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Report Title
Final Report: A Unified Framework for Multi-level Processing of Complex Data
ABSTRACT

Complex data are lifted to a high-dimensional point-cloud for exploring data similarities, with each point representing an image thumb-nail,
highlight of a medical record, spectral curve for every pixel of an HSI cube, etc. A weighted graph, with data similarities as weights, is
constructed to connect the points of the point-cloud, and embedded to some binary tree by applying the shortest-path algorithm. The
objective is to map the tree to the unit interval of the real-line, allowing us to extend the theory and methods from harmonic analysis to the
study of functions on the given complex data. To build a unified framework for multi-level processing of the given complex data, spline and
wavelet methods and algorithms have been developed with emphasis on real-time implementation. Toward the end of the funding period, an
innovative theory, along with local methods, was developed for separating nonlinear and non-stationary signals from a blind source
embedded with noise, via extraction of polynomial-like trends, point-set clustering, and estimation of instantaneous frequencies. This
development has also been extended to the multivariate setting, including separation of image data.
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1. Theory and methods

Complex data are lifted to some high-dimensional point-cloud for exploring data similarities and data geometry. Examples
include point-clouds of digital images, medical records, and hyperspectral image (HSI) cubes, where each point in the point-
cloud could be an image thumb-nail, highlight of a medical record, and the spectral curve for each pixel of an HSI cube,
respectively. There were two concurrent phases of our research program on this approach, with the first being theoretical
development, and the second being development of innovative methods; but both toward the same goal of extending any
desired objective function defined only on a subset (called training set) of the given point-cloud to the entire manifold, and then
constructing an effective function representation of the extended objective function for mathematical analysis. Therefore, a
unified framework can be formulated for multi-level processing of (an arbitrary function on) the given complex data. In our paper
published in the American Mathematical Society journal, “Mathematics of Computation” in 2014, we have developed a
complete theory for extending a desired target function on the training set to the (unknown) manifold which contains the point-
cloud, such that the order of approximation is optimal based on certain smoothness function class, should the manifold be
known. This theoretical extension is a two-stage process: first by constructing a data-driven optimal-order (heat) polynomial
approximation, and then by blending the approximant with an interpolation operator. In our paper entitled, “Representation of
functions on big data: graphs and trees”, accepted for publication by the Elsevier journal, “Applied and Computational
Harmonic Analysis” and has been available on line since July 1, 2014, we use data similarities (obtained from a diffusion
process, via our “anisotropic transform”) as weights to construct a weighted graph that connects the points of the point-cloud.
We then embed this graph to a binary tree by applying the shortest-path algorithm, in order to construct a reversible
transformation to map the graph to the unit interval of the real-line. This allows us to apply the theory and powerful methods
from approximation theory and harmonic analysis to represent the target function on the given complex data.

2. Algorithms and computational schemes

When the training data-set is well chosen, the theory developed on function extension based on high-dimensional unstructured
data, as mentioned above, can be applied. However, since training data selection is highly experimental, we also focused on
computational methods, algorithm development, construction of optimal filters, and case studies. To better understand this
popular new research direction, and particularly our own problem area, we have done an exhaustive literature search. Based on
the searched results and on our own research findings, we have written two comprehensive tutorial papers, published as
Springer Handbook chapters: one in 2012 and the other in 2014, on “feature extractions” and “nonlinear methods for data
dimensionality reduction”. In the course of algorithm and computational scheme development, we also found it most productive,
and hopefully with broader significant positive impact to both scientific and educational advancement, by writing a basic applied
mathematics textbook with emphasis on spectral and Fourier methods, dimensionality reduction, data compression, wavelet
analysis, and various applications. This book was published by Atlantis Press together with Springer in 2013. On computational
and algorithmic development, we have completed three research papers: the first, being “A dual-chain approach for bottom-up
construction of wavelet filters with arbitrary integer dilation”; the second, being “Multi-rate systems with shortest spline-wavelet
filters”; and the third, being “Real-time dynamics acquisition from irregular samples with application to anesthesia evaluation”.
The first paper was published in the journal, “Applied and Computational Harmonic Analysis” in 2012; the second was submitted
to the same journal for publication earlier this year; and the third was submitted to the World Scientific journal, “Analysis and
Applications” in July, 2014. In the second paper, we have constructed filter banks with arbitrarily number of sub-bands and any
desirable order of vanishing moments, by deriving effective recursive formulas for computing the shortest filters. In the third
paper mentioned above, we have constructed optimal-order interpolating local spline basis functions (of arbitrary spline order on
irregular knot sequences) for real-time implementation, both on bounded and half-infinite time intervals, and have also
introduced the notion and derived explicit formulations of “vanishing moment (VM)” wavelets of spline functions of any desired
order and on arbitrary irregular knots, that have minimum support and maximum order of vanishing moments. The VM wavelets
were also applied in the same paper to compute the synchrosqueezing transform (SST) in real-time and without the need of
computing the derivative of the continuous wavelet transform. While the interpolating local spline basis functions are used to
produce a continuous-time signal from the irregular samples, the SST of this continuous-time signal is used as the reference
frequency for estimating the instantaneous frequencies, yielding the dynamics of the time series. We have applied this algorithm
and real-time computational scheme to anesthesia evaluation from EEG data successfully, as analyzed in the same paper.

3. Application to signal and image separation from a blind source

Motivated by our success in real-time computation of the SST in the third paper discussed above, we have spent a great effort,
since the spring of 2014, to develop a new approach to significantly improve the state-of-the-art theory and methods for signal
(component) separation from a blind source. Let us first briefly discuss the background of this problem. Based on the
continuous wavelet transform (CWT), the notion of synchrosqueezing transform (SST), introduced by Daubechies Lu, and Wu
(DLW) in their 2011 paper, published in the journal, “Applied and Computational Harmonic Analysis”, provides a mostly
dependable reference frequency for the estimation of all the instantaneous frequencies (IF’s) of a given (blind source) signal.
The motivation of the original DLW paper was to give a mathematically sound alternative of the popular “empirical mode
decomposition (EMD)” scheme, proposed by Huang et al, for decomposing a nonlinear and non-stationary signal into a
hierarchy of intrinsic mode functions (IMF’s) and applying the Hilbert transform to extend each IMF to an amplitude-frequency



modulated signal in order to determine the IF of each IMF component of the EMD hierarchy. In our paper, “Signal
decomposition and analysis via extraction of frequencies”, submitted to the same journal in the past summer, we introduce an
innovative method to achieve a more ambitious goal than the SST approach, first by extracting the polynomial-like trend from
the source signal and computing the exact number of signal components, then giving better estimates of the IF of each signal
component, and finally separating the possibly non-stationary signal components from the source signal. Hence, our method
avoids the need of guessing the number of IF’s for the SST approach. Furthermore, our computational scheme can be realized
in near real-time, and our mathematical theory has direct extension to the multivariate setting. One main advantage of the SST
approach is that reference the IF's so extracted is assured to be nonnegative. On the other hand, for the EMD approach, while
the number $K$ of IF's is already governed by the number of IMF's, it is unfortunate that the IF's of IMF's are sometimes
negative. Other limitations of the EMD scheme include the need of adapting both the sifting process (for computing the IMF's)
and the Hilbert transform (for the formulation the IF's from the analytic extension) to bounded and half--infinite time intervals. In
our paper, “Signal analysis via instantaneous frequency estimation of signal components” under preparation, we have
eliminated the above-mentioned limitations of these two approaches, by introducing a hybrid EMD-SST scheme, and
significantly improved the quality and computational complexity. More precisely, using the EMD eliminates the need of guessing
the number of IF’s (as required by the SST approach) and using the SST for the IF of each IMF is assured to be nonnegative.
Furthermore, by applying the interpolating local spline basis functions and VM wavelets in our paper, “Real-time dynamics
acquisition from irregular samples with application to anesthesia evaluation” discussed above, we eliminate the boundary
artifacts introduced by artificial adaption of the sifting process of EMD at the boundary and the errors of analytic extension when
the Hilbert transform is not taken on the entire real axis.
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