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1. INTRODUCTION

In the standard bary numeration system, arbit integerN is uniquelyrepresented as the
sum of powers of 2. Specifically,

N = a,12" + a0 22" %+ ... +a2% + a2t + a2’

whereg; is either 0 or 1. As is commoN,can be represented asratuple of O's and 1's where
the position of théit determineshe power of 2nvolved. For example, in a 4-bit standard
binary numeration systen = 0101 = 5, since 5 is equivalent to22. Newman [13, p2422]
suggests that the Chinese used the binary numeration system around 3000 B.C..

Instead of powers of 2's, Fibonacci numbersre used, then an alternatameration
system (viz. Zeckendorf [14]pccurs inwhich an integer N may lave more than one
representative. That is, let

N = Adn-1 Fn+1+ an.ZFn + ... +a2F4 + alF3 + aOFZ ’ (1)

where F; is theith Fibonacci number. For example, 1000 = 0110 = 5 ilne Fbonacci
numeration system, where 5 is equivalenboth Fs andF, + F;. It is known (e.g. Brown [1])
that ann-tuple of 0’s and 1's is a unique representativdl dfevery pair of 1's iseparated by at
least one 0. Unddhis restriction, we view 1000 ake representative of 5 and 0110 as the
redundant representative. Brown [2] showed that if one represemtgeger by then-tuple with
themostl’s, then this representative is unique. In this case, we view 01h@ espresentative
of 5 and 1000 as the redundant representative.

Representations of this type have important advantages.example, in a CD-ROM,
three or more consecutive 1's cannotrél@bly read(Davies [4). Motivated by thisKlein[11]
investigated Fibonacci-likeepresentations of the form (1), whéfe= Fi., + Fim, fori > mtl,
andF; =i-1,for 1 <i <m+1. The casen= 2 corresponds to the Zeckendorf representation using
Fibonacci numbers.

Kautz [9] uses such representations in a ttatssmission system whellge receiver clock
is synchronized to the transmitter clock using only the data. Toward this end, lceds&gords
in which there are neither strings of 1's l@ngth greater tharm nor strings of 0’s of length
greater tham.

Dimitrov and Donevsky [5] showhat thenumber ofsteps required toultiply two n-bit
numbers represented in the Zeckendorf numeration system using Quadranacci numbers is less than
that required bywo numbersrepresented as standarddry numbers.Thatis, eventhough the
Zeckendorf representation requires more bits, its efficiency in the multiplication process more than
compensates for extra operations because of langed size. Indeed, the Zeckendorf
representation outperforms both standard binauitiplication and multiplication usinthe most
efficient multiplication algorithmfor n — o whenthe number of bits inthe standardinary
representation is 131 through 1200.



The question posed and answerethiapaperis: To what extent doesedundancyccur
in redundant numeratiosystems? The question has important consequencesbfiih the
efficiency of numberepresentations and th@ansmission oflata. Weanalyze redundancy in two
ways 1)thennumber of distinct representatimetuples for somgivenn, and 2) the proportion of
digits used in non-redundant representatives. Table 1 dhewsumeratiorsystems considered
and the corresponding recurrences, basis elements, and references.

TABLE 1 Selected numeration systems, recurrences, and basis elements

Name Recurrence Basis elements Reference
Standard binary Fi=2F. L2 2222 2P |17,812,13]
Zeckendorf Fi= Fii+Fi2 .21 13 85321 [1,2,3,14]
- - Fibonacci
Gen. Fibonacci Fi= Fi+Fo+ .. +F,

- - Tribonacci Fi= Fii+tF2+Fi; .44 24 13 7 4 2 1 [3,9]

- - Quadranacci FF=Fi1+Fo+F3+Fg 56 29 1584 21

Generalization F = F.i+ Fin

of Fibonacci Fi= Fi+Fis 13964321 [11]

Numbers Fi=F.i+F.4 .10 754321

m- ary Fi=mk.:-F.

Numbers Fi= F.i-Fo ..144 55 21 8 3 1 [11]
F=4.-F. .. 780 209 56 15 4 1

2. BINARY NUMERATION SYSTEMS
Consider a numeration system in which the basis elements aFq,(Es,,F.), where
Fi=F.a+Fa2+ ... +Fn,

fori >m+1, andF, = 22 for 1 <i < m+1, wherem = 2. Consider a representatinguple T =

(an-1, @2, ... ,a1, @), Wherea; 0 {0,1}. From [3, 6], if no more tham-1 consecutivey’s are

1, thenT is a unique representative of
n-1
N=% aF.,.

We can write the regular expression [10, pp. 617-623] for the allowed representatives as
R= A+1+22+23+ . +1™)(OA+1+12+ 213+ ... +1™Y)* . (2)
Here,a* = {\, a, aa, aaa... }, where) is theemptystring, andl' denotes consecutive 1's.

Thus, this expression represents the set of strings consisting of suldstgmgsng withi 1's, for
0<i < mil,followed by a sequence of substrings eacthefform 0, 01, 011, ...gnd 01"



From (2), we can derive a generating functifr,y,2 for thenumber of representatives and the

number of O’s and 1’s in these representatives.

Let

x track the number of bits,
y track the number of 0’s, and
ztrack the number of 1's.

Then, a typicaterm in the poweseries expansion ®(x,y,2) is Em,-x”yji for n =i +], wherey;
is the number of representating¢uples withi 0’s andj 1's. We can write

N(x y,)=(1+ xz+ & Z+.+ %* ’El)[

1

1- xy(1+ xz+ X 2+.4+ Xt ?1)

)

3)

where thefirst term representthe leftmost substringyhich can be nothing, 171... , or I,
while the second term represents the ways to choose 0,°01, 0&nd 0T*. We can rewrite (3)

as follows

N(x,y,2)=[

1-x"z"

1

1-xz

J o

1-x"z"
1-xz

From this, we can generate, for examfie, distribution of 16-tuples withl’s, for 0<i < 15, as

shown in

Fig. 1.

It is interesting thdte number of representativetuples increasesarkedly

fromm= 2 tom = 3, and, form = 7, the distribution is almo&inomial. The fact that it is not
exactly binomial can be seen by its asymmetry. Capocelli, Cerl®oumé&, and Hollaway [3]

derive an expression for the average proporteg,of bits that are yhenthe numbem of bits
In the Zeckendorf numeratg8ystem using Fibonacci numbers

is large.Table 2 shows this.

TABLE 2 [3,11] Average proportion of 1's in numeration systems with basis elements
Fi =Fi1+Fi>+ ... +Fin, when the number of bits is large

m

3

4

5

6

7

Prs

0.2764

0.3816

0.4337,

0.4621

0.478

2

0.48

/'S

0.49

29

0.5

DOO

(m = 2), theaverage proportion of 1's is ne25%. However, am increases from 2, this value
approaches 50%.

Klein [11] considers numeration systebased on the recurrence

fori>m+1,andF=i-1,forl<i <m+ 1, wherem= 2.

T = (@n1, a2, ... ,&, &), Wherea, [1{0,1}. From [6, Th. 1], it follows that, if every pair of 1's

Fi=F.i+ Fim,

Consider a representativéuple
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FIGURE 1. Distributions of 1's in 16-tuple Zeckendorf numeration systems

is separated by at leastl 0’s, thenT is a unique representative of

n-1
N:ZQFHZ.

Form = 2, this isthe Fibonacci numeration system in which tweo 1's are adjacent. A regular
expression for the allowed representatives is

R = 0*+(0 + 10™")*10*. (4)
The 1 in 10* represents theaghtmost 1 in a string containing at leaste 1. Inthis case, any
number of 0’s, as described @Y occurs to its right.q + 10™)* represents a string consisting of

a sequence of substrings of foem 0 and 10*. It follows from this constructiothateach pair
of 1's is separated by at leawstl O’s.

Consider a generating functid(x,y,2 to count the representativetuples and the 0's
and 1's in these representatives. From (4), we can write

N(XY,2) = (1xy0ye+...) + [(L+Hy+XTY ™ 2)+(xy+XTY™ 1 2)%+...) Xz (1+xy+CyP...)]. (5)



Here, (1&y+xy?+...) counts thavays tochoose no 0’s, one ®yo 0’s etc., while (xy+x"y™'2)
counts theways tochoose either a single 0 or ™) and xz counts the choice of a single 1.
Equivalent to (5) is the following

_ 1 Xz
2.

From this, we obtain the distribution of 16-tuples according to the number of 1's, as stogn in
It is interesting that, even for smaill the number of representatinduples is small compared
to the standard binary numeration system, shown here truncated to 1000 in order to display detail.
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FIGURE 2. Distributions of 1's in 16-tuple numeration systems whose basis elements are
generated by the recurrencd-;

=Fi1+ Fim

If we substitute 1 fory and z in (6), we achieve a generating functitor the number of
representative-tuples, as follows

N(x11) = — [1+ X }: 1-X
1-x 1-x-—x" (1—x

o= x= ) v



Specifically, &, thecoefficient ofx, in the powelrseries representation of (7),tiee number of
representativa-tuples. We can write (7) as

N(xLD)=—Im _+ (8)
X
1-—
a m
where... represents terms whose contributionéfo- is negligible,for largen, compared to the

1
(1-a,)(1+mop?)

circle of convergence oN(x,1,1). We are interested in thelue of ;- whenn is large, and so

we write
1 1Y
oo~ — 1, 9
: (1—am)(1+m”,;‘l)[am) ®)

term shown, andy_ = . Op Is the dominant root;i.e. thesingularity on the
m

. f
wheref, ~ g, meanslim— =
n- o gn

Consider now the proportion diits that are OGand 1 in the representatives counted by
& Substituting 1 foz in (6), yieldsN(x,y,1), agenerating function in which a typicedrm is
(o + & Y+ Enon VP + ... + &0 V)X, wheref,iis the number of representatiregupleswith
i 0’'s. DifferentiatingN(x,y,1), with respect toy and settingy = 1 yields agenerating function iR
in which a typicatterm is §nun + 260 + ... +néno)X" = = X", Dividing =, by &, yields the
average number of 0’s in representativieiples. Dividing this byn givesthe average proportion
Pysof bits that are 0. That is,

- ,_d (1=x")(x+(m=1) X)
Nos(X)= ;_nx" =gy N D

= s+, (10)
1 (1-x)(1-x-X")

where... represents terms whose contributionZpis negligible,for largen, compared to the
term shown. ButiNgs(X) can be expressed as

gn(1-a p)(1+(m-Ja T

)

where ... represents negligible terms.. Therefore, from (11), we have
=, ~ gi(1-a )(1+(m- Do ",;‘1)[0%) n.
Thus, the proportion of digits that are 0 when the numlaérdigits is large is
_ 1+(m= Do
7 1+mam™?
Substituting 1 foly in (6), yieldsN(x,1,2), a generating function in which a typidalm is €, o +
En1Z+ & 22+ ... +& )X, whereg, ; is thenumber of representativetuples withj 1's.

Differentiating N(x,1,2) with respect taz and settingz = 1 yields agenerating function ix in
which a typical term isff 1 + 2, . + ... +n, )X' ==X". Dividing=,by¢&, vyields the average

Nos(X) =

+ ., (11)



number of 1's in representativetuples. Dividing this byn givesthe average proportion difgits
that are 1. That s,

o g d _ (1)
Nl.s(x)—Z:nX“——N(x,l, ) =—tst. (12)
& dy a (1=x=x")
By a similar calculation, we can write for the proportion of bits that are 1

1-a,,
o (1+man?)
Table 3 summarizethese results and shows valdesthe proportion of 0’s and 1's fdargen.
As m grows, the proportion of bits that are 1 approaches 0.0 .

Rs=

TABLE 3 Asymptotic approximations to the number of representativen-tuples and the
proportion of 0’s and 1's in numeration systems with basis
elementsF; = Fi,1+ Fin

Number of Proportion of Proportion of
m representative bits that are O bits that are 1 Om
n-tuples
1 1Y (1+(m=-Da ) (1-a,) Dominant root
Generalm | (1-a,)(1+ma’) =) Temal) | o (temam) | of 1xx

2 1.170&1.6180 0.7236 0.2764 0.6180
3 1.31341.4656 0.8057 0.1943 0.6823
4 1.439%1.3803 0.8492 0.1508 0.7245
5 1.555(x1.3247 0.8762 0.1238 0.7549
6 1.662%1.2852 0.8948 0.1052 0.7781
7 1.763(x1.2554 0.9084 0.0916 0.7965
8 1.858%1.2320 0.9188 0.0812 0.8117

3. MULTIPLE-VALUED NUMERATION SYSTEMS

There has been lesgork on numeration systems with non-binary digit¥lein [11]
considers numeration systefmssed on the recurrence

Fi=mF.-F.,

fori >3, F3 =m, andF, = 1, wheran> 3. Consider a representatinguple T = (an.1, an-2, ...,

a;, &), wherea;, [1{0,1, ...,m1}. From [11], if every pair ofm-1’s is separated by at least one

I, such that 0 {0,1, ...,m-3}, thenT is a unique representative of



For this numeration system, we seélk proportion ofligitsthat are 0O, 1, ...m-2,andm-1. We
use a generating functid\(x,y,z,w in which

x tracks the number of digits,

y tracks the number ofi-1's,
ztracks the number of-2’s, and
w tracks the number o,

wherei is a digit restricted by 8 i < m3. Bysymmetrythe proportion ofligits that arei is the
samefor any value ofi. Because it is convenient, we choase 0. We enumerate a
representative according to whether it has 1jmbs or 2) at least one+1. For 1), there is no
restriction on the digits, and the representatives are described by the regular expression

P=0+1+2+..+m-2)*
The power series expression for the number of representatives, in this case, is
1+ X+ (M3)X+29 + (Wx+ (M3 +z9% + (wx + (M3 + z9°+... . (13)
That is, the termwx represents a choice of avhich contributes 1 to the count of O’s, as tracked
by w, and 1 to theount ofdigits, as tracked by. Similarly,the termzxtracks thenumber of

m-2’s. The termr+3)x tracks the number of digits in {1, 2, .m-3}. (13) can be written as

1
1-wx—(m-3 x— zxX
For 2), the regular expression that describes the allowed representatives is

(14)

P+ (M1 (M-2*(0+1+2+ ...+ M-3)))*(mM-IP.

Here the rightmosah-1 is the rightmost-1 in the string. To its right igny substring consisting
of thedigits 0, 1,... ,andm-2, asdescribed by’ and enumerated by (14). The digitsthe left
of the rightmostm-1 can be chosen from 0, 1, 2, , m2 and from stringdeginning inm-1,
ending in a digit whose valuens3 or less with no, one, two, ett:2’s in between. The choices
for the digits to the left of the rightmast1 are enumerated by

y {wx+(m-3 %
1-2zx

y{ wx+(m-3) *}

1+[Wx+(m— J x+ zx+
1-2zx

:|+|:WX+(m—3) X+ 2%

Here, the choices of a substribgginning inm-1 are enumerated byqwz + (m-3)x]/(1-zX),
whereyz represents the choice of thest digit m-1, [wz + (m-3)x] represents choice of tHast
digit, 0, 1, ....m2, and 1/(1 -zX represents the choice of the2’s in between. Thus, the
generating function for the choices of representatives is



1 yX

N(X Y,z W= 1+ . (15)
1-wx—-(m-3 x- z - wx— (m-3 x- ZX_yx[wx+(m—3)>}
1-2zx
Substituting 1 for, zandw into (15)yieldsN(x,1,1,1), where
N(xl],l)—; (16)
o 1-mx+ X

is the generatindunction for the number of representativetuples in this numeration system.
Specifically,é -, thecoefficient ofx, in the powerseries representation of (16),tiee number
of representativa-tuples. We prefer to write (16) as
h
N(x) = gmx M (17)
1-— 1-—
A B
_m+\/mz—4[_i) 1

=———,andh_ =
B 2 a 1-a? "

is, from (17), we can writé, - =gn (1/ay)" + h, (1Bm)". We are interested in thalue of
&0 whennis large, and so we write

1 (1Y
& ~ 1—G§1[G_m) : (18)
Table 4 shows the values@f and 16, for variousm.

wherea ,, = That

— 2 )

m-—+/nt -4
—

m m m

Substituting 1 fory andz in (15) yieldsN(x,1,1w). A typicalterm in the poweseries
representation of this generating functior€isi{o + &y W+ &z Wt ... + &0 W)X", where
&k IS thenumber of representativetuples withk O's. Differentiating this withrespect towv
and settingw = 1 vyields a generating function inx in which a typical term is
Croor + 282 + ... +n & )X ==X Dividing =, by &, yields the averag@umber of
O’s in representative-tuples. Dividing this byn givesthe average proportion difgits that are O.
That is,

Ng.(X)= Z = v =9 N1 w){ = X (19)
n= dW w=1 (1_ mX+ )(2)
But, Nos(X) can be expressed as
a m
(1- o Zm)2
Ny (X) = + ., (20)



where... represents terms whose contributionZpis negligible,for largen, compared to the
contributions from the term shown. Therefore, from (20), we have

- __a, (1)
T (1-a2) e,

Thus, the proportion of digits that are 0 when the number of digits is large is

a
P.=—"
’ 1-a?
By an earlier observation, we can wiltgss =....=P1s = Pys  Similarly, for then-2’s, we have
am
1-x%)x - 02
N L(9=5 = x=9 N(xLz1) = E=X)x _ 1-af )
£ dz X

a m

where ... represents terms that can be neglected, wisdarge. Therefore, from (21), we have

= ~ am inn
" 1-a?la,)

and
Pm—Z's = a m
Similarly, for them-1's, we have
a,(1l-a,)
_ ., _d 1-x)° x 1+a
N _..(X)= Z:nx =—N(x,y11) = 2( ) == —+ .., (22)
n=0 dy y=1 (X - MX+ 1) [ X )
1_7
a m
where ... represents terms that can be neglected, wibdarge. Therefore, from (22), we have
= ~ —a m i n n
Zny (1+G m)z a i y
and
_a m(l_a m)
ml's — 1+0 .

Table 4shows the various proportions. Note thatmagrows, the proportion of digits that are
for 0<i <m1 becomes nearly equal.

10



TABLE 4 Asymptotic approximations to the number of representativen-tuples and
proportion of digits in numeration systems with basis

elementsF; = mF.1 -Fi.,
Number of Proportion of | Proportion of | Proportion of
m representative | digits that are | digits that are | digits that are Om
n-tuples i for 0<ism-3 m-2 m-1
Generalm ! ! ” = a e m(l—O(m) m-+nt -4
- 2 - v -
1-a2la,, 1-a;, " (1+a,) 2
3 1.170&2.6180 0.4472 0.3820 0.1708 0.3820
4 1.07743.7321 0.2887 0.2679 0.1547 0.2679
5 1.0455%4.7913 0.2182 0.2087 0.1366 0.2087
6 1.030%5.8284 0.1768 0.1716 0.1213 0.1716
7 1.021%6.8541 0.1491 0.1459 0.1087 0.1459
8 1.01647.8730 0.1291 0.1270 0.0984 0.1270
00 1.0000<m" 1/m 1/m 1/m 1/m
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