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NAVAL UNDERWATER SYSTEMS CENTER 
Newport, Rhode Island 02840 

ABSTRACT 

Receiver operating characteristics for phase-incoherent detection of M 
multiple observations ore presented, for a wide range of values of M and signal­
to-noise ratio. Comparison with a processor capable of coherently summing up 
all M signal components is made. The additional signal-to-noise ratio required 
for the phase-incoherent combiner is found to be greater· at the lower false-alarm 
and detection probabilities . 
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In many cases, received signals contain multiple (M-ary) replicas of the 
signal information at predictable locations in the time and/orfrequency domain. 
Knowledge of the signal replicas can be obtained by analysis in a noise-free, 
or low noise environment, by placing measurement transducers at positions 
closer than is practical under normal operating conditions, or by utilizing 
artificial means to force higher signal levels than are usually available. Once 
these multiple features of the signal are known, they can be utilized to enhance 
the detection capability of a system operating on them. However, the complexity 
of any system that attempts to detect by use of multiple signal characteristics 
will be increased. 

This memorandum examines the gain available when phase-coherent vs. 
phase-incoherent detection is used, as a function of the number M of signal 
characteristics and the allowable false alarm probability. It is intended to 
supply the information required to make the tradeoff between increased detection 
capability and system complexity. 

The analytical results in this memorandum are not new; for example, Helstrom 
[Ref. 1 I Ch. vi} presents all the equations required . However, there is inade­
quate quantitative evaluation of the M-ary phase-incoherent processor (Ref. 1 
contains one figure on page 181 for a false alarm probability of 1 0-

10
), Thus, 

comparison with an ideal processor is not possible for a significant range of 
signal-to-noise ratios, values of M, and false-alarm probabilities . The present 
results rectify this situation and make the comparison. The method of computation 
of the operating characteristics is given in Refs. 2 and 3. 

PROBLEM DEFINITION 

The received signal is composed of M components, each deterministic 
(except for unknown phase} and narrowband; also the signal components are 
essentially disjoint in time and/or frequency. The accompanying noise is 
zero-mean stationary Gaussian . 

3 
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The receiver processor to be considered is depicted in Fig. 1. Input process 

h/d 
~.(t) EY\ve.lopCl. w,/1;.) s ... ,,e w, tr.) 

Dq_·tedl>r ctt Tj 

J..:t~EA-R 

~/!) FILTER . . . . . . . • . . . 

hfl\ 11:) 
!jM/t) Er~\felop~ W~/1;) sQ .. ,1e W~(TM) 

'l>e.ttc.ior Q+TM 

Fig. 1 • Receiver Processor 

x(t) is observed over time interval (a, b) and passed through a parallel set of 
M filters, each fairly well matched in time duration and frequency location to 
one of the M components of the received signal. The filter outputs are 
envelope-detected and sampled at different time instants, yielding a set of 
outputs f wJ (1}) 17 . The method of combining these outputs for decisions on 
signal presence will be discussed shortly. Notice that the filters f h.;tti)~ 
are not required to be matched filters, but rather only have an impulse response 
duration approximately the same as the corresponding signal component, and 
have a frequency location approximately covering the signal components' 
spectral range. This allows a wide variety of sub-optimal receiver realizations 
to be considered and compared. Losses in performance due to mismatched 
receiving filters or improper gain settings of the filters are easily evaluated. 

If just one signal component (M=1) were received,· and phase-coherent 
reception were employed, instead of the phase-incoherent reception technique of 
Fig. 1 (i.e., no envelope detectors), the false alarm and detection probabilities 
are derived in Appendix A for an arbitrary filter and sampling instant, and then 
specialized to various optimum filter choices for different observation intervals 
and noise spectra. On the other hand, for phase-incoherent reception of one 
signal component, the false alarm and detection probabilities are derived in 
Appendix B, under conditions similar to Appendix A. These results are given 
for the sake of completeness and to indicate the method of performance comparison 
to be adopted for the M-component signal case. 
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For the M-component signal case, the optimum method of combining outputs 
{ W;, tlj)) in Fig. 1 (even for non-optimum, but given, forms of filters { hJ tt>J) 
is derived in ~pendix C. The difficulty of implementing and analyzing this 
processor suggests the simpler sub-optimum processor which combines the outputs 
according to 

and compares z with a threshold. The characteristic function of decision 
variable z is derived in Appendix C, and the false alarm and detection prob­
abilities given. Specialization of the general filter characteristics to optimum 
choices is also presented in Appendix C. 

(1) 

If it were possible to process the received waveform x(t) in Fig. 1 by a 
phase-coherent technique (which would require knowledge of the phase of each 
signal component), the performance, in terms of false alarm and detection 
probabilities, would be significantly improved for large M. It is the purpose 
of this memo to make this comparison quantitative, over a wide range of false 
alarm probabilities and number of components M. The false alarm and detection 
probabi I ities for coherent reception of the M-component signal are presented in 
Appendix D. 

RESULTS 

The characteristic function of decision variable z in (1) is given by (C17), 
and the false-alarm and detection probabilities are given by (C22) and (Cl9) 
respectively. The performance of the processor in Fig. 1 is characterized by 
the single parameter dT, which is a measure of the total "output signal-to-noise 
(voltage) ratio." Specifically, from (C13}, it is given by 

d 
~.. 2M I r'-c h -tr: -"1:) l.. h=")l'2 

:: 4 • J d J 
T • I 'b 'i , 

J"'' 2 ~~ dr,d-r&hj("l}-~)~j{lj-'t;~'RDl-r,-"t;.) 

(2) 

where .hj (-q is the complex envelope of filter hj (c), .!.1(t) is the complex 
envelope of the j-th component of the received signal, and Rn ("(j is the 
correlation function of the complex envelope of the received noise. The filters 
in (2) are not assumed to be matched filters, but are general, subject only to 
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the constraint that their impulse response durations and bandwidths be approximately 
the same as the corresponding signals. The detailed assumptions and derivations 
leading to (2) are documented in Appendix C. 

Plots of detection probability PD (in per cent) versus dT, for false alarm 
probability PF equal to H)~ 10~ HY~ and 10~ are presented in Figs. 2-17, for 
M=1(1) 10, 16, 32, 64, 128, 256, 512*, respectively. (There is a change of 
abscissa scale for M~32). ~ M increases, the performance for a given value of 
dT degrades. For example, to attain P,. = 10~ P0 = . 5, a value for dT of 6 is 
required for M=1, whereas a value for d.,.. of 16.6 is required for M=512; this 
is an increase of 20 log(16.6/6) = 8. 84dB in signal-to-noise ratio. Thus 
fractionalization of a fixed amount of signal energy degrades the processor 
performance. 

This behavior is made more obvious by constructing the cross-plots in Figs. 
18-21 of detection probability Ptl versus dT, with false alarm probability PF 
held fixed, for M = 1 (1) 6, 8, 1 0. (The curves for larger values of M can be 
found, ifdesired, from Figs. 12-17). 

Figures 2-21 constitute the receiver operating characteristics (ROC) for the 
processor depicted in Fig. 1 followed by squaring and summation . We now wish 
to compare this performance with that of a processor capable of coherently 
summing up all M signal components. 0/'le do not necessarily require the 
coherent processor to be optimum; this aspect of the problem is considered in 
Appendix D, where connections with the optimum filters for the phase-incoherent 
processor are made). The false alarm and detection probabilities of the coherent 
processor are given in (A13), where the parameter de is given by (A12). 

The method of comparison of the processors is as follows: both processors are 
required to yield the same PF , PD. The required numerical value of de for the 
coherent processor is then smaller than the value of d,- required for the phase­
incoherent processor of Fig. 1. The increased amount of signal-to-noise ratio 
required by the incoherent processor is then given by 

*The crosses on Fig. 17 will be explained in the next section. 
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(3) 

since both dT and d, are measures of signal-to-noise voltage ratios. (See also 
Appendices Band D for comparison of the optimum processors). In Figs. 22-24, 
(3) is plotted versus the number of signal components M, with false-alarm 
probability PF as a parameter, for detection probability Ptl equal to .5, .9, .99, 
respectively. (There is an ordinate scale change in Fig. 23. Also straight lines 
have been drawn between the integer abscissa values for ease of interpretation). 
It is seen that for a specified detection probability, the increase in required 
signal-to-noise ratio is greater for the lower false-alarm probabilities; for 
example, for Po ~2 .5, M=10, the increase in s~~nal-to-noise ratio must be 
5.33dB at PF= 10, but only 2.69 dB at PF= 10. It is also to be noted that the 
increase in required signal-to-noise ratio for the phase-incoherent processor is 
greater for the lower detection probabilities; for example, for PF= 1 0-~ M = 10, 
the numbers are 5.33dB at Pu= .5, 4.15dB at P»= .9, and 3.55dB at Pu= .. 99 . 
Thus the greatest discrepancy in performance between the coherent and incoherent 
processors occurs at the lower detection and false-alarm probabilities . 

In Figs. 25-27, similar results extending up to M = 512 are plotted on 
logarithmic paper. The curves appear to be approaching a 5 logM dependence 
for I arge M. For large M, significantly larger signal-to-noise ratios are 
required; for example 13dB more is required at Pl>= . 5, PF= 1 a: M = 512 for the 
incoherent versus coherent processor. (Recall that the ordinates of Figs. 22-27 
are the increased signal-to-noise ratios, and not the actual values of signal-to-
noise ratio required for a specified performance). · 

GAUSSIAN APPROXIMATION 

In Appendix E, the decision variable z in (l) is approximated by a Gaussian 
random variable with the same mean and variance. The detection and false-alarm 
probabilities are given by (E12) . For large M, this is expected to be a good 
approximation, since (1) is the sum of a large number of independent random 
variables . For M = 512, the Gaussian approximation is plotted as crosses on 
Fig . 17; it is seen to be a very good one for PF = 10-~ but slightly poorer at 
PF = 10-7.. Thus the Gaussian approximation can be used for other values of M 
with a known degree of accuracy established from Fig . 17. 
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APPENDIX A 

PHASE-COHERENT DETECTION (PCD) 

Consider the I inear filter depicted in Fig. Al. Input process x{t) is 

)(.(t) .. 1 hb;) I ';1ft> ... 

Fig. Al. Linear Filter 

observed for "< t< b, and passed through filter h. The input is given by 

'JC~) = 2 ~:) l (Al) 

L s~)~rtV · 
Noise n((:) is zero-mean stationary Gaussian, with correlation "Rntq, and double­
sided power spectrum li".,(fl Signal s!H is deterministic, with voltage density 
spectrum S(f). We have 

~ ft:) = ~5 (-t:) + ~"' H:), (A2) 

where 
b 

~ lt) : SO. ciT ~ ~ JL) S {t:-) I 

~1\ (t-) = t ·~ h f!--i)"' (-c) • (A3) 

Suppose we sample output ~~ at time T (which is arbitrary), and compare 
~tr) with a threshold · L for purposes of signal detection: 

~ : 'j (T) ~ L . (A4) 
Random variable (RV) ~ is Gaussian, with 

Eli} = 5 0~ 1 = r 0~ 1 1 ~a('n) l ~ j ) (AS) 
and 

h 
'lo.r~i}= Jf d."t:1 d"t:.,_ h(T-TJh(T--cz)'R" l"t,-'"t;~.) - cr~. (A6) 

0. 
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The probabi I ity density function (PDF) of -l for signal present is 

f• l~) == (2.,-)h r' exr (- t ti! ;""'J]. 
The probability of detection is then 

oe 

"f: = ~ ch· f,l~) = ~ { ';. -.A), 
"D L 

where normalized threshold 

and 
.A= L/cr, 

S£(") = s: <lt (br)~ V<f(-t/2), 

The probability of false alarm is obtained by setting m•O in (AS): 

fF ; ~ l-.J\.) • 
Now define 

(A7) 

(AS) 

(A9) 

(AlO) 

(All) 

(Al3) 

..A can be chosen for a desired 'PF {Ref. 4, Tables 26.5 and 26. 6); the actual 
'f'0 depends additionally on de. Curves of performance are given in Ref. 1, Figs. 
IV. 1 and IV. 2. 

Letting u=~ in (A7), the PDFs for signal present and absent are, respectively 

f,lu) = ~)~ exp{-4-(ll-d...)], 
(A14) 

foliA) =(2-n1"Y"' c..xp(-fll-], 
and depend only on the parameter d. . Thus the receiver operating characteristics 
(ROC) depend only on de:. 

Equations {Al2) and {A13) are the most general situation; filter h is 
arbitrary. We can investigate loss of performance due to wrong sampling i2stant 
T, or lack of knowledge of s or "R111, or any realization of filter h. (d 
could be called the filter output power-SNR, but it is not necessary). c 
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Several specializations of the general results above are possible; they are 
considered below. 

Case 1 Optimum filter 

Choose h such that d is maximized. It is the solution h1 of the integral 
c equation 

(A15) 

The maximum value of d is then d , where 
c c, 

~:. ... ~~ ~ h1(T--r) sft;), · (A16) 

Case 2 Optimum filter; Infinite Observation Interval; General Noise Spectrum 

. As Q-)- 110
1 b ~ + oo , the integral equation (A15) has the solution 

H lf-) == . s*lf) ~, (- i afT) 
, &-.. (f) 

and the maximum d is d , where 
c c 2 

Case 3 Optimum filter; Finite Observation Interval; White Noise 

For white noise, but finite observation interval, 

6-"l-A= ~'fA\\ .f \cio"hle-sidec:l spec~"'), 

'R~ h-) = ~ & (T), 

and the integral equation (A15) has the solution 

h (T-"t") = Nl s{t:), ~< T< b> 
3 ~ 

with a maximum d of d 
c c3 

(Al7) 

(A18) 

(A19) 

(A2Q) 

36 
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.l 1. , r., ~ E~~~.~ 
Yc::J = -;:1 dt s ff:) = "71 ) '"cl (A "'cl 

where Eab is the received signal energy in (a, b). 

Case 4 Optimum Filter; Infinite Observation Interval; White Noise 

The maximum value of d 
c 

is d ,where 
c ... 

and E is the total received signal energy over all time. 

(A21) 

(A22) 

37 
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APPENDIX B 

PHASE-INCOHERENT DETECTION (PID) 

The processor of interest here is depicted in Fig. B1. Input process xft) 

_'IC_~)~·I hi.-) 1 w(.O ... 

Figure Bl. linear Filter and Envelope Detector 

is observed for t t' (•,~ , and passed through filter h. The input is given by 

Noise n~) is zero-mean stationary Gaussian, with narrow-band spectrum G . 
Signal s(l.) is detenninistic except for unknown phase, and narrow-band. n 
Fi Iter h tc} is narrow-band. 

Let* 
sIt) ="Rei .1 It) ~)(r ( i 1"R"f,t+ i &~) 

n H:) = 'Re ~n H:) ~J>(i 2.-fo t ~, 

h h-) = 'Re I.b h:-) exp Cl2trf. ~, 

~It-) ~ 'Re { ~ ~ ~)(J> ( n.,.-f .. -t)} . 

· RV 9 is unifonnly distributed over 21r. The same center frequency fQ is no 
restriction, as the complex envelopes (underlined quantities in (B2)) can absorb 
differences in center frequencies. The complex envelope of ~tA is 

(Bl) 

(B2) 

*complex notation is used freely in this Appendix; see Ref. 1, Ch. 2} for example. 
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The output of Fig. Bl is given by 

(84) 

Suppose we sample w~) at time T {arbitrary), and compare with a 
threshold L for purposes of signal detection: 

(BS) 

Then using (84) and (B3~ 

~ :: \ ~sb~ + ~lT)\: {86) 

Let 

(B7) 

x and y are real Gaussian RVs, with 

(BS) 

And since (Ref. 1, Ch. 2) 

'1 - ~ -~ h., =- o =- x'l.- 'j + i 2 )C ~, 

b {B9) 

}~._(r)j;,. = t ¥d~,ch:-;a h (T-"T.)h*(T-"Ta)'R!!I"t'i-~) = ~+?, 

there fo I I ows 

X~ =- OJ 

!> * ~- JS d-r. h·~ h (T--r~h (T-~~l?~ (-r,-T...) E 
Q, 

1 cr. 
(Bl 0) 
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Then 

Let 

~~ lT) = 'R + \ I f-r fix~d &. 

Then using (86), (812), and (87), 

c : \ 'R + \ I +- X + ·,~ \ :. ' A+\ B \ = { ,-~ + -s"""i!) 

where 

Then the PDF of real RVs A and 8, for a given value of 9 , is 

t>(A. 'Bl 0\ = t ex f_ (A-~)~- r)'] 
1 , ~J 2"1r"Q""2 f[ 2 cr~ · 

The probability of detection for this given value of 9 is 

~l&)=- Prob(;!>L\e) = ~f ~t\4B r(A)el~). 
{A1+rl>L 

If we substitute (815) in (816) and let 

~ ()() 

~ {'9-\ ~ s d~ f d.,. r ~ expr-
1) ., -'lr L ~ L 

(8 11) 

(812) 

(813) 

(814) 

(815) 

(816) 
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_ fclu. f_J.u."l.-..L 1!1-?~:llT(Iysb~l~ = Q(\~sh-)1 .1:_\ 
- J "' e.XJ>[ :.1 2 cr,_ ] ..Lo cr ") - r- J cr) > 
L/r 

(817) 

which is independent of & • (This result is related to that in Helstrom, Ref. 1, 
p. 154, under (3, 16), but is more general here because h is arbitrary). 

Letting 

/ Lbdr ~ (T-T)~ l~)l (818) 

[t ~ dLj ciT~ h (T--c~~ * ( T-~'R!l (r,-~] Y2 J 

we have 

f D = Q ( dz > ..A. J > 

PF:: Q (o>.A) = e.xp(-J:/2}. 

.A.. can be chosen for a desired PF ; the actual ~ depends additionally on 
d'J: . Curves of perfonnance are given in Ref. 1, Figs. V. 2 and V.3. 

(819) 

If we let lA=~~ in (813), it follows from {814)- (818) that the PDFs 
for signal present and absent are, respectively, 

p,(Ll) =- Ll ~rt-l(u.~+ c~;)]T0 (dx~.t), u > o, 

pol"')= u c.xr[-fuij, u :> 0) 

and depend only on the parameter llx. The quantity dr has the following 
interpretation: 

= 

(820) 
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(B21) 

The denominator of (B21) is the ensemble average filter output noise power 
at time T. Steady state need not have been reached for either the signal or 
noise. d!i./2 could be called the instantaneous filter output power - SNR if 
desired; this is not necessary. 

(As a special case of this general relation for cl~ , consider a sine wave of 
amplitude A in the presence of noise, and an observation interval long 
enough for the filter output to reach steady state. Then 

.5tt) =A, (B22) 

and 

!j-•lT) = tt.~ch(T-..)A = i !:!lo)A "l' E I; H.., ~ ,;.,.-.-. ... 1Mu~ •. (B23) 

The filter output noise power is 
~~ (t-) = a-.... (&24) 

~ ..Lp" 
y = ~& .:. ti tte.r o~a.tpiAt J>owu-- ~N R. 

Several specWizations of the general results (B18) and (B19) now follow: 
Case 1 Optimum Filter 

Choose h such that ~ is maximized. It is the solution ~a of the 
integral equation 

telL h~ (T--c)'R~ it--c) = ~ {{), a< t< b. 
4 

The maximum value of d:r is then dx, , where 

(B25) 

(B26) 

(B27) 
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(which is always real and non-negative). The reason this result for dx; 
differs from Helstrom, Ref. 1, p. 151, (3.6) by a factor of 2 is due to a 
different definition of 'R!! • looking at Helstrom, Ch. II, sect. 5, we find 
his i>tn = tRnl~) . Therefore, p. 147, (2.16) gives Q~)=2~lr--r), 
and his (3.6), p. 151 becomes identical to our ll.z:: . 

Case 2 Optimum Filter; Infinite Observation Interval; General Noise Spectrum 

~ Cl ~ - oo , b ~ + 00 , the integral equation {826) has the solution 

s ~(f) e'lCr(-i hf~\ \ (828) 
l:L. (f) = &-a Hl · : .·.·. \' 

• 
and the maximum dx is dr2 , where 

" 'l _ 
2 

f ... M \ S W)l ~ • 
~ - .J._ (i-n (t) 

Case 3 Optimum Filter; Finite Observation Interval; White Noise 

For white noise, but finite observation interval, 

G-W\ (f) =- Ni, ~>-II f, 

~ ~ U.) = 41\).1 ) G\l\ f, 

'Rn ~) == 4 N.t ~ fr), 
and the integral equation (826) has the solution 

h ( 
, J.... }*(~) -r- I 

-"l T-T) : + Nd ) a<: ..... -c;; f>) 

with a maximum ~ of dJ:, 

(829) 

(830) 

(831) 

(832) 
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where Eo.t> is the received signal energy in (a,b). This relation for dr3 , 

combined with p,(u.) . in (820), agrees with Davies, Ref. 5 (remember that 
No = 2Noi} . 

Case 4 Optimum Fi Iter; Infinite Observation Interval; White Noise 

The maximum value of d:r. is dLt- , where 

£~ = E, 

h_. (T-~) = ~· 

dr:1. = E/NJ. > .. 
and E is the total received signal energy over all time. 

Notice from (A21 ), (A22), (832), and (833) that 

dr = d:r dc4 =- dx .. i 3 > .,. 

for the same signal waveform and noise spectrum. These are special cases of 
the more general relation 

d .. =- d ... .. , .... , ) 

which holds for narrow-band signals and noise. To see this, let 

.! (t) = R~ ~ ~ IH exr(' 2-n-f..t.~, 

h,!r) = 'Re l~ft-) exp(i2:trt~, 

'R .. l-cl = ± 'Re (_ ~n 6:) exr(i 'brf,-c~ ( 4s i~3 Wl)), 

(833) 

(834) 

(835) 

(836) 

in Case 1 of PCD, Appendix A. Using the high- frequency behavior of ~~e.p(n..,.tt~ 
the integral equation in PCD, Case 1, becomes 

fb "*" -i 2rrtT 
Q. d~ ~ b ( T-T) e 'R!l {:t--d = ~ (.f.)J a.< t <;. b . (837) 
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Defining 

this last integral equation btc.ow.t:S 

Then using the narrow-band behavior of s and h1 again, de~ becomes 

t A ( :\. i'l'IT"tT 1 I del = dr i h T- -r1 e ~ k) t- to""p~«X Ct>IIIJIA'IQ.l:'e 
I 0. '-I 

, 
this is real (remember h. is the solution of integral equation (B39)). But now 
(B39) and (B40) are identical to Case 1 of PCD, upon identifying 

or equivalently 

or 

1\ -i brt. r 
h l·d = -1 h, h:)e. • 

(838) 

(839) 

(B40) 

(B41) 

(B42) 

(B43) 
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Therefore 

de.. = d"l: I I 

(844) 

for a given signal waveform and noise spectrum. Also, the optimum filters are 
identical except for an irrelevant phase in PID. (Scale factors are unimportant). 
See aho Helstrom, Ref. 1, p. 154, for a similar statement. 

However, it is !1Q1 necessary that de equal dr , as can be seen by 
sampling ~:.lt) in PCD at a zero of the high-frequency waveform; then 
d, = 0 while dy J. 0 . In fact, d can be negative, whereas d:r ~ 0 for 
all sampling instants. c 

Although de,~ dx, for a given signal waveform and noise spectrum, 
performance is poorer for PID than for PCD, because the ROC for PID 
is governed by the Q-function, whereas the ROC for PCD is governed by 
the cp -function. 

Suppose instead, we want PCD and PID to yield the same performance, 
i.e., identical lh 'Pt> • Then reading the corresponding ROCs, suppose we need 
values 

(B45) 

Then the increased SNR required by PID, in comparison to PCD, is, in dB, 

(B46) 

(The factor 20 is due to the fact that d is proportional to signal voltage, not 
power, in both PCD and PI D). 
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APPENDIX C 

PHASE-INCOHERENT DETECTION- M COMPONENTS (PID-M) 

Input process x(:t) is observed fort£ (a,b), where · 1 ntt> } xft) = OR 1 . 

,:,ft;)+.,ft) 

(C1) 

where ~tt) and ~ft) are narrowband proce~ses. Input signal !)ft) is composed 
of M components: 

M 
s ~) = :::2. ~ It), 

I( :..I 

where 

A.,. is the~eaOamplitude of the J(-tit signal compon~nt; lfift)J7 all have 
equal amplitude. RVs i eK)": are independent and uniformly distributed 
over a 21T interval. 

Now consider the following processor: 

~, --..~{i_tnj- ,1!) 
E'"llldop~ 

1>c:hc'tor 

I 
i 
I 

X (tj I 

-- ---1 
I , 
I_ _ j~-!c)_ji J~o~~1; ~~we.lo~- w,.,fl:) 

I M D\..tec.hr 
L.__ ----·--

5~~J'~ w,lr.) 
.tt 1i 

Figure C. 1. Receiver Processor for M Components 

(C2) 
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The filters {h/t:~ are arbitrary for the moment. The complex envelope of 
'j;(t) is 

We sample w;ff:) at time 1j . The signal component of ~ (1j) is, for given 

[ e~~.1 , 

We shall assume that 

This means that the j-th branch of the processor does not respond at time Tj 
to the K-ti. input signal component if j tJ=. K • This occurs, for example, if 
the signal components are disioint with each other in time and/or frequency 
and if each filter is approximately matched to its corresponding signal; this 
is a realistic situation. The signal component of ~j (1j) is then 

i&: 11> e J t- A d"t:" h_j (lj -T) 2j (-r-) :! Cj • 

The noise component of ~J (lj) is 

I> 
t Jo. dT h j llJ -1:) n. t-r-) ==- r1j • 

This is a complex Gaussian RV with Y\J :: 0 I since n(t-) = o. 
Also 

t'\.nk = 0, SiW'lce ,n(t,)nfta.) ~ 0, 
J 

(C3) 

(C4) 

(C5) 

(C6) 

(C7) 
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And Vlj n: = t fl d"&, d t:, .b./'J -·~.b.: (r.-1:.) 'R • ("r,-T.) 
ll 

= ! n d"G ch; !tj ("Tj --r.) !t; (1j -~)~n lt,--ra)~jk) 
~ 

where we have used assumption (CS) above. Therefore, the noise components 
in {~j (lj·)}~ are all independent. 

The PDF of 

is available from (86)-(820) as 

w· r .1. ~~ .1. d2L)~ r ( c~x(j)~ \ w > o -p,lwj)= tf·exrr2Cfj~-2 :X.\J~ o\ t!j)J J-) 

p,lwj) ~ ~~·rH ~}], ~~o, 
~ * rr-j = t ,~\;\z. = t y cl"t_d"r"A .b.j(lj-"t;)hj (~-1:a)'R!!(T;-""t"a.)> 

where 

= I r~ tk hj (lj --t) ~;~)I 
rt Jt d-r,cl~ 11. (T:J· --c;) h~ ("Tj--ca)"R!l (r,-~)] Yi u 4 ;t J 

Due to the independence of the noise components in {JJJlll)}, the likelihood 
ratio based on observations { ~jt1j~~ is 

(C8) 

(C9) 

(ClO) 

(Cll) 

(C12) 
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where \ l: dr hj (-lj- r) ~j 1-t-)r 
1-)! cttt c~r~ h.j t"fj -~,)n; (lj -~)R!l ttj-~) 

" 

• 

The optimum processor is thel1fore based upon a comparison of the RV 

2~ Io ( dl:(j)-~ 
j~l J 

with a threshold. But this processor requires knowledge of absolute signal 
levels for its realization. 

(C13) 

(C14) 

We instead consider the sub-optimum processor (1~o~iclu P~ t.t4)) 

M 
:z. = 2__ wj (C15) 

j =-I 

and inquire into its exact performance. From the PDF ftl(wJ) in (ClO), the 
characteristic function (CF) of wj for signal present is 

J. (C16) 

At this point we will assume that all the crj are equal. Recalling the 
definition of o-j in (Cll ), this is tantamount to assuming the noise has 
substantially the same spectral level in the region of each of the filters { hj 1 . 
(The analysis could be extended to unequal [crt) ; however, the computational 
effort would be significantly greeter. ) Denoting the common value by fiz , 
the CF of 1 in (C15) is 

which depends on t d:Jl~ only through ~ as defined in (C13). The PDF of 
"l is (Ref. 1, p. 174, (2. 10) and (2. 12)) : 

(C17) 
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Comparison of i. with a threshold L yields (Ref. 1, p. 176) 

where 

) 

and 

Also 

The performance of this suboptimum processor depends on the individual signal 
strengths only through the quantity (C13): 

!It\ 

d1 = 2._ d;lj). 
T ' 

J =-· 
Thus it does not depend on how the signal energy is fractionalized into its 
individual components; ct.;. alone counts. This holds even though the filters 
( 'h~ l't)}7 in Fig. Cl are not matched to the received signdl components. 

(C18) 

(C19) 

(C20) 

(C22) 

(C23) 

The performance of the PID-M processor in Fig. Cl followed by a summation 
of squared outputs can be optimized by maximizing the quantity dT . This 
in turn can be maximized by choosing filters 1 h;l-c-ll such that [cir:(J )} are 
maximized. Let h 1k~) be proportional to the optimum complex envelope for 
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the fi Iter which maximizes d.t.tk> at time 1; when sklf.) +-~14:-) is received. 
Then from PID, Appendix B, 

(C24) 

Notice that these filters do not require knowledge of the relative signal strengths 
of each component. The maximum ~x(IQ for each component is dr,lk) , where 

~ ~ ~ Jb ~(J<.)=lJ drA h,k(lk--r-)~"(-d= AK 2 
0 
J~h 11J1;--r-)~l1\ (C25) 

Cl 

and we have used (Cll), (C24), and (C2). The entry to lf, in (C19) is dr, :> 

where 

'l M -a.( ) d~ = ::2._ dx, k . 
' IC.=-1 

We do not have to assume infinite observation interval or white noise to 
reach these conclusions. The major assumptions are the disjoint signals (under 
(C5)) and the equal variances (under (Cl6)). 

(C26) 
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APPENDIX D 

PHASE-COHERENT DETECTION-M COMPONENTS (PCD-M) 

We limit consideration to the optimum receiving filter here; .Appendix A 
covers the more general case. The phase-coherent detector collects all the 
signal energy of the M components and yields 

where (from Appendix A), 

and~. is the solution of the integral equation 
., 

J d"t" h,(r--r)"R .. (t--r) = -:,(i:), a < t < h. 
4 

5~) is the total received signal, and T is the sampling instant (which is 
arbitrary). 

Now, from (C2), 

"" M sH:) = 2 _ 5"1f:) = :2. 'Re{ A"' FK ft) ~xr(i21T"fot+ ie~<~· 
K~ I t.;.l 

let 

Then the filter h1 in (D3) is given by 
lVI 

h
1 
(T- -r) -:: ;?~ ~,,._(T- ~). 

""-·I 

(01) 

(02) 

(D3) 

(04) 

(05) 

(06) 
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Also then 
b b M M 

d t')., :::: S dr ~.lT-1:} s lt-) = J J-r 4 h," (r--r) ~ si h:) 
~ ~ ~-I J::.l 

M fo\ h 
=- :2_ L: S dt:" h,l(( T-r) ~J (r). 

~:. I j =I (A 

(07) 

Now let us relate the [h,klt}j of this section to the [.h11Jt)1 in (C24). 
To this end, (using narrowband behavior of the optimum filter1) let 

(08) 

Then (05) becomes, using the narrow-band behavior of the various functions, 

r\ " * -i htT . i&t ( > J, cl-c ~ 'h ,~ (T--i)'R!l lt-~ e. =. Ate Fl( lt) e 1 a < t < b. 09 

Q. 

Comparing this with (C24), we see that 

- " i hl T -i Otc 1 ( ~ t . ~- h IK ( T-'"t') e. 0 = A.,. e. .n," ~ -1:"; ) ~ < T' < 1>, 

" Thus, the k-'6t phase-coherent filter h,~ 
whereas the phase-incoherent filter !11k 

requires knowledge and use of ~> 
does not. Then there follows 

f b " ( ) j 1-n- f. T { ) i..&· 
=- t ,. d1: b lk. T - T e. Aj ~ 't -e J + (6W\pi~J< 

b . 
= L dt Ak. (:.-i eK b tk (T~-t.~Aj Fjlr)~~ +- co..,flo. 

(010) 

(D 11) 

(012) 
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The transition to (011) utilizes the high-frequency character of op(i ln-~t).) 
(012) utilizes (010), (013) utilizes (C5), and (014) utilizes (C25). Then from 
(07) and (C26), 

Therefore 

d~ ;: dr. . 
I I 

That is, for a given signal waveform and noise statistics, de:,= d.r, under 
the assumptions above. However, the ROC for PIO-M is poorer than the ROC 
for PCD-M, because the former is governed by the Q,..- function, whereas 
the latter is governed by the ci- function. 

(015) 

(016) 

If PI O-M and PCO-M are to yield the~ Pc)"fF, 

dc
1 

-::. Vc for- P Ct>- M, 

suppose we need values 

dli = Vr (~Vc) for Pr b- M. 
(017) 

Then since each 11 d" is proportional to signal voltage (not power), the increased 
SNR required by the PIO-M is, in dB, 

(018) 
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APPENDIX E 

GAUSSIAN APPROXIMATION 

The CF of decision variable & in (C15) is given by (Cl7). The CF of 
the normalized variable v. = i:/<r;_ is then 

For large M, only small values of ~ lead to significant values of the CF 
(El ). Then since 

and 

(El) becomes 

The PDF corresponding to CF (E4) is 

(El) 

(E2) 

(E3) 

(E4) 

I t l. (x- d~- 2 M)"1] (ES) 
't> (X) -== exp - ~._.,""='---:"'--
' {.:;;; 2J d;+M I l 4 ~;-+M) ' 

which is a Gaussian RV with mean ~+2M and variance 1(U:+ M). 

(ES) is consistent with considering the RV 

M 

u. = z x: 
k=l 

· (E6) 
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M 
as a Gaussian RV. The statistics of {'X~~. are available upon consideration 
of (C15) and (ClO); namely 

X!" = 2 + d~(k) 1 Var~x~1 == 4U+ d~(k~. (E7) 

There follows immediately from (E6), (E7), and (C13), 

(ES) 

The probability of detection follows from (E5) as 

(E9) 

where T is a threshold, and ~ is given by (Al 0). The false-alarm probability 
is obtained by setting clT'• o: 

.(El 0) 

If we define a new threshold -A. according to 

-..A . > 
(Ell) 

(E9) and (El 0) become 

(El2) · 

Equation (E12) is plotted as crosses on Fig. 17. The new threshold .A con be 
chosen for specified PF 
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