0.98792  0.47411 0.98739 0.46041
0.98106  0.36989  0.97990 0.35836  0.98417  0.54176  0.98348 0.52610
097588  0.41592  0.97438 0.40291 0.97989  0.60938  0.97900 0.59175
0.97001 0.46186  0.96811 0.44736  0.97506  0.67697  0.97395 0.65736
096342  0.50771 0.96106 0.49169  0.96968 0.74452  0.96831 0.72292
0.95606  0.55344  0.95317  0.53588 0.96372  0.81201 0.96207  0.78843
0.94790  0.59903  0.94438 0.57990 095716  0.87945  0.95519 0.85388
0.93886  0.64445  0.93460 0.62372 094999 094683  0.94765 0.91925
0.92888  0.68968  0.92374 0.66727 094217  1.01414  0.93942  0.98454
091783  0.73466  0.91165 0.71050  0.93367  1.08136  0.93045 1.04973
0.90562  0.77934  0.89815 0.75332  0.92446 1.14849  0.92072  1.11481
0.89201 0.82362  0.88295 0.79555 0.91449 1.21551 0.91015 1.17976
0.87680  0.86736  0.86558 0.83695 0.90371 1.28241 0.89870 1.24456
0.85954  0.91034  0.84573 0.87721 0.89204 1.34915  0.88626 1.30918
0.83946  0.95209  0.82034 0.91423 0.87943 1.41573  0.87275 1.37358
0.81577  0.99188  0.78947  0.94682  0.86575 1.48209  0.85802  1.43772
0.78106  1.02255  0.75388 0.97418 0.85091 1.54821 0.84194 1.50153
0.73865  1.04117  0.71445 0.99563 0.83468 1.61399  0.82418 1.56489
0.69258  1.04597  0.67214 1.01065 0.81693 1.67938  0.80452  1.62769
0.64701 1.03768  0.62801 1.01886  0.79709  1.74417  0.78217  1.68958
0.60086  1.03383  0.58314 1.02007  0.77504  1.80824  0.75644 1.75015
0.55484  1.02851 0.53828 1.01838 0.74861 1.87063  0.72477  1.80784
0.50875  1.02396  0.49344 1.01625 0.71730  1.93072  0.68453 1.85990
046263  1.01966  0.44862  1.01371 0.66905 197830  0.63669 1.90508
041647  1.01588  0.40380 1.01126  0.60853 2.00876  0.58240 1.94226
0.37027  1.01254  0.35897  1.00895 0.54158 201917  0.52299 1.97056
0.32405  1.00964  0.31413 1.00688 047389  2.01619  0.45991 1.98928
0.27780  1.00716  0.26928 1.00506  0.40623 2.01277  0.39469 1.99797
0.23153 1.00509  0.22441 1.00352  0.33857  2.00930  0.32893  2.00021
0.18524 1.00342  0.17954 1.00225 0.27088 2.00634  0.26314  2.00069
0.13894 1.00213  0.13466 1.00127  0.20318 2.00400  0.19735  2.00059
0.09263 1.00121 0.08978 1.00057  0.13546  2.00232  0.13156  2.00031
0.04632  1.00066  0.04489 1.00014  0.06773 2.00131 0.06578  2.00009
0.00000 1.00048  0.00000 1.00000  0.00000  2.00097  0.00000  2.00001
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Table 3: Optimal K; values and proportions of the hole boundary with flat-topped stress distribution
for a large plate with a central hole undergoing reversed biaxial remote loading of 52:51 =

1:~1.

Initial Optimal Kn Kp H Ha ;
I L S S éﬂj
V&Cl — 1.000 0.000 — 2732 2732 0.25 0.25" 1.00"
D & R? 1.000  1.000 0.068 — 3.584 3584 0.040  0.040 0.160
R & N3 — 1.000 0.046 0163 3.074 -3.074 0.077  0.077 0.308

Dhir4 — 1.000 — — 3.070 -3.070 — — —
Multi-peak ~ 1.000  1.000 0.000  0.000 2.844 2844 0250  0.250 1.000
Multi-peak ~ 1.000  1.000 — 0.100 2912 2910 0232  0.232 0.925
Multi-peak ~ 1.000  1.000  0.02043 0.150 2942 -2940 0225  0.225 0.900
Multi-peak ~ 1.000  1.000 — 0200 2965 2940 0225  0.225 0.900
Multi-peak ~ 1.000  1.000  0.04001 0286  3.021 -3.019 0213  0.213 0.850
Multi-peak ~ 1.000  1.000 — 0300 3.034 -3.032 0200  0.200 0.800
Multi-peak ~ 1.000  1.000 — 0400 3107 -3.105 0.188  0.188 0.750
Multi-peak ~ 1.000  1.000 — 0500 3187 3185 0175  0.175 0.700

1V & C = Vigdergauz and Cherkayev (1986) 2D & R = Durelli and Rajaiah (1981)
3R & N = Rajaiah and Naik (1983) ¢ Dhir = Dhir (1981)

" Estimated value, not precisely specified

Table 4: Optimal K; values and proportions of the hole boundary with flat-topped stress distribution
for a large plate with a central hole subject to reversed biaxial remote loading of S»:S1 =

1.377:-1.
4
Initial Optimal Kn Kp Hh Ha
Method min/ U min/ W Hj
i TP Ky ey ey

R & N! — 2.000 0.02764  0.308 2771 -2.867 0.013 0.012 0.050
Multi-peak  2.000 2.000 0.02002  0.222 2.424 -3.020 0.313 0.138 0.900
Multi-peak 2.000 2.000 0.03990 0.430 2.465 -3.199 0.300 0.113 0.825

R & N! — 1.329 0.05155  0.314 2.686 -2.671 0.017 0.021 0.076
Multi-peak 1.329 1.329 0.01149 0.100 2.525 —2.525 0.273 0.191 0.926
Multi-peak 1.329 1.329 0.02034 0.174 2.561 —2.560 0.272 0.179 0.902

R & N! — 1.000 0.05113  0.356 2.895 —2.442 0.040 0025 0.130
Multi-peak  1.000 1.000 0.01347  0.100 2.707 -2.329 0.212 0.225 0.874

1R & N = Rajai