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GREEDY APPROXIMATION WITH REGARD TO
BASES AND GENERAL MINIMAL SYSTEMS!

S.V. KONYAGIN AND V. N. TEMLYAKOV

ABsTRACT. This paper is a survey which also contains some new results on the nonlinear
approximation with regard to a basis or, more generally, with regard to a minimal system.
Approximation takes place in a Banach or in a quasi-Banach space. The last decade was very
successful in studying nonlinear approximation. This was motivated by numerous applications.
Nonlinear approximation is important in applications because of its increased efficiency. Two
types of nonlinear approximation are employed frequently in applications. Adaptive methods
are used in PDE solvers. The m-term approximation considered here is used in image and
signal processing as well as the design of neural networks. The basic idea behind nonlinear
approximation is that the elements used in the approximation do not come from a fixed linear
space but are allowed to depend on the function being approximated. The fundamental ques-
tion of nonlinear approximation is how to construct good methods (algorithms) of nonlinear
approximation. In this paper we discuss greedy type and thresholding type algorithms.

1. GREEDY ALGORITHMS WITH REGARD TO BASES

Let a Banach space X with a basis ¥ = {91}, be given. We consider the following
theoretical greedy algorithm. For a given element f € X we consider the expansion

(1.1) F=> crl(f, U)e.

For an element f € X we call a permutation p, p(j) = k;, j = 1,2,..., of the positive
integers decreasing and write p € D(f) if
(1.2) |k, (F, O)| 2 Jen, (f, 9)[ = ...

In the case of strict inequalities here D(f) consists of only one permutation. We define the
m-th greedy approximant of f with regard to the basis ¥ corresponding to a permutation
p € D(f) by formula

Gm(f) 1= G}, 9) = G f, 9, p) 1= 3 ey (f, 0) -

Jj=1
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We note that there is another natural greedy type algorithm based on ordering ||cg(f, ¥)¢k||
instead of ordering absolute values of coefficients. Denote A,,(f) a set of indices such that

i T)afy|| > D).
wemin llen(f W)gxll = max llex(f, W)y

We define G2 (f, ¥) by formula

Gi(fa\p) = SAm(f) (f7 \Ij)a where SE(f) = SE(f7 \Ij) = Z Ck(fﬂI’)lbk

keE

It is clear that in the case of normalized basis (||¢x|| = 1, k = 1,2,...) the above two greedy
algorithms coincide.

In the case X = L, we will write p instead of L, in notations. It is a simple algorithm
which describes the theoretical scheme (it is not computationally ready) for m-term ap-
proximation of an element f. We will call this algorithm Thresholding Greedy Algorithm
(TGA). In order to understand the efficiency of this algorithm we compare its accuracy
with the best possible when an approximant is a linear combination of m terms from ¥. We
define the best m-term approximation with regard to ¥ as follows

om(f) = om(f, W)x := inf [|f - > entllx,

keA

where inf is taken over coefficients ¢ and sets of indices A with cardinality |A| = m. The
best we can achieve with the algorithm G, is

||f - Gm(fa \Ilap)“X = UM(fa \IJ)X)

or a little weaker

(1.3) If = Gm(f, ¥, p)l[x < Gom(f,¥)x

for all elements f € X with a constant G = C(X, ¥) independent of f and m. It is clear
that in the case X = H is a Hilbert space and ¥ is an orthonormal basis we have

1f = Gm(f, ¥, 0)|lr = om(f, V).

Let us begin our discussion by an important class of bases: wavelet type bases. De-
note H := {H}32, the Haar basis on [0,1) normalized in L3(0,1). We denote by #, :=
{Hp}52, the Haar basis H renormalized in L,(0,1). We will use the following definition
of the L,-equivalence of bases. We say that ¥ = {4y, }72, is Ly-equivalent to ® = {¢s}72,
if for any finite set A and any coefficients ci, kK € A, we have

Ci(p, T, @) Y crdillo < 1D cxtbllp < Colp, U, @)Y crbicllp

keA keA keA

with two positive constants Cy(p, ¥, ®), Cy(p, ¥, ®) which may depend on p, ¥, and .
For sufficient conditions on ¥ to be Ly-equivalent to H see [FJ] and [DKT]. In particular,
it is known that all reasonable univariate wavelet type bases are L,-equivalent to H for
1 < p < 0o. We proved the following theorem in [T2].
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Theorem 1.1. Let 1 < p < oo and a basis ¥ be Ly,-equivalent to the Haar basis H. Then
for any f € L,(0,1) we have

If = GL(f, O)llp < Clp, W)om(f, V),

with a constant C(p, V) independent of f and m.

By a simple renormalization argument one obtains the following version of Theorem 1.1.
Theorem 1.1A. Let1 < p < 0o and a basis ¥ be Ly-equivalent to the Haar basis H,.
Then for any f € L,(0,1) and any p € D(f) we have

||f - Gm(f7 \Ilvp)“p < C(p7 \I})U’m(fa \I})p

with a constant C(p, ) independent of f, p, and m.

We note that [T2] also contains a generalization of Theorem 1.1 to the multivariate Haar
basis obtained by the multiresolution analysis procedure. These theorems motivated us to
consider the general setting of greedy approximation in Banach spaces. We concentrated on
studying bases which satisfy (1.3) for all individual functions.

Definition 1.1. We call a basis U greedy basis if for every f € X there exists a permutation
p € D(f) such that

(1.4) If = Gm(f, ¥, p)l[x < Gom(f,¥)x

holds with a constant independent of f, m.
The following proposition has been proved in [KT1].
Proposition 1.1. If ¥ is a greedy basis then (1.4) holds for any permutation p € D(f).

Theorem 1.1A shows that each basis ¥ which is Lp-equivalent to the univariate Haar
basis H,, is a greedy basis for L,(0,1), 1 < p < co. We note that in the case of Hilbert space
each orthonormal basis is a greedy basis with a constant G =1 (see (1.4)).

We give now the definitions of unconditional and democratic bases.

Definition 1.2. A basis ¥ = {¢}}72, of a Banach space X is said to be unconditional if
for every choice of signs 0 = {0x}72,, Or =1 or —1, k = 1,2,..., the linear operator My
defined by Mo(Y rey arthr) = Y peq axOry is a bounded operator from X into X.

Definition 1.3. We say that a basis ¥ = {¢}32, is a democratic basis for X if there
exists a constant D := D(X,W¥) such that for any two finite sets of indices P and Q with
the same cardinality |P| = [Q| we have || 3y p Yrll < DI X pco Y ll-

We proved in [KT1] the following theorem.
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Theorem 1.2. A basis is greedy if and only if it is unconditional and democratic.

This theorem gives a characterization of greedy bases. Further investigations ([T3],
[CDH], [KP], [GN]) showed that the concept of greedy bases is very useful in direct and
inverse theorems of nonlinear approximation and also in applications in statistics. The
papers [KT1], [T2], contain other results on greedy bases.

Let us discuss a question of weakening the property of a basis of being a greedy basis.
We begin with a concept of quasi-greedy basis.

Definition 1.4. We call a basis U quasi-greedy basis if for every f € X and every permu-
tation p € D(f) we have

(1.5) 1Gm(f, ¥, 0)[x < Cl[fllx
with a constant C' independent of f, m, and p.

It is clear that (1.5) is weaker then (1.4). P. Wojtaszczyk [W] proved the following
theorem.

Theorem 1.3. A basis V is quasi-greedy if and only if for any f € X and any p € D(f)
we have

We proceed to an intermediate concept of almost greedy basis. This concept has been
introduced and studied in [DKKT]. Let

F=Y" cul(f)v

=1

We define the following expansional best m-term approximation of f

Gm(f) = 0m(f,®) == inf [If = en(Frll.

A A=
| Al=m kel

It is clear that
Um(fa \II) < &m(fa ‘I’)

It is also clear that for an unconditional basis ¥ we have

om(f,¥) < Com(f, ).

Definition 1.5. We call a basis U almost greedy basis if for every f € X there exists a
permutation p € D(f) such that

holds with a constant independent of f, m.

The following proposition follows from the proof of Theorem 3.3 of [DKKT] (see Theorem
1.4 below).
4



Proposition 1.2. If ¥ is an almost greedy basis then (1.7) holds for any permutation
p € D(f).

The following characterization of almost greedy bases has been obtained in [DKKT].

Theorem 1.4. Suppose ¥ is a basis of a Banach space. The following are equivalent:
A. VU is almost greedy.
B. V is quasi-greedy and democratic.
C. For any (respectively, every) X\ > 1 there is a constant C = C such that

1f = Gpm)(f, ©)|| < Crom(f, ¥).

We will prove an estimate for &,,(f, ¥) in terms of o,,(f, V) for a quasi-greedy basis .
For a basis U we define the fundamental function

p(m) = sup || Y oll.

[AlSm pea

We also need the following function

¢(m) == inf | -

= inf
[Al=m =

It will be convenient to define the quasi-greedy constant K to be the least constant such
that

1Gm(NII < K[[f]| and [If = Gu(HI < K[fll, feX.
We will prove an inequality that has been obtained in [DKKT].

Theorem 1.5. Let ¥ be a quasi-greedy basis. Then for any m and r there exists a set F,
|E| < m+r such that

p(m)
If = Se(f)l <C(1+ m)am(f)-

Proof. If o (f) = 0 then f = >, 4 cx(f)¥r, |A] < m and, therefore, S4(f) = f. Let
om(f) # 0 and A be a set, |A| = m, such that

(1'8) ||f _pm(f)“ < 2Um(f)7 pm(f) = Zbkd}k

kcA

Denote g := f — pp(f). Let B, |B| = r, be such that

Gr(9) =Y cxl(g)thn-

keB
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Consider

(1.9) f—SauB(f) =9—SauB(9) = g — SB(9) — Sa\n(9)
By the assumption that ¥ is quasi-greedy and by the definition of B we get
(1.10) lg — SB(9)|l < Cillgll < 2C10m(f).

Let us estimate ||S4\p(g)||. By Lemma 2.2 from [DKKT] we get

max |ex(g)| < 4K3(@(r+ 1) g

Next, by Lemma 2.1 from [DKKT]| we obtain

(1.11) 1Sav5(@)] < 2K)>(m)d(r +1)""lgll-
Combining (1.10) and (1.11) we derive from (1.9) for £ := AU B

p(m)
If = Se(f)l <C(1+ m)am(f)-

Theorem 1.5 is proved.

2. WEAK GREEDY ALGORITHMS WITH REGARD TO BASES

The following weak type greedy algorithm was considered in [T2]. Let t € (0,1] be a
fixed parameter. For a given basis U and a given f € X denote A,,(t) any set of m indices
such that

2.1 i ) >t v
(2.1) pin ee(f, )] 2 ¢, max fex(f, )
and define
GL(f) =GL(f£,¥) = > cnl(f, V).
keA,(t)
We call it the Weak Thresholding Greedy Algorithm (WTGA) with the weakness sequence
{t}. It was proved in [T2] that in the case of X = L,, 1 < p < 0o, and V¥ is the Haar system
‘H, normalized in L, we have for any f € L,

(2.2) If = Gr(f, Hp)llz, < Clp,)om(f, Hp)L,-

We note here that the proof of (2.1) from [T2] works for any greedy basis instead of the
Haar system H,. Thus for any greedy basis ¥ of a Banach space X and any t € (0,1] we
have for each f € X

(2.3) If = GL(f, )llx < C(¥,t)om(f,P)x.
This means that for greedy bases we have more flexibility in constructing near best m-term
approximants.

We now consider the Weak Thresholding Greedy Algorithm with regard to a quasi-greedy
basis W. The following theorem is essentially due to Wojtaszczyk [W].
6



Theorem 2.1. Let ¥ be a quasi-greedy basis for a Banach space X. Then for any fized
t € (0,1] we have for each f € X that

Gt (f,®) = f as m — oo.

Proof. Let
G, 0) = Y ()5 = S, (f> D).
FEAM ()
Denote
" B, )
and

Ay ={j e (f) > a} C An(t),
A = {j 1 e ()] = ta} 2 Ap(2).

Thus we have

Sam@)(f,¥) = S (f,¥) + Sa,, onar (f, 9)-

The assumption that ¥ is quasi-greedy implies that
Sa (f,9) = f as m — oc.

We will prove that
I1SA,.en\az (f;¥)[ =0 as m — oco.
We note that
20 Snmo\an, (FH9) = Sn, s (Y (N, ).

jita<le;(f)|<a

We need a lemma on properties of quasi-greedy systems.

Lemma 2.1. Let U be a quasi-greedy basis. Then for any two finite sets of indices A C B
and coefficients 0 < t < |aj| <1, j € B, we have

1> il < CX, 8,6 aj;ll.

JEA jEB

Proof. The proof is based on the following known lemma (see [DKKT]) that is essentially
due to Wojtaszczyk [W].



Lemma 2.2. Suppose ¥ is a quasi-greedy basis with a quasi-greedy constant K. Then for
any real numbers a; and any finite set of indecies P we have

(4K2)_1I]%ig|aj||| Yol <) agll < 2K max |ag]| > il

JjeEP JjeEP JjeEP

Using this lemma, we get

1D aisll < 2K0Y 5l < K1Y wsll < @E)'HY agll.

JEA JEA JEB JjEB

This proves Lemma 2.1.
We continue the proof of Theorem 2.1. Denote

far= > (Y

jita<|e;(f)|<e

Then by Lemma 2.1 we get from (2.4)

1SA. oAz (fs O < C|l fall-

It remains to remark that &« — 0 as m — oo and f, — 0 as a — 0.

We note that the mth greedy approximant G,,(f, ¥) changes if we renormalize the system
{n} (replace it by a system {\,1,}). This gives us more flexibility in adjusting a given
system {1, } for greedy approximation.

Let us now proceed to an almost greedy basis ¥. Similarly to the proof of Theorem 2.1
one can prove the following lemma.

Lemma 2.3. Let ¥ be a quasi-greedy basis. Then for a fized t € (0,1] and any m we have
forany fe X

G (f, ) < C@OIFI-

Theorem 2.2. Let ¥ be an almost greedy basis. Then for t € (0,1] we have for any m

(2.5) If = G (DIl < Ct)am(f)-

Proof. Take any € > 0 and find P, |P| = m such that

If = Sp(HIl < om(f) + e

Let @ := A,,(t) with A,,(t) from the definition of G (f). Then

(2.6) 1f = G (DI < 1f = Sp(H)I + 1Sp(f) = Se(H)I-

8



We have

(2.7) Sp(f) — Sq(f) = Sp\o(f) — So\r(f)-

Let us estimate first [[Sg\p(f)||. Denote f1 := f — Sp(f). Then

So\p(f) = Sq\p(f1)-
Next
krergr\lp|ck(f1)| = kggr\lp|ck(f)| > gggkk(fﬂ >

t >t =t .
max e (f)| 2 tmax|e (f1)] = ¢ max|ex(f1)]

Thus @ \ P = A,(t) for fi with n:=|Q \ P|. By Lemma 2.3 we have

(2.8) 1So\p(H)Il < CL(®)] f1]]-

We now estimate ||Sp\q(f)||. From the definition of Q we easily derive

2.9 t<b wh = , b:= mi .
(2.9) at <b where a krenggchk(f)l kgg{lpkk(f)l

By Lemma 2.2 (see Lemma 2.1 from [DKKT])

(2.10) 1Spro (Nl < 2Kall Y il

keP\Q

and (see Lemma 2.2 from [DKKT))

(2.11) I1S\p (Il = AE) 718l Y ol

keQ\P

By Theorem 1.4 an almost greedy basis is a democratic basis. Thus we get

(2.12) 1> vl <Dl Y il

keP\Q kEeQ\P

Combining (2.6) (2.12) we obtain (2.5). Theorem 2.2 is proved.

We now discuss a stability of greedy type property of a basis. Let 0 < a < Ay < b < 00,
k=1,2,... and for a basis ¥ = {t,} consider ¥* := { A9y}
9



Theorem 2.3. Let a basis ¥ have one of the properties
1. Greedy.
2. Almost greedy.
3. Quasi-greedy.
Then the basis U has the same property.

Proof. Let f € X and
F= el He = el FHN Methre
k

k

Consider

Gon(£, %) = > (er(N)A ) Athn

keA,,

Then we have

2in [ex(f)l = a min (N 2 a max le(HIA;" 2 %knéii ex (£

Therefore, the set A, can be interpreted as a A,,(t) with ¢ = a/b with regard to the basis
V. It remains to apply the corresponding results for G, (f, ¥): (2.3) in the case 1, Theorem
2.2 in the case 2, and Theorem 2.1 in the case 3. This completes the proof of Theorem 2.3.

In the paper [KaT] the following modification of the above weak type greedy algorithm in
a way of further weakening the restriction (2.1) has been studied. We call this modification
the Weak Thresholding Greedy Algorithm (WTGA) with a weakness sequence 7 = {t1}.
Let a weakness sequence 7 := {tx}?2, tx € [0,1], K = 1,... be given. We define the WTGA
by induction. We take an element f € X and at the first step we let

Ay(r) :i={m};  GI(f,¥):=cn,¥n,

with n; any satisfying
|Cny| 2 1 max ]

where we denote for brevity ¢, := ¢, (f, ¥). Assume we have already defined

o (H0) =GR (£, 0) = Y cathn

n€ENy,_1(7)

Then at the mth step we define

A(T) == A a(T) U{nm};  GL(£9) =GR (£,0):= Y cuthn
nEA, (1)

with n,, ¢ Ap,—1(7) any satisfying

len,,| > tm max |cpl.
n¢Ap,_—1(7)

10



Thus for an f € X the WTGA builds a rearrangement of a subsequence of the expansion
(1.1). If ¥ is an unconditional basis then always G7 (f, ¥) — f*. It is clear that in this case
f* = f if and only if the sequence {n;}32, contains indices of all nonzero ¢, (f, ¥). We say
that the WT'GA corresponding to ¥ and 7 is convergent (converges) if for any realization
GT.(f,¥) we have

If =GL(f, )| =0 as m— o0

for all f € X.
In [KaT] the following three theorems on convergence of the WT'GA have been proved.
The first one deals with an arbitrary Banach space X and any basis W.

Theorem 2.4. Let X be a Banach space with a normalized basis V. Let T = {t,,,n > 1} be
a weakness sequence. The following condition (D) is a necessary condition for the WTGA
corresponding to W and T to be convergent.

(D) For each subsequence {ny,k > 1} of different indices, the series Y o, tgthn, diverges
mn X.

If the basis ¥ is unconditional, then the above condition (D) is also a sufficient condition
for the WTGA corresponding to ¥ and T to be convergent.

In the case X = L,([0,1]¢) one can derive from Theorem 2.4 a more specific condition in
terms of 7 (see [KaT]).

Theorem 2.5. Let 2 < p < oo, d > 1 and let ¥ be a normalized unconditional basis in
L,y([0,1]%). Let T = {t,,n > 1} be a weakness sequence. Then the WTGA corresponding to
¥ and T converges if and only if T & 1.

There is no simple criterion in terms of 7 in the case X = L,([0,1]%), 1 < p < 2 and
arbitrary unconditional basis W. In this case [KaT] contains the following result for the
multivariate Haar basis ’Hg defined as the tensor product of the univariare Haar bases:
HE := Hp x --- X Hp. To formulate the result, introduce the following notation. For a
sequence {ty,k > 1} of nonnegative numbers such that limy_, tx = 0, {t;,k > 1} is a
nonincreasing rearrangement of the subsequence {t,,,k > 1} consisting of positive elements
of {tk, k > 1}.

Theorem 2.6. Letd>1 and1 <p < 2. The WI'GA corresponding to ’Hg and a weakness

sequence T converges in L,([0,1]%) if and only if one of the following conditions is satisfied:
(i) The sequence T = {tx.} does not converge to 0.

(i) limg 00 tx = 0 and

(2.13) 3 () (k(log k) 1= M) 2P =
k=1

Along with convergence of the WTGA efficiency of approximation by G7, (-, ¥) has been
studied in [KaT|. The accuracy of the WT'GA was compared with best m-term approxi-
mation. In the case of greedy basis and 7 = {t}, t € (0,1] the relation (2.3) shows that
G7.(-, ¥) realizes near best m-term approximation. There are two natural ways of adapting

11



(2.3) to the case of nongreedy basis or to the case of general weakness sequence. In the first
way (see [T5], [T3], [W], [Os]) we write (2.3) in the form

If = GL.(f, O)|| < C(m, 7, ¥)on(f, )
and look for the best (in the sense of order) constant C(m, 7, ¥).

We now formulate the correspoding results from [KaT]. For a basis ¥ we define the
fundamental function ¢(m) and the function ¢(m) like in Section 1. We also need the
following function

©*(m) == sup || Y il
lAl=m gea
It is clear that
p(m) = sup ©*(n).

n<m
We now introduce some characteristics of a basis with respect to a weakness sequence 7.
For a subset V' C [1,m] of integers we define

d(r,m,V) :=

’L

where inf is taken over all sets {k;} of different 1nd1ces. For two integers 1 < n < m we
define

= inf
¢(1,m,n) vieas ¢(t,m,V),

and finally
p° (1)
T,m) = sup ——————
HT ) 3= S0 e m, )

The following result has been proved in [KaT].

Theorem 2.7. Let VU be a normalized unconditional basis for X. Then we have

If = GL(f, )| < C(¥)ul(r, m)om(f, ¥).

In Theorem 2.7 we compare efficiency of G, (-, ¥) with o,,(-, ¥). It is known in approx-
imation theory that sometimes it is convenient to compare efficiency of an approximating
operator which is characterized by m parameters with best possible approximation corre-
sponding to smaller number of parameters n < m. We use this idea in approximation by
the WT'GA. Let us discuss a setting (see [KaT]) when we write (2.3) in the form

If = GL,. (f, 0] < C(¥)om(f,¥)

and look for the best (in the sense of order) sequence {v,,} that is determined by the
weakness sequence 7 and the basis V. We need some more notation. Define

N
O(r,N) = ¢(r, N, [LLN]) = inf |3 5 |
e 2

Assume that ¢(7, N) — oo as N — oo and denote v, the smallest N satisfying

¢(1, N) = 2¢(m).
There is the following result ([KaT]) in this case.
12



Theorem 2.8. For any normalized unconditional basis ¥ we have

If = GL,. (f, O)]] < C(¥)om(f,¥).

It is interesting to compare this result with some recent results from [DKKT]. It has been
established in [DKKT] (see Theorem 1.4 of present paper) that the inequalities

(2.14) 1f = G (f, O) | < C(¥, Ao (f, ¥)

with fixed A > 1 are characteristic for a class of almost greedy bases. It is clear that each
greedy basis is an almost greedy basis. There is an example (see [KT1, sections 3.3, 3.4])
of almost greedy basis that is not a greedy basis. This means that A > 1 needed for (2.14)
can not be replaced by A > 1.

3. THRESHOLDING TYPE APPROXIMATION WITH REGARD TO MINIMAL SYSTEMS

Let X be a quasi-Banach space (real or complex) with the quasi-norm || - || such that for
all z,y € X we have ||z +y|| < a(||z] + ||y||) and ||tz| = |t|||z]]. It is well-known (see [KBR,
Lemma 1.1]) that there is a p, 0 < p < 1, such that

1/p
< 4Y/p <Z ||mn||p) )

Let {e,} C X be a complete minimal system in X with the conjugate (dual) system {e}} C
X*. We assume that sup,, ||e} || < co. This implies that for each x € X we have

(3.1)

(3.2) lim e} (z) =0.

n—oo

Any element z € X has a formal expansion
(3.3) x ~ Z el (z)en,

and various types of convergence of the series (3.3) can be studied. In this section we
deal with greedy type approximations with regard to the system {e,}. We note that in
this section we use the notations z and {e,} for an element and for a system respectively
different from the notations f and ¥ in the previous sections to emphasize that we are in a
more general setting now. It will be convenient for us to define a unique ”greedy ordering”
in this section. For any x € X we define the greedy ordering for x as the map p: N — N
such that {j : €](z) # 0} C p(N) and so that if j < k then either |e} . (z)| > |e} ()| or
€5y (@)] = e}y (2)] and p(j) < p(k). The m-th greedy approximation is given by

m

Gm(z) = z,{en}) : Z €p(i) (®)ep(j)-

Jj=1
13



The system {e, } is called a quasi-greedy system (see [KT1]) if there exists a constant C
such that |G, (2)|| < C||z|| for all z € X and m € N. Wojtaszchyk [W] proved that these are
precisely the systems for which lim,,, o Gy, (x) =  for all z. If a quasi-greedy system {e, }
is a basis then we say that {e,} is a quasi-greedy basis. It is clear that any unconditional
basis is a quasi-greedy basis. We note that there are conditional quasi-greedy bases {e, }
in some Banach spaces [KT, W]. Hence, for such a basis {e,} there exists a permutation of
{en} which forms a quasi-greedy system but not a basis. This remark justifies the study of
the class of quasi-greedy systems rather than the class of quasi-greedy bases.

Greedy approximations are close to thresholding approximations (sometimes they are
called “thresholding greedy approximations”). Thresholding approximations are defined as

T (x) = Z e;(z)ej, €>0.

et (@) >e

Clearly, for any € > 0 there exists an m such that T.(z) = G,,,(z). Therefore, if {e,} is a
quasi-greedy system then

(3.4) Vee X limT. (z)=x.
e—0

Conversely, following Remark from [W, pages 296 297], it is easy to show that the condition
(3.4) implies that {e,} is a quasi-greedy system.
Similarly to the above, one can define the Weak Thresholding Approximation. Fix t €
(0,1). For € > 0 denote
Dyc(z) = {j : te < |ej ()| < e}

The Weak Thresholding Approximations are defined as all possible sums

T.p(x)= Y e+ Y ei(a)e;,
&5 (x)[>e jED
where D C D, .(z). We say that the Weak Thresholding Algorithm converges for z € X
and write z € WT{e,}(t) if for any D(e) C Dy

il_l’)% Te,D(e) (213) = .
It is clear that the above relation is equivalent to

lim sup ||z —Tcp(x)| =0.

e—=0 DCD, ()
We proved in [KT2] (see Theorem 3.1 below) that the set WT'{e,}(t) does not depend on
t. Therefore, we can drop ¢ from the notation: WT{e, } = WT{e,}(t).

It turns out that the Weak Thresholding Algorithm has more regularity than the Thresh-
olding Algorithm: we will see that the set WT'{e,} is linear. On the other hand, by “weak-
ening” the Thresholding Algorithm (making convergence stronger) we do not narrow the
convergence set too much. It is known that for many natural classes of sets Y C X the
convergence of T.(z) to = for all x € Y is equivalent to the condition Y C WT{e,}. In
particular, it can be derived from [W, Proposition 3] that the two above conditions are
equivalent for Y = X.

We suppose that X and {e, } satisfy the conditions stated in the beginning of this section.
The following two theorems have been proved in [KT?2].

14



Theorem 3.1. Let t,t' € (0,1), z € X. Then the following conditions are equivalent:
1) lime 0 SUppc p, . (2) 1T, 0(2) — 2| = 0;
2) lim. 0 Te(z) = = and

3.5 lim  sup ei(x)e;l| = 0;

(35) i, e 1Y (ol

3) lim._,o T.(x) = x and

(3.6) lim sup I aje;(z)e;|| = 0;
Sﬁo‘aﬂgl(]’eDt,s(w)) JEth;(m) !

4) lime_o Te(z) = = and

(3.7) lim sup I Z bje;l| = 0;

e—0 4 . ok
bjl<e(j:le} (z)|>e) jiler ()| >e

5) lime 08U, (I Ten (@) — o = 0.
So, the set WT'{e,}(t) defined above is indeed independent of ¢ € (0, 1).
Theorem 3.2. The set WT{e,} is linear.

Let us discuss relations between the Weak Thresholding Algorithm 7T, p(z) and the Weak
Thresholding Greedy Algorithm G¢, (z). We define G! (x) with regard to a minimal system
{en} in the same way as it was defined for a basis ¥. For a given system {e,} and t € (0, 1]
we denote for x € X and m € N by W, () any set of m indices such that

@8 i 50 = 1 g 5 o)

and define
Gl (z) = Gz, {en}) == Sw,.y(2) == D €()e;.
FEWm (t)
It is clear that for any ¢ € (0,1] and any D C Dy (z) there exist m and W,,(t) satisfying

(3.8) such that
Te,p(z) = Sw,, 1) ().

Thus the convergence GL,(z) — x as m — oo implies the convergence T, p(z) — z as
e — oo for any t € (0,1]. We will now prove (see [KT2], Proposition 2.2) that for ¢ € (0,1)
the inverse is also true.

Proposition 3.1. Lett € (0,1) and x € X. Then the following two conditions are equiva-
lent:

(3.9) lim sup ||T,p(z)— x| = 0;
e—0 Dth,e(w)
15



(3.10) lim |G, (z) — =]l =0

for any realization Gt (x).

Proof. The implication (3.10) = (3.9) is simple and follows from a remark preceding Propo-
sition 3.1. We prove that (3.9) = (3.10). Denote

€n = max |ei(z)].
j¢Wm(t)| ;(@)]

Clearly €,, — 0 as m — oo. We have

(3.11) Gl (2) = The,, (z) + Y €f(x)e;

JE€EDm
with D,,, having the following property: for any j € D,,
tem < lej(z)] < 2€m.

Thus by condition 5) from Theorem 3.1 for ¢’ = ¢/2 we obtain (3.11).
Proposition 3.1 is now proved.

Proposition 3.1 and Theorem 3.1 imply that the convergence set of the Weak Thresholding
Greedy Algorithm G? () does not depend on ¢t € (0,1) and coincides with WT{e, }. By
Theorem 3.2 this set is a linear set.

Let us make a comment on the case ¢ = 1 that is not covered by Proposition 3.1. It
is clear that T.(z) = G,,(x) with some m and, therefore, G,,,(z) — = as m — oo implies
T.(z) — x as € — 0. It is also not difficult to understand that in general T.(z) — z as
€ — 0 does not imply G,,(z) — = as m — oo. This can be done, for instance, considering
the trigonometric system in the space L,, p # 2, and using the Rudin-Shapiro polynomials
(see [T5]). However, if for the trigonometric system we put the Fourier coefficients with
equal absolute values in a natural order (say, lexicographic), then in the case 1 < p < oo
by Riesz theorem we obtain convergence of G,,,(f) from convergence of T.(f). Results from
the paper [KS| show that the situation is different for p = 1. In this case the natural order
does not help to derive convergence of G,,,(f) from convergence of T,(f).

Let us give an application of the results of this section for summation of number series.
A series ) . an, a, € C, is said to A-converge to a number s € C if the following conditions
hold:

(3.12) 61_1)r(r)1Jr Z ap = S;
nilan|>e

(3.13) lim e¢|{n: |a,| >¢€}| =0.
e—07t
16



We shall write it as

(4)) an=s.

The notion of A-convergent series has been studied in [U2]; see also [U3]. It is similar to
the well-known notion of the A-integral (see, e.g., [U1]). We show that A-convergence can
be treated as weak thresholding convergence of number series. Recall that ¢y is the space
of sequences convergent to zero. Namely,

n—oo

coz{x:(xo,xl,...):x”EC, lim x”zO},

with the norm of = € ¢y defined as ||z|| = max,, |z,|. It is known that

=1l = {(xo,xl,...):x” €C, [lz| =D |a"] <oo}.

n=0

Consider the system {e,}nen C co defined as €) = e = 1, e/, = 0 for j # 0,n. It is
clear that {e,} is a minimal system. It is also easy to see that {e,} is complete in ¢y. For
instance, we have for the coordinate vectors u,, (v =1,ul, =0,7#n),n=0,1,...:
1 m
fuo — " enlley < 1/m;

n=1
Up = €p —Ug, N =1,2,....

The elements e} of the conjugate system are e} = u,, n = 1,2,.... Thus, the formal
expansion (3.3) takes the form
(e e}
T~ Z z"e,,.
n=1

Clearly, this expansion converges to = for x € ¢y satisfying the following condition

(e @)
20 = E z".
n=1

Theorem 3.3. Define the system {e,}nen C co as €® = e = 1, el = 0 for j # 0,n.
Let Y, cnan be a number series, lim, ;o an, = 0, s € C, t € (0,1). Then the following
conditions are equivalent:

1) the series Y, a, A-converges to s;

2) limesosuppcp, . |Te,p — 8| = 0, where
Die ={j:te <laj| <e}, Tep = Z a; + Zaj;
laj|>e JED
3) the element x € ¢ defined as © = (s,a1,as9,...) belongs to WT{e,}.

The following corollary of Theorems 3.2 and 3.3 has been proved in [U2].
17



Corollary 3.1. The set of A-convergent series is linear. Moreover,

(A)) (@ +bn) =(A)D an+(A)D b

n

We have already made some remarks justifying consideration of minimal systems instead
of bases in the study of greedy type algorithms. We will make a remark (see [KT2]) showing
that the step from Banach spaces to quasi-Banach spaces is also natural in studying greedy
type algorithms.

Remark 3.1. One can check (see the proof of Theorem 3.1 in [KT2]) that for any t € (0,1)
the quasi-norm ||| - |||¢ in the space Y = WT{e,} € ¢y defined as

llz[lle = sup sup [T, p(z)]]
€ DCDy.(z)

15 equivalent to the quasi-norm
||| = max(|z°|,supel{n > 1: |z"| > e}]).
g
Also, a quasi-norm in the space Y can be treated as a quasi-norm in the space of A-convergent

series.

Theorem 3.4. The quasi-norm ||| - ||| in the space Y = WT{e,} € co is not equivalent to
any norm.

Proof. Tt is sufficient to show that for any M > 0 there exist a positive integer m and
elements z1,..., %, from Y such that

(3.14) llz;lll <1 (G=1,...,m)
and
1 m
(3.15) — > ||| > M.
j=1

Take an even m € N and set 2} = 0 for n > m, 2z} = (—1)"/k for 1 < n < m where

k € {1,...,m} is defined as k = n + j(modm), x? =y, z7. It is easy to see that all

the elements z; = (29, ],...) satisfy (3.14). Further, for the element z = 1 ZTZl xT; =
(2%, 2%,...) we have
1 m
lz"| = EZl/k (n=1,...,m).
k=1

Therefore, |||z]|| > Y -, 1/k, and (3.15) holds for sufficiently large m. The proof of Theorem
3.4 is complete.

The reader can also find in [KT2, S.4] applications of these results for studying A-
convergence of trigonometric series.
18
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