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FUNCTION SPACES ASSOCIATED WITH SCHRODINGER
OPERATORS: THE POSCHL-TELLER POTENTIAL

GESTUR OLAFSSON AND SHIJUN ZHENG

ABSTRACT. We address the function space theory associated with the Schrédinger opera-
tor H = —d?/dz?+V. The discussion is featured with potential V (z) = —n(n+1) sech’z,
which is called in quantum physics Pdschl-Teller potential. Using a dyadic system,
we introduce Triebel-Lizorkin spaces and Besov spaces associated with H. We then
use interpolation method to identify these spaces with the classical ones for a cer-
tain range of p,q > 1. A physical implication is that the corresponding wave function
Y(t,z) = e f(x) admits appropriate time decay in the Besov space scale.

1. INTRODUCTION

Let H = —d?/dx® + V be a Schrodinger operator on R with real-valued potential
function V. In quantum physics, H is the energy operator of a particle having one de-
gree of freedom with potential V. If the potential has certain decay at oo, then one
may expect that asymptotically, as time tends to infinity, the motion of the associated
perturbed quantum system resembles the free evolution. Indeed, it is well-known that
if [o(1+ |z|)|V(z)|dz < oo, then the absolute continuous spectrum of H is [0,00), the
singular continuous spectrum is empty, and there is only finitely many negative eigenval-
ues. Moreover, the wave operators Wi = s — limy_, 4o €7 e~ 0 exists and are complete
[CO01, DT79, Z04a).

Recently, several authors have studied function spaces associated with Schrédinger
operators [JN94, E95 E96, DZ98, DZ02, BZ05]. One of the goals has been to develop
the associated Littlewood-Paley theory, in order to give a unified approach. Motivated
by the treatment in [BZ05, E95] for the barrier and Hermite cases, we consider H with
the negative potential

(1.1) Vi(z) = —n(n + 1)sech®z, n €N,

which is called the Pdschl-Teller potential [B99, G89]. The study of H with this potential
is related to linearization of nonlinear wave and Schrodinger equations. In this paper,
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2 GESTUR OLAFSSON AND SHIJUN ZHENG

we are mainly concerned with characterization and identification of the Triebel-Lizorkin
spaces and Besov spaces associated with H. Notice that in contrast to the potentials
studied in [BZ05, E95, DZ98, DZ02], H = Hy + V,, is not a positive operator and it has
a resonance at zero.

Suppose {;}5° C C5°(R) satisfy: (i) supp o C {|z] <1}, supp ¢; C {2772 < [z] < 27},
5> 1 (i) |9 (2)] < cu27™,  Vj,m € No; and (i)

(1.2) Y pir)=1, VzeR

=0
Let a € R, 0 < p<ooand 0 < q < oo. The Triebel-Lizorkin space associated with H,
denoted by F*9(H), is defined to be the completion of the subspace L := {f € L*(R) :
1 fll ey < 00}, where the quasi-norm || - || peosg) is initially defined for f € L*(R) as

(1.3) 1 e = 10X 279905 (H) £19) Y o
§=0

(with usual modification if ¢ = 00).
Similarly, the Besov space associated with H, denoted by Bg(H), is defined by the
quasi-norm

(1.4) 1 szacny = (S 294, (H) £113,) .
j=0

In Section 3 we give a maximal function characterization of Fy*(H). We show in
Theorem 3.5 that

o

(1.5) 1 macn ~ 1S @05 1)y,

J=0

where ¢} f is the Peetre type maximal function with s > 1/min(p,q). Therefore the
definition of the F;*9(H)-norm is independent of the choice of {y};>0.

The proof of (1.5) essentially depends on the decay estimates in Lemma 3.1 for the kernel
of ¢;(H), which can be expressed in terms of continuum and discrete eigenfunctions of H.
In Section 2 we solve the eigenfunction equation (2.1) for k € RU {i,...,ni} (i = v/—1),
based on a method suggested in [Lam80]. In Section 4, using the explicit kernel of ¢;(H)
we give a proof of Lemma 3.1 for high and local energies. It turns out that for the
absolute continuous part of H, the high and local energy analysis is simpler than the
barrier potential, although H has a nonempty pure point spectrum.

A natural question arises: What is the relation between the perturbed function spaces
and the ordinary ones, namely, F;9(R) and By*“(IR) 7 In this regard, we show in Section 5
that F*(H) is identically the L? space, 1 < p < co. Futhermore, in Section 6 we obtain
the following result (Theorem 6.1) by means of complex interpolation: If & > 0,1 < p < o0
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and 2p/(p+ 1) < g < 2p, then
(1.6) EM(H) = F2*(R)
andif a>0,1<p<oo,1<q< o0, then
a, _ 2a,
By(H) = B,"(R).

The method in proving Fy*(H) = L” is similar to the Hermite case [E95]. However,
the identification (1.6) seems new for o > 0. It is not difficult to see that the analogue of
(1.6) does not hold for the Hermite case, where the potential is x?.

As an application of the function space method we obtain a global time decay result
(Theorem 6.3) for the solution to the Schrodinger equation (6.1), namely,

— _(1_1
”6 tHfHLP’ S <t> G 2)||fHB;15,2(R)

for 1l <p <2and g = |% — %| being the critical exponent, which is a consequence of
the local and long time decay estimates from [JN94] and [GSch04]. Here the perturbed
function spaces play an important role in the interpretation of the mapping properties
of operators between the abstract and classical spaces. It provides a necessary tool in
realizing the above inequality by means of embedding and interpolation.

Finally, we mention that the homogeneous F' and B spaces seem to deserve special
attention. The crucial reason is that, to our surprise somehow, the decay estimates for
the low energy (—oo < j < 0) that are required for the derivative of ¢;(H)E..(x,y)
does not hold, which leaves open the question on obtaining the homogeneous version of
Theorem 3.5. In a sequal to this paper we will consider the homogeneous case and study

the spectral multiplier problem on the F' and B spaces.

2. THE EIGENFUNCTIONS OF H

Let V,, = —n(n + 1)sech®z and Hy = —d?/dx?. In this section we derive a simple
expression for the continuum eigenfunctions of H = Hy + V,,, which are the scattering
solutions to the Lippman-Schwinger equation (2.3). We also show that the bound state
eigenfunctions are rapid decaying functions.

2.1. Scattering equation. Consider the eigenvalue problem for (1 + |z|)V € L,

21) He(r.k) = Ke(z.k), ke,
with asymptotics

Te(k)et i@ = oo
(2.2) ex(w, k) ~ { e* + Ro(k)e=™ if 2 — Foo,

where + indicate the sign of k. We will use the notation

] oei(z, k) if E>0
6(95”“’)_{ e_(z,k) if k<O0.
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The coefficients T4 (k) and Ry(k) in (2.2) are called the transmission coefficients and
reflection coefficients, resp. They satisfy the conservation law |Ty(k)|* + |R+(k)]* = 1.
It is easy to see that (2.1) together with (2.2) is equivalent to the Lippman-Schwinger
equation

. 1 .
(2.3) ex(a k) = e+ o / MUY (y)ew (3, k) dy.
1

2.2. Inductive construction of the solution. Let y, be the general solution of
Y +n(n+ 1) sech’z y, = —k*y, .

If n =0,y = Ae?*® + Be~*= If n > 1, according to [Lam80, Section 2.6] we have by
induction

Yn(z) = A(k)D,, - -- D1(e™) 4+ B(k)D,, - - - Dy (e %),

where D,, denotes the differential operator

(2.4) D, = c;l_x —ntanhz, neN.

Here we observe that since - (tanhz) = 1 — tanh®z,
(2.5) D, --- Dy (e**) =p,,(tanh z, ik)e™,
D, -+ Di(e”**) =q, (tanh z, ik)e ",

where p,(z, k) and ¢, (z, k) are polynomials of degree n in z, k and have real coefficients.
Let e, (z, k) denote the particular solution of (2.3) with V' = V,,. Using the asymptotics
(2.2) we solve e, (z, k) as in the following lemma.

Lemma 2.3. Let n € N. There exists a polynomial p,(x, k) of degree n in x, k such that
ence (k) = AE(k)pa(tanh o, ik) e

Furthermore the following hold.
(a) The constants AX(k) are given by

o1 o1
At (k) =1]— and A (k)=(-1)"]] —.
j:1]+zk S -k

J

(b) The transmission coefficients T,, + (k) are

n

T+ (k)= (1" [ ]

j=1

j—ik
j+ik

~ i+ ik
d T _(k)=(-1)" .
an n—(k) = ( )Ej—i’f

(c) The reflection coefficients R, 1 (k) are all zero.
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Proof. In light of the above discussion we write
(2.6) ent(r, k) = AZ(k)p,(tanh z,ik)e™™ + BE(k)q, (tanh z, ik)e ™"

First we assume k > 0. Substituting (2.6) into the (2.2), we obtain that B (k) =0 =
Rn,-i-(k)?

(2.7) AT (R)pn(—1,ik) =
and

n o pall,ik)
(2.8) Tn (k) = AT (k)p,(1,ik) = m )

Thus (2.6) becomes
ent(2,k) = At (k)p,(tanh x, ik)e™™.
From (2.5) we easily derive the recurrence formula
(2.9) pn(tanh x, ik) = sech®v p!,_,(tanhz,ik) + (ik — ntanhz)p,_; (tanh z, k).
Since p!,_,(x, k) is a polynomial in z, it follows that

lim p/,_,(tanhz,ik) = p, | (£1,ik)

r—+
is bounded. Taking the limit in (2.9) as © — +oo we find
pn(E1,ik) = (ik F n)p,_1(E1,ik).
,i.e., po =1, A =1, we obtain

pn(l,ik) "ﬁj—zk

Jj=1

Since eg(z, k) = e**

and
n

pu(=Lik) = [0 + k) = (=1)"pu(LF).
j=1
Now for k£ > 0, (a), (b) in the lemma follow from (2.7), (2.8).
For k negative, similarly it holds that B, (k) = 0 = R,, _(k) and instead of (2.7), (2.8),
we have

A (k)pn(l,ik) =1
and
T (k) = A ()pa(—1,ik)
Then the results for A, T,, _ and e, _(z, k) follow. O
From (2.5) we can also see
(2.10) pn(tanh z, —ik) = (—1)"p,(— tanh z, ik)

by simple induction. Thus we obtain the following formula for the continuum eigenfunc-
tions.
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Theorem 2.4. Assume k € R\ {0}. Then

n

en(z, k) = (sign(k))" (H - +1i‘k|> P, (z,k)e™*™,

Jj=1

where P,(x,k) = p,(tanh x,ik) is defined by the recursion formula

pn(tanh x, ik) = di(pn_l(tanh x,ik)) + (ik — ntanhz)p,_; (tanh z, ik) .
x

In particular, the function
R x (R\{0}) > (z,k) — e,(z, k) € C

is analytic with e, (x,—k) = e,(—z, k). Moreover, the function

n

PR AN 1 ik(a—
(x,y, k) — en(x,k)en(y, k) = (H m) Py(x, k) Pa(y, —k)e™ )

Jj=1
is real analytic on R3.

2.5. The point spectrum. For (1 + |z|)V € L', we know that the point spectrum of
Hy+ V is given by the simple eigenvalues —pu? such that T, (k) has a (simple) pole at ij;
see e.g., [DT79, p.146]. Therefore we have

Lemma 2.6. The point spectrum of H = Hy + V,, consists of
O =1{—1,—4,...,—n’}.

The corresponding eigenfunctions are Schwartz functions that are linear combinations of
sech™ztanh® z, m € N, k € Ny.

Proof. The statement about o, follows from the fact that £ = ij, j = 1,...,n, are the

poles of T, 4 (k) = (=1)" [T}, (j—ik)(j+ik)~". For k* = —j? let y, ; be the corresponding

eigenfunction. By induction we find that
Yij = sech/z
Yir1; = j+1sechj$
Yj+mj =Djim¥jrm-14,  meN.
Hence the bound states are given by
Ynj(x) = Dy -+ Djysecklz, j=1,...,n—1,

and
Ynn(z) = sech™z.
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Remark 2.7. There is a continuous extension of V,, when n is replaced by a continuous
parameter in R. We can find the scattering solutions of (2.3) by using the two real
fundamental solutions given in [Flu74]. However we do not intend to include them here
since the expression (which involves hypergeometric functions) seems quite complicated.

2.8. Projection of the spectral operator ¢(H). Given V € L' N L? it is known that
H = Hy + V is selfadjoint on the domain D(H) = D(Hy) = WZ(R), the usual Sobolev
space of order 2 in L?2. We decompose L? = H,. ® H,p, where H,. denotes the absolute
continuous subspace and H,, the pure point subspace. Let E,., E,, be the corresponding
orthogonal projections, respectively. For a measurable function ¢ we define ¢(H) by
functional calculus as usual. Then it follows that

¢(H)f:¢(H>Eacf+¢( ) pr ¢ |H f+¢ |H

Let e(x, k) be the scattering solution of (2.3) and e;(x) the eigenfunction of H with (neg-
ative) eigenvalue \;. If ¢ is continuous and compactly supported, we have the following
expression [Z04a]

(2.11) gb(H)f(x):/Kac(x,y wdy+ 3 600)(fees, feLinL?,
AjEopp

where

(2.12) Kaery) = (2m) [ o(02)e(o, by, Rk

is the kernel of ¢(H)FE,.. Note that if e(x, k) is smooth in z, then K,.(z,y) is smooth in

z, Y.
If letting Kpp(z,y) = >_; ¢(Aj)ej(x)e;(y), we can write (2.11) in a more compact form

(2.13) /K x,y)f(y)dy,

where K = K,. + K,,. We mention that in the case (1 + |z|)V € L' the kernel formula
(2.12) agrees with the usual one using the Jost functions [GSch04, DT79].

3. MAXIMAL FUNCTION CHARACTERIZATION

Let H = Hy + V,. This section is mainly to give a quasi-norm characterization of
F9(H) and Bj9(H) using Peetre type maximal function. Consequently, the F'(H) and
B(H) spaces are well-defined in the sense that different dyadic systems give rise to equiv-
alent quasi-norms.

Let {¢;}° be a system satisfying conditions (i), (ii) as in Section 1, i.e.,

(i) supp o C [—1,1], supp ¢, C [—27, =272 U [2772,27], j > 1;

(i) | (2)] < en27™, Vj,m € Ny
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Denote K;(z,y) = ¢;(H)(x,y) the kernel of ¢,;(H) as given by the formula (2.13). To
simplify notation we let

(3.1) w;(z) =14 292|z].

Lemma 3.1. Let j > 0. Then for each m € Ny there exist constants C,,,C! > 0 such
that

(@) |K;(zy)l < Cn2Pwj(z —y)™"

0) 5Kz y)| < CL20w(x —y) ™.
We postpone the proof till Section 4.

For s > 0 define the analogue of Peetre maximal function:
) |0 (H) f ()]
32 : r)=8up ———m7"T—
(3.2) @) (@) =)

and
) — o (G @)
SOj,s.f( ) teﬂI{? wj(m —t>s .

Lemma 3.2. Let s > 0 and j € Ny. Then there exists a constant C = Cs > 0 such that
o f(z) < C2P2¢% f(x).

Before the proof we note the following identity that will be used often later on. Suppose
{®;} be a dyadic system as in Section 1. Then

(3.3) oi(H)f = b (Hpi(H)f,  fel?

v=-—1

with the convention ¢_; = 0, which follows from the equality @;(x) = S0 ¥, (2)@;(x)
for all z.

Proof. By (3.3) we have

GEEDO = Y [ L))o H 1w dy.

v=—1
Apply Lemma 3.1 to obtain

d(,. ! ;
|dt<soj<H>f)><t>|< ey o | L2ICINIC)| N

wi(r —t)s  ~ R Wity (t — y)"w;(z — 1)

v=-—1
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It follows from the definition of go;s f that
S

i (f —
R

w; (93 - 75 Wiy, (t —y)™

v=—1

i/2
SCSzj (’0‘7 Sf( ) Y
provided m — s > 1. This proves Lemma 3.2. O

The next lemma (Peetre maximal inequality) follows from Lemma 3.2 by a standard
argument; see [Tr83, p.16] or [BZ05]. Let M be the Hardy-Littlewood maximal function

1
M) i=sup o [ 1+l
r [ Jr
where the supremum runs over all intervals in (—oo, 00).

Lemma 3.3. Let s > 0 and j € Ny. There exists a constant Cs > 0 such that

i f (@) < CM (| (H) fI*) ().

Remark 3.4. It is well known that M 1is bounded on LP,1 < p < o0, i.e.,
(3.4) IMfllp < ClIflp-

Moreover, if 1 <p < oo, 1< q<oo and{f;} is a sequence of functions, then

(35 IS 1M ler < Cog (S 1AM

(usual modification if ¢ = 0o) by the Fefferman-Stein vector-valued mazimal inequality.

We now state the following theorem on maximal function characterization of F*?(H).

Theorem 3.5. Leta € R, 0 < p < oo and 0 < ¢ < 0o. Let {p;};>0 be a system satisfying
(i), (i1) and (iii) as given in Section 1. If s > 1/ min(p,q), then we have for f € L?

g v vy
(3.6) A ez = 11O @75 )l
7=0

Furthermore, Fy*(H) is a quasi-Banach space (Banach space if p > 1, ¢ > 1) and it is
independent of the choice of {p;};>0.
Proof. Because ¢} f(r) > |¢;(H) f(z)], we only need to show

e}

(3.7) 1 @05 Nl < Cl S llegaqan

Jj=0
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but this follows from Lemma 3.3 and (3.5). Indeed, choosing 0 < r = 1/s < min(p, q), we
have

14270 Hlmieny < Coll{2 M Loy () A7) Hlmen

o0

= Coll (Y IM @ iy (D 1))

0
< Cs,p,qH{2ja<10j<H)f}HLp(£q)
= S,p,quHF;?’q(H) )

which proves (3.7).

To show the second statement let ¢» = {¢;} be another system satisfying the same
condtions as ¢ = {p;}. We use (3.3) and Lemma 3.1 (a) to estimate

|¢](H)f(l’)| < 02j/2 Z W}H-V(H)f(y” dy

e wilz—y)"

S

1
<Y 2P, 1) / e =9 g,

1 g wilz—y)m

provided m — s > 1. Thus, for f € L?

(3.5) 1oy < Comal £ o f Hluoteny 2 1 Wy -
This concludes the proof. O

Remark 3.6. Note that the statement in Theorem 3.5 is true for the more general system
[e.e]

p={p;} satisfying conditions (i), (i) and (iii’)
Z pi(z) = c>0.
J

In fact, let us fix a system {@;} as given in Theorem 3.5. Then the same argument in
the proof of (3.8) shows

1 ey < CUF N Fea g

To show the other direction, we define

Pj(x) = SOJ(Z')/(Z pi())
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Then it is easy to verify that {p;} satisfies (i), (i), and so, p;(H)(x,y) satisfies the nice
decay in Lemma 3.1. Now the identity

Z SOJ pj—i—u

v=—1

and the proof of (3.8) yield
1 1 ey < CUF N Eea g

3.7. Besov spaces for H. Let « € R, 0 < p < 00, 0 < ¢ < co. We define BI(H),
the Besov space associated with H to be the completion of the subspace {f € L? :
| fll Bea(my < oo} with respect to the norm || - || ggwa(), which is given by (1.4). Then
By9(H) is a quasi-Banach space (Banach space if p, ¢ > 1).

Theorem 3.8. Let a € R, 0 <p < oo, 0 < qg<oo. If s> 1/p, then for f € L?
1fllgacn = (2% @5 f150) "%
5=0

Furthermore, By?(H) is well defined and independent of the choice of {p;} ;>0

The proof of Theorem 3.8 is analogous to that of Theorem 3.5 but we use (3.4) instead
of (3.5).

There is an embedding relation between the F'(H) and B(H) spaces that can be shown
directly from the definitions, namely,
(3.9) By (HY) s FHI(H) < BP0 (H),

0<p<oo 0<q< oo, where X — Y means, as usual, continuous embedding in the
sense that X C Y and ||f|ly < C||f|lx, Vf € X. The proof of (3.9) is the same as in the
Fourier case; see [Tr78, 2.3.2].

3.9. Lifting properties of F/(H) and B(H) spaces. Letc, > —info(H) = —info,,(H) =
n?. We need the following lemma in Section 6.

Lemma 3.10. Let s € R, 0 < p < oo and 0 < ¢ < co. Then (H + c,)* maps F9(H)
isomorphically and continuously onto Fy~*(H). Moreover, ||(H + cn)sf||F§75,q(H) R
| fll peacery- The analogous statement holds for By4(H).

Proof. We only give the proof for F'(H). The proof for B(H) is similar.
I(H + en)* fll ooy = 127 (H + ¢0)° 0, (H) f | zo(eny = 112°°05(H) f || 1o eny,

where ¥;(x) = 279 (x +¢,)*p;(x). Since 9; satisfies condition (i), (ii) and (iii’), according
to Remark 3.6 we have

ICH ) Fll pp=siaceny = 1 Fll o
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Also, it is easy to see that the inverse of (H + ¢,)® is (H + ¢,)~°. This proves that the
mapping (H +¢,)*: F*(H) — F;7*9(H) is surjective. O
4. PROOF OF LEMMA 3.1

From Section 2 we know K; = K, + K;,,. We need to show that Kj,., K;,, both
satisfy the decay estimates (a), (b) in the lemma. For the pure point kernel, since o, =
{—1,—4,...,—n?} is finite, it amounts to showing for 0 < j < 2+ 2logy,n

(4.1) 100K pp(2,9)] < Croa(l+ ]z —y|)™™, VmeNy, a=0,1.

For other j's, the p.p. kernel vanish because supp p; are disjoint from the set o,,. But (4.1)
follows from the fact that the eigenfunctions e;(x) are all Schwartz functions according
to Lemma 2.6. So the nontrivial part will be to prove the decay for the a.c. kernel.

4.1. The kernel of ¢;(H)E,.. Recall from Theorem 2.4 that
en(, k) = Ay (k) P,(x, k),
where A, (k) = (sign(k))" [[;_,(j +ilk])~" and P,(x,k) = p,(tanhz, ik) is a polynomial

of real coefficients and of oder n in tanh z and k.

4.1.1. High energy estimates (j > 0). Let ¢; € C;°(R) be given as in the beginning of
Section 3. By (2.12) the kernel of p;(H)E,. is given by

Kyasle,) =5 [ 030 )en(ar ey, R
:/0°°+ 0 i (K*)R(z,y, k) "0 dk == K (2,y) + K~ (2,y),
where 7
(4.2) R(z,y,k) = P(x, ﬁ (52 + k).

We only need to deal with Kt (z,y) because K*(x,y) = K*(—x,—y) in light of the
relation e, (r, —k) = e,(—z, k). Let A\ = 279/2 throughout this section. We have by
integration by parts

(~ym P ar |
27| K+ (2, )| =| / oy (W) Rz, y, k)™= di
2

Zm(ﬂf — y) ija—1 dk™
<Cp A" ]z —y|™, m >0,

where we used for k ~ A\7! — 00 as j — oo,

(4'3) { dkl[@](kzﬂ = O(/\Z)

O-R(z,y,k) = O(N) uniformly in z, y.
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The same estimate also holds for K~ (z,y). Hence we obtain
(4.4) | Kac(®,9)] < Cotd™H /(14 A o —y])™

4.1.2. Low energy estimates (—oo < j < 0). If we allow j < 0 with ¢; satisfying condi-
tions (i), (ii) in Section 3, then (4.4) also holds for 7 < 0 by the same proof above, except
that instead of (4.3) we use the following estimates: if k ~ A\~ — 0 as j — —oo,

Llp;(k)] = ON)<ON™) f0<i<m
%R(x,y,k) = O(1) uniformly in z, y.

However, the low energy case will be needed only in the discussion of homogeneous spaces
FHi(H), By(H).

4.1.3. Local energy estimates. Fix ® := ¢y € C3°(R) with support C [—1, 1].
1

21 Q(H) Eocl(w,y) = / (k) R(x,y, k)™= dk.

-1

Using for k — 0,

Lok = O
%R(x7yak) = O(1) uniformly in z, y

and integrating by parts on [—1, 1], where we note that k — R(z,y, k) is analytic at zero,
we obtain for each m

|(H) Eac(, y)| < Con(1+ |z —y[)™"™

4.2. The derivative of the kernel. Using the notation in Subsection 4.1, we proceed

0 o 0 (1.2 ik(z—y)
QW%KMC(w,y) = /goj(k VR(z,y, k)e dk
0

:/goj(k;Q)%[R(x,y,k)eik(m_y)] dk

= [itEAWPIRPE ) + L PR Py, R dk

The function %P(z, k) is a polynomial of tanh z and ik having degrees n + 1 and n — 1,
resp. Note that if |k| ~ A\™' = 27/2) j >0,

|- (ko ()] = O,
and if |k| <1, A
‘dii (k®(k*)| = O(1).

We obtain, by similar arguments as in Subsection 4.1, for each m > 0

0 )
|%Kj,a0(xa | <CAPA+ Az —y))™™, >0
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and 5
ng)(H)Eac(x, Y| < C(l+ |z —y))™
This completes the proof of Lemma 3.1. O

Remark 4.3. For —oo < j < 0, the best estimate is, for each m > 0

0
’%Kj,a0<xa y)|

(4.5) <A 'sech®ztanhy(1 4+ Ao —y)) ™™ + A 21+ Ao —y) ™™

We observe that the first term has only a factor of \™' = O(27/?) as j — —oo, which
makes unavailable the Bernstein inequality and Peetre mazimal inequality, namely low
energy cases of Lemma 3.2 and Lemma 3.3, resp. Nevertheless, if we work a little harder,

using (4.4) and (4.5) we can obtain a weaker form of Peetre mazimal inequality and prove
the following: if 1 <p <o0,0<qg<oo, a€R,

1l g ery = I{27%05 (H) f}jezlleaer)
and if 1l <p<oo,1<q<oo, a€R,
11| peagary 2 127005 (H) £} jez | oo eay.

5. IDENTIFICATION OF F*(H) = LP, 1 <p < o0

Let {p;}5° be as in Section 1. Then there exists {1;};° satisfying the same conditions
(i), (ii) therein such that

Z pj(z)i(z) =1

by taking ¢;(z) = ¢;(x)/ > lp;(z)[>. We may assume that ||¢;]|c, [|¥;]le are all < 1. Let
Q; = ¢;(H) and R; = ¢;(H). Define the operators Q : L? — L*(¢?) and R : L*((*) — L?
as follows.

Q: [ AQiH)f}T

and
R: {g;}5 = ) Rjg;
=0
It follows from the definition that

(5.1) 11102y = 1Qf Nl Loce)

and it is easy to see that RQ = I : L* — L? and QR < 31 : L*(¢*) — L*(¢*). We will use
@ and R to identify F)»*(H) with LP.

Theorem 5.1. Let1 < p < oo. Then FI?’Q(H) and LP are isomorphic and have equivalent
norms.
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To prove the theorem, we will show that Q: LP — LP(¢*) and R: LP((*) — LP,
1 < p < oo, that is,

(5.2) 1Qf vy S NI flly and  [[Rgllp S llgllzeee2)

for f € L>NLP and g € L*(¢*) N LP(¢?), resp. This means that, by a density argument,
(53) sy < 151

and

(5.4) 1o S 11 p2

Here in view of (5.2), (5.3) follows from (5.1) and (5.4) follows, with ¢ = Qf, from the
identity RQ = I, i.e., Y @;(H)y;(H) = I. Thus (5.3) and (5.4) prove Theorem 5.1.

The remaining part of this section is devoted to showing the boundedness of () and R
n (5.2). In the following, Lemma 5.2 and Lemma 5.4 imply that @ is bounded from L
to LP(£?), and, Lemma 5.2 and Lemma 5.5 imply that R is bounded from L?(¢?) to L? by
interpolation and duality.

Lemma 5.2. Q: L> — L*({?) and R : L*(¢*) — L* are well-defined bounded operators.

Proof. Let {g;} € L*(¢*). Note that R; is bounded on L*: ||R;gll2 < [|tj]loollgll2 < llg]l2-
Thus

[e's) [e's) 1 0
O Rigi, Y JRigy) = > > (Rigj Risugisv)
=0 =0

v=—1 j=0
1
<D D IRl R g0
v=—1 j

<3 llgsllz = 3llgsl72(er) -

J
Similarly, we have ||Qf||r2¢2) < v2||f||2 because > lpi (@) < 2 for all z. O

We now derive some necessary estimates for the kernel of Q); = ¢, (H ), which is denoted
by @Q;(z,y). Define

- [ Q(z.y) if 2721 >1
Qe ={ G~ sy il 21

Lemma 5.3. Let I = (§— 5,5+ %), t = |I| and I* = (§ —t,j+1). Then there exists a
constant C independent of I such that (a) If 27/2|I| > 1

sw/'KMaMMSOWWm*
R\I*

yel
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(b) If292|I] < 1,
yel

sup / 1@t 9) Qi) < 021
R\ *

In particular, we have
(5.5) >/ Qe < (24 V2)C
T R\

Proof. For (a), we let 2//2|I| > 1 and y € I. Then it follows from Lemma 3.1 (a) that

[ el s A
R " o—y|>ty2 (14 2972z — y[)m

CEPIN, (m=2).

For (b) we let 27/2|I| < 1, y € I ( being the center of I) and apply Lemma 3.1 (b) to

obtain
Y0
/ |Qj($>y) —Qj(x,gj)|dx:/ ‘/ 8—Qj(:c,z)dz|da:
R\I* R\I* g z

2J
Scm’y - §| ; — d$
ja—gl>t (1 + 2027z —g|)m

<C22|I1,  (m=2).

Lemma 5.4. Q is bounded from L' to weak-L'((?), i.e
{EX ZIQ F@P)Y2 > A} < O flh, YA >0,

Proof. Let f € L'. By the Calderén-Zygmund decomposition, there exists a sequence of
disjoint intervals {I;} and and functions {b} with supp by C Ij such that f = g+ b with
g€ L?and b=, b, € L'. Furthermore, for each A > 0 the following properties hold

(i) \g( )| < COX ae.

(ii) br(z) = f(2) = |7 [}, fdz, x € Ik

(iii) A < |[L[7" [}, [fldz < 2A

(iv) Xy 1] < A1
From Lemma 5.2 we know that Q : L? — L?(¢?) is bounded, i.e.,

/ S (Qs9(@) Pz < Clgl
0
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By Chebyshev inequality we have

{z : Zrcz]g )2 > A/2}| < OA2|lg|2 < CAY| £

Now we only need to show

{x ¢ UL - Z\@] Y2 > 224 < ONY| £,

where I} = 21}, means the mterval of length 2|I;| with the same center as I. Note that
the left hand side of the above inequality is bounded by

(5.6) )\Z/R\UI* ;’Q]bk HWW2dp < 2 Z/R\UI Z]ijk )|dz.

For each k, since f b, = 0, we apply Lemma 5.3 with I = [ and estimate above the r.h.s.

of (5.6) by
2 -
[ Y [ ln) s
v IR
2 / ~
<2 wldy [ 3 1@l
A Z yElx R\I; XJ: ’
_AZ (o)l dy < A7l
This completes the proof. 0

Lemma 5.5. Let R; = ¢;(H). Then R = {R;} is bounded from L*((?) to weak-L".

Proof. 1t suffices to show that there exists a constant C' such that

(5.7) {z: IZR fi@) > M < O e

for all N € N, {f;} € L*(¢*) and A\ > 0. By passing to the limit we see that (5.7) also
holds for N = oo and all {f;} € L'(¢*) N L*(¢?). Then the lemma follows from the fact
that L'(¢%) N L%(¢?) is dense in L'((?).
Let F(z) = (32751 (z)[*)'/? € L'. By the Calderén-Zygmund decomposition there
exists a sequence of disjoint open intervals {I;} such that
(i) |F(z)] < CX, ae .z € R\ Ug Iy
(i) A < Ll [, [F(2)|de < 2X,  VE.
Define

9i(x) —{ fi(2) * otherwise, bilx) 0 otherwise.
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Then, if 2 € R\ Uli, (20 l95(2) )2 = (52 |fy(2) )2, and, if & € I,

(Z\gj( = ZIIkI*I fy (y) dy|*)'?
<|Ii| ™! Zm )2 dy < 2

by Minkowski inequality. It follows that

ol =3 / Zm 2) di + / ONPCIEEE

J
<N Y 15+ 22 / IR 2 do
k R\Ulk j
<CAIF

Now by Lemma 5.2 we obtain

{z: \ZRJQJ )l > A2} <CX” QHZRJQJHQ
<C'A ZH{gj}”H(Z?) <CAFL

It remains to show
N
{ ¢ UL 1> Ribj(x)| > A/2} < CATY|FJx .
0

The left hand side is not exceeding % 3", fR\Ul* \Z;.V:O R;bji(x)|dx, where b;, = bjxy,,
k
X1, the characteristic function of Ij. For each k, define

~ _ | Ri(z,y) i 271 > 1
Ri(z,y) = { Rj(z,y) — Rj(z,5x) if 292|I] < 1,

where ¥y, is the center of I;. Then it follows from Lemma 5.3 with I = I}, and @); replaced
by R; that

N
/ Z|kay 1/2d£L‘</ Z@f(m,y)]dxgc*, Vy € Iy, N.
R\I} R\I;

k j=0 k j=0
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Thus we obtain, using [ b;; =0,

/ |Zijk Jdz = /JZ/ (2, )b () dy| da

I 7=0 k. j=0
N N N
< / Z o)V dy / (1B, ) [2)2 d
I i—p R\ I j=0

5,k ‘ 1/2 dy

<cf
Iy,

I, o

fj|2)1/2 dy.

Z b
7=0
>
7=0
Hence

o U 30 R > 32l < T [ (DU o < U160,

as desired. This completes the proof.
OJ

6. REMARKS ON BOUNDEDNESS OF THE WAVE FUNCTION

We conclude the paper with a boundedness result on the wave function ¢ (t, z) = e f
which is the solution to the Schrodinger equation

(6.1) iop=Hy,  P(0,x) = f(x).

We will see that using the B(H) and F'(H) space one can obtain a global time decay
for ¢(t,z) (Theorem 6.3). The perturbed Besov space method has been considered in
[JN94, Y95, Cu00, CuS01] and more recently, [BZ05, DP05, DF05] involving Schrodinger
and wave equations.

By [BZ05, Theorem 7.1 or [JN94, Theorem 5.1] we know that if V' is in the Kato class
Kq and if D(H™) = W2™(R?) for some m € N, 1 < p < oo, then for 1 < ¢ < 00,0 < a <
m, BYY(H) = B2*%(R?). It is easy to see that if V' is C* with all derivatives bounded,
then the domain condition on H is verified for all m € N.

In the following we assume H = —d?/dx?® + V,, and restrict our discussion to the P-T
potential, although results here have extensions to general potentials on R

Since V,, ~ sech? x is in the Schwartz class, we have

B(H) = B24(R)

for all @ > 0. In particular, F?(H) = F;*P(R) since it always holds that F* = BgP
by the definitions (see (1.3), (1.4)). On the other hand, by Theorem 5.1, F?(H) = L? =
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F}?(R). Thus we obtain the following theorem using complex interpolation method;
consult [Tr78, Tr83] or [BL76] for details.

Theorem 6.1. Ifa>0,1<p<oo and2p/(p+1) < q < 2p, then
a, _ 12a,
FH(H) = F;*(R).
Ifa>0,1<p<ooandl <q<oo, then
a, _ 2a,
By(H) = B,*(R).

From Theorem 6.1 and [JN94, Theorem 4.6, Remark 4.7] we obtain the boundedness
of 1 (t,z) on ordinary Besov spaces. Let (t) = (14 t?)"/? and let 3 = B(p) = |1 — 1\ be
the critical exponent.

Proposition 6.2. Let a >0, 1 <p<oo, 1 <qg<o0. Then
— 1_1
(62) e Fllpgacgy < (3l ppvsnangey
Moreover, if 2 < p < 00,
—i 11
e flzn S (0521 o
and if 1 <p <2,
(6.3) le™ fllze S <>‘572|Hf”5ﬁﬁ1(R)

Proof. Let {¢;}¢° be a smooth dyadic system. From the proof of [JN94, Theorem 4.6] we
see that

le=™ o, (H) flly S 220Ny () fllp, 520,
This implies (6.2) by Theorem 6.1 and

(6.4) e FlLggany S (0317 g
Now if p > 2, then B)}*(H) — F}»*(H) according to (3.9). We have
e Fllie 2 e Fllpoo gy S 2711 F1] o

For 1 < p < 2, because

HfH;;ﬁZHQD] )fllp = HfHB°1 )

we see B)''(H) < LP, which 1mphes (6.3) in light of (6.4). O

One is also interested in understanding the long time behavior of 1(¢, z). From [GSch04]
and [DF05] we know that if (1 + 1'2)V € Ll(R) then

(6.5) H‘“HE%ﬂh#<t Hfm}, Vt>0,1<p<2,

~Y
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where Ilj + z% = 1. So Proposition 6.2 and (6.5) yield

— —(i_1
(6.6) e el S 075 DU lpres s 1<pS2

where we note that . is bounded on L? because E,,, which has the kernel 77, e;(x)e;(y),
is bounded on L” (see the discussion at the beginning of Section 4).

Theorem 6.3. Let 1 <p < 2. Then

(6.7) le™ ™ Baefllw S (8)" 521 f | gaor gy -

" _(1_1
(6.9) le™ Boofllor S (86l oy

Proof. Since By»*(R) — Bi;g’Q(]R) (Besov embedding; see e.g. [Tr83, 2.7.1]) and By*(R) —
LP if € > 0, it follows from (6.6) that

—i _(1_1
le™ ™ Buefll o S 8)" 521 f | pao

provided 1 < p < 2. The second inequality follows from (6.7) and the embedding
F$*(R) < Bs?(R) in light of (3.9). O

Remark 6.4. For (6.8), if alternatively starting with (6.6) (rather than (6.7)) and using
an embedding of Jawerth [Tr83; 2.7.1], we can obtain an improved result: if 1 < p < 2,
0 < qg<oo, then

: _(1_1
le™™ Baeflpr S (052 ll ey

As a consequence we also obtain the following regularity result by the identification in
Theorem 6.1.

Corollary 6.5. Let a > 0. If 1 <p <2, 1< q <00, then

— _(1_1
(69) ”6 tHEacf”B;‘,’q(R) 5 <t> (p 2)HfHBg+4B,q(R) .
If1<p<2,p<q<2, then

—i _(1_1
(6.10) e Bue Ly S (3PN | pgrsnagey

Proof. Since B}??(H) = By”*(R) by Theorem 6.1, we can write (6.7) as

i —(i_1
(6.11) e Baefllpor S DN f Nl gz gy,

Replace f with ¢;(H)f in (6.11). Then the B-inequality (6.9) follows from the simple
observation that

(2P es () g ) 2 1 g
J
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To show the F-inequality, substitute f = (H 4 ¢,)”f into (6.8) but use the F>%?(H)-
norm instead. Then by the lifting property in Lemma 3.10 and Theorem 6.1, we have

— —(i_1
(6.12) le tHEaCfHFpa,’Q(]R) S (6) G Q)HfHF;“'w’Q(R)‘

Now (6.10) follows from the interpolation between (6.12) and (6.9) with p = ¢, where we
note that ByP(R) = FP(R). O

Acknowledgment. The second author would like to thank A. Seeger for a helpful
suggestion on the use of interpolation that has led to Theorem 6.1.
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