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ABSTRACT 

Many transducer material~ exhibit negligible dielectric 
losses and are represented by models or equivalent circuits 
containing only mechanical loss mechanisms. In contrast, 
however, polymer hydrophone materials are known to exhibit 
appreciable dielectric losses at high frequencies. In order to 
illucidate the effects of dielectric losses, a simple equivalent 
circuit containing a lossy clamped capacitance is analyzed. 
Plots of the electrical input impedance are presented for various 
electrical and mechanical quality factors and for various values 
of the coupling coefficient. A method for determining the 
frequencies of maximum and minimum impedance is · derived. 
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I. INTRODUCTION 

. 
Losses . in piezoelectric transducers are often considered to 

be strictly mechanical, rather than electrical, in nature. This 

view may be justified in many cases, but Martin1 has pointed out· 

that dielectric and piezoelectric losses must also be included in 
. 2 

an adequate transducer description. Morever, measurements of 

the permittivity of polyvinylidene fluoride (PVDF), a polymer 

piezoelectric material, indicate that the dielectric loss factor 

can be as high as 0.3 for nonvoided PVDF at high frequencies (~1 

MHz). It seems possible that some flexible composite piezo-

electric materials may also have appreciable dielectric losses, 

since the polymer matrix is sometimes blended with carbon to 

increase the electrical conductivity and reduce the required 

electric poling field. 3 At any rate, a look at the implications 

of finite electrical losses for piezoelectric transducers appears 

to be in order. 

II. EQUIVALENT CIRCUIT 

The equivalent circuit for a piezoelectric resonator 
4 

includes a mechanical transmission line in order to account for 

wave effects, such as the standing wave which occurs when the 

element is one-half wavelength long. In our discussion of 

dielectric losses, we wish to focus on the behavior near that 

half-wavelength condition, and so we can use the simplified 

equivalent circuit, valid near resonance, of Figure 1. In the 

figure, C
0 

is the clamped electrical capacitance of the element, 

k is the appropriate coupling constant, w is the series s 
resonance (angular) frequency of the mechanical branch, and Qe 

and Q are the electrical and mechanical quality factors, 
m 

respectively. , .Parallel resonance (antiresonance) of the 

electrica~ and mechanical branches occurs at 

( 1 ) 

3 
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2 
The circuit of Figure 1 is valid as long as k <<1~ otherwise, the 

frequency band covering w and w becomes too large to be fairly s p 
represented by a lumped-element circuit. 

If we consider the piezoelectric resonator as a bar or plate 

having dimensions t 1 , t 2 , and t 3 , respectively, along the x 1 , x 2 , 

and x 3 axes of the piezoelectric material, the circuit parameters 

are related to the material properties as follows: 4 

1) Thickness plate resonator: 

I<J. .z s /IJ = h t! c.J3 :J3 33 
( 2 ) 

s 
~~~~ eiJ - €33 - ( 3 ) 

wP ':: 1r >/: /.1. . 3 
( 4) 

1> :PI 1/:J. 

" -::. ( c.33 f) t 
( 5 ) 

where h 33 is the piezoelectric strain and charge density 

coristant, E~ 3 the clamped perrnittivi~y, c~3 the open circuit 

stiffness in the poled direction, v~, the open circuit thickness 

wave velocity, and the density. As given by Equation 2, k is the 

thickness coupling factor. 

2) 33 bar resonator: 

k~ 2 .z 
/ r 

E 
-: k.33 = d.]J ~.Js 5.13 

( 6) 

eo -r 
= ~.33 (I .. k.J) ,(1 1~ · 1 1.1 ) ( 7 ) 
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( 8 ) 

( 9) 

where k 33 is the 33 coupling factor, d 33 the piezoelectric stress 
. f' T h f . . . E h and electr1c 1eld constant, £ 33 t e ree perm1tt1v1ty, s 33 , t e 

short circuit compliance (in the poled direction), and V~ the 

open circuit extensional wave velocity in the poled direction. 

3) 31 bar resonator: 
E k :J. : 

z.. z / r 1<31 : c/..31 ~~3 ~I 
. ( 10) 

T 
(1- k

2 J 1, ~ I "3 
(11) e., -:: t;33 ) 

e 
Ws ':. 1t' "'" I .,~.3 (12) 

) 

E. E -1/:1. 
( 13) vb ': (fs, ) ) 

where k 31 is the 31 coupling factor, d 31 the piezoelectric stress 

and electric field constant, sik the short circuit compliance (in 

the stretched direction), and Vb the short circuit extensional 

wave velocity in the stretched (x
1

) direction. Note that in the 

31 case, the half-wave condition occurs at the series resonance 

frequency, w , where the electrical input impedance is small , s . 
whereas in the 33 and thickness modes, the half-wave condition 

occurs at the paral.l.el resonance, wp' where the impedance is 

large. 

5 
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Electrical and mechanical losses have been introduced into 

the equiva1ent circuit of Figure ! - through the use 6f the quality 

factors, Q and Q . (Q ls the reciprocal of the dielectric 
e m e 

dissipation factor.) Although, for our discussion, these quality 

factors will be assumed independent of frequency, a better 

representation of the losses would allow the quality factors to 

vary with frequency. We have chosen the resistances of Figure 1 

to vary with frequency in the same way as their corresponding 

reactive components, i.e, proportional to wL for the mechanical 

loss resistance and inversely proportional to wC
0 

for the 

electrical loss resistance. We are thus assured that the series 

resistance will never exceed the reactance, wL, and that the 

parallel resistance will always exceed the reactance, l/wC
0

. 

III. IMPEDANCE PLOTS 

The square of the magnitude of the normalized impedance, 

wsC
0

Z, of the equivalent circuit of Figure 1 is 

where 

and 

' 
2 )% 

(.fL-1) + (..fL/QW\ 
-:.-

..0.. 

2 n = (w/ws) 

y = 8(k/TI) 2 • 

6 
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Figures 2 through 10 are plots of the normalized impedance 

magnitude, lwsC
0

ZI, as a function of the normalized frequency, 

wlw ' for values of Q and Q of 100, 10, and 1. The three 
s - e m -

curves on each figure are for v~lu~s of the coupling ~onstant, 

k = 0.1, 0.2, and 0.?. At frequencies well removed from 

resonance, the impedance is that of a lossy capacitance. 

Referring to the circuit of Figure 1, we see that the low 

frequency (free) capacitance is C
0 

+ C = C
0 

(1 + y) while the 

high frequency (clamped) value is C , but in each case, the shunt 
0 

resistance is Qe/wC
0

. The offset between the high frequency 

asymptotic impedance and that at low frequencies is a measure of 

the coupling factor. 5 It can be obtained from Equation (14) as 

1-w ~ { 

(J+t):r.. + Q;2. 

1 + Q~l. 

1/'-

( 17) 

In the absence of electrical losses, the offset is 1 + y, the 

ratio of the free and clamped capacitances. When electrical 

losses are present, the offset is reduced as indicated by 

Equation (17). Mechanical losses have no effect on the offset 

ratio of Equation (17); their influence is felt only near 

resonance. - The offset ratio is strongly dependent on the 

coupling factor, k, as can be seen in Equation (17) (the 1 + y 

term) and in any of Figures 2-10. 

We consider next the behavior of the impedance near 

resonance, where the influence of the mechanical branch of the 

equivalent circuit becomes important. Increases in either k or 

Qm are well-kn~~n6 to cause increases in the ratio of maximum and 

minimum impedance, I Z I/ I Z . I, as can be seen in Figures 2-10. max m1n 
The effect of fin ite electrical losses near resonance can be seen 

by comparison of Figures - 2-4. Because the electrical loss is in 

a shunt element , it has a pronounced effect on the maximum 

7 
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impedance 1·z I , but very mucb less inf 1 uence on I Z . I , the max m1n 
minimum impedanc~, i.e., the loss resistance shunts out the high 

impedance, Z , but is itself shunted out by the low impedance, 
max 

Z . Figures 5-7 and Figures 8-10 illustrate the same m1n 
phenomenon for Qm = 10 and 1, respectively. Electr~cal quality 

factors as low as 1 tend to pull the overall impedance level 

(i.e., over the whole frequency band) down because of this 

shunting action: compare, for example, Figures 3 and 4. Figure 

11 is a plot of I Z I/ I Z . I as a function of Q for various max m1n e 
values of k and Qm. As long as Q > Q , the effect of electrical 

e - m 
losses is unimportant, but they become increasingly important as 

Qe becomes less than Qm, especially at the larger coupling 

factors. 

IV. FREQUENCIES OF MAXIMUM AND MINIMUM IMPEDANCE 

The frequencies, w and w . , at which the impedance max m1n 
magnitude is maximum and minimum, respectively, can be found by 

differentiating Equation (14), i.e., 

Unfortunately, this process results in a quadratic equation in n, 

so that a direct solution for nmax and nmin is cumbersome. 

Equation (18) turns out to be only quadratic in y, however, so 

that it is relatively easy to solve for y in terms of n. In 

other words, we use Equation (18) to find values of y that 

produce an impedance extremum at a given value of n. The 

resulting quadratic equation in y is: 

2 -ay + by + c = 0, (19) 

whe re 

d. - l - ( +' ) ,l. 
I Q~ J.l- ) . (20) 

8 
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J (21) 

and (22) 

The solutions for k are then 

= (23) 
) 

where (24) 

Thus, for a given frequency ratio, w/ ws (recall n = ( w/ ws) 2 ) 1 we 

found k+ and k , corresponding to extrema of lw C Zl at the given - s 0 

w/ws· Figures 12 and 13 ar~ plots of w/ws ver~us k corresponding 

to these extrema for Q = 10 and 100, respectively. If k is very m 
small, there are no extrema, but at some minimum value of k, the 

maximum and minimum impedances coincide, i.e., there is an 

inflection point, with zero slope, in the lzl vs w curve. At 

still larger values of k, Figures 12 and 13 show that there are 

two frequencies yielding extrema in lzl. The lower frequency is 

the location of the impedance minimum and the higher one 

corresponds to the impedance maximum. In other words,the upper 

branch of each curve is w /w , while the lower branch is max s 
In the limit of very large Q and Qe, the lower . m 

frequency becomes ws and the higher one is given by Equation (1); 

this situation is plotted in Figure 14. Compar ison of Figures 

12, 13, and 14 shows the effect of coupling and losses on w 
max 

and . w . . 
min · Increasing k always increases the separation and the 

ratio betwen them, whereas decreas e s in either Q ·or Q result· in e m. 
a n increase · in w /w . . These effects, (at least for infinite max . min 
Q ) have been illustrated in Figure 4 of Reference 7. e 

9 
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V. SUMMARY 

The equivalent circuit of Figure 1 has provided us with an 

·approximation to the effects o£ dielectric and mechanical losses 

'in tr~nsducers, valid near resonance and for. k
2 

<< 1. (A ciore 

precise treatment would involve an equivalent circuit conta i ning 

a mechanical transmission line4 and include piezoelectric losses1 

as well.) Finite electrical losses: 1) reduce the amount of 

offset between the high- and low-frequency asympt~tes 6f lzl (see 

Equation (i7)), 2) reduce the ratio lzmaxl/lzminl (with a more 

pronounced effect on lz I) (see Figure 11) and 3) increase the max 
separation and ratio of wmax and wmin (see Figures 12 and 13). 
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VIII. GLOSSARY OF SYMBOLS 

a see Equation (20) 

b 

c 
D 

c33 
c 
c 

0 

d31 

d33 

h33 
k 

k31 

k33 
k+,k-

R-1 

R-2 

R-3 

L 

see Equation (21) 

see Equatiori (22) 

open circuit stiffness, x3 - direction (Pa) 

capacitance due to mechanical compliance, = 
clamped capacitance (F) 

piezoelectric constant, 31 mode (C/N) 

piezoelectric constant, 33 mode (C/N) 

piezoelectric constant, thickness mode (V/m) 

coupling factor, general 

coupling factor, 31 mode, see Equation (10) 

coupling factor, 33 mode, see Equation ( 6) 

coupling factor roots of Equation (19) 

length of element, xl - direction ( m) 

length of element, x2 - direction ( m) 

length of element, x3 - direction ( m) 

inductance due to mass, = (w;c)-l (H) 

Qe electrical quality factor, see Figure 1 

yC 
0 

Qm mechanical quality ~actor, see Figure 1 

s 1i short-circuit compliance, x 1 -direction (Pa -l) 

s 3~ short-circuit compliance, x 2 -direction (Pa-l) 

(F) 

D 
vb open-circuit bar-wave velocity, x3 - direction (m/s) 

E 
vb short-circuit bar-wave velocity, x 1 - direction (m/s) 

D 
vt open-circuit thickness-wave velocity, x3 - direction (m/s) 

x 1 element crystal axis coordinate, stretch direction (m) 

x 2 element crystal axis coordinate, (m) 

x 3 element crystal axis coordinate, poled direction (m) 

Z (complex) electrical impedance (Ohms) 

l z l absolute magnitude of Z (Ohms ) 

lzmaxl maximum value of lzl (Ohms) 

12 



IZ I minimum value of lzl (Ohms) min 
= 8 (k/1T) 2 

1+,Y- roots of Equation (19) 

. s 
E 33 clamped permittivity, x 3 - dir~ction (F/m) 

w 

free permittivity, x 3 - direction (F/m) 

density (kg/m3 ) 

angular frequency (rad/s) 

angular frequency of IZ I (rad/s) max 
angular frequency of lz . I (rad/s) m1n 

TM No. 85-1045 

parallel resonance angular frequency, see Equation (1} 

(rad/s) 

series resonance angular frequency, = (LC)-l / 2 (rad/s) 
2 = (w/ws) 

= (wmax/ws) 2 
2 = (wmin/ws) 

1 3 
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'- = ::: ws .s 0 

k 
.2. 

<< I 

Figure 1 - Simplified Equivalent Circuit of Half-Wavelength Piezoelectric 
Resonator with Electrical, as well as Mechanical, Losses 
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External 
NAVSEA 63D 

63Rl2 (C. c. Walker) 
63X51 (C. A. Clark) 

NOSC Code 712B (C. Hicks, J. Lockwood) 

TM No. 85-1045 

NRL/USRD (T. A. Henriquez, R. Y. Ting, A. L. Van Buren, 
J. ~alesak) 

ONR Code 220 (CAPT E. Craig) 
Code 2208 (T. Warfield) 
Code 431 (R. C. Pohanka) 

EDO Western Corp. (G. Snow) 
General Dynamics, Electric Boat Division (E. Budzik) 
Image Acoustics, Inc. (J. L. Butler) 
Georgia Inst. of Tech. (J. Ginsberg, P. Rogers) 
University of Leeds, England (I. M. Ward) 
Martin Acoustics Software Technology (G. E. Martin) 
Penn State University (L. E. Cross, R. E. Newnham) 
Pennwalt Corp. (P. Bloomfield) 
Physical Acoustics Corp. (J. Mitchell) 
Raychem Corp. (G. Bischak, P. Soni) 
Raytheon Corp. Research Div. (R. Tancrell) 

Sub Signal Div. (S. Ehrlich, D. Ricketts) 
ARL/UT (H. Frey, T. Muir~ 
Thorn EMI, Ltd. (D. M. Jones, J. c. McGrath) 
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