
NUWC-NPT Technical Memorandum 990037 

Naval Undersea Warfare Center Division 
Newport, Rhode Island 

BROADBAND DETECTION OF GAUSSIAN SIGNALS 

Roy L. Streit 
Submarine Combat Systems Directorate 

5 April 1999 

Approved for public release; distribution is unlimited. 

Ill II 
990037 OO!N 



Report Documentation Page Form Approved
OMB No. 0704-0188

Public reporting burden for the collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and
maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information,
including suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington
VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to a penalty for failing to comply with a collection of information if it
does not display a currently valid OMB control number. 

1. REPORT DATE 
05 APR 1999 

2. REPORT TYPE 
Technical Memo 

3. DATES COVERED 
  05-04-1999 to 05-04-1999  

4. TITLE AND SUBTITLE 
Broadband Detection of Gaussian Signals 

5a. CONTRACT NUMBER 

5b. GRANT NUMBER 

5c. PROGRAM ELEMENT NUMBER 

6. AUTHOR(S) 
Roy Streit 

5d. PROJECT NUMBER 
798D739 

5e. TASK NUMBER 

5f. WORK UNIT NUMBER 

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 
Naval Undersea Warfare Center Division,1176 Howell 
Street,Newport,RI,02841 

8. PERFORMING ORGANIZATION
REPORT NUMBER 
TM 990037 

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 
NUWC Strategic Investment Program 

10. SPONSOR/MONITOR’S ACRONYM(S) 

11. SPONSOR/MONITOR’S REPORT 
NUMBER(S) 

12. DISTRIBUTION/AVAILABILITY STATEMENT 
Approved for public release; distribution unlimited 

13. SUPPLEMENTARY NOTES 
NUWC2015 

14. ABSTRACT 
The well-known deflection coefficient for a stationary Gaussian signal in additive independent, stationary
Gaussian noise is derived. The optimal predetection,or Eckart, filter is also derived. It is shown that the
least detectable Gaussian signal of specified power is proportional to the normalized square of the noise
spectrum. It is also shown that maximally detectable Gaussian signals of specified power must have at least
one spectral component of finite power and very narrow bandwidth. 

15. SUBJECT TERMS 
Gaussian signal; Gaussian noise; The Numerical ACoustic Hull Arrau; NACHAR 

16. SECURITY CLASSIFICATION OF: 17. LIMITATION OF 
ABSTRACT 
Same as

Report (SAR) 

18. NUMBER
OF PAGES 

13 

19a. NAME OF
RESPONSIBLE PERSON 

a. REPORT 
unclassified 

b. ABSTRACT 
unclassified 

c. THIS PAGE 
unclassified 

Standard Form 298 (Rev. 8-98) 
Prescribed by ANSI Std Z39-18 



ABSTRACT 

The well-known deflection coefficient for a stationary Gaussian signal in ad­
ditive, independent, stationary Gaussian noise is derived. The optimal pre­
detection, or Eckart, filter is also derived. It is shown that the least detectable 
Gaussian signal of specified power is proportional to the normalized square of 
the noise spectrum. It is also shown that maximally detectable Gaussian signals 
of specified power must have at least one spectral component of finite power and 
very narrow bandwidth. 
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1. INTRODUCTION 

The processing stream is depicted in Fig. 1. Pre-detection and post-detection 
filters are assumed linear and time invariant. The input v(t) is assumed real 
valued, zero mean, Gaussian, and stationary, so x(t) is also real valued, zero 
mean, Gaussian, and stationary. Due to the nonlinear square law device, y(t ) 
and z(t) are real valued and stationary, but neither zero mean nor Gaussian. (If 
the input process is complex valued instead of real valued, as assumed here, the 
Eckart filter and corresponding deflection coefficient differ from the expressions 
given below by a constant.) 

Assuming small signal to noise ratio, the variance under the null hypothesis 

{Ho :noise only is present} 

is approximately equal to the variance under the alternative hypothesis 

{H1 : signal plus noise is present}. 

The difference of the means of the output z(t) under these hypotheses is divided 
by the standard deviation under the null hypothesis to obtain the so-called 
deflection coefficient, denoted by d. The receiver operator characteristic (ROC) 
curves of the detector are completely parameterized by d if Gaussian signal and 
noise statistical assumptions hold. 

2. DETECTOR VARIANCE UNDER NOISE-ONLY HYPOTHESIS 

The variance of the output z(t) is computed first. Let h1(T) denote the impulse 
response function of the post-detection filter normalized so that 

l: h1(T) dT = 1. 

The output z(t) is the convolution of the input y(t) with h1(T), so that 

z(t) = 1: y(t - T)h1 (T) dT. 

(2.1) 

(2.2) 

Substituting (2.2) into the definition of the autocorrelation function of z(t ) gives 

Rz(T) = E [z(t)z(t + T)] 
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- E [I: y(t- a )h1 (a) ch I: y(t + T- (3)h1 ((3) d(J J 

- I:I: E [y(t-a)y(t+T- (3)] h1(a )h1((3) ch d(J 

I: I: Ry(T- (3 + a)h1(a)hi((3 ) ch d(J, (2.3) 

where the autocorrelation function of y(t) is 

Ry(T) - E[y(t)y(t + T)] 
E [x2(t)x2(t + T)] 

- R; (0) + 2R; (T), (2.4) 

and where R.,;(T) = E [x(t)x(t + T)] is the autocorrelation function of x(t). The 
result (2.4) is found in many places; for example, Thomas1 derives it from the 
fourth moment 

E [x1x2x3x4] = E[x1x2]E[x3x4] + E [x1x3]E[x2x4] 
+E [x1x4]E[x2x3] - 2 X1X2X3X4 

for general quadrivariate Gaussian random variables by setting x1 = x2 = x( t) 
and x3 = x4 = x( t + T) and using the fact that x( t) is zero mean. Since 
E[z2

] . Rz(O) and E [z] = R.,;(O) , the variance of z is 

Var [z] E [z2
] - E2[z] 

- Rz(O)- R;(o) - I: I: Ry(-(3 + a)h1(a)h1((3) da d(J- R; (o) 

I: I: { R;(O) + 2R;( - (3 +a)} h1 (a )h1 ((3 ) ch d(J - R; (0) 

- 2 j_: I: R; ( - (3 + a)h1 (a)h1 ((3) ch d(J, (2.5) 

where the normalization (2.1) is used in the last step. The result (2.5) is easily 
evaluated for any specified post-detection filter. 

The simplest low-pass post-detection filter satisfying the normalization (2.1) 
is h1 (t) = 1/T for ltl :s; T/2 and h1 (t) = 0 for ltl 2: T/2. It is assumed that the 
averaging time Tis large compared to the correlat ion time of x(t) . Substituting 
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into (2.5 ) gives 

Var[z] - ~ 1T R2 ( T) ( 1 - J2j) dT 
T -T X T 

C::t 2 100 2 T -oo Rx(T) dT 

1 100 2 - T Sx(w) dw , 
1r -oo 

(2.6) 

where the power spectrum Sx(w) of x(t) is the Fourier transform 

Sx(w) = i: Rx(T)e-iwr dT. (2.7) 

The last equation in (2.6) is Parseval's theorem for (2.7), namely, 

Denoting the impulse response and transfer functions of the pre-detection 
filter by ~(T) and H0(w), respectively, gives 

(2.8) 

Substituting (2.8) into (2.6) gives 

1 100 4 Var[z] = 1rT -oo IHo(w)l s;(w) dw. (2.9) 

The standard deviation of z(t) is the square root of (2.9). 

3. DEFLECTION COEFFICIENT 

The difference in the means of z(t) under hypotheses Ho and H1 is now com­
puted. Denote the correlation functions and power spectra of the input v(t) un­
der hypotheses Ho and Hl by ~(T) and s:(w), and by R0+N (T) and s;+N (w) , 
respectively. Signal and noise are statistically independent, so their power spec­
tra add; that is, 

s~+N (w) = s: (w) + s: (w) , (3.1) 
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where s~ (w) denotes the spectrum of the signal when signal only is present in 
v(t). The pre-detection filter is linear and time invariant, so the difference in 
the mean of the output z(t) under hypotheses Ho and H 1 is 

~J.L - E[ziH1] - E [ziHo] 
- R!+N (0) - R: (0) 

1 100 2 S+N 1 100 2 
- 27r -oo IHo (w )I Sv (w) dw - 27r -oo IHo (w )I s: (w) dw 

1 100 2 s 
- 27r -oo IHo(w)l Sv (w) dw , 

where in the last step (3.1) has been used. 

(3.2) 

The deflection coefficient for Gaussian random variables with identical vari­
ances is defined by 

d - ~J.L 
- ' (j 

(3.3) 

where a denotes the common standard deviation. Because of the low signal to 
noise ratio (SNR) assumption, the standard deviations of z(t) under Ho and H 1 

are approximately equal. Substituting (3.2) and (2.9) into (3.3) gives 

d = ~If f~oo IHo(w)l
2 s~ (w) ~. 

[f~oo IHo(w )1 4 [St' (w )] 2 dw] 2 
(3.4) 

If the signal spectrum is unknown, the pre-detection filter is sometimes omitted, 
so that 

l fi.Joo ss (w) dw d= 2V; -oo v 
1 ' 

[I~oo [St'(w)]
2 

dwr 

which is the expression used for the conventional processor. 

4. ECKART FILTER 

(3.5) 

The deflection (3.4) is easily maximized in any specified frequency band, say '11, 
for which the noise spectrum is bounded away from zero; that is, S{j (w) ~ c > 0 
for w E '11. For w E '11, write 
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From the Cauchy-Schwartz inequality, 

1 

L IHo(w )1 2 s: (w) dw :S [/., [IHo(w)l' s: (w)j 
2 

dw l t [L [ :; i~~ r dw r 
(4.1) 

Substituting (4.1) into (3.4) gives the inequality 

d 5: [ r [ s~ ( w) ]2 dw] ~ 
}>It Sf! (w) 

(4.2) 

The inequality (4.2) holds for all H0 (w). The upper bound is independent of 
H0 (w) , so equality holds in (4.2) if and only if equality holds in (4.1) . The 
inequality (4.1) is an equality if and only if, for some (real) proportionality 
constant K , 

( ) 1

2 N ( ) s~ ( w) 
IHo w Sv w = K Sr:(w) (4.3) 

for all w E w. The deflection d is invariant to the scale of Ho ( w), so K is set equal 
to one. Solving (4.3) for IHo(w)l 2

, and relabeling it HEckart(w) , gives 

2 s~ (w) 
I HEckart (w )I = [Sf/ (w )]2 · (4.4) 

The optimum filter (4.4) is often called the Eckart filter , after its discoverer.2 

Substituting the optimum filter (4.4) into (3.4) gives 

1 [T [S~ (w)l 2 ] ~ 
dEckart = 2 1r h Sf/ (w) dw (4.5) 

The last result shows that (dEckart) 2 is directly proportional to the averaging 
time T of the post-detection filter and the integral of the square of the SNR. 

Scholium. Eckart's original derivation2 does not use the Cauchy-Schwartz 
inequality. Instead, he writes a candidate expression for the optimum filter , and 
then proves that this expression is indeed optimal. He gives no indication of 
how he initially obtained the correct filter. 
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5. EXTREMAL SIGNALS OF SPECIFIED POWER 

5.1. Least Detectable Signal 

Given the noise spectrum Sfi (w) and a specified signal power, say Spower, the 
least detectable signal Sopt (w) is the signal for which the deflection coefficient 
dEckart is a minimum. Let a ~ 0 denote the SNR. Then Sopt (w) is the solution 
of the following calculus of variations problem: 

min 
S(w) 

S(w) cL.J 
[ ]

2 

h S[j(w) 

subject to the SNR constraint 

Spower fw S(w) di.JJ ---=---- - - a 
fw S[j (w) di.JJ - fw S[j (w) di.JJ - · 

Let S(w) = j (w) Sfi (w) , where j(w) ~ 0, and let 

Sfd(w) 
G(w) = fw S[j (w) cL.; ~ 0. 

The problem (5.1)-(5.2) written in terms of f (w) and G(w ) takes the form 

min (, P (w) cL.J 
f(w ) J'J, 

subject to 

i, f (w )G(w) di.JJ =a. 

(5.1) 

(5.2) 

(5.3) 

(5.4) 

(5.5) 

It is shown below that the solution to (5.4)-(5.5) is non-negative, so the con­
straint f(w) ~ 0 is ignored here without loss of generality. The appropriate 
Lagrangian function for (5.4)-(5.5) is 

.C(f) = ~ i, f 2 (w) cL.J- ,\ (h, f(w)G(w) di.JJ- a) . (5.6) 

Let oj(w) denote a fixed variation of f(w) , and let E be any real number. Then 
the variation of (5.6) is 

.C(f +EO/)=~ i, [f(w) + EOj(w)]2 di.JJ - ,\ (i, [f(w) + EOj(w)] G(w) cL.J- a). 
(5.7) 
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The derivative of £(! + EO f) with respect to E must be zero at E = 0; hence, 

fJ£(! + EOj) I = r [f(w)- AG(w )] 8f(w) dw = 0, (5.8) 
OE €=0 }\It 

for all variations 8f(w). For (5.8) to hold for all 8f(w), it must be the case that 
f(w) - AG(w) = 0. Substituting f(w) = AG(w) into the constraint (5.5) and 
integrating over w gives 

a= l [AG(w)] G(w) dw =A l G2 (w) dw . 

Solving the last equation for A and substituting into f(w) = AG(w) gives the 
optimal solution 

aG(w) 
fopt(w) = J'It Q2(w) dw ~ 0. (5.9) 

Because 

O'.C(~,; <Of) 1.=0 = /., [6f(w)] 2 !U.J > 0 

for all nonzero variations 8 f(w ), the sufficient conditions for the solution (5.9) to 
be a minimum hold; thus, fopt(w) is the unique global minimum of (5.4)-(5.5). 
In the original problem (5.1)- (5.2) , the signal that minimizes the deflection 
coefficient dEckart is 

Sopt(W) _ af'ItS:(w) dw [SN (w)] 2 

f'It[S:(w)] 2 dw v 

[S: (w )] 2 

(5.10) 

In words, the spectrum of the least detectable signal is directly proportional to 
the normalized square of the noise spectrum, and the proportionality constant 
is the specified signal power. 

5.2. Maximally Detectable Signals 

If noise power is finite and its spectrum is continuous and bounded on the band 
W, then the deflection coefficient dEck art can be made arbitrarily large for any 
specified signal power Spower > 0. For example, if the signal spectrum is 

s€ ( w) = { c 
1 

Spower' a :S w :S a + E' 
0, otherwise, 
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where a and E > 0 are such that the interval [a, a+ E] is a subset of w, then 

and 

(5.11) 

By the mean value theorem of calculus, there exists a point w€ E [a , a+ E] such 
that 

1a+E [s: (w )r 2 cJw = E[s: (w€)r2
. (5 .12) 

Substituting (5.12) into (5.11) gives 

{ [ S€ (w) ]
2 

dw = ~ SZpower > ~ [ Spower ]

2 

1>¥ Sf:(w) E [Sf:(w€)]2
- E !!f:;-s:(w) 

(5.13) 

By assumption, the noise spectrum is bounded on the band w, so the maximum 
in (5.13) is finite. Thus, dEckart is made arbitrarily large by choosing E sufficiently 
small. In words, the most detectable signals are those whose spectra contain at 
least one component of finite power and very narrow bandwidth. 

6.SUMMARY 

The deflection coefficient d for a Gaussian signal in additive, independent Gaussian 
noise is derived. The optimal pre-detection, or Eckart, filter is also derived. The 
signal of specified power that is least detectable by the optimal processor is 
directly proportional to the normalized square of the noise spectrum, and it is 
obtained using a calculus of variations argument. It is also shown that the most 
detectable signals of specified power have at least one spectral component of 
finite power and very narrow bandwidth. 
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