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Abstract 

This article presents graphical investigations of the array factor of phased arrays with digital phase shifters. A software pro­
gram, based on basic antenna array theory, has been developed in MATLAB to obtain the main array characteristics (array 
factor and directivity). The array factors of linear arrays of different sizes with different types of phase shifters have been 
studied as a function of the number of bits and the frequency. Unconventional two-dimensional color graphical representations 
are used to identify some characteristics of the array factor of arrays with digital phase shifters that can not be so clearly and 
quickly visualized with conventional graphical representations. In particular, the effects of quantization on the array factor for 
arrays of different sizes and for phase shifters with different numbers of bits, over scanning, and frequency ranges, are shown 
using this representation. Numerous data are also provided. 
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1. Introduction 

Phased-array antennas have now been studied for about 70 
years [1]. First built for military radar applications, they 

received much more attention during the last two decades because 
of the extent of their utilization in communication systems, espe­
cially mobile and satellite communications. Cost is a key issue for 
commercial as well as military applications, and much on-going 
research is devoted to developing T/R [transmitter/receiver] mod­
ules, phase shifters, and time-delay units with good characteristics 
under this constraint. A step forward has been achieved at the end 
of the century with advances in technology like MMIC (monolithic 
microwave integrated circuits) and MEMS (micro-electromechani­
cal systems). In addition to lowering the cost, high integration is 
obtained, reducing the size of the devices. 

Consequently, digital phase shifters became preferred for 
such applications. The size of the phase shifter can be significant, 
and is directly related to the number of bits, which is an important 
factor for the radiation performance of the array. Digital phase 
shifters deliver an approximated phase to each element to steer the 
beam in the desired direction. The accuracy of this approximation 
depends on the number of phase-shifter bits. Patterns produced by 
arrays with digital phase shifters exhibit high-level .sidelobes and a 
reduction in directivity. To analyze the effect of phase quantiza­
tion, studies on phased-array antennas using digital phase shifters 
were carried out, and are reported in this paper. 
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A software program has been developed in MATLAB to carry 
out this study [2]. This program, called PAASoM- standing for 
"Phased array antenna software in MATLAB" - is based on basic 
array-antenna theory. Although the results presented here are lim­
ited to linear phased arrays, the code is able to compute arrays of 
different geometries (linear, rectangular, triangular, hexagonal, 
octagonal, circular, or others), and with different regular or irregu­
lar lattices (rectangular or triangular). Constant-phase phase shift­
ers and switched-line phase shifters, analog or digital with different 
numbers of bits, can be associated with each element, as well as 
true-time-delay feed systems. Amplitude weightings are also pos­
sible, considering the usual distributions (power of cosine with or 
without pedestal, Taylor, Dolph-Chebychev, and others [3]). The 
results can be visualized with conventional two-dimensional 
graphs, or with an unconventional two-dimensional color repre­
sentation. The latter has been previously used by many authors for 
fixed-beam antennas to show their radiation patterns over half­
space, as in [4] and [5], for example. This representation is helpful 
to clearly and quickly visualize some radiation characteristics of 
phased arrays over an operating range. 

The first part of the study considers the effect of the number 
of phase-shifter bits, as the radiation performance of the arrays 
depends strongly on this parameter. The investigations concern 
linear arrays with different numbers of elements, controlled by 
digital phase shifters with different numbers of bits. For compari­
son purposes, the results of these arrays incorporating analog phase 
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Figure la. The two-dimensional color Cartesian of the array 
factor of a 25-element linear array using three-bit phase shift­
ers, with the scan angle as a parameter. 
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Figure 3. The array factor of an eight-element linear arrav 
with analog phase shifters as a function of scan angle (colo~ 
scale in dB). 
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Figure lb. The two-dimensional color polar representation of 
the array factor of a 25-element linear array using three-bit 
phase shifters, with the scan angle as a parameter. 
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Figure 4. The discrete phase values of the phase shifter for dif­
ferent numbers of bits. 

Figure 5. The array factor of an eight-clement linear array 
with one-bit phase shifter as a function of scan angle (color 
scale in dB). 
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shifters are also presented. By definition, an analog phase shifter is 
a phase shifter that can deliver the exact phase to any array element 
of a phased array, to steer the beam in the desired direction for a 
given frequency. 

The second part of this study presents the results of the array­
factor characteristics as a function of frequency. A 64-element 
array is considered, fed by analog and digital phase shifters. Arrays 
with constant-phase and switched-line phase shifters are compared 
to arrays using true-time-delay lines. Results of an array with 
switched-line phase shifters for each element and true-time delay 
units at sub-array levels are also reported. This analysis clearly 
underlines advantages and drawbac~s of each ·technique used to 
control phased-array scanning. 

Before presenting these results, the graphical representation 
used throughout this paper will be introduced. 

2. Graphical Representations 

Conventionally, radiation patterns are represented in two 
dimensions (2D), in Cartesian or polar coordinate systems. In the 
Cartesian coordinate system, the magnitude of the radiated field, 
usually in decibels (dB), is indicated on the Y axis, whereas the 
angular parameter, commonly the elevation angle, (), is on the X 
axis. Sometimes, the angular parameter is replaced with the quan­
tity u = sin() or u = sin() cos tp , depending on the context. In the 
polar coordinate system, the radius usually represents the magni­
tude of the radiated field, and the angle represents the angular 
parameter. When comparison is required, several curves are plotted 
on the same graph. Different line types or colors are then used to 
distinguish among them. Sometimes, another dimension is added 
to represent the pattern variation as a function of a parameter, such 
as the azimuth angle, the frequency, or others. The third dimension 
can be either another axis or the color parameter. The data are then 
represented in three dimensions (3D) or two-dimensional color 
plots. 

In the case of a three-dimensional representation, the magni­
tude of the radiated field is indicated, usually in dB, on the Z axis, 
whereas the X and Y axes show the elevation and azimuth angles, 
or the quantities u = sin() cos tp and v = cos() cos rp, varying 
between [-I; 1]. Such a representation gives a general overview of 
the radiation performance of the antenna. However, as the three­
dimensional representation is actually two-dimensional on a planar 
surface, paper, or monitor screen, quantitative data are not easily 
extracted. In the case of a two-dimensional color representation in 
a Cartesian coordinate system, a color scale represents the magni­
tude of the radiated power, whereas the two-dimensional coordi­
nates represent either ( (), tp) or ( u, v ). A combination of both three 
dimensions and color is also used, giving more legibility to the 
graphical representation. The parameters can also be other than 
elevation and azimuth angles, depending on the user's interest. In 
phased-array antennas, for instance, one parameter of interest is the 
scan angle. 

An attractive representation is then the two-dimensional 
color plot, where, in the Cartesian coordinate system, the X axis 
represents the elevation angle and the Y axis represents the scan 
angle (Figure 1a). A polar coordinate system is sometimes pre­
ferred, with the radius representing the scan angle and the angular 
value the elevation angle (Figure 1 b). The choice of the coordinate 
system depends mostly on the characteristics we focus on, and the 
considered parameter. For example, the Cartesian coordinate sys-
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tern is better suited when the scan angle is the parameter, while the 
polar plot is better suited when the frequency is the parameter of 
interest, as will be shown in Section 4. 

Throughout this paper, the two-dimensional color representa­
tion will be used to show radiation patterns of phased arrays using 
digital phase shifters, over either scan angle or a frequency range. 
Such a representation is helpful in identifying some characteristics 
of the array factor of a phased array that cannot be so clearly and 
quickly visualized with conventional two-dimensional plots. 

3. Quantization Effects on Radiation 
Patterns of Linear Arrays with Elements 

Fed through Digital Phase Shifters 

This section examines the effect on the directivity and array­
factor characteristics of linear phased arrays for different numbers 
of phase-shifter bits. The results for arrays with different numbers 
of elements are reported and analyzed. For each array, phase shift­
ers with two to five bits are considered. Two cases are fully 
described: an eight-element array and a 64-element array. Other 
arrays were investigated (from eight to 128 elements), but only 
summarized data are reported, as the results were similar to those 
of the detailed studies. 

3.1. Array Configuration 

The array configuration is shown in Figure 2. The elements, 
which are point sources, were positioned on the horizontal axis. 
The inter-element spacing (d) is chosen to be half a wavelength, to 
avoid grating lobes in the half space above the ground. The phase 
of the phase shifter for each element was chosen to be the closest 
one to the ideal phase to steer the main beam in the desired direc­
tion. As the study was for a single frequency, the type of phase 
shifter did not matter. 

The array factors presented in this section are calculated for 
-90° :o; () :o; 90° with a 0.2° step, and for 0° :o; 80 :o; 60° with a 0.2° 
step, unless otherwise noted. () is the elevation angle, and 80 is 
the elevation scan or steering angle. In addition, some average 
results over a scanning range are given to quantify array-factor 
characteristics, such as scan-angle deviation, sidelobe level, or 
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Figure 2. The linear array configuration. 
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Elevation angle, deg. 

Figure 6. The array factor of an eight-element linear array 
with two-bit phase shifters as a function of scan angle (color 
scale in dB). 

Elevation angle, ueg. 

Figure 7. The array factor of an t•ight-elemcnt linear array 
with three-bit phase shifter·s as a function of scan angle (color 
scale in dB). 
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Figure 8. The array factor of an eight-element linear array 
with four-bit phase shifters as a function of scan angle (color 
scale in dB). 

Elevation angle, deg. 

Figure 9. The array factor of an eight-clement linear array 
with five-bit phase shifters as a function of scan angle (color 
scale in dB). 
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directivitv loss. Lnkss othcf\vise noted. the average results men­
tioned in this section were calculated for oo :<:; 00 :<:; 60° with a I o 

step. 

3.2. Eight-Element Array 

In order to estimate the discrepancies of the array factor char­
acteristics due to the usc of digital phase shifters, the array-factor 
characteristics of an eight-element phased array with analog phase 

shifters are first summarized. For the .case of analog phase shifters, 

each element was given the precise phase to scan in the {}0 direc-

tion. 

Figure 3 gives a two-dimensional color representation of 
array factors. As mentioned in the previous section, the graph 
shows the power of the radiated field for an elevation scan angle 
from 0° to 60° on the vertical axis. and the elevation angle from -
goo to goo on the horizontal axis. For each elevation scan angle 
chosen (depicted on the vertical axis), the horizontal line through 
that value gives a plot of the array factor as a function of the ele­
vation angle, with the magnitude of the array factor given by its 
color. In such a representation, it is easy to visualize the main lobe, 
sidelobes, nulls, and half-powcr-beamwidth variations when the 
scan angle changes. Particularly, with the help of the black contour 
line at the -3 dB level, one can notice the widening of the half­
power beamwidth (HPBW) with the increase in the scan angle. In 
the broadside direction. the HPBW is 12.8°, and it slowly increases 
to reach 16.go for 00 = 40° and 28.9° for 80 = 60°. The maximum 

sidelobe level (max. SLL) is constant over the scanning range, and 
equals -12.8 dB. The levels of the second and third sidelobes are 
-16.5 dB and --17.9dB, respectively. Also, the level of the grating 
lobe. visible in the top left comer of the figure, is higher than 
-10 dB for scan angles a bon: 54°, and reaches -4.3 dB 

for 80 = 60°. 

3.2.1 One-Bit Phase Shifter 

With a one-bit phase shifter. the phase is limited to two 
states: 0° and 180° (Figure 4). The maximum deviation from the 
phase that is required for each ekment to steer the beam in the 
desired direction is then 90°. This configuration leads to a signifi­
cant scan-angle discrepancy. In addition. two simultaneous main 
lobes arc generated. as only two phase states are possible (0° and 
I 80°). In other words. the array is not able to distinguish the left or 
the right sides. The additional rnain lobe is called a quantization 
lobe, and will be discussed 1!1 Section 3.3. 

Figure 5 shows the two-dimensional color plot of the array 
factor in the main plane for a scan angle from 0° to 60° with I 0 

increments. The effect of phase quantization appears clearly. The 
black line from (0.0) to (60,00) indicates the theoretical position of 
the array-t~1ctor maximum for the desired scan angle. 

Only seven phase distributions arc available to cover the 60° 
scan range. From 00 = 0° to 9°, all the elements arc in phase. 

Then, with the exception of those elements at the center of the 
array, the phase of the elements changes as the scan angle changes. 
Since the phase reference is at the array center, the phase distribu­
tion of the array is symmetric about the center line of the array. 
The various phase distnbutions are detailed in Table l. Note that 

the maximum power can not be reached for 80 > go because of the 
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Table 1. The phase of the input of each element from 0° to 60° 
scan angle (radians). 

Element Number 

Scan Angles 1 2 3 4 5 6 7 8 

1: 0° to 9° 0 0 0 0 0 0 0 0 

2: 9° to 12° ;r 0 0 0 0 0 0 ;r 

3: 12° to 20° 7: ,7 0 0 0 0 ;r ;r 

4: 20° to 26° ;r ;r " 0 0 ;r ;r ;r 

5: 26° to 37o 0 ,7 ;r 0 0 ;r ;r 0 

6: 37° to 46° 0 0 ;r 0 0 ;r 0 0 

7: 46° to 60° ;r 0 " 0 0 ;r 0 ;r 

presence of two main lobes located symmetrically with respect to 
the broadside direction. 

3.2.2 Two-Bit Phase Shifter 

A two-bit phase shifter provides four possible phase states: 
0°, 90°, 180°, and 270° (Figure 4). The maximum deviation from 
the phase that is required for each element to steer the beam in the 
desired direction is then 45°. The number of phase distributions in 
the 60° scan-angle range increases compared to the previous case, 
as shown in Figure 6. 

The scan-angle deviation is high for several steering angles. 
The array factor obtained does not change for scan angles from 2 I 0 

to 30° (the scan angle obtained is 25.4°), and another phase distri­
bution gives the same pattern for a desired scan angle from 30.5° 
to 40.5° (the scan angle obtained is 36.5°). 

The signals radiated by each element are not optimally com­
bined in the far field due to the limited number of phase states, and 
therefore the result is that the sidelobes do not appear at the same 
position and with the same power. Thus, the maximum sidelobe 
level (SLL) is increased. As an example, the maximum sidelobe 
level is -5.8 dB for 2 I 0 

:-; 80 :-; 40°, excluding 80 ncar 30°. For 

oo :-; e0 :-; 60°, the maximum sidelobe level fluctuates between -

5.7 dB and -12.8 dB, and the average maximum sidelobe level is-
6.97 dB. This leads to a 0.8 dB average drop of the maximum 

directivity, with a I .63 dB maximum drop for 80 = 30°. 

3.2.3 Three-Bit Phase Shifter 

A three-bit phase shifter gives eight possible phase states, 
startmg at ou with a 45u step (Figure 4). The maximum deviation 
of the phase of each element is then 22.5°. The scan-angle error is 
considerably reduced compared to the case with the two-bit phase 
shifler, as shown in Figure 7. 

The patterns remain constant in the largest angular range for 
43° :-; {}0 < 49°. and for 49° :-; 80 < 55.5°. The maximum deviation 

of 3.9° occurs for {}0 = 49°. while the average scan-angle deviation 

over the scanning range, calculated for oo :<:; Bo < 60° with a 0.5° 

step, is I 0 • The average maximum sidelobe level obtained with the 
three-bit phase shifter is lower, compared to the previous case 
(-I 0.2 dB), and varies along the scanning range from -8.9 dB to 
-12.8 dB (which is the maximum sidelobe level in the broadside 
direction). The average directivity loss, calculated for 
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Figure lOa. The array factor of a 64-elcmcnt linear array with 
analog five-hit phase shifters (color scale in dB). 
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Figure lOb. The array factor of a 64-element linear array with 
two-bit phase shifters (color scale in dB). 

Figure I Oc. The array factor of a 64-element linear array with 
three-hit i>hasc shifters (color scale in dB). 

Elevation angle, dcg. 

Figure IOd. The anay factor of a 64-clcmcnt linear array with 
four-bit phase shift(•rs (color scale in dB). 
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Figure JOe. The array factor of a 64-elemcnt linear array with 
five-bit phase shifters (color scale in dB). 
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U
0 s 00 < tJ0° ·'- 1th a 0 . .5, :cp. is 0.20 dB, with a 0.42 dB peak 

for 80 = I 4.5°. 

Note that there is no scan-angle deviation and no directivity 

loss for e0 = 30°. In this case. the phase distribution obtained 

corresponds to the theoretical distribution. as the required phase for 
each element is a multiple of available phase states, i.e., 

kdsin(e0 )=Jr/2. (I) 

where k is the wave number. J is the inter-element spacing, and 0
0 

is the scan angle. 

3.2.4 Four-Bit Phase Shifter 

Sixteen phase states are possible with a four-bit phase shifter, 
starting at 0° with a 22.5 ° step. The maximum deviation of the 
phase of each element is now I I .25 °. Figure 8 shows the array 
factor in the two-dimensional color representation. 

The phase distributions arc now changing more rapidly with 
the scan angle, following the theoretical pattern with less discrep­
ancy. The maximum scan-angle deviation occurs for 0

0 
= 60° 

( 1.66 ° ), and the average scan-angle deviation, calculated for 
oo s; 00 < 60° with a 0.5 ° step, is 0.46 o. The highest sidelobe 

level equals -I 0.5 dB, and is reached around several scan angles 

(20 o, 40 o, 45 o, and 60 o ). The average directivity loss calculated 
for 0° s; 00 < 60° with a 0.5 o step is lower than 0.05 dB, with a 

maximum of 0.1 dB occurring at 2:?. o . Again, with this array con­
figuration ( d/ ,.{ = 0.5. where A is the wavelength), ideal phase for 

the eight antenna elements can be obtained for 00 = 30°, and nei­

ther scan-angle deviation nor directivity loss occur. 

3.2.5 Five-Bit Phase Shifter 

Thirty-two phase states can be now used to steer the main 
beam. The maximum error of the phase required for each clement 
is then 5.625°. This considerably reduces the scan-angle deviation, 
as shown in Figure 9. 

The average scan-angle deviation calculated for 
0° s; 00 < 60° with a 0.5° step is 0.23°, with a peak of I 0 for 

00 = 54.5°. The highest sidelobe level equals -I 1.6 dB, occurring 

for 6.5° and 60°. The directivity loss is now negligible, with an 
average ofO.OI dB over the scanning range considered. 

3.2.6 Concluding Remarks 

Table 2 summarizes the average array-factor characteristics 
for an eight-element array utilizing one- to five-bit phase shifters. 
Using a four-bit phase shifter seems a good tradeoff, as the direc­
tivity loss drops to 0.05 dB. and the scan-angle deviation relative 
to the HPBW is only 2.9%. For this specific case, the average 
maximum sidelobe level is acceptable ( -11.6 dB). 

The array-factor characteristics of an eight-element linear 
phased array with a half-wavelength inter-element spacing have 

26 

Table 2. The average results of scan-angle deviation, maximum 
sidelobe level (SLL) and directivity Joss over scan angle for an 

eight-element linear array using phase shifters of different 
numbers of bits. 

Number of Phase-Shifter Bits 
1 Bit 2 Bits 3 Bits 4 Bits 5 Bits 

Scan-angle deviation, 
2.95 1.76 0.98 0.46 0.23 110 (deg.) 

110 I HPBW (%) 18.89 11.34 5.98 2.87 1.42 
Maximum SLL (dB) -6.89 -6.97 -10.19 -11.62 -12.18 
Directivity loss (dB) 3.15 0.82 0.20 0.047 0.012 

The average was realized by considering a scan angle varymg from 
0° to 60° with a 0.5° step. The theoretical maximum sidelobe level 
is -12.8 dB. 

been fully described, considering differing numbers of bits for the 
phase shifter. However, an eight-element array is a relatively small 
array, and general analytic equations describing the characteristics 
of a large array cannot be applied. Thus, the study of a 64-element 
phased array is presented hereafter, in order to extend and gener­
alize the different comments, and to compare our results to the 
theoretical results. 

3.3. 64-Eiement Array 

The results of a 64-element linear array with a half-wave­
length inter-element spacing are presented in this section. The 
graphs corresponding to an array utilizing analog phase shifters 
and two- to five-bit phase shifters are shown in Figure 10. 

Figure I Oa differs from the previous array-factor representa­
iion in a two-dimensional color representation as the horizontal 
axis is now the elevation angle, normalized to the steering 
angle, 00 , i.e. only the pattern in a 60° beamwidth around the scan­

ning direction is shown. This representation helps to visualize the 
principal array-factor characteristics as the HPBW becomes nar­
rower with the increase in the number of array elements, and as the 
high sidelobes are closer to the main beam. Figure I Oe shows a 
similar representation. This is not the case for the other graphs in 
Figure I 0, because the useful information to be shown is located 
not only around the main beam. 

The array factor of the array with two-bit phase shifters is 
depicted in a two-dimensional color representation in Figure I Ob. 
Some curves appear with a mean !eve! of about -10 dB, shown as 
yellow curves. The curve starts at ( 0 = 0°, 00 = 0° ), travels in an 

arc to the ( () = -Yoo, 00 = 20°) coordinate, and then from 

( 0 = 90°, 00 = 20°) to ( 0 = -36°, 00=60° ). Other curves are visi­

ble in light green and light blue, showing lobes with lower magni­
tude. These curves are due to quantization lobes (QLs), which 
occur at specific positions depending on the scan angle, the num­
ber of array elements, and the number of bits of the phase shifter 
[6]. The quantization lobes can be evaluated in position and mag­
nitude [3] if the number of array elements is at least twice the 
number of phase states, i.e., 

(2) 

where N is the number of elements of the array, and M is the num­
ber of bits. 
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Figure 13a. A two-dimensional color plot of the array factor as 
a function of frequency of a 64-element linear array, pointing 
in the broadside direction, in the Cartesian coordinate system. 
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Figure lie. The average directivity loss as a function of the 
number of array elements. 
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Figure 13b. A two-dimensional color plot of the array factor as 
a function of frequency of a 64-element linear array, pointin~: 
in the broadside direction, in the polar coordinate system. 
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I· 

in this c~se. each p'~Jsc step of the discrete phase distribution 
moditles at least the phase of two consecutive elements, and quan­
tization lobes will be produced as in a subarray situation (3]. In 
fact. quantization lobes can be considered to be grating lobes pro­
duced by arraying subarrays of two or more elements with a spac­
ing larger than a half wavelength. For a uniformly illuminated 
array, the scan-angle deviation. normalized to the array beam­
width. is (7] 

(3) 

The magnitude of the first quantization lobe as a function of 
the number of bits is shown in Table 3 (after [8]). 

The yellow color of the curve indicates a -I 0.5 dB level, as 
mentioned in Table 3. The positions of the quantization lobes are 
the same as those of the 25-element array with the two-bit phase 
shifter [9]. The curves representing the higher quantization lobes 
are also visible. particularly the second quantization lobe, with a 
-14.9dB level (light green curves). 

The quantization lobes reduce the directivity, and the 
directivity loss can be approximated with [I OJ 

0 ( T[ \ Loss ~sin c~ ;u J. (4) 

The results of directivity loss as a function of the number of bits 
are given in Table 4 (after [8]). 

When the number of array elements is less than the number 
of phase steps. the discrete phase distribution has a random char­
acter. The average sidclobe level due to the quantization error is 
given as [7, II] 

2 a 
;r 

3x2 2Jf' 
(5) 

and the RMS side lobe level is cr 2 
/ N. The directivity loss gener­

ated by the increased sidclobe level is. to a first approximation, [3] 

Loss~ !-a2
. (6) 

The directivity loss due to random phase errors is reported 
for different numbers of bits Ill Table 4. One can notice that the 
directivity losses obtained with an eight-clement linear array (see 
Table 2) are in the same order. However, the quantization lobes are 
not so visible on the two-dimensional color representation graphs, 
because the number of phase distributions is too small. 

The quantization lobes also appear clearly in Figure I Oc, 
showing the array factor of the 64-element array with three-bit 
phase shifters. In the range 0° ::; 00 ::; 60°, the first quantization 
lobe scans the half space more than three times. The same com­
ment can be made about Figure I Od. depicting the array factor of 
the 64-element array with four-bit phase shifters. The curves are 
thin and dashed and almost invisible, indicating a vanishing effect 
of the phase quantization with the increase in the number of the 
phase-shifter bits. With the rive-bit phase shifters, the quantization 
lobes are hardly discernible. due to the 25 dB color scale. The rep­
resentation with the elevation angle normalized to the scan angle 
for the horizontal axis is then preferred. In the scanning range con­
sidered, the difference between the use of analog phase shifters and 
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Table 3. The magnitude of the first quantization lobe (QL) 
(after [8 )). 

Number of 
QL (dB) Phase-Shifter Bits 

2 -10.5 
3 -17.1 
4 -23.6 
5 -29.8 
6 -36.0 

Table 4. The directivity loss due to quantization lobes 
(after [ 8 )). 

Number of Regular Loss Random Loss 
Phase-Shifter Bits (dB) (dB) 

2 0.912 1.000 
3 0.224 0.229 
4 0.056 0.056 
5 0.014 0.014 

Table 5. The average results of scan-angle deviation, maximum 
sidelobe level (SLL), and directivity loss over scan angle for a 

64-element linear array for two- to five-bit phase shifters. 

Number of Phase-Shifter Bits 
2 Bits 3 Bits 4 Bits 5 Bits 

Scan angle deviation, 
0.064 0.020 0.014 0 D.8 (deg.) 

D.B I HPBW (%) 3.28 1.01 0.73 0 
Maximum SLL (dB) -9.18 -12.72 -12.97 -13.13 
Directivity loss (dB) 0.90 0.22 0.054 0.013 

The average was realized by cons:denng a scan angle varymg from 
0° to 60° with a I 0 step. The theoretical maximum sidelobe level is 
-13.26 dB. 

five-bit phase shifters is small. In the latter case, the quantization 
lobes are merged with the sidelobes, and the combination of the 
number of array elements and the number of bits gives a number of 
phase distributions high enough to obtain a scan-angle deviation 
lower than 0.02° over the total scanning range considered. 

Table 5 summarizes the average results of scan-angle devia­
tion, directivity loss, and maximum sidelobe level for the 64-ele­
meni linear array with different phase shifters. As mentioned with 
the smaller arrays, the overall characteristics are improved with the 
mcrease in the number of bits. For this specific array, note that the 
average scan-angle deviation, normalized to the HPBW, equals I% 
for three bits. The average maximum sidelobe level stays under -
12.5 dB from three bits as well. The average directivity losses drop 
below 0.1 dB from four bits. 

The array-factor characteristics of two different arrays with 
digital phase shifters have been detailed and analyzed in these sub­
sections. They have shown how characteristics such as steering 
angle, sidelobe level, and directivity are affected by the number of 
the phase-shifter bits. In order to generalize the discrepancy of the 
array-factor characteristics compared to the ideal case versus the 
number of bits, the results of arrays of other sizes, from II to 128 
elements, are presented hereafter. 
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Figure 14a. A two-dimensional color plot of the array factor as 
a function of frequency of a 64-element linear array, with a 
feed system using true-time-delay lines, pointing in the 
00 = 35·o direction, in the Cartesian coordinate system. 
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Figure I Sa. A two-dimensional cnlor polar plot of the array 
factor as a function of frequency of a 64-element lincar array, 
with analog constant-phase pha.\e shifters, pointing in the 
direction 00 ·c 35° at li1 = 30GH;. 
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Figure 14b. A two-dimensional color plot of the array factor as 
a function of frequency of a 64-element linear array, with a 
feed system using true-time-delay lines, pointing in the 
00 = 35° direction in the polar coordinate system. 
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Figure 15b. A two-dimensional color polar plot of the array 
factor as a function of frequency of a 64-elemcnt linear arra~·. 
with three-bit digital constant-phase phase shifters, pointing in 
the direction 00 ~ 35° at fo = 30Ci!l;. 
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3.4. Arrays of Other Sizes 

In this section, the array- factor characteristics, such as steer­
ing angie, maximum side lobe level, and directivity losses, of arrays 
of II, 32, 45. 85, 110, 115, and 128 elements, are presented. The 
graphs in Figure II summarize the results as a function of the 
number of array elements, with the number of bits as a parameter. 
The cases with arrays of odd and even numbers of elements are 
separated, as the obtained results differ somewhat. 

The scan-angle deviation is plotted as a function of the num­
ber of elements of the array, with the number of the phase-shifter 
bits as a parameter, in Figure !Ia. As shown in the previous sec­
tion, the scan-angle deviation decreases with the increase in the 
number of bits. which causes an increase in the number of possible 
phase distributions. For a given number of bits, the scan-angle 
deviation also decreases with an increase in the number of ele­
ments, and also as the number of possible phase distributions for 
the array increases. Looking at the curves for arrays with odd and 
even numbers of elements, it appears that their behavior is linear, 
i.e., for the same number of bits, the curves with odd and even 
numbers of elements can be merged into a single continuous curve. 

The maximum sidelobe level, averaged over the range 
0° :S: 80 :s; 60° with a I o step, as a function of the number of ele­

ments, is shown in Figure II b, with the number of bits as a 
parameter. The curves converge toward an absolute value corre­
sponding to the maximum sidelobe level of an infinite array with 
an analog phase shifter (-13.26 dB). The slopes of the curves 
depend on the number of bits. For two bits, the slope is low, and 
convergence will apparently be achieved for very large arrays. 
The -12 dB maximum sidelobe level is obtained with only three 
bits from arrays larger than 20 elements, while the -13 dB level is 
reached with four bits for arrays larger than 64 elements, and with 
five bits for arrays as small as 45 clements. For a given number of 
bits, the curves for odd and even numbers of elements can be 
merged, except for two bits. Arrays of odd numbers of elements 
have lower maximum sidelobe levels over the scanning range con­
sidered, but the difference is only about 0.2 dB. However, arrays 
with a two-bit phase shifter have an average maximum sidelobe 
level higher than -I 0 dB, which is an unacceptable value for most 
applications. 

The difference between arrays of odd and even numbers of 
elements with a two-bit phase shifter is reflected in the directivity 
losses, as shown in Figure II c, even though the difference is only 
0.02 dB. As we can see. the directivity loss depends essentially on 
the number of bits of the phase shifter. even for small arrays. The 
mean (in terms of array size) directivity losses, averaged over a 
scanning range from 0 :S: 80 :s: fiOo with a ! 0 step, are about 

0.89 dB. 0.22 dB, 0.0535 dB. and 0.013 dB for two, three, four, 
and five bits. respectively. These results are in good agreement 
with the theoretical values given in Table 4. 

To summarize the results presented in this section, a phase 
shifter with three or four bits gives adequate array-factor charac­
teristics for most of the applications. For small arrays, the use of 
four-bit or even five-bit phase shifters is preferred because of the 
reduced number of phase distributions due to the small number of 
elements, while the usc of three-bit or even two-bit phase shifters 
is sufficient for arrays larger than 32 elements. 
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line r... 
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L, -L., => 45" phase shift 

L2 -L., => 90" phase shift 

L, -L., => 180" phase shift 

Figure 12. A three-bit switched-line phase shifter. 

4. Array Factor as a 
Function of Frequency 

In this section, the variations of the array factor with fre­
quency are investigated. For this study, a 64-element array with a 
half-wavelength inter-element spacing at 30 GHz is considered. At 
30 GHz, a half wavelength is 1.0 em, which is left unchanged 
when the array performance is calculated at other frequencies. 
Results of arrays with constant-phase phase shifters and switched­
line phase shifters are compared to those of an array with true­
time-delay lines. Finally, results of an array combining phase shift­
ers and true-time-delay units at the subarray level are presented. 
The phase weighting applied to each element is defined at 30 GHz. 
The frequency range of interest is 1 to 50 GHz. 

Each antenna element in the array can be fed through a phase 
shifter, which allows the array beam to scan. Different kinds of 
phase shifters can be considered. The first kind is based on a con­
stant-phase concept. The phase for each element is determined at a 
specific frequency, and remains constant over the frequency range 
of interest. If the phase shifter is digital, the chosen phase is the 
ciosest one of the possible phase states (see Figure 4). The second 
kind of phase shifter is based on a switched-line concept, and is 
directly related to MMIC (microwave monolithic integrated cir­
cuit) technology, which uses switches and lines of different lengths 
to obtain a set of phase steps. For example, a three-bit switched­
line phase shifter is shown in Figure 12. 

In the case of switched lines, the phase, fPn, delivered to the 
nth element is expressed by 

with (7) 

where rn is the delay for the nth element, Ln is the length of the 

delay line selected for the nth element,/ is the frequency, and c is 
the speed of light. 

Considering the example presented in Figure 12, the phase 
delivered to the nth element corresponds to the total length 

Ln = ~ ( L1 - L0 ) + b2 ( L2 - L0 ) + b:J ( ~ - Lo) , where b; is 0 or 1. 

Note that the maximum length of the line is a full wavelength at 
the frequency under consideration. The required phase is then 
modulus 2;r . 

Another method to steer the main beam is also considered 
based on the use of true time-delay (TID) lines for each element: 
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IEEE Antennas and Propagation Magazine, Vol. 45, No. 2, April 2003 

T 



o• 

.1'1 II I I. . 

-90' 

•• i i •. ·. ,··' - ' - . :.l· . . -~- ,. -,. j ' ! - .•• 
; - .: .. -- I. - .--

- : ; .. ·· .. · I , : . . .. 
50 40 30 20 10 0 10 20 30 40 • 

Frequency (GHz) 

·5 0 

Magn1tude (dB) 

Figure 16a. A two-dimensional color polar plot of the array 
factor as a function of frequency of a 64-element linear array 
with three-bit switched-line phase shifters, pointing in the 
direction 00 = 35° at fo = JOGHz, with the phase weightings 
evaluated at 30 GHz. 

Figure 18a. A two-dimensional color polar plot of the array 
factor as a function of frequency of a 64-clement linear array 
with three-bit switched-line phase shifters and true-time-delay 
units associated with 16-clcmcnt subarrays, pointing in the 
direction 00 ~ 35° at / 0 = 30 Gllz. 
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Figure ISh. A two-dimensional color polar plot of the array 
factor as a function of frequency of a 64-elcmcnt linear array 
with three-hit switched-line phase shifters and true-time-delay 
units associated with eight-element subarrays, pointing in the 
direction 00 = 35° at fo = 30GHz. 
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Figure l6b. A two-dimensional color polar plot of the array 
factor as a function of frequency of a 64-element linear array 
with three-bit switched-line phase shifters, pointing in the 
direction B0 = 35° at fo = 30 GHz, with the phase weightings 
re-instantiated every 5 GHz. 
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Figure l8c. A two-dimensional color polar plot of the array 
factor as a function of frequency of a 64-element linear array 
with three-bit switched-line phase shifters and true-time-delay 
units associated with four-clement subarrays, pointing in the 
direction 80 = 35o at fo = 30Gilz. 
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In this case .. ;Je length of the line required for the nth element, 
expressed by Equation (8). is such that the corresponding phase is 
exactly the phase required to scan in the desired direction. In other 
words, the phase is not restricted to the interval [ 0, 2Jr). Thus, 

Ln = nd sin ( 80 ) , (8) 

where dis the inter-element spacing, and 80 is the scan angle. 

Before introducing the results for a 35° scan angle, the two­
dimensional color plot of the array factor of a 64-element array, 
pointing in the broadside direction. is depicted in Figure 13. For 
comparison, Figure 13a shows the array factor as a function of fre­
quency in the Cartesian coordinate system, whereas Figure 13b 
shows it in the polar coordinate system. In the former, the decrease 
of the HPBW with frequency is well visible, and represents the 
main feature of this graph. In the latter. the color curves repre­
senting the main lobe (red curve) and the sidelobes (light blue and 
green curves) are straight lines, although the plot is in the polar 
coordinate system. This representation is then considered through­
out this section. 

Since the lengths of the delay lines are the same for each ele­
ment, the particular array factor corresponds to the array factor of 
an array with uniform phase and amplitude distributions. There­
fore, the array factor (AF) is expressed by 

(9) 

where N is the number of array clements, d is the inter-element 
spacing, A is the wavelength, and e is the elevation angle as 
defined in Figure 2. 

The positions of the minima and grating lobes, for instance, 
are given by Equation (I 0), which is the equation of a straight line 
in the polar coordinate system (see the Appendix) [12]: 

(10) 

or 

sin (e ) = ...!!._ !:.._ 
P Nd j' 

(II) 

where p is an integer. c is the speed of light, f is the frequency, 
e P is the pth minima or grating lobe. With the same array configu-

ration, the array factor with a scan angle 00 is expressed by 

_sin{ NJr%[sin(B)-sin(B0 )J} 
AF(B)- r , . 

Nsinl,7 %[sin( 0)- sin( B0 )] J 
(12) 

The scan angle is given by Equation (8), with n = l. This equation 

reduces to La = d sin ( 80 ), and L0 represents the length of the ele­

mentary true-time-delay line. 

Considering a scan angle of 80 , the positions of the minima 

and grating lobes are given by 
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or 

NJr%[ sin( BP)- sin( 80 )] = p7r 

!= p c 
Ndsm(B0 ) sin(eP) 

---1 
sin( 80 ) 

(13) 

(14) 

Since Ij sin ( 80 ) > l , the equation corresponds to that of a 

hyperbola (see the Appendix) [12]. This is illustrated in Figure 14, 
where the array factor of a 64-element array with a true-time-delay 
unit per element, pointing in the 35° direction, is plotted in the 
two-dimensional color graph. 

The grating lobe (GL) appears clearly on the left side of the 
plot, for frequencies above 38 GHz. The grating lobe occurs when 

d l 

A [sin ( e g) - sin ( 80 ) ]' 
(15) 

where eg is the position the grating-lobe maximum. In the case 

considered, the inter-element spacing is a half-wavelength at 
/ 0 = 30 GHz, and the scanning angle, 80 , is 35°. The above equa­

tion becomes 

/=~ I . 
sin(B0 ) sin(eg) 

1--­
sin(Bo) 

(16) 

The first grating lobe occurs at -90° for 38.1 GHz, and at -38.8° 
for 50 GHz. Note that Equation ( 16) corresponds to the equation of 
a hyperbola. 

4.1. Arrays with Constant-Phase 
Phase Shifters 

A 64-element array with a half-wavelength spacing and with 
constant phase shifters is now investigated. We consider first an 
analog constant-phase phase shifter, i.e., the phase weighting the 
nth antenna element at the frequency fo is exactly the required 

phase to steer in the 80 direction, or 

with 

rp0 = 
2

Jr d sin ( 80), 
Ao 

(17a) 

(17b) 

where A-a is the wavelength at fo. The phase weightings remain 

constant with frequency. The array factor is then expressed by 

sin{N7r1[sin(B)-~ ]} 

AF(B)= { ]}. 
Nsin Jr1[sin(B)- ~0 

(18) 
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The positions ofthe minima and grating lobes are given by 

or 

(20) 

This expression is the equation of.a straight line in the polar coor­
dinate system (see the Appendix), and can be seen in the corre­
sponding two-dimensional color plot depicted in Figure 15a. 

Figure I 5a also shows the grating lobe, which occurs at 
42 GHz and above. The frequency where the grating lobe appears 
can be determined using Equation (I 5), where 80 is now varying 
with frequency. The expression of the scan angle as a function of 
frequency, B0 (f), is 

(21) 

The above equation is simply obtained by equating the denomina­
tor of the array factor given in Equation (18) to zero, which also 
determines the position of the array-factor maximum. 

The two-dimensional color plot of a 64-element array with a 
half-wavelength inter-element spacing, fed through three-bit con­
stant-phase phase shifters, is presented in Figure 15b. The graph is 
similar to the previous graph. Because the phase shifter is digital, 
quantization lobes occur, and their variation as a function of fre­
quency implies additional straight lines. Note also that for this 
array and this configuration, the sidelobe levels on each side of the 
main beam are not symmetric, and the sidelobes on the right side 
have higher magnitude. 

4.2. Arrays with Switched-Line 
Phase Shifters 

The two-dimensional color plot of a 64-element array with a 
half-wavelength inter-element spacing, with a three-bit switched­
line phase shifter, is presented in Figure 16a. This figure shows 
first that the main lobe is not pointing in the desired direction when 
the frequency varies from the designed frequency, fo 
( fo = 30 GHz). It aiso shows that array factors with only one lobe 
with high level (0 dB or so) appear in a small frequency range 
around fo, called hereafter the clear zone of the frequency range. 
The variations of the high-level-lobe positions as a function of fre­
quency are straight lines with a fluctuating level. In particular, a 
high-level lobe occurs in the broadside direction. The magnitude is 
0 dB at low frequencies, and it decreases until the lobe vanishes 
below -25 dB throughout the clear zone of the frequency range. 
Finally, this lobe appears again with a significant level at higher 
frequencies. Note that the grating lobe occurs first at -90° for a 
frequency higher than the case of the array fed through true-time­
delay (TTD) units (about 42 GHz), as the scan angle obtained is 
smaller than the expected scan angle. 

If the array is used for a narrowband signal around a center 
frequency in different bands, then the phase weightings can be re-
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Figure 17. A phased array with phase shifters and true-time­
delay units. 

instantiated to keep the main beam in the desired direction. Fig­
ure 16b shows an example when the phase weightings are calcu­
lated every 5 GHz. In this case, the squint of the main-beam peak 
is considerably reduced. However, at low frequencies, the main 
lobe occurs in the broadside direction, as the length of the switched 
lines are too short compared to the wavelength to deliver the 
required phase weightings. 

4.3. Arrays with True-Time-Delay (TTD) 
Units and Switched-Line Phase Shifters 

To avoid the beam squint due to wide-frequency-band opera­
tion with a large array, a common approach is to associate phase 
shifters for each element with true-time-delay units at the subarray 
level [3, p. I 88; 6, p. 5 I 1 ], as indicated in Figure 17. Using a com­
bination of these two devices is a tradeoff among scanning per­
formance, size, and the cost of the system. 

In the present case, three-bit switched-line phase shifters are 
used. The phase shifters are designed to operate at 30 GHz. The 
lengths of the true-time delay units are such that each true-time­
delay unit produces the required phase at the center of the subarray 
to steer the main beam in the desired direction (here, 35°). There­
fore, the true-time-delay units have different lengths. 

Figure 18 depicts the results of array factors as a function of 
frequency for 64-element arrays with a three-bit switched-line 
phase shifter for each element, and a true-time-delay unit for a 
subarray of 16, eight, and four elements, respectively. Comparing 
Figure I Sa to Figure I 6a - which corresponds to a 64-element 
array with a three-bit switched-line phase shifter for each element 
and without true-time-delay units - one can see that the straight red 
line representing the main beam on the latter is segmented in the 
former. Each segment is tilted, due to the effect of the true-time­
delay units. The centers of the segments remain almost on the 
straight line. The same remark can be made for the lines repre­
senting the two main grating lobes. Some secondary lobes appear 
on each side of the segments, especially in the e = 35° direction. 
With this array configuration, the array beam scans in the desired 
direction over a sub-frequency band. This behavior is emphasized 
in Figure 18b, which represents the array factor of a 64-element 
array with the previous configuration, but with a true-time-delay 
unit for eight elements. On this plot, the number of hyperbolas rep­
resenting the grating lobes over frequency decreases. The red seg­
ment representing the main lobe, centered around 30 GHz in the e = 35° direction, is longer, indicating a larger operating fre­
quency band. Aside from the 30 GHz sub-band, the radiated power 
is divided mainly into two beams. Figure 18c shows the radiation 
patterns of a 64-element array with the previous configuration, but 
with a true-time-delay unit for four elements. The number of grat­
ing lobes decreases. As the number of true-time-delay units 
increases, the two-dimensional color plot of the array factor as a 

33 



nr 
i • 

i :! 

function of frequency tends logically towards the plot correspond­
ing to a phased array with true-time-delay units for each element 
(see Figure 14). 

These figures show that the main beam is following the 
desired direction over the frequency range if the number of true­
time-delay units is important enough. However, the main-lobe 
level vanishes for some frequencies, and sidelobes then become 
dominant. The additional high-level lobes are due to grating lobes 
generated by the subarray arrangement of the elements. Detailed 
information can be found in [6]. 

The use of true-time-delay lines in the feed network gives the 
best results, keeping the scan angle constant over the frequency 
range. The use of both phase shifters introduces a frequency 
dependence on the scan angle, which is clearly visible in straight 
color lines in the two-dimensional color polar plots. The constant­
phase phase shifter is preferred, as no 0 dB-magnitude lobes other 
than grating lobes are added. However, the switched-line phase 
shifter is the more realistic phase shifter, and gives the worst 
results in a broadband utilization. However, using a combination of 
a phase shifter for each element and a true-time-delay unit at the 
subarray level considerably increases the operating bandwidth with 
a moderate cost. 

5. Conclusion 

This paper has presented the results of investigations on the 
radiation characteristics of linear arrays using feed networks with 
phase-shifting devices. Arrays of point-source elements, having 
different sizes in terms of the number of elements and inter­
element spacings, have been considered. Studies of the array-factor 
characteristics have been carried out over specified scanning and 
frequency ranges. 

In the first part, the impact on the radiation characteristics of 
changes in the number of digital phase-shifter bits have been 
pointed out, by detailed studies of arrays of various numbers of 
elements. With the help of two-dimensional color graphic repre­
sentations, it has been shown qualitatively that the limited number 
of phase distributions across the array, due to quantization: 

• generates scan-angle discrepancies depending on the number of 
bits and the number of array elements; 

• increases sidelobe levels; 

• introduces additional lobes, called quantization lobes, the lev­
els of which depend on the number of bits; 

• and, as a result of all the above, decreases the directivity. 

All of these characteristics have been quantified for arrays of dif­
ferent sizes with phase shifters of different numbers of bits. This 
has helped to determine the optimum number of bits, considering a 
specific criterion. 

Thus, for most applications, and considering the overall char­
acteristics, three-bit digital phase shifters are sufficient for large 
arrays. The four-bit and even five-bit digital phase shifters are pre­
ferred for small arrays, because of the reduced number of possible 
phase distributions due to the small number of elements. 

In the second part, the characteristics of 64-element arrays 
have been investigated as a function of frequency, when true-time-
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delay lines, constant-phase, and switched-line phase shifters (ana­
log or digital), and a combination of a phase shifter for each ele­
ment and true-time-delay units at the subarray level were consid­
ered. The different effects of frequency on the array factor have 
been clearly identified with the help of the two-dimensional color 
graphic representations, and mathematical descriptions have been 
provided. Best results were achieved with true-time-delay lines for 
each element, which maintain the scan angle as a constant over the 
frequency range. The two kinds of phase shifters - constant-phase 
and switched-line phase shifters- bring a frequency dependence to 
the scan angle. The latter, which is the most realistic, generates 
additional high-level lobes, and so it is the worst phase shifter for 
utilization over a broad frequency range. However, combining a 
phase shifter for each element and true-time-delay units at the 

· subarray level improves performance over the bandwidth. 

The two-dimensional color plot is a very interesting represen­
tation for visualizing a pattern over a range. Some characteristics 
can be easily and readily pointed out, compared to the conven­
tional two-dimensional representation. This paper outlines the pos­
sibility of such a representation for use in phased-array studies. For 
instance, radiation-pattern characteristics of a phased array, taking 
into account models of realistic phase shifters, models of amplifi­
ers, or mutual coupling, can also be investigated with this kind of 
graph, and reveal unexpected effects. 

6. Appendix: 
Equations of a Line and Conics in the 

Polar Coordinate System 

Figure 19 shows the Cartesian and polar coordinate systems 
used in this appendix. 

6.1 Equation of a Line 

The general equation of a line in the two-dimensional Carte­
sian coordinate system is expressed by 

y 

0 

ax+by+c = 0. (22) 

x = r.cos8 

eP 

r 
8 

X 
. ... 

Figure 19. The Cartesian arid polar coordinate systems. 
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Considering the Cartesian-to-polar transformation gives 2001 URSI Commission B International Symposium on Electro­

rcos8cosa+rsin8sina+r0 =0, (23a) 
magnetics, Victoria, BC, Canada, May 8-13,2001, pp. 85-87. 

10. J. L. Allen et al., "Phased Array Radar Studies," MIT Lincoln 
with Lab TR 238, August 1960. 

c 
(23b) 

or 

r=- ro . 
cos( 8-a) (24) 

6.2 Equation of Conics [12) 

Conics can have different expressions, in either Cartesian or 
polar coordinate systems. In the polar coordinate system, the equa­
tion of the conics referred to a focus such as a pole is 

p 
r= ' 

I +&cos( 8 -a) (25) 

where c is a positive number. Different cases occur. If c > I , the 
conic is a hyperbola. If c = I , the conic is a parabola. If 0 < c < I , 
the conic is an ellipse, and if c = 0 , the conic is a circle. 
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