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A computer code has been developed to rapidly
evaluate the response of a collection of conductors of
arbitrary geometry to a fast-rising, high-current
puised discharge. The code applies to any set of con-
ductors which are long compared to their transverse
dimensions (2-D limit). The high freguency diffusion
limited current distribution is evaluated to determine
the high frequency inductance and resistance, the sur-
face temperature rise and the local magnetic stress
and total force on each conductor for a specified peak
current. The model has been validated against analy-
tic seolutions for simple geometries and experimental
results for more intricate geometries. The code
optimized for fast computation, facilitating an itera-
tive design procedure for arbitrary conductor
assemblies,
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The design of conductors employed in fast-rising,
high current pulsed power applications requires
accurate evaluation of their inductances, resistances,
and mechanical support requirements., Current distri-

putions must be determined to compute Tlocalized
heating, local pressures, and net forces between con-
ductors., Hand calculaticn of these effects is
possible only in simple approximations while finite
element methods generally require substantial
mainframe computation time as well as considerable
overhead in "setting up" different case gecmetries. A

computer code which falls between these extremes has
been developed to analyze these effects for systems of
conductors of arbitrary geometry. The model proves to
be very accurate for conductors that are long compared
to their cross-sectional dimensions and for discharge
times short enough that the magnetic diffusion depth
into the conductors is small compared to their cross-
secticnal dimensions.

Mathematical Formulation

The starting point of the modeling effort was
with the basic formulation of Leuer{1] which is well
suited to determining the inductance gradient and
current distribution on a collection of arbitrarily
shaped long parallel conductors in the high frequency
Timit. A brief description of the formulation is
given here. Maxwell's steady state equations for
regions of constant permeability result in Poisson's
equation for the magnetic vector potential, A, with
the current density, j, as the source term. In the
high frequency 1imit, all conductor currents flow in
thin sheets on the conductor surfaces (skin depth)
and the magnetic field inside the conductors is zero.
The magnetic vector potential throughout each conduc-
tor must therefore be constant, and the problem is
reduced to solving Laplace's equation between the con-
ductors with the constant values of the magnetic vec-
tor potential on the conductors as the boundary
values. If the conductors are taken to be infinitely
Jong (long compared to their transverse dimensions)
carrying parallel currents, then the magnetic vector
potential is one-dimensional and directed parallel to
the conductor currents.
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By assuming the surface currents in each conduc-
tor can be approximated as a collection of infinitely
long current sheets, each carrying a uniform sheet
current density, K, the problem can be reduced to
matrix form. An analytic expression for the magnetic
vector potential contribution of each current sheet is
used, and the sum of these centributions over 3all
current sheets is constrained to produce the constant
boundary values of magnetic vector potential at
selected points on the conducting surfaces. The use
of a collection of current sheets to depict the con-
ductor currents avoids the singularities that occur in
filamentary models. This describes the essential
features of the basic formulation, although the
details of implementation in this work differ slightly
from that of Leuer.

The magnetic vector potential generated at any
point (x, y) by a vanishingly thin current sheet
tocated at x = 0 and extending from y = -h to y = +h
can be solved analytically and expressed as:

Alx, y) = -poK/2m) {x [tan~1({y + h)/x)
- tan~ T ({y - h)/x)]
+ (y + h) In([({y + h)2 + x271%)

(y - h) In([{y - h)2 + x27%)} (1)

We assume throughout this work that the sheet is infi-
nite in the direction with its current in the posi-
tive or negative direction. The potential at any
point in the x-y plane due to a current sheet arbi-
trarily positioned in the plane can then be determined
by computing the point's coordinates in the frame of

reference of the current sheet as described above and
evaluating equation (1).

-
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The potential at any point (x;, y4) due to a
collection of N current sheets can be expressed:

N

A{xi, yi) = I

J:'

1Kj aj(xi, Xj, Yi, ¥j) (2)
where aj = Aj/Kj, depending on position only. If the
N current shéets describe M conductors, there are then
N unknown current sheet densities and M unknown values
of constant magnetic vector potential. By choosing N
points, (X3, y5), at which to evaluate the potential
using equation (2), N equations are generated. By
constraining the sum of current over all the sheets on
a particular conductor to be a specified current or:

conductor
IKjj (3}

where

1j = width of the jth sheet
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then M equations are generated, and the problem is
completely specified. The system of equations can be
written in matrix form and inverted to solve for the
unknowns. The advantages of this formulation over one
which arbitrarily specifies the potentials on each
conductor are that the actual values of the potential
are determined, and that the specification of total
current in each conductor is a much more natural and
intuitive task. The disadvantage is that the system
cf equations loses its symmetry. It can be shown that
the system of N equations generated by applying
equation (1) to N points can yield a Toeplitz matrix
which can be inverted much more quickly than a non-
symmetric matrix[2]. For highly complex systems, the
ease of inversion might be important.

In this formulation, the N points chosen to apply
equation (2) were taken to be the midpoints of the N
current sheets,

Once the surface current distribution and maghe-
tic vector potential constants are known, the induc-
tance can be computed from energy considerations. The
gradient of the stored magnetic energy can be
expressed:

=

d/dz{(Ey) = [/(j.A)} dx dy

)

Jj=1

(K5/15) Aj (4)

where here Aj denotes
constant on the j'th
equated to an inductive

the magnetic vector potential
current sheet. This can be
energy gradient of:

d/dz(En) = L'12/2 (5)
where L' is the inductance gradient and I is the total
current, so that:

L' = (2/12) A5K;5/1 ;5 (6)

.,
[T et 4
-

The magnetic pressure on any current sheet sur-
face element follows immediately from the relations:

B = oK (1)

p = B2/2up (8)
Equation (7) holds for the field immediately outside a
conductor having a surface current density, K, and
zero field inside the conductor. The B field is found
to be parallel to the surface element, and the magne-
tic pressure indicated by (8) acts perpendicular into
the surface element.

The total force per unit length on a conductor is
easily computed by integrating the magnetic pressure
on the current sheet surface elements over all the
elements on that conductor, or:

conductor
d/dz(F) = - pndl = T -(uplkj)Z/2in (9)
J
where dl1 integrates over the conductor circumference

and n is the surface normal.

The evaluation of resistance and ohmic tem-
perature rise on conductors carrying fast-rising high-
currents requires an evaluation of the nonlinear
current diffusion into the conductors. For skin
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depths small compared tc the conductor dimensions,
this diffusion may be considered one dimensionally
inward from the conductor surface. The problem of 1-D
diffusion of current into a conductor and the ohmic
heating of that conductor was analyzed by Kidder[3] or
a step function magnetic field applied at t 0 {i.e.,
step function current waveform). The processes were
found to depend only upon the variable x/8 where &

Bt% is a characteristic "skin depth” and B8 dis a
censtant which depends upon the properties of the con-
ducting material.

A computer cede based on Kidder's formulation was
developed to determine detailed response of different
conducting materials to 1-D diffusion. The solutions
obtained differed from Kidder's in that the tem~
perature dependence of the conductivity was considered
as well as the thermal conductivity of the material
{assumed constant). In one dimension +the problem
reduces to ordinary nonlinear differential equations
subject to boundary values. The equations were solved
using a predictor-corrector integrator routine which
was iterated, starting with dinitial guesses for the
unknown initial conditions (magnetic field gradient,
and surface temperature rise on the conducting
surface), to find the correct initial conditions to
satisfy the boundary values (zero field and tem-
perature rise far 1into the conductor). This process

was repeated for varijous field strengths and was
completed for copper, aluminum, and molybdenum. The
initial conditions thus determined are shown for

copper as a function of the initial current density
(field) in figure 1. By fitting a curve to the first
plot, the surface temperature rise for copper at a
given surface current density can be computed to be
approximately:
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Hgk2/2 [2.7 + 0.8 exp(-0.141k2/10M)1  (10)

pCrAT

Similar curves were derived for the other metals.

In the 1-D Tlimit, assuming a step current rise,
the conductor surface temperature is found to rise
instantaneously with the initiation of current to the
peak value given by equation (10). The temperature
rise on the interior of the conductor is time depen-
dent with fixed isctherms propagating into the conduc-
tor as t1/2, Plots of the interior temperature rise
as a function of the number of skin depths are shown
in figures 2 and 3 for copper at surface current den-
sities of 30 MA/m and 50 MA/m. From the 50 MA/m case
it is clear that with a 10% increase in current den-
sity over the critical current density of 45 MA/m,
melting will be observed over a full 1/3 of a skin
depth. The critical currents for copper, aluminum and
molybdenum were determined from this analysis to be
45, 28 and 56 MA/m respectively. This agrees well
with a closed form analysis presented by Knoepfell[4]
which yields corresponding values of 42, 30, and 61
MA/m  disregarding the temperature dependence of the
resistivity.
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Figure 2. Conductor surface temperature rise as a
function of the number of skin depths
into the material for room temperature
copper with current density of 30 MA/m
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Figure 3. Conductor surface temperature rise as a

function of the number of skin depths
into the material for room temperature
copper with current density of 50 MA/m
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Knoepfel shows that current waveforms with slower
rise times change the critical current density only by
a maximum factor of about 1.7. The critical current
density may be considered a fundamental limit to con-
ductor capability.

To model the time dependent resistance, the 1-D
diffusion of current in a surface current sheet was
integrated to determine a j2 power loss. The total
power loss over all the sheets was then summed, and
that loss was equated tc an I2R resistive power loss,
resulting in the expression:

N
R' = plug/(2mtp)]1/2 _Z (F5)2/1;

j=1

(11}

where

p = room temperature resistivity of the material

t = time since current started
fj = fraction of total current carried by jth sheet
R' = resistance per unit length of the conductor

Equation (11) was derived ignoring the increase
in resistivity with temperature. Including the tem-
perature rise information increases the total
resistance by 30% for critical current densities, and
less so for lower current densities. If the current
density is lower than the critical current density or
non-uniform, the resistance determination accuracy
from equation (11) will improve.

Program Implementation

The coding of the model formulated above was done
in Pascal under the program name of LPRIME. Versions
of LPRIME were developed for the IBM PC, the Apple
Macintosh and the Vax 11-750 computers. Initially the
code was designed to be used interactively, although
in some applications the input and output have been
taken from and directed to disk files.

The code will allow up to 20 conductors to be
arbitrarily positioned in a 2-D cross section with
arbitrary currents. The user describes the cross-
section of each conductor as a set of up to 20 linear,
circular, or elliptic curves. During this qinput pro-

cedure, a graphical display of the specified curves
can be generated to verify the accuracy of the input
data. The total current for each conductor is also
specified by the user, although the magnitude of
current does not affect the induc¢tance gradient deter-
mination. In order to correctly evaluate the total
force 1t 1is necessary that the conductor curves be
described in sequence as one would "walk" around the
perimeter of the perimeter of the conductor in a
clockwise direction,

The system of conductors described is automati-
cally broken down into an approximately equivalent set
of current sheet elements distributed evenly between
the conductors in the system and evenly around the
surface of the conductor. The maximum total number of
elements is limited on personal computers by available
memory to several hundred, and on the Vax by excessive
runtimes to about one thousand. This gives a prac-
tical 1limit to the complexity of the systems which can
successfully be modeled.



Once the conducters have been broken into ele-
ments, the program assembles and solves the matrix of
equations which determines the surface current density
and vector potential for each element. A 300 element
double-precision run requires about half an hour on an
IBM-XT with a coprocessor and about three minutes on
the Vax, Although no detailed analysis has been
completed on the question of round-off errors in this
application, it was noticed that at a 300 element
matrix size, the results of single and double preci-
sion runs were beginning to differ. Therefore the
maximum number of elements that can be used may also
be limited by round-off error. In corder to run a 300
element case in double precision on the PC the matrix
was simultaneocusly loaded and solved, with the lower
half of the matrix "folded" up into the blank memory
left as the matrix was diagonalized. Otherwise, the
matrix solver was a straight-forward Gaussian elimina-
tion method.

As output, LPRIME reports the inductance gra-
dient, a resistive coefficient equivalent to Cgp =
R't1/2 (see equation (11) above), and the compcnents
of the net force on each conductor. Graphs of the
current density, surface temperature rise and normal
magnetic pressure over the conductor perimeter are
displayed to the screen for all conductors in the
system. An example of the graphical ocutput is shown
in figure 4 for a circular bore railgun {(see Task B
geometry described in validation section for details).

Before terminating, the program allows the user
to loop back to the input to change any or all of the

input parameters, facilitating the parametric analysis
of various conductor configurations.

In exercising the code it was discovered that the
model starts to break down when the distance bketween
adjacent conductors becomes comparable to the size of
the current sheet elements. The element size also
gives an effective corner radius when attempting to
model rectangular conductors.

The program was formulated with the implicit
assumption that all conductors carrying current in a
particular direction operated in parallel. If those
conductors are connected 1in series, however, the
current distributions, temperature rises, and magnetic
pressures predicted by the code are still valid, and
the inductance gradient value can be corrected by a
factor of N2 where N is the number of series connected
conductors. For some augmented railguns where a
series turn extends the entire length of the bore, the
inductance gradient must be further corrected to
account for the different regions ahead and behind the
projectile to arrive at the correct driving inductance
gradient.

Validation of the Numerical Results

The results of the code have been validated
against known analytic solutions, detailed finite ele-
ment simulations and experimentally measured values.
Generally the agreement is excellent in comparing ana-
tytic solutions for simple cases and experimental
values. Less agreement is found in more complex cases
where the analytic solution or finite element analysis
employs simplifying assumptions, although the
agreement is still good.

The code results for inductance gradient (lprime)
and magnetic force per unit length (fprime) were com-
pared to known values for six different geometries.
These included parallel filaments, coaxial conductors,
parallel current sheets, parallel plates, four fila-
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ments in a rectangular orientation and a geometry used
in a railgun built at CEM-UT (Task B geometry).

The parallel filament geometry consisted of two
conductors having 1 mm diameters separated by 2 cm and
carrying equal and opposite currents equal to 5 KA.
Values of 1.4754 pH/m and 250.29 N/m were predicted
for the inductance gradient and the force gradient
respectively. The closed form solution for parallel
filaments yields the values of 1.4655 uH/m and 250.00
N/m.

The cecaxial geometry assumed an inner conductor
radius of 2 cm and an outer conductor radius cf 4 cm.
The conductors carried equal and opposite currents of
5 kA. Inductance and force gradients were 0,1386 pH/m
and 0.0 N/m respectively, agreeing exactly with the
closed form solutions.

The next two geometry cases, parallel current
sheets and parallel plates differed only in their
thicknesses. Both the current sheets and the plates
were 10 cm wide and were separated by a distance of 2
cm, but the plates had a thickness of 1 cm while the
sheets were given a smaller thickness of 0.1 cm in
order to simulate an infinitely thin conductor. Both
the current sheets and the plates were simulated at 5
KA current. The current density plots for the
parallel current sheet showed the majority of current
flowing uniformly on the inner faces of the conductors
with spikes at the ends about triple the magnitude of
the value along the inner faces. The predicted value
for the inductance gradient of the current sheets was
0.1916 pH/m. A uniform current model which does not
consider the end effects nor the existence of a rear
surface yields 0.2513 uH/m. The force gradient was
predicted to be 96.29 N/m while a formula derived by
Dwight[5] gives 105.0 N/m.

For the parallel plates, the predicted value of
inductance gradient was 0.1834 pH/m which agrees
exactly with the value calculated using an equation
developed by Kerrisk[6]. The force gradient predic-
tion of 89.53 N/m compares to the value of 95.11 N/m
from Dwight's formula.

The next geometry case consisted of four filament
conductors placed in a rectangular orientation. The
spacing of the filaments was based on the Task B
railgun geometry - as if the filaments were located at
the front edges of the rails. Each filament carried a
current of 1.5 MA. The top two conductors carried
currents in the opposite direction with respect to the
bottom conductors. Predicted values were 1.3581 uH/m
for the 1inductance gradient and 21.47 MN/m for the
force gradient. A code developed at CEM-UT by Albert
Wu for predicting axial forces on solenocids predicted
a force gradient of 21.9 MN/m([7].

The Task B geometry was analyzed using a current
of 3.0 MA, and the analysis was completed both with
and without an outer conducting shell which represents
the outer containment structure. The inductance gra-
dient was predicted at 0.366% uH/m with the outer
shell and 0.4224 pH/m without the outer shell. The
experimentally measured value for the inductance gra-
dient was 0.367 pH/m. The total force on the rails

per unit length was predicted to be 7.81 MN/m with the
outer shell and 13.11 MN/m without it. An experimen-
tally measured value for the force has not been
obtained. If the filament formula 1is applied to two
conductors spaced 88.9 mm apart carrying equal and
opposite currents with a magnitude of 3.0 MA the
repulsion force would be 20.33 MN/m. This method of
calculating repulsion force takes no account of the
current which is conducted on the edge sides and the
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back side of the conductor, nor does it account for
the presence of an outer conducting shell. Also it
overlooks the current concentration on the rail cor-
ners.

The results of the gecmetry comparisons are sum-
marized in figure 5. The predicted values agree
within one percent with the clesed form solution
values for the parallel filaments and coaxial conduc-

tors. In the case of parallel current sheets the pre-
dicted value for the force gradient 1is.within 10
percent of the calculated value using Dwight's

equations which assume a constant current density
distribution over the sheet. The predicted inductance
gradient for parallel plates agrees to four signifi-
cant figures with the value calculated using Kerrisk's
equation, and the force gradient agrees with Dwight's
equation to within 7 percent. The force gradient pre-
diction for the four filament geometry agrees within 2
percent with Wu's independent computer ceding of the
same problem. The inductance gradient predicted for
the Task B railgun 1is within one percent of the

experimentally measured value.
+0 + — + oy 5 a D
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Figure 6. Summary of LPRIME code validation work

The validity of the current distribution deter-
mination from this formulation was verified by Leuer
[1]1 for the case of parallel conducting cylinders.
Additionally the coaxial case shows a constant current
distribution on the surface of both inner and outer
conductors as would be expected. No other detailed
numerical evaluations of the current distribution
curve predictions have yet made.

The validity of the temperature rise model was
discussed 1in the description of the formulation.
Additionally, the temperature rise predictions for
various gecmetries have been compared to a detailed
two-dimensional transient finite element railgun mode!l
developed by Long [8]. The finite element model pre-
dicts lower temperature rises by about twenty percent,
most 1ikely due to the more correct modeling of finite
current risetimes (whereas the LPRIME code is based on
a step current with an instantaneous rise). Still the
agreement is adequate for some design work, and LPRIME
is much quicker than the finite element model which
require about an hour to run on the Cray XMP 24.

The numerical accuracy of the resistance model
has not been examined 1in detail, as the transient
resistance of the systems analyzed thus far at CEM-UT
has been much less critical in the design work than
the other computed values. Initial checks of the



results have shown the values to be in rcugh agreement
with approximations which assume a constant current
density over the ccnducting surfaces.

Practical Applications

The program was initially deveioped for use in
analyzing the detailed response of various railgun
geometries to the high current pulses required during
the acceleration. One strong motivation was to deve-
Top the capability to rapidly evaluate ncn-symmetric
geometries. Once the code had been completed, it was
found to be well suited to the analysis of high-
current buswork as well. In addition the code has
proved invaluable as a starting point from which to
effect more detailed calculations of conductor pheno-
mena. Specifically, the results of the ccde have been
used to provide initial conditions for a temperature
relaxation model developed to evaluate cooling
requirements for rapid-fire railguns, and as boundary
values for finite element structural evaluations of
various conductors.

In a railgun design analysis, the LPRIME code was
used to determine the force and inductance gradients
for two-rail, four-rail and six-rail configurations
{shown in figure 6). A1l of the configurations had
bore diameters of 88.9 mm and the arc widths for the
rails and insulators were equal. This resulted in arc
widths of 90, 45 and 30 degrees for the respective
cases. None of the configurations included an outer
conducting shell. The computed values are shown for
both parallel and series connection of the rail pairs,
where a rail pair refers to the two rails which pro-
vide the current feed and return for a particular
armature. For example, if the four rail configuration
is connected in parallel, two current feeds and two
current return paths would have to be provided to the
gun, while if the rail pairs are connected in series
only one current feed and one current return path
would be needed.

I Parallel Connection I | Serles Connection l

=) o% @ 6%

GEOMETRY Bms ©59 @ B °59
Gurrent Per I 3 | 15 I 1 I 3 I 15 I 1 |

ILPI'W\G(PH/M) I 0.4224 I 0.1498 l 0.0798 | 0.4224 I 0.5992 I 0.7182 ,

|

IFPrlme(MN/m)I 1311 I 3.03 | 1.49 | 12,11 I 2.03 I 1.19

3001.0054

Figure 6. Railgun design analysis completed using

LPRIME code

The repulsion force per unit length 1is the same
for both methods of rail cohnection since the magnetic
fields depend only on the rail geometries and the
total current provided to the gun. If the rail pairs
are connected 1in parallel the inductance gradient
drops by a factor of 2.8 when the number of rails is

increased from 2 to 4, and by 1.9 when the number of
rails 1is dincreased from 4 to 6. However, when the
rail pairs are connected in series the inductance gra-
dient increases by factors of 1.4 and 1.2 as the
number of rails is increased from 2 to 4 and then from
4 to 6. Series connection of the rail pairs does have
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the drawback of higher resistance, and it requires a
higher driving voltage to produce the desired current.

The LPRIME code was used to verify the inductance
of an extremely low inductance buswork designed for
use with the CEM-UT 60 MJ homopolar generator power

supply. Also the code was used to evaluate the non-
uniform current distribution in buswork at the breech
of a railgun. The buswerk was failing at high

currents, and the LPRIME code was used to verify that
excessive currents densities were actually occurring
and to redesign the buswork to moderate the extremes
cof the current distributicn.

The code output can also be used in structural
analysis. The magnetic pressure data is written to an
output file for the intended use as boundary loading
input for a structural finite element analysis (SFEA).
The data for each current sheet element is written to
a file. This file contains the midpoint coordinates
and the magnetic pressure for each element.

The magnetic pressure can be input into a SFEA in
two ways. In the first and least desirable method,
the magnetic pressure can be translated into nodal
forces and applied individually to each node. This
requires for every element present cn the surface of
the SFEA model, that the magnetic pressure present on
the geometrically corresponding location on the LPRIME
conductor be multipiied by the element's surface area
to obtain a nodal force. Although Tlaborious 1in
nature, this procedure provides a very accurate
Toading profile. In the second methced, through the
use of PATRAN (a 3-D MCAE software system) the
pressure profile can be approximated by a cubic line
by one of several software options that PATRAN offers.
PATRAN then perfoerms the translation from the pressure
profile to nodal forces and prepares the loading input
for several of the major SFEA codes, While this
method offers the greater ease, care must be taken
that the pressure profile is approximated with the
desired accuracy. Irregular profiles may require the
first method of Jloading input.

In addition to the structural finite element ana-
lysis, thermal finite element analysis has been
completed using the surface temperatures predicted in
the LPRIME code as the boundary conditions. The coor-
dinates and temperature of all the surface elements
were written to a file and the temperature at asso-
ciated nodal locations was interpolated from the data.
In the analysis done at CEM, another 2-D filament
model was used to generate temperature data for the
cenductor interior. The subsequent evolution of the
temperature profile was then simulated for different
rail cooling schemes and for various gun geometries.

CONCLUSIONS

Accurate numerical modeling of the transient
response of conductors to fast-rising high-current
pulses has been accomplished with a computer code
which 1is able to simulate arbitrary geometries of
parallel multi-conductor systems and is suitable for
use on personal as well as mainframe computers. The
code determines non-uniform current distributions in
the high frequency 1limit, diffusion Tlimited ohmic
heating and both local and total magnetic forces on
the individual conductors as well as evaluating the
inductance and resistance of the system of conductors.
The model has been validated against various theoreti-
cal models and experimental results to establish its
accuracy. The code has been successfully applied to
the problem of railgun and buswork design, and has
been used in conjunction with finite element methods



te analyze temperature relaxation 1in conductors and
evaluate mechanical stresses in conductors with a
complex geometry. Although there are practical limits
to the complexity of the systems that can be success-
fully modeled, it is a versatile tool for analyzing a
wide range of conductor configurations.
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