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Abstract (U)

The Situation Analysis Support Systems (SASS) Group in the Decision Support
Systems (DSS) Section at Defence Research & Development

Canada (DRDC) - Valcartier is currently investigating advanced concepts for adaptation
and integration of the data fusion and sensor management processes. These concepts
could apply to any current Canadian military platform’s sensor suite, as well as its
possible future upgrades, to improve its performance against the predicted future threat.
The reported work addresses the problem of automatically aggregating information
from multiple data sources. “Multiple Source Data Fusion” (MSDF) is used to indicate
the general approach for combining the sensor data into global tracks. The selection of
the appropriate MSDF techniques depends on the underlying architecture. For the
centralized scheme, the sources are known to be independent and the Kalman filter
provides an optimal solution. Unfortunately, when the decentralized architecture is
used the sources become correlated and the Kalman filter cannot be applied. The
covariance intersection method has been proposed as a solution to the problem of the
decentralized data fusion, but results in a decrease in performance. A new fusion
algorithm, that avoids both the inconsistency of the Kalman filter and the lack of
performance of the covanance intersection, is proposed. The superiority of the
proposed approach is illustrated through the target’s tracking problem.

Résumé (U)

Des activités de recherche entreprises par le groupe systemes d’aide a I’analyse de la
situation (SAAS) de la section systemes d’aide a la décision (SAD), a Recherche et
Dvelopment pour la Défence Canada (RDDC) - Valcartier, concernent 1'étude des
concepts avancés pour I’adaptation et I'intégration des processus de fusion des données
et de gestion des capteurs. Ces concepts pourraient profiter au syst€éme de capteurs des
plates-formes militaires canadiennes. Ce rapport aborde le probléme de I’agrégation de
I'information émanant de différentes sources. La “Fusion de Données Multi-Sources
(FDMS)” désigne I’ensemble des techniques permettant la combinaison des données
des capteurs en une seule piste globale. Le choix d’une technique appropriée pour cette
combinaison dépend de I’architecture du systéme FDMS sous-jacent. Pour une
architecture centralisée, les sources sont indépendantes et le filtre Kalman offre une
solution optimale. Toutefois, dans une architecture décentralisée, une corrélation peut
se créer entre les sources, et le filtre Kalman ne peut, par conséquent, étre utilisé. La
méthode de ’intersection des covariances a été proposée comme solution de rechange
au filtre Kalman, pour la fusion des sources corrélées. Elle engendre toutefois une
diminution de la performance. Un nouveau filtre, qui permet a la fois d’éviter
I’inconsistance du filtre Kalman et la baisse de performance de I'intersection des
covariances, est propos€ dans ce document. La supériorité de 1’approche proposée est
illustrée pour le probleme de pistage de cibles.

TR 2001-223 i
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Executive summary (U)

“Multiple Source Data Fusion” (MSDF) is used to indicate the general approach for
combining the sensor data into global tracks. Since the benefits of a fusion process are
very dependent on the way the sensor data are combined, the selection of the
appropriate architecture represents a fundamental conceptual issue in developing
surveillance and tracking systems. Hence, the architecture of an MSDF system can
range from highly centralized to highly distributed. In the centralized approach, each
individual sensor transmits its contacts to the fusion centre, where they serve to update
and maintain a single master track file. On the contrary, the decentralized architecture
allows each sensor to perform a maximum amount of pre-processing to generate sensor
output decisions. Hence, each sensor individually maintains its own track file based
exclusively upon its own measurement data processed by the local tracker. These
sensor-level tracks are then transmitted to a central fusion node responsible for fusing
them into composite tracks to form a master track file.

The selection of the appropriate MSDF techniques depends on the underlying
architecture. For the centralized scheme, the sources (i.e., contacts) are known to be
independent. In this case, the Kalman filter provides an optimal solution. This
independence assumption can however be relaxed in the case of correlated data, if the
cross-covariance information is available. Unfortunately, if this correlation information
is missing the Kalman filter cannot be applied. The case of correlated sources occurs
particularly when the decentralized architecture is used. The pieces of data to be fused
(i.e., sensor-level tracks) are not statistically independent. In such situations,
independence is often assumed and the correlation is simply ignored in the fusion
process, to allow for the use of the Kalman filter. This makes the filter over optimistic
in its estimation, which may lead to divergence. This property is known as the
inconsistency phenomenon. The covariance intersection method has been proposed as a
robust solution to the problem of the decentralized data fusion in the presence of an
unknown correlation. To avoid the underestimation of the actual covariance matrix, the
covariance intersection overestimates it, which results 1n a decrease in performance. To
avoid both the inconsistency of the Kalman filter and the lack of performance of the
covariance intersection, a new fusion algorithm, called the largest ellipsoid, is
proposed. The proposed algorithm does not overestimate the intersection region, as
does the covariance intersection, but slightly underestimates it. This will have no effect
on the consistency of the fusion, since the intersection region represents an upper bound
for the actual covariance. The three methods discussed are compared through the
target’s tracking problem, where the superiority of the proposed filter is clearly shown.

This document describes a part of the ongoing activity undertaken by the Situation
Analysis Support Systems (SASS) Group in the Decision Support Systems (DSS)
Section at Defence Research & Development Canada (DRDC) - Valcartier. This
research activity concerns the investigation of advanced concepts for the adaptation and
the integration of the data fusion and sensor management.

TR 2001-223 ii
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The results of this research could apply to any current Canadian military platform

sensor suites and the possible future upgrades to improve their performance against
predicted future threat.

Abder Rezak Benaskeur and Jean Roy. 2002. A consistent filter for robust decentralized data
fusion. TR 2001-223. Defence Research & Development Canada - Valcartier.
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Sommaire (U)

La fusion de données multi-sources sert a déterminer une démarche d’ensemble afin de
combiner les données des capteurs en une seule piste globale. Comme les avantages du
processus de fusion dépendent beaucoup de la fagon dont sont combinées les données,
le choix de I’architecture appropriée est fondamental dans la mise au point de systéme
de surveillance et de poursuite. L’architecture du systé¢me de fusion de données
multi-sources peut étre trés centralisée ou distribuée. Dans une architecture centralisée,
chacun des capteurs renvoie les sources a un centre de fusion. Par contre, 1’architecture
décentralisée permet & chacun des capteurs d’effectuer un pré-traitement afin d’en
arriver a une décision.

Le choix des techniques appropriées de fusion de données multi-sources dépend de
I’architecture sous-jacente. Dans le modéle centralisé, les sources (contacts) sont
indépendantes. Le filtre Kalman constitue la meilleure solution. Cette condition
d’indépendance tombe dans le cas de données qui sont statistiquement dépendantes et
dont on dispose de I'information d’inter-covariance. Malheureusement, on ne peut
utiliser le filtre Kalman lorsqu’on ne posse¢de pas cette information sur la corrélation.
La question des sources corrélées se pose surtout lorsqu’on utilise une architecture
décentralisée. Les résultas de la fusion (pistes) ne sont pas statistiquement
indépendantes. Dans ce cas, on présuppose généralement qu’elles le sont et on ne tient
pas compte de I’inter-covariance dans le processus de fusion, afin de pouvoir utiliser le
filtre Kalman. Cette négligence a toutefois tendance a sous-estimer la matrice de
covariance de ’erreur d’estimation. Cette caractéristique s’appelle le phénomene
d’inconsistance.

La méthode “intersection des covariances ™ a €té proposée pour résoudre le probléeme
de la fusion décentralisée de données en présence de corrélation inconnue. Pour éviter
de sous-estimer la matrice de covariance réelle, I’intersection des covariances la
surestime, ce qui entrafne une diminution de la performance. Pour éviter 4 la fois
I’incohérence du filtre Kalman et la faible performance de ’intersection des
covariances, on a proposé un nouvel algorithme de fusion : la “plus grande ellipsoide .
Contrairement & I’intersection des covariances, cet algorithme ne surestime pas la zone
d’intersection, mais la sous-estime légérement. Ceci n’a aucun effet sur la consistance
du résultat de la fusion, puisque la zone d'intersection représente la limite supérieure de
la covariance réelle. On a comparé les trois méthodes dans le cadre de la poursuite de
cibles, ol la supériorité du filtre proposé a ét€ clairement démontrée.

Ce document décrit une partie d'une activité en cours entreprise par le Groupe des
systemes d’aide & I’analyse de la situation (SAAS) de la Section des systémes d’aide &
la décision (SAD) de Recherche et développement pour la défense Canada (RDDC) -
Valcartier. Cette activité de recherche porte sur I’étude de concepts avancés pour
I’adaptation et I’intégration de 1a fusion de données et la gestion des capteurs.

Les résultats de cette recherche pourraient profiter au syst¢me de capteurs des
plates-formes militaires canadiennes, ainsi qu’a ses améliorations possibles a venir afin
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d’en accroitre la performance contre les menaces futures anticipées.

Abder Rezak Benaskeur and Jean Roy. 2002. Un filtre consistant pour la fusion décentralisée
robuste de données. TR 2001-223. Recherche et Development pour la Défence
Canada - Valcartier.
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Introduction

1.1

An ongoing activity undertaken by the Situation Analysis Support Systems (SASS)
Group in the Decision Support Systems (DSS) Section at Defence Research &
Development Canada (DRDC) - Valcartier is the investigation of advanced concepts for
adaptation and integration of the data fusion and sensor management. These concepts
could apply to any current Canadian military platform sensor suites, as well as the

possible future upgrades, in order to improve their performance against the predicted
future threat [1].

The reported work addresses the problem of automatically aggregating and extracting
the desired information from multiple limited accuracy sensor/source data, in arbitrary
fusion architecture. In most situations, the combination of such multiple source data
allows for achieving more accuracy than could be achieved by the use of single source
systems and yields more usable compromises. The term “Multiple Source Data Fusion
(MSDF) architecture” is used to indicate the general method (or philosophy) used to
combine the sensor data into global tracks. The following Joint Director Laboratory
(JDL) definition of MSDF is being reported in [2].

“A continuous process dealing with association, correlation, and
combination of data and information from multiple sources to achieve refined
entity position and identity estimates, and complete and timely assessments of
resulting situations and threats, and their significance”.

Fusion net architecture

For any given sensor suite configuration, there can be many different ways to combine
data from the sensors. Therefore, a fundamental conceptual issue in developing an
MSDF system for surveillance and tracking purposes is the selection of the appropriate
architecture [3, 4, S, 6]. This issue revolves about defining where to combine or fuse the
data in the processing flow of multiple sensors, or equivalently the level of
pre-processing of the information data that is fused.

The MSDF architecture is an important issue since the benefits of the fusion process are
different depending on the way the sensor data are combined [7]. Within the surveyed
literature, many different ways to combine data from multiple sensors have been found,
offering as many architectural options to the MSDF system designer. The architecture
of an MSDF system can range from highly centralized to highly distributed [8].
Examples of these two extreme architectures, for surveillance and tracking
applications, are given below.

111 Centralized data fusion architecture

‘When the centralized fusion architecture is used, each individual sensor
transmits its raw observations (or contact) to the fusion node where the

TR 2001-223 1
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required processes are performed to generate and update global composite
tracks, maintained in a single master track file [7]. The central fusion process
performs the functions of data alignment, data association, target state
estimation and kinematic behavior assessment, identification information
fusion and track/cluster management to achieve joint estimates of the position,
velocity, attributes or identity of entities in the environment.

Decentralized data fusion architecture

The decentralized sensor fusion architecture allows each sensor to perform a
maximum amount of pre-processing to generate sensor output decisions (such
as state vectors and declarations of identity) for the various entities in the
environment [9]. Independent target detection, features extraction, state
estimation and identification are thus potentially performed within the signal
processor and tracker of each sensor [7]. The resulting target track data is
normally stored in a track file. Hence, each sensor individually maintains its
own track file based exclusively upon its own measurement data processed by
the local tracker [10]. These sensor-level tracks are then transmutted to a
central fusion process responsible for both finding the sensor tracks that likely
represent the same target, and for combining or fusing these tracks into
compostte tracks to form a master track file. Within the central fusion process,
data alignment, gating, assignment and fusion (positional and/or identity) are
performed on state vectors rather than on raw data.

Fusion algorithm

The selection of the appropriate MSDF algorithms and techniques depends on the
fusion architecture [7]. Hence, before an MSDF function can be implemented within a
combat system, it must be analyzed in terms of the different types of architectures and
implementations that are possible, the benefits and drawbacks of these architectures,

and finally in terms of how all this relates to the performance and mission requirements
of the platform.

1.2.1

Fusion algorithm for centralized architecture

For the centralized scheme, the sources of information to be fused (i.e.,
contacts) are known to be statistically independent!. In this case, the Kalman
filter yields, in the mean square error sense, the best performance [11].

"Two random varniables are independent, if their joint probability density 1s the product of their marginal (indi-
vidual) probability densities.

TR 2001-223
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Fusion algorithm for decentralized architecture

The independence assumption can be relaxed in the case of correlated? data, if
the cross-covariance information is available. In this case, the Kalman filter
will still provide the best performance, by exploiting this additional
information. Unfortunately, if this correlation information is missing or
incomplete, which is often the case, the Kalman filter cannot be applied. This
represents a major drawback, since, in practical applications, the complete
independence of the sources cannot be guaranteed and the cross-covariance is
rarely available.

The above-mentioned case of correlated sources occurs when the
decentralized architecture is used. The pieces of data to be fused (i.e.,
sensor-level tracks) are not guaranteed to be statistically independent, due
mainly the common process noise and target’s maneuvers that represent
unavoidable sources of correlation. In such situations, to allow for the use of
the Kalman filter, the independence is often assumed and the correlation is
simply ignored in the fusion process. This makes the filter over optimistic in
its estimation, which may lead to divergence [12]. The Kalman filter
underestimates, in such a case, the actual error covariance. This property is
known as the inconsistency phenomenon. One common solution, to avoid this
problem, consists in increasing artificially the estimated covariance matrix, by
introducing an empirically determined parameter. Since no rigorous method
exists for choosing such a parameter [13], the reliability of the fusion process
can be greatly compromised.

The covariance intersection method has been proposed recently [14] to bring a
robust solution to the problem of decentralized data fusion in presence of an
unknown and un-modeled correlation. This method allows for avoiding the
inconsistency phenomenon, by replacing the Kalman filter fusion rule by a
more conservative one. Since the covariance intersection uses only partial
information about the sources, it leads to a sub-optimal solution. To avoid the
underestimation of the actual covariance matrix, the covariance intersection
overestimates it, which obviously results in a significant decrease in
performance. To avoid both the inconsistency of the Kalman filter and the lack
of performance of the covariance intersection, a new fusion algorithm, called
the largest ellipsoid, is proposed. The latter provides a rigorous mean to
increase the estimated error covariance matrix in the Kalman filter context.
The amount of this increase is based upon the intersection concept used in the
covariance intersection. Nevertheless, the proposed algorithm does not
overestimate the intersection region, as does the covariance intersection, but
slightly underestimates it. This will have no effect on the consistency of the
fusion, since the intersection region represents an upper bound for the actual

2Correlation is the linear association between two random vanables, usually measured by the cross-covariance

matrix.
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covariance. The Kalman filter covariance matrix is increased just enough to
cover the intersection region, and it will therefore always remain smaller than
the one resulting from the covariance 1ntersection.

This report 1s organized as follows. The general problem of data fusion 1s
stated in Section 2. The Kalman filter is introduced in Chapter 3, and in
Chapter 4 is presented the covariance intersection. The limitation of both
methods will be highlighted, and the new largest ellipsoid approach is
proposed in Chapter 5. The two methods are compared, 1n Chapter 6, for the
target’s tracking problem. The conclusion appears in Chapter 7.

TR 2001-223
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Data fusion

2.1

TR 2001-223

The data fusion provides the decision maker with an efficient tool to manage the
information he might receive from a variety of sources and improve his current
situation awareness, by producing an “as accurate as possible” explanatory picture of
the battle environment. According to the JDL sub-panel [15], the data fusion process is
subdivided into five levels (see Figure 1), where each succeeding level deals with a
higher level of information abstraction. Level 1, to which we will be particularly
interested 1n the sequel, deals with the object assessment. It uses the sensor data, from
Level 0, to optimally estimate the current kinematical properties of the target, and
predict their future positions. It also makes inferences about the target’s identity and
other key attributes. This identification issue will however not be considered 1n the

sequel.
e Level 3 jx
L7 Impaa Assessment
Pt S:luatmm/l’lans
# Plans T Level 4
Process Refinement
Suuations (Resource Management)
Smumnm Plans
T
//4 Situation AS#SWM / Resources
3 Objects l Swtuations
/r Level 1
y Object Assessment
£ o L]
Slg/m[/l catures l Objects
A .

Level g
Sub-Object Assessment /

? Measwr ements l SignalF catures

Figure 1: The revised JOL data fusion mode!

Source modeling

In the context of L1DF, the sources to be fused are often assumed corrupted by noise
and therefore modeled as random vartables, whose true statistics are unknown. Within
the estimation theory framework, such stochastic variables are often represented in
terms of means, or estimates, and covariance matrices, that 1s, the uncertainties
associated with the estimation process. In this context, the main idea of data fusion is to
obtain an estimate of some unknown variable from its two (or more) available
noise-corrupted, direct or indirect, observations.

In the case of two sources, 81 and 82, the statistical representation of the available data
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(observations) is given by the means 3; and 89, the assumed covartance of each source

S = E{éléﬂ (1)
Sy =E [525,5} @)
and the assumed cross covariance of the two sources
S12=E [5155] 3)
where the unknown esttmation error terms, 8; and 8g, are defined by
31 =81 - 81 4)
83 = 82 — 82 (5)

The fusion problem can then be characterized as finding a mathematical method to
describe how the information about 8; and 39 can be used, 1n an efficient and provably
optimal way, to construct a new estimate 8 (and an estimate of its associated measure of
accuracy S) which minimizes some cost function, while guaranteeing consistency. This
consistency notion, upon which will be based the comparison of the fusion methods
presented in the subsequent sections, is a very important issue in the estimation theory.

Consistency

An estimate 3 is said consistent, or conservative, if its stated level of performance is
smaller than the actual one [16]. If the inverse of the covanance matrix (i.e., the Fisher
information matrix) is used as a measure of the performance, the consistency will be
equivalent to

Slt<g! = S>S (6)

where S 1s the actual covariance matrix and S its estimate provided by the fusion
algorithm. The inequality 1n (6) 1s a matrix inequality, which means that the difference
matrix is positive semi-definite, i.e.,

S-8>0 @)
In other words, this means that

2’ (§ -8z >0, VzecR" (8)

Geometric interpretation

In the remainder, to better show the consistency notion, the covarance (or ko) contour
concept will be used. For each covariance matrix P, a set of ellipsoids will be drawn
and serves as an accuracy measure. These k ellipsoids are defined by

Cr = {a:|(:c ~ z20) TP Yz — x) = k} 9

TR 2001-223
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where & is a constant. The (covariance) matrix P determines then how far the ellipsoids
extend in every direction from their center xy. This is a geometric visualization that
provides a useful tool for comparing incompatible matrices. The lengths of the
semi-axes of Cy are given by /A, where ), are the eigenvalues of the matrix P.

For a random variable, with a covariance matrix P, the k, ellipsoids result in contours
of constant probability. Figure 2 gives an example of contours for a normally
distributed random variable in R2.

Figure 2: Representation of the ko contours for a two-dimensional random variable, with a Gaussian distribution

and a covariance matnx P

2.4 Fusion rule
The updated estimate is often obtained via a linear combination of the two available
estimates 81 and 3o.

8§ = Wi81 + Was, (10)
where the weights W and W5 are computed to minimize some cost function of the
resulting covariance matrix S, whose expression 1s given by

S =WiS\WT + WiS1uWi + WoSo W + WoSoW (11)
In the subsequent sections, solutions to the fusion problem are discussed. The Kalman
filter will first be introduced 1n Chapter 3, where the emphasis will be put on its
inconsistency problem. The superiority, from the consistency viewpoint, of the
covariance intersection is shown in Chapter 4. To compensate for the decrease in
TR 2001-223 7
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performance caused by the overestimation of the intersection region by the covariance
intersection, a new method (i.e., the largest ellipsoid) 1s proposed 1n Chapter 5. This
solution represents a good compromise between the performance of the Kalman filter
and the robustness of the covariance intersection.

8 TR 2001-223
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3. Kalman filter
Incontestably, the Kalman filter is one of the most important tools in the estimation
theory. It has rapidly found a natural place in the L1DF applications, to become one of
the most used algorithms. Within the Kalman filtering context, the cost function to be
minimized is the trace of the estimation error covariance matrix .S given by
equation (11). The Kalman filter yields the “best” performance, regardless of the
underlying error distribution. It provides a mathematically rigorous and provably stable
method for fusing information in real-time, and performs, in the Minimum Mean
Square Error (MMSE) sense, better than any other linear filter. This MMSE (or Ls)
optimality means that, if a number of candidate filters were run many times on the same
problem, the average result of the Kalman filter would be better than the average result
of any other. Note that many ways are possible to define the optimality, depending on
which criterion the evaluation of the filter performance is based on.
3.1 Fusion of independent sources
Under the source independence assumption
S12=521=0 (12)
the combined covariance matrix (11) reduces to
S =wi$ W + WS, Wi (13)
The solution to the underlying optimization problem is then given by
A A~ A _1 ~ ~ _-1 ~
W, =S, [sl + sg] = [s;l + s;‘] he (14)
~ _1 A ~ _1 ~
W, = 8§, [sl + sg] = [s;‘ + s;l] Syt (15)
which results in the following fusion algorithm
St=871+ 55" (16)
S§715=28713, + 5515, (17)
3.2 Consistency
It is clear that, under the independence assumption, the consistency of both sources is
sufficient to guarantee the consistency of the resulting estimate [16]. Indeed, if
S’l _>_ Sl and S'z Z SQ (18)
then
5§>8 (19)
TR 2001-223 9
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In the case of Gaussian sources, the inequality (19) becomes an equality. This means
that in the case of the independent sources, the actual error covariance is equal to the
one estimated by the Kalman filter, if all the errors follow Gaussian distributions.

Mutlisource fusion

The fusion algorithm given by equations (16) and (17) can be easily generalized to the
case of n sources. This is known as the “batch fusion” and expressed as
St=SGrty St 4+ 878 (20)
S71s=5714 4875+ -+ 5718, 1)

Fusion of correlated sources

To analyze the effect of the source correlation on the performance of the Kalman fiiter,
the cross covariance matrix of the two sources is redefined as follows

81 S Si S, S,
Cov = = (22)
82 Sy S ST S,
where
Se = 0y/ 515, (23)

This notation allows for explicitly showing the effect of the correlation coefficient p.

3.4.1 Known correlation

If the cross covariance information, i.e. S, is available, the independence
assumption, imposed by the Kalman filter, can be relaxed. The filter will then
still provide the “best” performance, by exploiting this additional information.
The resulting optimal weights are given by

-1
W, = (§2 - S;F) [Sl“l‘ gz - S, — SZ]
1
- [(s‘1 87 4 (85— ST) —‘] (61 -5, 24)
and

-1
W, = (5‘1 - Sc) {51 + 5'2 - S, — SZ:I

-1
GRS s;F)-l] (6, — ST)! 25)
One can easily show that the resulting covariance matrix will be given by
-1
§=%— (4 -8 [91 St 8- sz} (8, - S7) 26)
TR 2001-223
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Unknown correlation

Unfortunately, if the correlation information is missing, the Kalman filter
cannot theoretically be applied. In most situations, to allow for the use of the
Kalman filter, the independence 1s often assumed and the correlation 1s simply
ignored 1n the fusion process.

Figures 3 (a) & (b) show the actual error covariance ellipsoid (or k, contour)
that results from the fusion of two correlated sources, for different
cross-correlation strong, assuming that this cross-correlation is known. It can
be noticed that the actual covariance ellipsoid will always lie within the region
defined by the intersection of the covariance ellipsoids of the fused sources,
whatever the degree of correlation between these sources is. From

Figure 3 (b), it is clear that ignoring the cross-correlation, in the fusion
process, leads to an underestimation of the actual error covariance for positive
values of the correlation coefficient p.

This means that the Kalman filter overestimates its own performance, which
may result in a divergence phenomenon. One common solution, to avoid this
inconsistency problem, consists in increasing artificially the estimated
covariance matrix, by introducing an empirically determined parameter. This
palliative solution is also known as “the fudge factor” [13]. Since there is no
rigorous method for choosing this parameter, the stability and the reliability of
the Kalman filter can be greatly compromised.

To overcome this limitation, some methods use an approximation of the
missing cross covariance matrix. An example of algorithms for computing the
cross-covariance matrix is given by the weighted covariance method [17, 18].
It has however been proven by Simukai [19] that it is not possible to maintain
a consistent cross-covariance matrix, in any arbitrary fusion architecture. This
makes the weighted covariance only applicable in “small” fusion networks
with a known data flow. This also the case of the methods based on the
redundancy removal, like the tracklet fusion [20, 21] and the information
filter [22]. Since the aim of this report is not the comparison of the fusion
algorithms, the above-mentioned methods will not be considered in the
sequel. For comparative study of the these methods, in the context of the
track-level fusion, the reader is referred to [23].

The covariance intersection method, presented in detail in Chapter 4, allows
for exploiting the full power of decentralized architectures, by using a slightly
different update rule from the one of the Kalman filter. Without any
assumption about the cross covariance, it brings an interesting solution to the
problem of the fusion in presence of an unknown and un-modeled correlation.

11
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Covariance intersection

The covariance intersection [14] is a recent method that can represent, in many
situations, a good alternative to the Kalman filter, since it makes possible a consistent
fusion of data provided by correlated sources. This fusion is performed without
considering the cross-correlation information nor assuming the independence of the
sources The “intersection” terminology is related here to the geometric analogy, based
upon the covariance k, contour plots (see Section 2.3).

By using a Kalman-like fusion rule, the actual error covariance ellipsoid will always lie
within the region defined by the intersection of the covariance ellipsoids of the fused
sources, whatever the degree of correlation between these sources is (see Figures 3 (a)
& (b)). Based on this observation, and in order to guarantee the consistency, the
covariance intersection computes a covariance matrix that will always enclose the
intersection region. The latter represents, in fact, an upper bound for the actual
covariance.

4.1 Fusion rule
In the case of two sources, (81, Ql) and (3o, 5’2), the fusion rule used by the covariance
intersection is given by a convex combination of both of the estimates and the inverse
of the covariance matrices. The resulting combined estimate can be written as
8§ =wWis8; + (1 — w)W2.§2 27N
where w € [0, 1] is a weight factor. This parameter offers an additional degree of
freedom, whose value is determined according to the error norm (of the combined
estimate) one wants to minimize (see Appendix B). This may, for instance, be the
determinant (the product of the eigenvalues), the trace (the sum of the eigenvalues),
Lo (the maximum eigenvalue), ...etc. The minimization problem, with respect to W
and W5, gives a similar solution to the Kalman gains, namely,
-1
Wy = [wél-l +(1- w)s;l] St (28)
~ ~ _1 ~
W, = [wal +(1— w)s;l] S;! (29)
and the corresponding fusion algorithm can then be expressed as
Sl=wS+(1-w)8! (30)
5715 = w8718 + (1 —w)S5 14, (31
One can easily show that, in the case of equally weighted sources (w = .5), the
covariance intersection yields the same mean (estimate) as the Kalman filter, that is
Scr = 8kF (32)
TR 2001-223 13
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—- Sources
Actual Covariance
- - Kalman Filter
=== Covariance Intersection

Figure 4: 1, contour (forx ¢ R?) of the actual covariance matrix obtaned by the fusion of two correlated sources
(for different correlation coefficient values - 9 < p < 9) and estimated covariance matrix yielded by the Kalman
filter (under the independence assumption, 1 e, p = ) and the covanance intersection update rules, respectively

14 TR 2001-223
UNCLASSIFIED



P518345.PDF [Page: 32 of 71]

4.2

4.3

4.4

UNCLASSIFIED

Its corresponding covariance matrix is however twice the Kalman filter one,

Scr = 2Skr (33)

Consistency

It has been proven [14, 24] that, without assuming the independence, the combined
estimate is guaranteed to be consistent, given the consistency of the two sources. This
means that, if

S'l Z S] and gz Z 52 (34)
then
5$>8 (35)

This statement remains true whatever is the correlation intensity o (see Figure 4) and
the parameter w value (see Figure 5). This correlation-independent consistency
represents the unique and major advantage the covariance intersection has over the
Kalman filter. The covariance intersection update rule is however sub-optimal in the
sense that 1t results in a covariance matrix that will always be larger than the one
estimated by the Kalman filter, even if there is actually no correlation (see Figure 4).

Multisource fusion

As for the Kalman filter, the generalization to the n-source case, of the fusion rule given
by the equations (30)—(31), is straightforward.

Sl = w57 4 weSs 4+ -+ wnS ! (36)
5718 = w8718, +waS7 50 + -+ w85, (37)

subject to
n
> w,=1 (38)
=1

Comparison

As previously stated, from Figure 4, one can notice that the covariance matrix estimated
by the covariance intersection method is always larger than the actual one, which means
that the estimate yielded by the covariance intersection will always be consistent. This
1s, unfortunately, not the case of the estimate given by the Kalman filter. The case of
actually independent sources, and correlated sources with a known cross correlation,
are the only situations where the Kalman filter is consistent. In these cases, the Kalman
filter will provide a solution which is superior to the covariance intersection, since the
latter, even if 1t is also consistent, results in a much larger covanance estimate.

TR 2001-223 15
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Figure 5: 1, contour (forx & R?) of the combined estimate yielded by the fusion of two correlated sources, using
the covanance intersection update rule for different values of the parameterw (0 < w < 1)
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In all cases where the degree of dependence is supposed unknown, and the sources are
therefore assumed independent, the covariance intersection is superior in the sense that
it still yields a consistent estimation. The Kalman filter gives, as shown by Figures 3
and 4, an underestimation of the actual covariance matrix, for postive values of g. From
Figure 4, one can notice that, without any assumption about the correlation between the
sources, the covariance intersection was able to provide a consistent fusion rule. The
shown results correspond to two correlated sources, whose correlation coefficient g is
taken within the range —.9 < p < .9.

Finally, the effect of the parameter w on the performance of the covariance intersection
is observed in Figure 5. The combined covariance reduces to the covariance of the first
source, for w = 0, and to the covariance of the second source, for w = 1. For

0 < w < 1 the resulting covariance is given by the convex combination of the two
covariance matrices. For the case of centred sources?, the estimation is still consistent
independently of the value of the parameter w. Note, also, that for both variable g and
variable w cases, the actual covariance always lies within the intersection region
defined by the source covariance matrices.

Non-centred sources

In all the presented scenarios, the data sources are taken centred, with however different
covariance matrices. In such a case, the fusion algorithm will only help in reducing the
uncertainty in the estimation, viz., the covariance. The estimate value will remain
unchanged throughout the estimation process. For completeness, the more general case
of non-centred sources is presented, for the same scenarios, in Appendix A.

Alternative approach

Since the intersection region represents (in all directions) an upper limit for the actual
error covariance matrix, and the covariance intersection method overestimates it, the
latter results in a significant decrease in performance. This is why the method is said
sub-optimal. To avoid this large overestimation of the covariance, a new filter, called
the largest ellipsoid method, is presented in Chapter 5.

3Which provide the same mean.

TR 2001-223 17
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Largest ellipsoid

5.1

As in the case of the covariance intersection, the design of this filter 1s also based on the
estimation of the intersection region of the covariance matrices. Instead of
overestimating this region, the new filter will however slightly underestimate it. This
will have no consequence on the consistency of the fusion, since the intersection region
represents an upper limit. This means that the actual covariance will almost always lie
within the region defined by the estimated covariance. The very rare cases, where the
actual covariance may partly lie outside the estimated one, are those of highly
correlated sources. And even 1n those cases, the difference is very small and only due
the orientations of the matrices and not to their sizes (trace, determinant, etc.).

Since the k, contour defined by the actual covariance matrix is an ellipsoid, the
proposed filter computes the “largest ellipsoid” contained within the intersection
region. The matrix orientation problems may however make the direct computation of
this ellipsoid very difficult, and even impossible (see Figure 6).

In the case where the matrices have the same orientation, i.e., their eigenvectors are
two-by-two parallel; the ellipsoid computation reduces to a comparison between the
eigenvalues associated with each pair of parallel eigenvectors. The eigenvectors of the
intersection ellipsoids are identical to those of the fused matrices. Nevertheless,
problems arise 1n the more general case, where the matrices do not have the same
orientation, as illustrated in Figure 6, where besides the ellipsoids, two segments are
plotted for each matrix. Each segment 1s associated with an eigenvector (and 1its
corresponding eigenvalue) of the considered matrix. This plots help in getting a better
understanding of the matrix orientation incompatibility problem. Computing the size
and the onientation of the intersection ellipsoid is not as straightforward as in the case
of compatible matrices. To solve the orientation incompatibility problem, geometrical
transformations must be applied to the two fused matrices.

Geometrical transformations

The two fused matrices are brought, via geometrical transformations, within a space
where they have compatible orientations. This allows for performing a simple
comparison between the eigenvalues associated with their parallel eigenvectors. The
resulting matrix, corresponding to the intersection ellipsoid, is returned back to the
original space by applying the reverse of the applied transformations.

Rotation

The first transformation consists in rotating the fused matrices to make the base (i.e.,
eigenvectors) of the matrnix S; ali gned* with the base (see Figure 7) of the Cartesian

“Thus 1s an arbitrary choice, and the matrix S could have been chosen. This would have led to an identical

result.

18
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Figure 6: Eigenvalues and eigenvectors of the two fused error covariance matrices S 1 & 5’2

plan. The following matrix represents this transformation.
T
T = [virl vlT2 ...... vﬂ] (39)

where vy is the 7™ eigenvector of S1. The resulting matrices are noted

ST =T.5, 17T (40)
S; =T,8,TT (41)
Scaling
The second geometrical transformation is given by
1 0 e 0
0 32 ... 0
Ts = |. S . (42)
)
0 0 ﬁ:
TR 2001-223 19
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Figure 7: Eigenvalues and eigenvectors of the rotated error covanance matrices 5‘1 & S‘Zz

where Ay 1s the 7'M ergenvalue of S’l This is a scaling transformation that makes equal
all the eigenvalues of the matrix:

S = T.8,\TT (43)
= TsTr‘SA‘lTrTTSI (44)

As shown 1n Figure &, this brings the matrices to the space, where the o-contours
defined by S;" reduce to circles. Since for circles, all the directions are similar, one can
take, as comparison directions, the eigenvectors

Wl Wl wb]] (45)

of the transformed matrix
S5 =T8T (40)
= T, 8,11 (47)

whose o-contours are sull ellipsoids. The eigenvectors of 5'5’ will therefore serve as
eigenvectors of the intersection elhipsoid. The corresponding eigenvalues are given by
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Figure 8: Eigenvalues and eigenvectors of the rotated and scaled error covariance matrices S & S;';'

the diagonal elements of the following matrix

min(/\ll,)\gl) 0 0
0 min(Ay,, Ag,) ... 0
Dmm = . ( :1 2) . . (48)
0 0 . min(/\11a /\2,,)
where Ay 1s the 7™ eigenvalue of 5'5’. Hence, in the transformed space, the
intersection ellipsoid is given by (see Figure 9).
v,
E =[vy, ... v2,| Dinn | : (49)
vl
TR 2001-223 21
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whose corresponding matrix in the original space (see Figure 10) can be obtained by
applying the reverse transformation, as follows

E — ﬂ—lrg-lEST'TS—TE—T

v
2)
—1=~1 . —T-T
- 117 Ts [’UlZJ - ’U‘Z”} D, : Ts Tr (50)
U:;)I‘:].
3 -
2r v 7 oy
m%'\«
s,
e'ﬁ} A
& . ) h
1 / \
ot .
LN
", g
»’yﬂf
T mmw“‘f
ok
-3}
-3 -2 -1 0 1 2 3

Figure 9: Intersection ellipsoid in the transformed space

Besides the computation of the largest ellipsoid matrix, a Kalman filter fusion is run.
The resulting estimate (17) 1s kept, while the covariance matrix (16) 1s dropped and
replaced by the computed one (50).

5.2 Comparison

In order to allow for a better compartson of the proposed fusion rule with the Kalman
filter and the covariance intersection, the corresponding 1, contours are plotted in
Figure 11 The contours of the actual eiror covariance matnix, for different values of the
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f

Figure 10: Intersection ellipsoid in the onginal space

cross-correlation coefficient (—1 < p < 1), are also plotted to show the consistency of
the largest ellipsoid-based fusion. One can easily notice the significant difference
between the sizes of the ellipsoids resulting, respectively, from the covariance
intersection and the largest ellipsoid. As stated previously, the Kalman filter is still, for
the considered values of g, suffer from inconsistency. The reduction by the largest
ellipsoid fusion of the estimated covariance matrix size results in an increased
performance (faster convergence and smaller estimation error). While the fusion is still
consistent, the estimated covariance matrix is tighter (i.e., closer the actual one) than
the one yielded by the covariance intersection algorithm. The presented methods are
illustrated and compared, in Chapter 6, using the target’s tracking problem.

TR 2001-223
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Figure 11: 1, contour of the combined estimate, yielded by the largest ellipsoid method vs the Kalman filter and

the covariance intersection for correlated sources
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Application to the track-level fusion

The methods presented in the previous chapters are illustrated and compared in this one
using the target’s tracking problem whose fusion network architecture is given by
Figure 12. In the tracking problem, one is interested in providing an improved estimate
of the state vector, such that the target’s position can be depicted as correctly as
possible. In a multi-sensor environment, the tracking problem may, as explained below,
present both of the independent and correlated source fusion cases. But since the
independent source case admits the standard the Kalman filter as an optimal solution,
the emphasis will be put on the more challenging correlated case.

The tracked target 1s assumed to be moving in a 2D space, where the acceleration acts
as an input®. The state vector to be estimated is therefore composed of the target’s

coordinates, viz., the position and the linear velocity. With the following state variable
notation

Dz
x= P and v= [vl} (633
Pz V2
Py
the equations of a such a target can be expressed as
Tir1 = Frxp + Tog (52)

where v, are random variables that reflect the unforeseeable variation of the
acceleration, in both directions, and

1 0AhO
010 h

Fe=1p01 0 (53)
00 0 1

h is the time increment. The matrix I, in (52), depends on the model used to represent
the discrete-time nature of the process noise vi. Two examples are given below. The
first one, which is given by

R?/2 0
0 h%/2
r=| , 0 (54)
0 h

3Since the acceleration may change unforeseeably, it is often modeled as a random variable, and so 1t will be
here.
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reprensents to the pulse model, while the following one

r 3 h2 3 h2 7
0 0
2\/§ 2 3 3
h? V/h2?
'=1| o 0 —_— (55)

2v3 2
0 Vvh 0 0

L 0 o 0

is used by the Brownian motion model. Notice that the latter requires four random
variables instead of two. If the process noises are assumed to have the same standard
deviation é,, the pulse model results in the following process notse covariance matrix

Q =éirrt (56)
[h4 0 h3 0 1
4 2
ht h3
) 0 —— 0 -
=05 |3 4 (57
5 0 h? 0
h3
i 2
L 0 5 0 h ]
while the covarniance matrix for the Brownian motion is given by
Q = éirr” (58)
r~ hs h2 —
- 0 — 0
3 13 2 12
0 - 0 -
= 63 h2 3 2 (59)
— 0 h 0
h2
i 0 1 0 h |

Fusion architecture

For any given sensor suite configuration, there can be many different ways to combine
data from the sensors, offering as many architectural options to the data fusion system
designer. The architecture of such a system can range from a highly centralized to a
highly distributed. In the case illustrated in Figure 12, one possible solution consists in
maintaining sensor-level tracks using local sensor information at each sensor site,
finding (in a central fusion node) the sensor tracks that potentially represent the same
target and then combining these tracks into global tracks. This architecture is typically
referred to as “Track-Level Fusion”. The primary alternative architecture assumes that
all of the raw sensor measurements (i.e., sensor contacts) are sent directly to the
centralized fusion node to be combined into global tracks. This architecture is typically
referred to as “Contact-Level Fusion™.

TR 2001-223
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Track 1
Sensor Level Tracker 1

Contact 1
. Track Level >
. .
Contact 2 Fl?s‘?n .
Global
Track
SG-150
i #| Sensor Level Tracker 2
Track 2
Figure 12: Fusion network architecture
6.1.1  Contact-level fusion

TR 2001-223

The contact-level fuston problem is first considered. This corresponds to the
case of actually independent sources, since the contacts and the estimation
noises, at the sensor level, are not correlated. The target’s position (in both
directions), is the only measured variable. This can be represented by the
following observation equation

Zyery = Hixpy (60)

where k + 1 is the observation time, 4 is the sensor number (= 1,2) and H, is
the observation matrix that is given, for both sensors, by

1 0 0 0] 1)

0 1 0 0

This means that, based on this partial observation, the fusion algorithm will
have to provide an estimate for both of the position and the velocity of the
target.

Track-level fusion

The track-level fusion architecture allows each sensor to perform a maximum
amount of pre-processing to generate sensor output decisions. The resulting
target track data is normally stored in a track file. Hence, each sensor
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individually maintains its own track file based exclusively upon its own
measurement data processed by the local tracker. These sensor-level tracks are
then transmitted to a central fusion process responsible for both finding the
sensor tracks that likely represent the same target, and for combining or fusing
these tracks into composite tracks to form a master track file. Since the
sensor-level tracks are state vectors, the observation equation at central node
can be expressed as

ziy1 = Hegy (62)

where the observation matrix H is this time given by

H, = (63)

OO O =
OO = O
o — O O
-0 O O

The track-level fusion approach has the advantage of reduced communication
requirements when compared with a centralized one, and therefore requires
much less /0 bandwidth (reduced data-bus loading) to transmit the data
between the sensors and the central node. The local tracks are periodically
transferred to the central processor rather than the copious measurement data.
If necessary, the sensor-level tracks may also be communicated less frequently
than the arrival of the sensor data. The approach also has the advantage of
reduced computational loading (in any single processor). In military
applications, due to the distributed tracking capabilities, the decentralized
sensor fusion results in increased survivability when compared with
centralized systems [4, 10]. Moreover, 1f one sensor becomes degraded, 1ts
observations will not affect the sensor-level tracks of the other sensors (1.e.,
the good sensor-level tracks will not be corrupted by the bad data). By
checking the sensor-level tracks with the central tracks, one may be able to
detect any errors 1n the sensors. Then, when the sensor with poor data 1s
finally recognized, the central-level tracks can be formed using only
sensor-level tracks from un-degraded sensors [25].

Correlation

Because the process noise introduced by the target behavior is observed by all
the sources tracking a common entity, Bar-Shalom {5] has shown that the
tracks may be correlated, and that this correlation must be considered in the
fusion process. The dependence between the estimation errors from the two
track files arises from the common process noise entering into the state
equation of the two tracking filters (i.e., the common error source due to the
target dynamics), given that the two information processors follow the same
target. For example, a sudden target maneuver can lead to a bias error for both
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tracking filters. The fact that the two measurement noise sequences processed
by these different filters can be assumed independent is not sufficient to ensure
the independence of the estimation errors in the two track files.

After track-to-track associations have been determined, the local tracks that
correspond to the same targets as seen by different sensors must eventually be
combined at a later stage. An often-employed, and overly simplistic, solution
to this problem is achieved by choosing the least uncertain set of
measurements and disregarding the remaining information. This is known as
track selection or “best track approach”. The pitfalls of such a naive technique
are an inferior accuracy and reduced spatial and temporal coverage [26].
Hence, if sensor-level tracks are maintained, they must be combined at some
point if significant benefit is to be derived from the multi-sensor fusion
approach. The result is central-level tracks that are updated with sensor-level
track data instead of with sensor report data. If a central-level track is updated
with a sensor-level track, the usual assumption (valid for the case of raw
measurements with uncorrelated measurement error) of error independence
from one update period to another is not valid.

Since it deals with correlated sources, the track-level fusion problem is more
challenging than the sensor-level one. In this case, the methods discussed in
Chapters 3 to 5 are applied and compared. Due to its proven optimality, the
contact fusion approach is taken as a reference, in the performance evaluation.
Nevertheless, the performance is not the unique comparison criterion. The
consistency is another important property that helps in choosing the
appropriate approach for a given situation. To compare the different
algorithms, the traces of the actual and the estimated error covariance matrices
of the central tracker are plotted. All the plotted traces are normalized with
respect to the trace of the estimated error covariance matrix yielded by the
contact fusion algorithm.

Results

The presented results are obtain via 200 Monte-Carlo runs. The used covariance matrix
corresponds to the pulse model, with §, = 12 and h = .1. The sensor noise standard
deviations are given, respectively, by 8,, = 5 and 4,, = 4 for the first sensor, and

dy, = 6 and éuy = 3, for the second one. Notice that the sensors are not assumed
identical, and the positions in each direction (z or y) is measured with a different
accuracy.

To obtain a comparison means between the presented methods, two parameters are
defined (see Table 1). The first one g, corresponds, for each considered method, to the
ratio of the trace of the estimated covariance matrix to the trace of the actual one. This
gives an direct measure of the consistency of the fusion algorithms. Note that a method
is inconsistent, if g < 1. The second parameter g, which is > 1, deals with the
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performance. It is defined by the ratio of the trace of the actual covariance matrix
(yielded by each method) to the actual covanance matrix yielded by the centralized
contact fusion. Note that the more g5 is close to 1, the more the corresponding method
is performent.

The Kalman filter assumes the independence between the sensor-level tracks, and
between each of the sensor-level tracks and the central track. This obviously leads to
mconsistency and an increase in the estumation error. This phenomenon is clearly
shown 1n Figure 13, where the fusion algorithm underestimates (—65%) the actual error
covariance matrix (g. = 0.35). Also, the estimation error increases

considerably (g, = 1.27). As shown in Figure 14, the covariance intersection allows
for avoiding the inconsistency of the simple fusion. The actual covariance matrix is
indeed smaller than the assumed one (g, = 1.12). This consistency is however obtained
at the expense of a significant decrease 1n performance (o, = 1.20).

The results given by Figures 15 & 16 are conclusive, since, while the estimate 1s still
consistent (g, = 1.10), the assumed covanance, is much closer the centralized
contact-level fusion one, than that obtained by the covariance intersection. Indeed, the
actual error is only 10% lager than the one obtained with the centralized contact-level
fusion, while 1t is 20% 1n the case of the covariance intersection. The performance ratio
1s given by gp = 1.10. The simulation results are summarized in Table 1. It is clear that,
the only consistent approaches are the covariance ntersection and the largest ellipsoid.

[ Method I e | o |
Contact fusion 1.00 | 1.01
Kalman filter 1.25 | 0.35

Covariance intersection {| 1.20 | 1.12

Largest ellipsoid 1.10 | L.10

Table 1: Performance/Consistency companson of the fuston methods
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Figure 13: Kalman filter track-level fusion
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Figure 14: Covariance intersection track-level fusion
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TR 2001-223

33
UNCLASSIFIED




P518345.PDF [Page: 51 of 71]

UNCLASSIFIED

15
!
05
0 L._ - JU .
5 10
34

A R Y
i

praeid

Pyt

R
ua:\tn.\ !
et

rov Contact fusion (actual)
Covanance intersection (actual)
Largest ellipsoid {actual)
== Contact fusion (estimate)
= (Covariance Intersection (estimate)
Largest ellipsoid (estimate)
H I | -

— e e - 1 - L

15 20 25 30 35 40 45
Time[s]

Figure 16: Largest ellipsoid vs covariance intersection track fusion
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Conclusion

Data fusion algorithms govern how information about a given system is extracted from
multiple source data. Data fusion provides the decision maker with an efficient tool to
manage the information he might receive from a variety of sources and improve his
current situation awareness by producing an “as accurate as possible” explanatory
picture of the battle environment. The data fusion process is subdivided into five levels,
where each succeeding level deals with a higher level of information abstraction. In this
report, the emphasis is put on L1DF, where, two key algorithms for data fusion, viz., the
Kalman filter and the covariance intersection, are presented and their limitations are
highlighted. An alternative solution, which represents a good compromise, is then
proposed. In the case of actually independent sources, or correlated sources with a
known cross covariance matrix, the Kalman filter yields the best performance. If the
correlation information is missing or incomplete, the filter will lead to an inconsistent
estimate. The covariance intersection avoids this inconsistency phenomenon, by using a
more conservative fusion rule. Unlike the Kalman filter, the covariance intersection
update strategy does not make any assumption about the source independence. This
property allows for the covariance intersection to fuse correlated sources with an
unknown cross covariance. Nevertheless, this results in a decrease in performance,
leading to an only sub-optimal solution.

The new proposed Largest Ellipsoid filter offers a good alternative to the covariance
intersection method. As in the latter, this consistent fusion approach is also based on
the concept of intersection. Nevertheless, it leads to a tighter estimate, since it does not
overestimate the intersection region, but slightly underestimates it. This has no
consequence on the consistency property of the fusion, since the underestimated region
represents an upper bound for the actual covariance.
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Annex A
Fusion of non-centred sources

38

The centred sources used, in Chapters 3 to 5, to analyze the consistency of fusion
algorithms, are replaced here by the more realistic non-centred ones. As shown in
Figures A.]1 and A.5, the results for the Kalman filter and the largest ellipsoid are very
simular to the case of centred sources. The only difference lies in the estimated value
(i.e., the centre of the ellipsoid) that 1s affected, this time, by the action of the filters.
The consistency/inconsistency properties remain however the same.

A major difference is noticed 1n the case of a variable w. Since the actual covariance
does not, this time, always lie in the region defined by the intersection of the covariance
of the fused sources, all the ellipsoids defined by the covariance intersection (i.e. for
different values of w) do not enclose the actual covariance. Indeed, as shown in

Figure A.2, depending on the value of the parameler w, the actual covariance may be
partly outside the intersection region. Nevertheless, this observation does not mean that
the covariance intersection filter will underestimate the actual covariance. As can be

observed 1n Figure A.2, the estimate covariance contours are still larger than the actual
ones.

Figure A.3 shows better the covariance intersection fusion rule obtained by computing
the optimal value of the parameter w, which is clearly consistent. Figure A.4 compares
the Kalman filter to the covariance intersection, while Figure A.5 gives a comparison of
the three methods. This figure shows clearly the superiority of the proposed approach.
Even though the computation 1s based on non-centred data sources, it results in what
would have been the largest ellipsoid contained in the intersection region if the sources
were centred. In this case, the computed ellipsoid will naturally be larger than the
intersection region, because the latter is much smaller than the actual covariance. The
consistency property of the filter 1s, however, still preserved since the estimated error
covariance matrix 1s always larger than the actual one.
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— Sources
Actual Covanance
~ Kalman Filter

Figure A.1: 1, contour of the combined estimate yielded by the Kalman filter update rule and the actual covariance
for two correlated (non-centred) sources, with vanable correlation coefficient
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"~ Sources
Cl wvanable
————— Cl Optimal w

Figure A.2- 1, contour of the combined estimate yielded by the covanance intersection update rule (with vanable

w) and the actual covanance for two correlated (non centred) sources with variable correlation coefficient
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—— Sources
Cl: w variable
= C| Optimal w

Figure A.3: 15 contour of the combined estimate yielded the covaniance intersection update rule, with a variable
parameter w, for two (non-centred) sources
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Actual Covariance
Kaiman Filter

- COvanance Intersection

Figure A.4: 1, contour of the combined estimate yielded respectively by the Kalman filter and the covanance

intersection update rules, and the actual covanance for two correlated (non centred) sources, with variable

correlation coefficient
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—— Sources
Actual Covariance
« Kalman Filter
- Covariance Intersection
-~ Largest Ellipsoid

Figure A.5: 1, contour of the combined estimate, yielded by the largest ellipsoid vs the Kalman filter and the
covanance intersection for two correlated (non-centred) sources
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Optimization with respect to w

The parameter w offers, for the covariance intersection method, an additional degree of
freedom, whose value can be determined to minimize a certain error norm of the

resultmg covariance matrix

Pi(w)

B.1

i

L

51 B -1
wPy 4 (1- w)P@}

-1

~

P liw

1 1
A1 .
&9 (P:'f:l - Pi:zl)}
-1
Gy + WGIJ

Determinant optimization

For the covariance intersection method, and from the expression of P, the determuinant
appears to be the "natural” norm to be minimized. The underlying convex optimization
problem(’ consists then in finding wep such that

wopt

where

plw) =

arg min det (Ps)

= argminIndet (Ps)

arg min p(w)

- Indet (Go + wGy)

with, as a constraint, 0 < w < 1. Since Gg = va 1s definite positive (a covariance
matrix), one can rewrite the cost function as follows

p(w)

= - Indet [G(‘/?(I +wG51/2Gngl/2)Gé/2]

= - Indet(Go) - Indet (I + wG51/2G1G51/2)

The last term, in the above equation, can be rewntten as

Indet (I + wGSI/QGlGal/:Z) =In [

=

(14 w/\l)}

1

2

N
= Zln (14 wh)
1=1

®Also known as Analytic Centering problem
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where J, is the it" eigenvalue of Gy 12¢, Gy 172 This result allows for rewriting the
cost function as

N
p(w) = —Indet(Go) — D> _In (1 +wh,)

1=1

The two first derivatives of , with respect to w, can be obtained analytically, and there
is no need to approximate them numerically.

Gradient
Indeed, the gradient of the cost function is given by

dp
gw) = 5~

~ 14w,

N eig(Gr* e G5

=-> —

=1 esg(I + wG’glﬁG’lG’alﬂ)

N
=-3 ey [Glag‘/"" (I+ wcgmalag/z)“ag‘/?]

=1

N -
== eig(G1P;)
=1
= —Trace(G1P;)

Hessian

Similar calculations lead to the following Hessian expression

N A 2
- Z [1 + wA,]

N ~
= Zeig[(GlP@)z]
= Trace [(Glpé)g]

Since the Hessian is always definite positive, the optimum will be a minimum
(Second Order Necessary Condition).
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Multisource fusion

In the case of a batch fusion, that is,
n
Pilw)=Go+ ) wG,
=1

The gradient and the Hessian will be given respectively by
g(2) = (Vo). = —Trace(G.P;)
and
H(i,j) = (V?¢)y = Trace(G,PéGJIE'@)
Implementation
If there were no constraint on w, an analytic solution to the above-stated

optimization problem could have been found, by setting g{w) = 0. Since wgpt

must be within [0, 1], a numerical solution will be used. The implementation
details will be given later.

B.2 Trace minimization
The trace of the covariance matrix is another interesting cost function to be minimized.

As in the determinant case, for practical reasons, the minimization will be applied to
the logarithm of the trace. The optimization problem is then defined as foilows

Wopt = arg min trace(f’@)
w
-1
= arg min trace [G’o + wGl}
w
-1
= arg min In trace [GO -+ wG1]
w
with, as a constraint, 0 < w < 1. By using

trace A~ = trace Adet A™!

the minimization problem can be rewnitten in the following form

Wopt = argn}uin { Intrace(Go + wG1) — Indet (Go + wGl)}

£ argmin p(w)
w
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Gradient
0
g(w) = %
_ Olntrace(Go + wG)) dtrace(Go + wG1)  9In (Go + wGi)
- atrace(G’o + wG’l) dw Ow

-1

= trace G [trace(Go + wGl)} — trace G1(Go + wGH)™?
A -_1 ~

= trace G [trace P, 1] — trace G1 Py

Hessian

In the same way, the Hessian will be given by
~ 1 2 A
H(w) = —{trace G [trace P;1)” } + trace[(G1P3)?]

Multi-source fusion

As in the case of the determinant optimization, in the case of a batch fusion,
the gradient and the Hessian will be given respectively by

g(@) = (Vo)
= trace G; [trace 15; 1] - — trace(G, P;)
and
H(i,) = (V¢)y,
= —trace Gijtrace G; [trace 13_,; 1]_2 + trace(G,pﬁG] 13:;,.)
implementation

Newton’s method, with appropriate step length selection, can be used to
efficiently compute wey:, starting from a feasible initial point. The following
algorithm is considered

we1 = wi — o H ™ (wi)g(wi)
where o, is the damping factor of the k" iteration, which is given by [27]

1 if 8 <1/4
o = 1

m otherwise
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and
5k =+VgTH 1g

1s the Newton decrement of ¢ at w.
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