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Abstract

We prove that the area of sections of future event horizons in space—
times satisfying the null energy condition is non—decreasing towards the
future under the following circumstances: 1) the horizon is future geodesi-
cally complete; 2) the horizon is a black hole event horizon in a globally
hyperbolic space—time and there exists a conformal completion with a “H-
regular” .#*; 3) the horizon is a black hole event horizon in a space—time
which has a globally hyperbolic conformal completion. (Some related re-
sults under less restrictive hypotheses are also established.) This extends
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a theorem of Hawking, in which piecewise smoothness of the event horizon
seems to have been assumed. We prove smoothness or analyticity of the
relevant part of the event horizon when equality in the area inequality is
attained — this has applications to the theory of stationary black holes,
as well as to the structure of compact Cauchy horizons. In the course of
the proof we establish several new results concerning the differentiability
properties of horizons.
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1 Introduction

The thermodynamics of black holes rests upon Hawking’s area theorem [37] which
asserts that in appropriate space times the area of cross sections of black hole
horizons is non decreasing towards the future. In the published proofs of this
result [37,64] there is considerable vagueness as to the hypotheses of differentia-
bility of the event horizon (see, however, [35]). Indeed, it is known that black



hole horizons can be pretty rough [15], and it is not immediately clear that the
area of their cross sections can even be defined. The reading of the proofs given
in [37,64] suggests that those authors have assumed the horizons under consid-
eration to be piecewise C?. Such a hypothesis is certainly incompatible with the
examples constructed in [15] which are nowhere C?. The aim of this paper is
to show that the monotonicity theorem holds without any further differentiabil-
ity hypotheses on the horizon, in appropriate space times, for a large class of
cross sections of the horizon. More precisely we show the following:

Theorem 1.1 (The area theorem) Let H be a black hole event horizon in a
smooth space time (M, g). Suppose that either

a) (M,g) is globally hyperbolic, and there ezists a conformal completion
(M,g) = (MU I*,Q%) of (M,g) with a 3 regular’ #*. Further the
null energy condition holds on the past I=(S+; M)NM of % in M, or

b) the generators of H are future complete and the null energy condition holds
on H, or

c) there ezists a globally hyperbolic conformal completion (M,g) = (MU
I Q%) of (M, g), with the null energy condition holding on I~ (#; M)N
M.

Let 3, a = 1,2 be two achronal spacelike embedded hypersurfaces of C* differen-
tiability class, set S, = X, NH. Then:

1. The area Area(S,) of S, is well defined.

9. If
51 C J_(SQ) ,

then the area of Sy is larger than or equal to that of Si. (Moreover, this is
true even if the area of Si is counted with multiplicity of generators provided
that S1 NSy = &, see Theorem 6.1.)

Point 1. of Theorem 1.1 is Proposition 3.3 below, see also Proposition 3.4.
Point 2. above follows immediately from Proposition 4.2, Corollary 4.14 and
Proposition 4.17, as a special case of the first part of Theorem 6.1 below.? The
question of how to define the area of sections of the horizon is discussed in detail
in Section 3. It is suggested there that a notion of area, appropriate for the iden-
tification of area with the entropy, should include the multiplicity of generators
of the horizon.

ISee Section 4.1 for definitions.
2The condition S; N Ss = @ of Theorem 6.1 is needed for monotonicity of “area with
multiplicity”, but is not needed if one only wants to compare standard areas, see Remark 6.2.



We stress that we are not assuming that .#* is null in fact it could be
even changing causal type from point to point  in particular Theorem 1.1 also
applies when the cosmological constant does not vanish. In point c) global hyper-
bolicity of (M, g) should be understood as that of a manifold with boundary, cf.
Section 4.1. Actually in points a) and ¢) of Theorem 1.1 we have assumed global
hyperbolicity of (M, g) or that of (M, g) for simplicity only: as far as Lorentzian
causality hypotheses are concerned, the assumptions of Proposition 4.1 are suf-
ficient to obtain the conclusions of Theorem 1.1. We show in Section 4.1 that
those hypotheses will hold under the conditions of Theorem 1.1. Alternative sets
of causality conditions, which do not require global hyperbolicity of (M, g) or of
its conformal completion, are given in Propositions 4.8 and 4.10.

It seems useful to compare our results to other related ones existing in the
literature [37,47,64]. First, the hypotheses of point a) above are fulfilled under
the conditions of the area theorem of [64] (after replacing the space time M
considered in [64] by an appropriate subset thereof), and (disregarding questions
of differentiability of 3) are considerably weaker than the hypotheses of [64].
Consider, next, the original area theorem of [37], which we describe in some
detail in Appendix B for the convenience of the reader. We note that we have
been unable to obtain a proof of the area theorem without some condition of
causal regularity of .#* (e.g. the one we propose in point a) of Theorem 1.1),
and we do not know® whether or not the area theorem holds under the original
conditions of [37] without the modifications indicated above, or in Appendix B;
see Appendix B for some comments concerning this point.

Let us make a few comments about the strategy of the proof of Theorem 1.1.
It is well known that event horizons are Lipschitz hypersurfaces, and the exam-
ples constructed in [8,15] show that much more cannot be expected. We start
by showing that horizons are semi convez*. This, together with Alexandrov’s
theorem concerning the regularity of convex functions shows that they are twice
differentiable in an appropriate sense (cf. Proposition 2.1 below) almost every-
where. This allows one to define notions such as the divergence 64 of the gen-
erators of the horizon JH, as well as the divergence 69" of sections H N § of .
The existence of the second order expansions at Alexandrov points leads further
to the proof that, under appropriate conditions, 6 4 or 9%”8 have the right sign.
Next, an approximation result of Whitney type, Proposition 6.6, allows one to
embed certain subsets of the horizon into C'*' manifolds. The area theorem then
follows from the change of variables theorem for Lipschitz maps proved in [23].
We note that some further effort is required to convert the information that 6 4
has the correct sign into an inequality concerning the Jacobian that appears in

3The proof of Proposition 9.2.1 in [37] would imply that the causal regularity condition
assumed here holds under the conditions of the area theorem of [37]. However, there are
problems with that proof (this has already been noted by Newman [53]).

4Actually this depends upon the time orientation: future horizons are semi—convez, while
past horizons are semi—concave.



the change of variables formula.

Various authors have considered the problem of defining black holes in settings
more general than standard asymptotically flat spacetimes or spacetimes admit-
ting a conformal infinity; see especially [34, 48, 49] and references cited therein. It
is likely that proofs of the area theorem given in more general settings, for hori-
zons assumed to be piecewise C?, which are based on establishing the positivity
of the (classically defined) expansion # of the null generators can be adapted,
using the methods of Section 4 (cf. especially Proposition 4.1 and Lemma 4.15),
to obtain proofs which do not require the added smoothness. (We show in Ap-
pendix C that this is indeed the case for the area theorems of Krélak [47 49].)
In all situations which lead to the positivity of # in the weak Alexandrov sense
considered here, the area theorem follows from Theorem 6.1 below.

It is of interest to consider the equality case: as discussed in more detail in
Section 7, this question is relevant to the classification of stationary black holes,
as well as to the understanding of compact Cauchy horizons. Here we prove the
following:

Theorem 1.2 Under the hypotheses of Theorem 1.1, suppose that the area of Si
equals that of Sy. Then

(JH(S1)\S1) N (J7(S2) \ S2)

is a smooth (analytic if the metric is analytic) null hypersurface with vanishing
null second fundamental form. Moreover, if v is a null generator of H with v(0) €
S1 and y(1) € Sy, then the curvature tensor of (M, g) satisfies R(X,~'(t))y'(t) =
0 for all t € [0,1] and X € T, .

Theorem 1.2 follows immediately from Corollary 4.14 and Proposition 4.17,
as a special case of the second part of Theorem 6.1 below. The key step of the
proof here is Theorem 6.18, which has some interest in its own. An application
of those results to stationary black holes is given in Theorem 7.1, Section 7.

As already pointed out, one of the steps of the proof of Theorem 1.1 is to
establish that a notion of divergence 64 of the generators of the horizon, or
of sections of the horizon, can be defined almost everywhere, and that 64 so
defined is positive. We note that 64 coincides with the usual divergence 8 for
horizons which are twice differentiable. Let us show, by means of an example,
that the positivity of # might fail to hold in space times (M, g) which do not
satisfy the hypotheses of Theorem 1.1: Let ¢ be a standard time coordinate
on the three dimensional Minkowski space time R and let K C {t = 0} be
an open conditionally compact set with smooth boundary K. Choose K so
that the mean curvature H of 0K has changing sign. Let M = I~ (K), with the
metric conformal to the Minkowski metric by a conformal factor which is one in a
neighborhood of 9D~ (K ; R"?)\ K, and which makes 8.J~ (K; R"?) into .# " in the
completion M = M U dJ (K;RY?). We have M \ J~(£F; M) = D (K;R'?) #
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@, thus M contains a black hole region, with the event horizon being the Cauchy
horizon 9D~ (K;R"?)\ K. The generators of the event horizon coincide with the
generators of 9D~ (K; R"?), which are null geodesics normal to K. Further for ¢
negative and close to zero the divergence 6 of those generators is well defined in a
classical sense (since the horizon is smooth there) and approaches, when ¢ tends
to zero along the generators, the mean curvature H of K. Since the conformal
factor equals one in a neighborhood of the horizon the null energy condition holds
there, and @ is negative near those points of 0K where H is negative. This implies
also the failure of the area theorem for some (local) sections of the horizon. We
note that condition b) of Theorem 1.1 is not satisfied because the generators of
H are not future geodesically complete. On the other hand condition a) does not
hold because g will not satisfy the null energy condition throughout I=(.#*+; M)
whatever the choice of the conformal factor®.

This paper is organized as follows: In Section 2 we show that future horizons,
as defined there, are always semi conver (Theorem 2.2). This allows us to define
such notions as the Alexandrov divergence 64 of the generators of the horizon,
and their Alexandrov null second fundamental form. In Section 3 we consider
sections of horizons and their geometry, in particular we show that sections of
horizons have a well defined area. We also discuss the ambiguities which arise
when defining the area of those sections when the horizon is not globally smooth.
In fact, those ambiguities have nothing to do with “very low” differentiability of
horizons and arise already for piecewise smooth horizons. In Section 4 we prove
positivity of the Alexandrov divergence of generators of horizons in Section
4.1 this is done under the hypothesis of existence of a conformal completion sat-
isfying a regularity condition, together with some global causality assumptions
on the space time; in Section 4.2 positivity of 4 is established under the hy-
pothesis that the generators of the horizon are future complete. In Section 5 we
show that Alexandrov points “propagate to the past” along the generators of the
horizon. This allows one to show that the optical equation holds on “almost all”
generators of the horizon. We also present there a theorem (Theorem 5.6) which
shows that “almost all generators are Alexandrov”; while this theorem belongs
naturally to Section 5, its proof uses methods which are developed in Section 6
only, therefore it is deferred to Appendix D. In Section 6 we prove our main result

the monotonicity theorem, Theorem 6.1. This is done under the assumption
that 64 is non negative. One of the key elements of the proof is a new (to us)
extension result of Whitney type (Proposition 6.6), the hypotheses of which are
rather different from the usual ones; in particular it seems to be much easier to
work with in some situations. Section 7 discusses the relevance of the rigidity
part of Theorem 6.1 to the theory of black holes and to the differentiability of
compact Cauchy horizons. Appendix A reviews the geometry of C? horizons, we
also prove there a new result concerning the relationship between the (classical)

5This follows from Theorem 1.1.



differentiability of a horizon vs the (classical) differentiability of sections thereof,
Proposition A.3. In Appendix B some comments on the area theorem of [37] are
made.

2 Horizons

Let (M, g) be a smooth spacetime, that is, a smooth paracompact Hausdorff time-
oriented Lorentzian manifold, of dimension n + 1 > 3, with a smooth Lorentzian
metric g. Throughout this paper hypersurfaces are assumed to be embedded. A
hypersurface J{ C M will be said to be future null geodesically ruled if every point
p € H belongs to a future inextensible null geodesic [I' C H; those geodesics will
be called the generators of H{. We emphasize that the generators are allowed to
have past endpoints on H, but no future endpoints. Past null geodesically ruled
hypersurfaces are defined by changing the time orientation. We shall say that H
is a future (past) horizon if H is an achronal, closed, future (past) null geodesically
ruled topological hypersurface. A hypersurface H will be called a horizon if H is
a future or a past horizon. Our terminology has been tailored to the black hole
setting, so that a future black hole event horizon 9.J~ (.#") is a future horizon in
the sense just described [37, p. 312]. The terminology is somewhat awkward in
a Cauchy horizon setting, in which a past Cauchy horizon D~ (X) of an achronal
edgeless set ¥ is a future horizon in our terminology [56, Theorem 5.12].

Let dimM = n + 1 and suppose that O is a domain in R". Recall that a
continuous function f: O — R is called semi convex iff each point p has a convex
neighborhood U in O so that there exists a C? function ¢:U — R such that f+ ¢
is convex in Y. We shall say that the graph of f is a semi convex hypersurface
if f is semi convex. A hypersurface H in a manifold M will be said to be semi
convex if H can be covered by coordinate patches U, such that H N U, is a
semi convex graph for each a.. The interest of this notion stems from the specific
differentiability properties of such hypersurfaces:

Proposition 2.1 (Alexandrov [26, Appendix E]) Let B be an open subset
of RP and let f: B — R be semi convex. Then there exists a set By C B such
that:

1. the p dimensional Lebesque measure £P(B \ B ) of B\ By vanishes.

2. f s differentiable at all points x € By, i.e.,

V x € By Jz* € (RP)* such that
VyeB [f(y) - [flz)=2"(y—2)+nr(y), (2.1)

with r(x,y) = o(|x —y|). The linear map x* above will be denoted by df (x).



3. f s twice differentiable at all points x € By in the sense that

Ve By Qe (R) @ (RP)* such that Vy € B
fly) = f2) —df(2)(y —2) = Qx —y,z —y) + r2(z,y) . (2.2)

with ro(x,y) = o(|z — y|*). The symmetric quadratic form Q above will be
denoted by %DZf(x), and will be called the second Alexandrov derivative of
fataxzb

The points ¢ at which Equations (2.1) (2.2) hold will be called Alezandrov
points of f, while the points (¢, f(¢)) will be called Alezandrov points of the graph
of f (it will be shown in Proposition 2.5 below that if ¢ is an Alexandrov point
of f, then (g, f(q)) will project to an Alexandrov point of any graphing function
of the graph of f, so this terminology is meaningful).

We shall say that H is locally achronal if for every point p € H there exists a
neighborhood O of p such that J{ N O is achronal in O. We have the following:

Theorem 2.2 Let H # @ be a locally achronal future null geodesically ruled
hypersurface. Then I is semi conver.

Remark 2.3 An alternative proof of Theorem 2.2 can be given using a varia-
tional characterization of horizons (compare [4,33,57]).

Remark 2.4 Recall for a real valued function f: B — R on a set the epigraph
of fis {(z,y) € BxR:y > f(x)}. We note that while the notion of convexity
of a function and its epigraph is coordinate dependent, that of semi convexity is
not; indeed, the proof given below is based on the equivalence of semi convexity
and of existence of lower support hypersurfaces with locally uniform one side
Hessian bounds. The latter is clearly independent of the coordinate systems
used to represent f, or its graph, as long as the relevant orientation is preserved
(changing y"*! to —y™*! transforms a lower support hypersurface into an upper
one). Further, if the future of H is represented as an epigraph in two different
ways,

JHEH) = {a" > ft 2"}
{y"*' > 9.y}, (2.3)

then semi convexity of f is equivalent to that of g. This follows immediately
from the considerations below. Thus, the notion of a semi convex hypersurface
is not tied to a particular choice of coordinate systems and of graphing functions
used to represent it.

6Caffarelli and Cabre [9] use the term “second punctual differentiability of f at z” for (2.2);
Fleming and Soner [26, Definition 5.3, p. 234] use the name “point of twice—differentiability”
for points at which (2.2) holds.



PrROOF: Let O be as in the definition of local achronality; passing to a subset
of O we can without loss of generality assume that O is globally hyperbolic.
Replacing the space time (M, g) by O with the induced metric we can without
loss of generality assume that (M, g) is globally hyperbolic. Let ¢ be a time
function on O which induces a diffeomorphism of O with R x ¥ in the standard
way [32,59], with the level sets X, = {p | t(p) = 7} of t being Cauchy surfaces.
As usual we identify Xy with X, and in the identification above the curves Rx {¢},
q € X, are integral curves of V¢. Define

Yy ={q € ¥ | R x {¢} intersects H} . (2.4)

For ¢ € Xg¢ the set (R x {¢}) N is a point by achronality of H, we shall denote
this point by (f(¢),¢q). Thus an achronal hypersurface H in a globally hyperbolic
space time is a graph over g4 of a function f. The map which to a point p € H
assigns ¢ € ¥ such that p = (f(q), q) is injective, so that the hypothesis that H
is a topological hypersurface together with the invariance of the domain theorem
(cf., e.g., [18, Prop. 7.4, p. 79]) imply that X4 is open. We wish to use [1,
Lemma 3.2]" to obtain semi convexity of the (local) graphing function f, this
requires a construction of lower support hypersurfaces at p. Let [ be a generator
of H passing through p and let p, € T'NJ*(p). By achronality of T' there are no
points on J~(py)NJ*(p) which are conjugate to p., cf. [37, Prop. 4.5.12, p. 115]
or [5, Theorem 10.72, p. 391]. It follows that the intersection of a sufficiently
small neighborhood of p with the past light cone 0J (py) of p, is a smooth
hypersurface contained in J~(H). This provides the appropriate lower support
hypersurface at p. In particular, for suitably chosen points p., these support
hypersurfaces have null second fundamental forms (see Appendix A) which are
locally (in the point p) uniformly bounded from below. This in turn implies that
the Hessians of the associated graphing functions are locally bounded from below,
as is needed to apply Lemma 3.2 in [1]. O

Theorem 2.2 allows us to apply Proposition 2.1 to f to infer twice Alexan-
drov differentiability of H almost everywhere, in the sense made precise in
Proposition 2.1. Let us denote by £} the n dimensional Riemannian measure®
on ¥ = Yy, where hgy is the metric induced on ¥, by ¢, then there exists a
set Xg¢,, C Xgc on which f is twice Alexandrov differentiable, and such that

i (Bac \ Xagcy,) = 0. Set

H 4 = graph of f over Xg¢,, . (2.5)

Point 1 of Proposition 2.1 shows that H 4 has a tangent space at every point
p € H 4. For those points define

k(p) = ku(p)da” = =dt +df(q) ,  p=(f(a),q), q€Dac, -  (26)
"The result in that Lemma actually follows from [2, Lemma 2.15] together with [20, Prop. 5.4,
p. 24].
8In local coordinates, dgp = Vdet hod"x.




A theorem of Beem and Krélak shows that H is differentiable precisely at those
points p which belong to exactly one generator I' [6, 14], with T, C T),M being
the null hyper-plane containing I'. It follows that

K = ¢™k,0, (2.7)

is null, future pointing, and tangent to the generators of JH, wherever defined.
We define the generators of J{ 4 as the intersections of the generators of JH

with H 4. Point 2 of Proposition 2.1 allows us to define the divergence 6 4, of

those generators, as follows: Let e;, 2 = 1,...,n be a basis of T} such that

g(elael):"':g(enflaenfl):17 g(eiaej)zoai%ja en:K' (28)

We further choose the ¢e,’s, a = 1,...,n — 1 to be orthogonal to V¢. It follows
that the vectors e, = e#0,’s have no 0/0t components in the coordinate system
used in the proof of Theorem 2.2, thus €2 = 0. Using this coordinate system for
p € Hy we set

i,jzl,...,n VlkJ:DE]f—FZku s (29)
9_,4[ = (6%6{ + -t eflfleflfl)vikj . (210)

It is sometimes convenient to set 64 = 0 on H \ H 4. The function 0 4 so defined
on H will be called the divergence (towards the future) of both the generators
of H 4 and of H. It coincides with the usual divergence of the generators of H
at every set U C H on which the horizon is of C? differentiability class: Indeed,
in a space time neighborhood of U we can locally extend the e;’s to C! vector
fields, still denoted e;, satisfying (2.8). It is then easily checked that the set
of Alexandrov points of U is U, and that the divergence 6 of the generators as
defined in [37,64] or in Appendix A coincides on U with 6 4, as defined by (2.10).

The null second fundamental form B 4 of I, or of H 4, is defined as follows:
in the basis above, if X = X%,, Y = Y, (the sums are from 1 to n — 1), then
at Alexandrov points we set

Bu(X,Y) = XY’ el Vik;. (2.11)

with V;k; defined by (2.9). This coincides” with the usual definition of B as
discussed e.g. in Appendix A on any subset of H which is C2. In this definition
of the null second fundamental form B with respect to the null direction K, B
measures expansion as positive and contraction as negative.

The definitions of 64, and By given in Equations (2.10) (2.11) have, so far,
been only given for horizons which can be globally covered by an appropriate
coordinate system. As a first step towards a globalization of those notions one
needs to find out how those objects change when another representation is chosen.
We have the following:

9More precisely, when H is C? equation (2.11) defines, in local coordinates, a tensor field
which reproduces b defined in Appendix A when passing to the quotient H/K.

10



Proposition 2.5 1. Let f and g be two locally Lipschitz graphing functions
representing J in two coordinate systems {x'}i=1, ny1 and {y'}ici, o1,
related to each other by a C? diffeomorphism ¢. If (x3,...x%) is an Alezan-
drov point of f and

(yé7“‘7y879(y67"'7y3)) = QS(x[I]J"'7’Z‘g7f(x[1]7"'7xg)) Y
then (yi,...,y%) is an Alezandrov point of g.

2. The null second fundamental form By of Equation (2.11) is invariantly
defined modulo a point dependent multiplicative factor. In particular the
sign of 04 defined in Equation (2.10) does not depend upon the choice of
the graphing function used in (2.10).

Remark 2.6 Recall that the standard divergence 6 of generators is defined up to
a multiplicative function (constant on the generators) only, so that (essentially)
the only geometric invariant associated to  is its sign.

Remark 2.7 We emphasize that we do not assume that 9/92"** and/or 9/0y"**
are timelike.

ProoF: 1. Let ¢ = (y',...,y"), Zo = (z,...,2h), etc., set fo = f(Zo), go =
9(9o). Without loss of generality we may assume (Zo, f(Zo)) = (%o, f(%)) = 0.
To establish (2.2) for g, write ¢ as (¢, " "), and let

—

O(@) = 3(, /(7)) -

As (id, f) and (id, g), where id is the identity map, are bijections between neigh-
borhoods of zero and open subsets of the graph, invariance of domain shows that
w is a homeomorphism from a neighborhood of zero to its image. Further, 1/)
admits a Taylor development of order two at the origin:

U(F) = LiZ + i (£,7) + o |Z]°) | (2.12)

where . .
Ly = Dz¢(0) + Dyn+16(0) Df(0) .

Let us show that L; is invertible: suppose, for contradiction, that this is not
the case, let ¥ # 0 be an element of the kernel ker L;, and for |s| << 1 let

Ys 1= @/7(35) =0(s?). As y, = (5(31?, f(s¥)) we have
9(7s) = ¢" " (sT, f(sT)) = s[Dg¢" " (0) + Dynr1¢™ 1 (0) D f(0)] + o(s) .

The coefficient of the term linear in s does not vanish, otherwise (&, Df(0)Z)
would be a non zero vector of ker D¢(0). We then obtain |g(¥)|/|¥s| >
C/|s| —s_0 oo, which contradicts the hypothesis that g is locally Lipschitz.

11



To finish the proof, for ¢ close to the origin let # := ¢ ~1(%), thus ¢ = (%),
and from (2.12) we infer

#=L7'§— LT o (LT'G, LT') + o(|71%) - (2.13)

Equation (2.2) and twice differentiability of ¢ show that ¢"*'(-, f(-)) has a second
order Alexandrov expansion at the origin:

" THT, f(T) = LoT + (&, ) + o(|7]?) . (2.14)
Finally from g¢() = ¢"**(Z, f(Z)) and Equations (2.13) and (2.14) we get
9(4) = LoLi7'G + (2 — Lo Ly e ) (L7, LT H9) + o([71%)

2. The proof of point 1. shows that under changes of graphing functions the
Alexandrov derivatives D;; f transform into the D;;g¢’s exactly as they would if f
and ¢ were twice differentiable. The proof of point 2. reduces therefore to that
of the analogous statement for C? functions, which is well known. O

Proposition 2.5 shows that Equation (2.11) defines an equivalence class of
tensors By, at every Alexandrov point of H, where two tensors are identified
when they are proportional to each other with a positive proportionality factor.
Whenever 3 can not be covered by a global coordinate system required in Equa-
tion (2.11), one can use Equation (2.11) in a local coordinate patch to define a
representative of the appropriate equivalence class, and the classes so obtained
will coincide on the overlaps by Proposition 2.5. From this point of view 64(p)
can be thought as the assignment, to an Alexandrov point of the horizon p, of
the number 0, £1, according to the sign of 0 4(p).

The generators of a horizon J play an important part in our results. The
following shows that most points of a horizon are on just one generator.

Proposition 2.8 The set of points of a horizon H that are on more than one
generator has vanishing n dimensional Hausdorff measure.

PRrROOF: Let T be the set of points of J{ that are on two or more generators
of H. By a theorem of Beem and Krélak [6,14] a point of H is differentiable if
and only if it belongs to exactly one generator of H{. Therefore no point of T
is differentiable and thus no point of 7 is an Alexandrov point of H{. Whence
Theorem 2.2 and Proposition 2.1 imply H"(7) = 0. O

Remark 2.9 For a future horizon H in a spacetime (M, g) let £ be the set of
past endpoints of generators of J{. Then the set of points 7 of H that are on
two or more generators is a subset of £. From the last Proposition we know that
$H™(T) = 0 and it is tempting to conjecture $H*(€) = 0. However this seems to
be an open question. We note that there are examples [15] of horizons H so that
£ is dense in J.
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3 Sections of horizons

Recall that in the standard approach to the area theorem [37] one considers
sections I, of a black hole event horizon H obtained by intersecting H with the
level sets X, of a time function ¢,

H,=HnNXE,. (3.1)

We note that Theorem 2.2 and Proposition 2.1 do not directly yield any infor-
mation about the regularity of all the sections H,, since Proposition 2.1 gives
regularity away from a set of zero measure, but those sections are expected to
be of zero measure anyway. Now, because the notion of semi convexity is in-
dependent of the choice of the graphing function, and it is preserved by taking
restrictions to lower dimensional subsets, we have:

Proposition 3.1 Let ¥ be an embedded C? spacelike hypersurface and let 3 be
a horizon in (M, g), set

S=YXNH.

There exists a semi convex topological submanifold S,eg C S of co dimension two
in M which contains all points p € S at which I s differentiable.

Remark 3.2 “Most of the time” S, has full measure in S. There exist, however,
sections of horizons for which this is not the case; c¢f. the discussion at the end of
this section, and the example discussed after Equation (3.13) below.

PRrROOF: Let p € S be such that H is differentiable at p, let O, be a coordinate
neighborhood of p such that ¥ N0, is given by the equation ¢ = 0, and such that
HNO, is the graph ¢t = f of a semi convex function f. If we write p = (f(q),q),
then f is differentiable at ¢. We wish, first, to show that S can be locally
represented as a Lipschitz graph, using the Clarke implicit function theorem [17,
Chapter 7]. Consider the Clarke differential 0f of f at ¢ (c¢f. [17, p. 27]); by
[17, Prop. 2.2.7] and by standard properties of convex (hence of semi convex)
functions we have 0f(¢q) = {df(q)}. By a rigid rotation of the coordinate axes
we may assume that df(¢)(0/0x™) # 0. If we write ¢ = (0,¢%,...,¢"), then
Clarke’s implicit function theorem [17, Corollary, p. 256] shows that there exists
a neighborhood W, C {(¢,z',...,2" 1) € R} of (0,¢%,...,¢" ') and a Lipschitz
function g such that, replacing O, by a subset thereof if necessary, H N O, can
be written as a graph of g over W,. Remark 2.4 establishes semi convexity of g.
Now, semi convexity is a property which is preserved when restricting a function
to a smooth lower dimensional submanifold of its domain of definition, which
shows that h = g|,_, is semi convex. It follows that the graph V, C 3 of h over
W, N {t =0} is a semi convex topological submanifold of H{. The manifold

Sreg = Uy Vg
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where the ¢’s run over the set of differentiability points of J in Y, has all the
desired properties. O

Let S, Sieg, H and ¥ be as in Proposition 3.1. Now S, and H are both
semi convex, and have therefore their respective Alexandrov points; as Sy C K,
it is natural to inquire about the relationship among those. It should be clear
that if p € S is an Alexandrov point of H, then it also is an Alexandrov point
of S. The following example shows that the converse is not true: Let H C R!?
be defined as the set H = {(t,z,y) | t = |z|}, and let X, be the level sets of the
Minkowskian time in R, ¥, = {(¢,z,y) | t = 7}. Each section S, = H N X,
is a smooth one dimensional submanifold of R"? (not connected if 7 > 0, empty
if 7 < 0). In particular all points of Sy = {t = 2 = 0} are Alexandrov points
thereof, while none of them is an Alexandrov point of H. In this example the
horizon H is not differentiable on any of the points of Sy, which is a necessary
condition for being an Alexandrov point of . It would be of some interest to
find out whether or not Alexandrov points of sections of H which are also points
of differentiability of H are necessarily Alexandrov points of JH.

Following [29], we shall say that a differentiable embedded hypersurface §
meets H properly transversally if for each point p € 8 N H for which T, H exists
the tangent hyperplane 7},8 is transverse to T,J}. If § is spacelike and intersects
H proper transversality will always hold; on the other hand if § is timelike this
might, but does not have to be the case. If H and 8 are C'* and 8 is either spacelike
or timelike intersecting JH transversely then H N8 is a C* spacelike submanifold.
Therefore when S is timelike there is a spacelike 8; so that H NS = H N §;.
It would be interesting to know if this was true (even locally) for the transverse
intersection of general horizons H with timelike C? hypersurfaces 8.

Let 8 be any spacelike or timelike C? hypersurface in M meeting 3 properly

transversally.!® Suppose, first, that § is covered by a single coordinate patch
such that §NH is a graph 2™ = g(z',...,2""!) of a semi convex function g. Let
n be the field of unit normals to §; at each point (z',... 2" !) at which g is

differentiable and for which 7, HH exists, where

p= (xl, o ,x"il,g(xl, o ,x"il)) ,

there is a unique number a(p) € R and a unique future pointing null vector
K € T3 such that
(K —an,-) = —dz" + dg . (3.2)

Qur definitions below makes use of a unit normal to 8, whence the restriction to spacelike
or timelike, properly transverse 8§’s. Clearly one should be able to give a definition of Hi?% ,
etc., for any hypersurface 8 intersecting H properly transversally. Now for a smooth H and for
smooth properly transverse 8’s the intersection § N H will be a smooth spacelike submanifold
of M, and it is easy to construct a spacelike 8’ so that 8 N H = § NH. Thus, in the smooth
case, no loss of generality is involved by restricting the 8’s to be spacelike. For this reason,
and because the current setup is sufficient for our purposes anyway, we do not address the
complications which arise when 8 is allowed to be null, or to change type.
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Here we have assumed that the coordinate z™ is chosen so that J~ (3) N 8§ lies
under the graph of g. We set

kudat = (K,-) € T:M .

Assume moreover that (z',...,2"7!) is an Alexandrov point of g, we thus have
the Alexandrov second derivatives D?¢ at our disposal. Consider ¢;  a basis of
T,H as in Equation (2.8), satisfying further e; € T,8 NT,H, i =1,...,n—1. In
a manner completely analogous to (2.9) (2.10) we set

i,j=1,..,n—1  Vi;=Dig—T"k, (3.3)
98”3{ (elel—i- el 1€n DVik; .

(Here, as in (2.9), the I'j;’s are the Christoffel symbols of the space time metric
g.) For X, Y € T,8 N T, we set, analogously to (2.11),

BY(X,Y) = XYl el Vik;. (3.5)

Similarly to the definitions of 64 and B 4;, the vector K with respect to which
05" and BY}’C have been defined has been tied to the particular choice of coor-
dlnates used to represent & N H as a graph. In order to globalize this definition
it might be convenient to regard BY’/(p) as an equivalence class of tensors de-
fined up to a positive multiplicative factor. Then 6%%{(p) can be thought as the
assignment to a point p of the number 0, £1, according to the sign of 65,7¢(p).
This, together with Proposition 2.5, can then be used to define B’ and 65,7
for § which are not globally covered by a single coordinate patch.

As already pointed out, if p € S N H is an Alexandrov point of H then p will
also be an Alexandrov point of SNJ. In such a case the equivalence class of B4,
defined at p by Equation (2.11), will coincide with that defined by (3.5), when
(2.11) is restricted to vectors X,Y € T,8 N T,H. Similarly the sign of 6 4(p) will
coincide with that of 85,7 (p), and 6 4(p) Wlll vanish if and only if 0,7 (p) does.

Let us turn our attention to the question, how to define the area of sections
of horizons. The monotonicity theorem we prove in Section 6 uses the Hausdorff
measure, so let us start by pointing out the following:

Proposition 3.3 Let H be a horizon and let S be an embedded hypersurface in
M. Then SNH is a Borel set, in particular it is v Hausdorff measurable for any
v e R,

PROOF: Let o be any complete Riemannian metric on M, we can cover 8§ by
a countable collection of sets O; C 8 of the form O; = B,(p;, ;) NS, where the
B, (p;, ;) are open balls of o radius r; centered at p; with compact closure. We

have O; = (B(, (pi, ) N S) \ 0B, (p;i, i), which shows that the O;’s are Borel sets.
Since S NH = U; (O; N K), the Borel character of 8§ N H ensues. The Hausdorff
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measurability of 8§ N H follows now from the fact that Borel sets are Hausdorff
measurable!!. O

Proposition 3.3 is sufficient to guarantee that a notion of area of sections of
horizons ~ namely their (n — 1) dimensional Hausdorff area  is well defined.
Since the Hausdorff area is not something very handy to work with in practice,
it is convenient to obtain more information about regularity of those sections.
Before we do this let us shortly discuss how area can be defined, depending
upon the regularity of the set under consideration. When S is a piecewise C*,
(n — 1) dimensional, paracompact, orientable submanifold of M this can be done
by first defining

d" 'u=eAN---Nep 1,

where the e,’s form an oriented orthonormal basis of the cotangent space T*S;
obviously d” ' does not depend upon the choice of the e,’s. Then one sets

Area(S) = /Sdnlu. (3.6)

Suppose, next, that S is the image by a Lipschitz map ¢ of a C'* manifold N.
Let hg denote any complete Riemannian metric on N; by [61, Theorem 5.3] for
every € > 0 there exists a C' map 1), from N to M such that

S {v#vd) <e. (3.7)

Here and throughout £j ' denotes the (n — 1) dimensional Riemannian measure
associated with a metric hg. One then sets S, = ¥(N) and

Area(S) = gr% Area(S,) . (3.8)
(It is straightforward to check that Area(S) so defined is independent of the choice
of the sequence .. In particular if ¢ is C'' on N one recovers the definition (3.6)
using 1, = v for all ¢.)

It turns out that for general sections of horizons some more work is needed.
Throughout this paper o will be an auxiliary Riemannian metric such that (M, o)
is a complete Riemannian manifold. Let S be a Lipschitz (n — 1) dimensional
submanifold of M such that S C J; recall that, by Rademacher’s theorem, S is
differentiable 562_1 almost everywhere. Let us denote by $)] the s dimensional
Hausdorff measure [24] defined using the distance function of o. Recall that S

HTet (X,d) be a metric space. Then an outer measure p defined on the class of all sub-
sets of X is a metric outer measure iff (AU B) = p(A) + pu(B) whenever the distance (i.e.
inf,ecapep d(a,b)) is positive. For a metric outer measure, p, the Borel sets are all y-measurable
(cf. [36, p. 48 Prob. 8] or [39, p. 188 Exercise 1.48]). The definition of the Hausdorff outer
measures implies they are metric outer measures (c¢f. [39, p. 188 Exercise 1.49]). See also [61,
p. 7] or [19, p. 147].
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is called n rectifiable [24] iff S is the image of a bounded subset of R" under
a Lipschitz map. A set is countably n rectifiable iff it is a countable union of
n rectifiable sets. (Cf. [24, p. 251].) (Instructive examples of countably rectifiable
sets can be found in [52].) We have the following result [42] (The proof of the
first part of Proposition 3.4 is given in Remark 6.13 below):

Proposition 3.4 Let S be as in Proposition 3.1, then S is countably (n—1) rec-
tifiable. If S is compact then it is (n — 1) rectifiable. O

Consider, then, a family of sets V,, which are Lipschitz images and form a
partition of S up to a set of .62’1 Hausdorff measure zero, where h is the metric
on ¥ induced by g. One sets

Area(S) = ZArea(ti) : (3.9)

We note that Area(S) so defined again does not depend on the choices made,
and reduces to the previous definitions whenever applicable. Further, Area(S) so
defined is'? precisely the (n — 1) dimensional Hausdorff measure $7~" of S:

Area(S) = /S ds Y (p) = 50 1(S) . (3.10)

As we will see, there is still another quantity which appears naturally in the area
theorem, Theorem 6.1 below: the area counting multiplicities. Recall that the
multiplicity N(p) of a point p belonging to a horizon H is defined as the number
(possibly infinite) of generators passing through p. Similarly, given a subset S of
H, for p € H we set

N(p, S) = the number of generators of H passing through
p which meet S when followed to the (causal) future .(3.11)

Note that N(p,S) = N(p) for p € S. Whenever N(p, S;) is Hj; " measurable on
the intersection S; of H with a spacelike hypersurface ¥; we set

Areag,(S1) = [ N(p,S2)d$ " (p) , (3.12)

S1

where h; is the metric induced by ¢ on ;. Note that N(p, S) = 0 at points of
S which have the property that the generators through them do not meet Ss;

12The equality (3.10) can be established using the area formula. In the case of C'! submani-
folds of Euclidean space this is done explicitly in [61, p. 48]. This can be extended to countable
n rectifiable sets by use of more general version of the area theorem [61, p. 69] (for subsets of
Euclidean space) or [23, Theorem 3.1] (for subsets of Riemannian manifolds).
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thus the area Areag,(S;) only takes into account those generators that are seen
from Sy. If S} C J~(S2), as will be the case e.g. if Sy is obtained by intersecting
H with a Cauchy surface ¥ lying to the future of Sj, then N(p, Sy) > 1 for all
p € S; (actually in that case we will have N(p, Sy) = N(p)), so that

Areag,(S1) > Area(S)) .

Let us show, by means of an example, that the inequality can be strict in some
cases. Consider a black hole in a three dimensional space time, suppose that its
section by a spacelike hypersurface ¢ = 0 looks as shown in Figure 1.

Figure 1: A section of the event horizon in a 2 + 1 dimensional space time with
“two black holes merging”.

As we are in three dimensions area should be replaced by length. (A four
dimensional analogue of Figure 1 can be obtained by rotating the curve from
Figure 1 around a vertical axis.) When a slicing by spacelike hypersurfaces is
appropriately chosen, the behavior depicted can occur when two black holes merge
together!®. When measuring the length of the curve in Figure 1 one faces various
options: a) discard the middle piece altogether, as it has no interior; b) count it
once; ¢) count it twice  once from each side. The purely differential geometric
approach to area, as given by Equation (3.6) does not say which choice should be
made. The Hausdorff area approach, Equation (3.10), counts the middle piece
once. The prescription (3.12) counts it twice. We wish to argue that the most
reasonable prescription, from an entropic point of view, is to use the prescription
(3.12). In order to do that, let (A, g) be the three dimensional Minkowski space
time and consider a thin long straw R lying on the y axis in the hypersurface
t=20:

R={t=2=0,y € [-10,10]} . (3.13)

13The four dimensional analogue of Figure 1 obtained by rotating the curve from Figure 1
around a vertical axis can occur in a time slicing of a black—hole space—time in which a “tem-
porarily toroidal black hole” changes topology from toroidal to spherical. Ambiguities related
to the definition of area and/or area discontinuities do occur in this example. On the other
hand, the four dimensional analogue of Figure 1 obtained by rotating the curve from Figure 1
around a horizontal axis can occur in a time slicing of a black—hole space-time in which two
black holes merge together. There are neither obvious ambiguities related to the definition of
the area nor area discontinuities in this case.
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Set K = J"(R) N {t = 1}, then K is a convex compact set which consists of a
strip of width 2 lying parallel to the straw with two half disks of radius 1 added
at the ends. Let M = M \ K, equipped with the Minkowski metric, still denoted
by g. Then M has a black hole region B which is the past domain of dependence
of K in M (with K removed). The sections H, of the event horizon H defined
as HN{t = 7} are empty for 7 < 0 and 7 > 1. Next, H, consists precisely of the
straw. Finally, for ¢t € (0,1) 3, is the boundary of the union of a strip of width
2t lying parallel to the straw with two half disks of radius ¢ added at the ends of
the strip. Thus

0, t<o0,
Area(ﬂ-(t):/ dﬁ,ﬁ:{lo, t=0, (3.14)
He 20427, O0<t<1,
while
0, t<0,
N(p)dﬁ,gz{20, t=0, (3.15)
I 2042wt , O0<t<l1.

(The end points of the straw, at which the multiplicities are infinite, do not
contribute to the above integrals with ¢ = 0, having vanishing measure.) We see
that Area(H,;) jumps once when reaching zero, and a second time immediately
thereafter, while the “area counting multiplicities” (3.15) jumps only once, at the
time of formation of the black hole. From an entropy point of view the existence
of the first jump can be explained by the formation of a black hole in a very
unlikely configuration: as discussed below events like that can happen only for a
negligible set of times. However, the second jump of Area(H;) does not make any
sense, and we conclude that (3.15) behaves in a more reasonable way. We note
that the behavior seen in Figure 1 is obtained by intersecting J{ by a spacelike
surface which coincides with ¢ = 0 in a neighborhood of the center of the straw
R and smoothly goes up in time away from this neighborhood.

As already mentioned it footnote 13, this example easily generalizes to 3 +
1 dimensions: To obtain a 3 + 1 dimensional model with a similar discontinuity
in the cross sectional area function, for each fixed ¢, rotate the curve H; about
a wertical axis in x y z space. This corresponds to looking at the equi distant
sets to a disk. The resulting model is a flat space model for the Hughes et al.
temporarily toroidal black hole [43], cf. also [30, 44, 60].

We now show that the behavior exhibited in Figure 1, where there is a set of
points of positive measure with multiplicity N(p) > 2, can happen for at most a
negligible set of times.

Proposition 3.5 Let M be a spacetime with a global C* time function 7: M — R
and fort € R let Xy = {p € M : 7(p) =t} be a level set of T. Then for any past
or future horizon H C M

St {p e N(p) >2}) =0
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for almost all t € R. (Where hy is the induced Riemannian metric on X,.) For
these t values
N(p) dH" " (p) = 9, (FN2Y)
HNX¢

so that for almost all t the area of H N Y, counted with multiplicity is the same
as the n — 1 dimensional Hausdorff measure of H N Y.

PROOF: Let Hp,e be the set of points of J that are on more than one generator.
By Proposition 2.8 $7(Hsing) = 0 (where o is an auxiliary complete Riemannian
metric o on M). The Hausdorff measure version of Fubini’s theorem, known as
the “co area formula” [61, Eq. 10.3, p. 55], gives

[ o tmnzod= [ s elid= [ arldasi=o. (310)

g{sing

Here J(7|4) is the Jacobian of the function 7 restricted to J and the integral
over Hging vanishes as H7(Hging) = 0.

Equation (3.16) implies that for almost all ¢ € R we have H7 1 (HNX,) = 0.
But for any such ¢ we also have §}~' (5 N¥;) = 0. (This can be seen by noting
that the identity map between ¥; with the metric of o restricted to ¥; and (3, h¢)
and is locally Lipschitz. And locally Lipschitz maps send sets of n—1 dimensional
Hausdorff measure zero to sets with n — 1 dimensional Hausdorff measure zero.)
This completes the proof. O

We note that the equation 2 !(Hgng N X;) = 0 for almost all t’s shows that
the set (Si)reg C S = X, N H given by Proposition 3.1 has full measure in S,
for almost all #’s. It is not too difficult to show (using the Besicovitch covering
theorem) that (Si).eg is countably rectifiable which gives a proof, alternative to
Proposition 3.4, of countable rectifiablity (up to a negligible set) of S; for almost
all ¢’s. We emphasize, however, that Proposition 3.4 applies to all sections of H.

4 Non-negativity of 0y

The proof of the area theorem consists of two rather distinct steps: the first is
to show the non-negativity of the divergence of the generators of event horizons
under appropriate conditions, the other is to use this result to conclude that the
area of sections is nondecreasing towards the future. In this section we shall
establish non-negativity of 0 4.

4.1 Causally regular conformal completions

A pair (M, g) will be called a conformal completion of (M, g) if M is a manifold
with boundary such that M is the interior of M. The boundary of M will be
called Scri and denoted .#. We shall further suppose that there exists a function
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(), positive on M and differentiable on A/, which vanishes on .#, with d$2 nowhere
vanishing on .#. We emphasize that no assumptions about the causal nature of
Scri are made. We shall also require that the metric 2 2¢g extends by continuity
to .#, in such a way that the resulting metric § on M is differentiable. We set

It={pe S| I (ppM)NM + o} .

In the results presented below .# " is not required to be connected.
Recall that a space time is said to satisfy the null energy condition, or the
null convergence condition if

Ric(X, X) > 0 (4.1)

for all null vectors X. The following Proposition spells out some conditions which
guarantee non-negativity of the Alexandrov divergence of the generators of H; as
already pointed out, we do not assume that . is null:

Proposition 4.1 Let (M, g) be a smooth space time with a conformal completion
(M,g) = (MU JI*,Q%) of (M,g) and suppose that the null energy condition
holds on the past I~ (FT; M)NM of & in M. Set

H=0J (L M)NM .

Suppose that there exists a neighborhood O of 3 with the following property: for
every compact set C C O that meets I~ (F+; M) there exists a future inextendible
(in M) null geodesic n C 0J7(C; M) starting on C' and having future end point
on Zt. Then

O >0.

Further, if 8 is any C? spacelike or timelike hypersurface which meets H properly
transversally, then
057 >0 on8SNIH.

PROOF: Suppose that the result does not hold. Let, first, py be an Alexandrov
point of H with 64 < 0 at py and consider a neighborhood N of py of the form
¥ x R, constructed like the set O (not to be confused with the set O in the
statement of the present proposition) in the proof of Theorem 2.2, so that H NN
is a graph over ¥ of a function f:¥ — R/ define zy by py = (¢, f(x0)). By point
3. of Proposition 2.1 in a coordinate neighborhood U C ¥ the function f can be
written in the form

f(x) = f(xo) +df (x0) (v — 7o) + %DZf(l"o)(x — 39,2 — o) + 0|z — x0[?) . (4.2)

After a translation, a rotation and a rescaling we will have

zg=0, f(zo) =0, df(xg)=da". (4.3)
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Let B"1(§) C R*! be the (n — 1) dimensional open ball of radius § centered at
the origin, for ¢ € B"1(4), set x = (¢,0) and

fen(q) = f(fUU)+df($0)($—$o)+%D2f($o)(x—x0,x—x0)+e|x—x0|2+n . (4.4)

Define
Sens = { graph over (B" 1(6) x {0}) N U of fc,} . (4.5)

If its parameters are chosen small enough, S, s will be a smooth spacelike sub-
manifold of M of co dimension two. Let f.,s; be the mean curvature of S, ;
with respect to the null vector field K, normal to S, 5, defined as in (3.2) with g
there replaced by f., (compare (A.1)). From (4.4) when all the parameters are
smaller in absolute value than some thresholds one will have

|0c0.6(po) — Oar(po)| < Ce

for some constant C', so that if € is chosen small enough we will have
96,,775 <0 (46)

at po and n = 0; as 0, s is continuous in all its relevant arguments, Equation (4.6)
will hold throughout S, 5 if ¢ is chosen small enough, for all sufficiently small €’s
and n’s. If ¢ is small enough and n = 0 we have

Se,n:0,5 C J+(j{) ) Se,n:0,5 NH = {pU} .

Here S, s denotes the closure of S, 5. It follows that for all sufficiently small
strictly negative n’s we will have

Se,n,5 \ Se,n,5 - J+ (:H:) ) (48)

Making ¢ smaller if necessary so that S.,s C O, our condition on O implies
that there exists a null geodesic I':[0,1] — M such that ['(0) € S5, [ljo,1) C
OJ*(Seps: M), and I'(1) € .#*. The behavior of null geodesics under conformal
rescalings of the metric (cf., e.g., [37, p. 222]) guarantees that 'y 1) is a complete
geodesic in M. Suppose that I'(0) € S, 5\ Seys, then, by Equation (4.8), T
would be a causal curve from J*(H) to .#", contradicting the hypothesis that
H =0J (F7). It follows that ['(0) € S, , 5. As the null energy condition holds
along I" Equation (4.6) implies that S.,; will have a focal point, I'(¢y), to the
future of I'(0). But then (cf. [55, Theorem 51, p. 298]) the points of I to the
future of I'(ty) are in I*(S., ), and thus I' does not lie in 0J* (S, 5 M). This
is a contradiction and the non-negativity of 0 4; follows.

The argument to establish non-negativity of 9%79{ is an essentially identical
(and somewhat simpler) version of the above. Suppose, thus, that the claim
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about the sign of 9%‘9{ is wrong, then there exists a point go € S8 which is an

Alexandrov point of $NH and at which %% is negative. Consider a coordinate
patch around gy = 0 such that 8§ N H is a graph 2" = g(z',..., 2" ') of a semi
convex function g. Regardless of the spacelike/timelike character of § we can
choose the coordinates, consistently with semi convexity of g, so that J~(H)NS§
lies under the graph of g . The definition (4.4) is replaced by

Funl@) = 9la0) + do(a0) (4 — o) + 3 D900} g — 00— a0) + ela — o+, (49)

while (4.5) is replaced by
Sens = { graph over B"71(8) of f.,} . (4.10)

The other arguments used to prove that 64 > 0 go through without modifica-
tions. a

Proposition 4.1 assumes the existence of a neighborhood of the horizon with
some precise global properties, and it is natural to look for global conditions
which will ensure that such a neighborhood exists. The simplest way to guaran-
tee that is to assume that the conformal completion (M, §) is globally hyperbolic,
perhaps as a manifold with boundary. To be precise, we shall say that a manifold
(M, g), with or without boundary, is globally hyperbolic if there exists a smooth
time function ¢ on M, and if J*(p) N J(q) is compact for all p,q € M (com-
pare [30]). For example, Minkowski space time with the standard .#* attached
is a globally hyperbolic manifold with boundary. (However, if both .#* and
#~ are attached, then it is not. Note that if .#+ and .#~ and i are attached
to Minkowski space time, then it is not a manifold with boundary any more.
Likewise, the conformal completions considered in [64] are not manifolds with
boundary.) Similarly Schwarzschild space time with the standard .#* attached
to it is a globally hyperbolic manifold with boundary. Further, the standard con-
formal completions of de Sitter, or anti de Sitter space time [34] as well as those
of the Kottler space times [46] (sometimes called Schwarzschild de Sitter and
Schwarzschild —anti de Sitter space times) and their generalizations considered
in [7] are globally hyperbolic manifolds with boundary.

It is well known that in globally hyperbolic manifolds the causal hypotheses
of Proposition 4.1 are satisfied, therefore we have proved:

Proposition 4.2 Under the condition ¢) of Theorem 1.1, the conclusions of
Proposition 4.1 hold. O

The hypothesis of global hyperbolicity of (M, g) is esthetically unsatisfactory,

as it mixes conditions concerning the physical space time (M, g) together with
conditions concerning an artificial boundary one attaches to it. On the other
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hand it seems sensible to treat on a different footing the conditions concerning
(M, g) and those concerning .# . We wish to indicate here a possible way to do
this. In order to proceed further some terminology will be needed:

Definition 4.3 1. A point q in a set A C B is said to be a past point** of A
with respect to B if J=(¢; B) N A = {q}.

2. We shall say that #* is H regular if there exists a neighborhood O of 3
such that for every compact set C' C O satisfying I+7(C’; MYNIt £ & there
exists a past point with respect to T in O[T (C; M) N I+,

We note, as is easily verified'®, that 0IT(C; M) N £+ =9I (C; M) N .7+),
where the boundary on the right hand side is meant as a subset of .Z 7.

Remark 4.4 In the null and timelike cases the purpose of the condition is to
exclude pathological situations in which the closure of the domain of influence of
a compact set C'in M contains points which are arbitrarily far in the past on .+
in an uncontrollable way. A somewhat similar condition has been first introduced
in [31] for null .#’s in the context of topological censorship, and has been termed
“the 7" avoidance condition” there. We shall use the term “H regular” instead,
to avoid the misleading impression that we assume existence of an 7°.

Remark 4.5 When . is null throughout the condition of H regularity is
equivalent to the following requirement: there exists a neighborhood O of H
such that for every compact set C' C O satisfying I*(C; M) N .+ # @ there
exists at least one generator of .#* which intersects I*+(C; M) and leaves it when
followed to the past'®. This condition is satisfied by the standard conformal
completions of Minkowski space time, or of the Kerr Newman space times. In
fact, in those examples, when O is suitably chosen, for every compact set C' C O
satisfying I7(C; M) N .#* # & it holds that every generator of .#* intersects

I+(C; M) and leaves it when followed to the past.

Remark 4.6 When ¢ is timelike throughout the condition of H regularity is
equivalent to the following requirement: there exists a neighborhood O of H
such that for every compact set C' C O satisfying IT(C; M) N I+ # &, there is

14 A very similar notion has already been used in [11, p. 102].

The inclusion “C” makes use of the fact that if ¢ € # 1, then for any p € M near ¢ there
exists p' € £ NI (p; M) near q. If #7 is null (and hence possibly type changing) at q one sees
this as follows. From the definition of .# T, there exists at g a future directed outward pointing
timelike vector Xy. This can be extended in a neighborhood U of ¢ to a future directed timelike
vector field X everywhere transverse to .# . By flowing along the integral curves of X, we see
that any point p € M sufficiently close to ¢ is in the timelike past of a point p’ € .#™ close to
q.

16Those points at which the generators of .+ exit I+ (C; M) are past points of 017 (C; M) N
I,
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a point z in IT(C; M) N .#7* such that every past inextendible causal curve in
F* from x leaves I*+(C; M). (The standard conformal completions of anti de
Sitter space time [34] as well as those of the negative A Kottler space times [46]
and their generalizations considered in [7] all satisfy this condition.) Under this
condition the existence of a past point in I (C; M) N .#* can be established as
follows: Let p € OI(C; M)NJ~ (x; . # %), let v be a causal curve entirely contained
in 01 (C; M) N .#7 through p; if no such curves exist then p is a past point of
OI*(C; M)N.#* and we are done; if such curves exist, by a standard construction
that involves Zorn’s lemma we can without loss of generality assume that ~ is
past inextendible in I (C; M)N.#*. Let T be a past inextendible causal curve
in £ which contains 7. The current causal regularity condition on .#* implies
that ' has an end point ¢ on dI*(C; M) N .#*. If ¢ were not a past point of
OI*t(C; M)N.#7 one could extend v as a causal curve in I+ (C; M)N.#+, which
would contradict the maximality of 7. Hence ¢ is a past point of I (C; M)N.7+.

Remark 4.7 When .7 is spacelike throughout the condition of H regularity is
equivalent to the requirement of existence of a neighborhood O of H such that
for every compact set C' C O satisfying I*(C; M) N .+ # @, the set I+(C; M)
does not contain all of .#*. We note that the standard conformal completions
of de Sitter space time, as well as those of the positive-A generalized Kottler
space times [34], satisfy our H regularity condition.

Let us present our first set of conditions which guarantees that the causal
hypotheses of Proposition 4.1 hold:

Proposition 4.8 Let (M, g) be a spacetime with a H regular I+, and suppose
that there exists in M a partial Cauchy surface 3 such that

(i) IV(S;M)NI- (£ M) C DY(S; M), and
(ii) 7+ CIT(3;M).

Then there is a neighborhood O of H such that if C' is a compact subset of
JH(E; M) N O that meets I-(F; M), there exists a future inextendible (in M)

null geodesic n C OIT(C; M) starting at a point on C' and having future end point
on I,

Remark 4.9 The conditions (i) and (ii) in Proposition 4.8 form a version of
“asymptotic predictability”. They do not imply that global hyperbolicity extends
to the horizon or .#*. These conditions are satisfied in the set-up of [37].

PrROOF: Choose O as in the definition of H regularity; then for compact C' C O
satisfying I*(C; M) N #* # @ there is a past point g on I (C; M) N .#*. By
[64, Theorem 8.1.6, p. 194] (valid in the present context) there exists a causal
curve n C OIM(C; M) with future end point ¢ which either is past inextendible in
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M or has a past end point on C. As ¢ is a past point with respect to .# T, n must
meet M. Note that, due to the potentially unusual shape of ., in principle
n may meet #* after ¢ when followed backwards in time even infinitely often
in a finite interval. The following argument avoids this difficulty altogether: we
consider any connected component 1y of n N M; 1, is a null geodesic with future
end point on .# . Now, conditions (i) and (ii) imply that 7, enters the interior
of D*(X; M). If g is past inextendible in M, then, following 7, into the past, 7
must meet and enter the timelike past of ¥. This leads to an achronality violation
of 3: Choose p € noNI~(X; M). Then, since IT(0I*(C; M); M) C I*T(C; M), by
moving slightly to the future of p, we can find a point p’ € I'(C; M)NI~(Z; M) C
IT(X; M)N I~ (X; M). We conclude that 7y has a past end point on C. O

The conditions of the proposition that follows present an alternative to those
of Proposition 4.8; they form a version of “strong asymptotic predictability”:

Proposition 4.10 Let (M, g) be a spacetime with a 3 regqular 7, and suppose
that M contains a causally simple domain V' such that

I-(F+M)NMCV .

Then there is a neighborhood O of H such that if C' is a compact subset of VN O
that meets I-(F; M), there exists a future inextendible (in M) null geodesic
n C OIT(C; V) starting at a point on C and having future end point on I7.

Remark 4.11 Recall, an open set V in M is causally simple provided for all
compact subsets K C V, the sets JE(K;V) are closed in V. Causal simplicity is
implied by global hyperbolicity; note, however, that the latter is not a sensible
assumption in the timelike .#* case: For example, anti de Sitter space is not
globally hyperbolic; nevertheless it is causally simple.

Remark 4.12 Proposition 4.10 assumes that causal simplicity extends to the
horizon, but not necessarily to .+ it is not assumed that the closure V of
V in M is causally simple. Its hypotheses are satisfied in the set-up of [64] and
in the (full) set-up of [37]. (In both those references global hyperbolicity of V' is
assumed.) We note that replacing M by V' we might as well assume that M is
causally simple.

Remark 4.13 If C is a smooth spacelike hypersurface-with-boundary, with
0C = S, then (i) n meets C' at a point on S, (ii) n meets S orthogonally, and
(iii) n is outward pointing relative to C'.

Proor: Choose O C V as in the definition of H regularity, and let ¢ be
a past point of AT (C; M) N #* with respect to #*. Then ¢ € I (C;V),
where V = V U .#T. Arguing as in Proposition 4.8 we obtain a causal curve
n C OIt(C;V) with future end point ¢ € .7, which is past inextendible in
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OI*(C;V). As before, n meets M, and we let 19 be a component of 7N M. Then
1o is a null geodesic in V' with future end point on .#* which is past inextendible
in OIT(C;V). Since V is causally simple, 0I(C;V) = J*(C; V) \ I (C;V),
which implies that 7y has past end point on C'. O

If M itself is globally hyperbolic, taking V' = M in Proposition 4.10 one
obtains:

Corollary 4.14 Under the hypotheses of point a) of Theorem 1.1, the conclu-
stons of Proposition 4.1 hold.

4.2 Complete generators

Let us turn our attention to horizons H the generators of which are future com-
plete. We emphasize that J is not necessarily an event horizon, and the space
time does not have to satisfy any causality conditions. We start with some
terminology: consider a C? spacelike manifold S C M of co dimension two, let
po € S. We can choose coordinates in a globally hyperbolic neighborhood O of
po such that the paths s — (z',..., 2", 2" = 5) are timelike and such that

SNO={z"=2""=0}. (4.11)
Suppose further that
po €SNI, Ty, S C Ty H (4.12)

and that py is an Alexandrov point of H{. Passing to a subset of O if necessary
we may assume that O N JH is a graph of a function f, with py = (o, f(zo)). We
shall say that S is second order tangent to H if the above conditions hold and if
in the coordinate system of Equation (4.11) we have

VXY €TSS Df(X,Y)=0. (4.13)

Here D?f is the Alexandrov second derivative of f at zp, as in Equation (2.2). The
notion of S C 8 being second order tangent to a section & N H at an Alexandrov
point of this section is defined in an analogous way, with coordinates adapted so
that, locally, 8§ = {z" = 0} or 8§ = {z"! = 0}.

We note the following result:

Lemma 4.15 Let S be a C? spacelike manifold of co dimension two which is
tangent to a horizon 3 at py € H N S. Suppose that

1. po is an Alexandrov point of H, and S 1s second order tangent to H there,
or

2. po is an Alezandrov point of § N H, with § = {z™ = 0} in the coordinate
system of (4.11), and S is second order tangent to § N H there, or
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3. po is an Alezandrov point of 8 N H, with § = {z™*' =0} in the coordinate
system of (4.11), and S is second order tangent to § N H there.

Let T be a null geodesic containing a generator ~y of H through py, with T'(0) = po.
If T(1) is a focal point of S, then there exists a € [0,1] such that T'(a) is an
endpoint of v on H.

Remark 4.16 We stress that we haven’t assumed anything about the time ori-
entation of I

Proor: IfT'(0) is an end point of I there is nothing to prove, so we can suppose
that pg is an interior point of the generator . Suppose that I'(1) is a focal point
of S, it is well known!” that for any b > 1 there exists a one parameter family of
timelike paths I',: [0,b0] — M, |v| < vy, such that

r,0)es,  Tub)=T0),

Vu € [0,0]  dy(Ty(u),I'(u)) < Clo|, (4.14)
() < e

with some constant C'. Here d, denotes the distance on M measured with respect
to some auxiliary complete Riemannian metric o.

Let X be any smooth vector field which vanishes at I'(b) and which equals
0/0z" ! in a neighborhood of py, where z"*! is the (n + 1)st coordinate in the
coordinate system of Equation (4.11). Let ¢4 denote the (perhaps locally defined)
flow of X, for |s| <1 we have the straightforward estimate

‘g(a(@(gg(%ﬂ))), 3(@(;;(”)))) _g(aFaszU)’ 3F51(L“))‘ <Cils|,  (4.16)

for some constant Cy, whenever ¢,(I',)(u) is defined. Set

_ @l
M) = s (@, 0))

where f is again the graphing function of HN O, and B"~'(0,d) is as in the proof
of Proposition 4.1; d, (g, 0) should be understood in the obvious way. Under the
hypotheses 1. and 2., by Equations (2.2) and (4.13) we have

1n(0) =550 0 . (4.17)

"The only complete proof of this fact known to us is to be found in [28, Section 2]. For the
case at hand one should use the variation defined there with ¢, = 0. We note the following
misprints in [28, Section 2]: In Equation (2.7) n; should be replaced by Ng and n; should be
replaced by N¢; in Equation (2.10) Np should be replaced by n and N, should be replaced by

ure
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On the other hand, suppose that 3. holds, let g be the graphing function of SN
in the coordinate system of (4.11), the hypothesis that S is second order tangent
to 8 N H gives

g(z) = o) ,
where x is a shorthand for (z',..., 2" "). Now (z, g(z)) € H so that f(z,g(z)) =
0, hence

|f(2,0)] = f(2,0) = f(z,9(x))| < Llg(x)| = o(|z]*) ,
where L is the Lipschitz continuity constant of f on B"(0,d). Thus Equa-
tion (4.17) holds in all cases.
Equation (4.14) shows that for |v| < §/Cs, for some constant Cy, we will have
[',(0) € B*1(0,0) x {0} x {0} € SN O, so that T',(0) can be written as
[o(0) = (2(v), 2" =0),  z(v) = (g(v),2" =0),  q(v) € B"(0,9).
Consider the point p(v) = (x(v), f(x(v))); by definition of X we have

P(v) = P papy) (Tu(0)) € H .

From Equations (4.14), (4.15) and (4.16), together with the definition of n we
obtain

Dy (To(1)) (Dpaw)y (Lo(u)))
ou ’ ou

This and Equation (4.17) show that for  small enough ¢(I",) will be a timelike
path from p(v) € H to I',(b). Achronality of H implies that I',(b) ¢ H, thus T’
leaves H somewhere on [0,b). As b is arbitrarily close to 1, the result follows. O

Vu € [0, b] g( ) < —Cv* + C1C%n(6)v? .

As a Corollary of Lemma 4.15 one immediately obtains:

Proposition 4.17 Under the hypothesis b) of Theorem 1.1, we have
04 > 0.

Further, if 8 is any spacelike or timelike C? hypersurface that meets H properly
transversally, then
05,7 >0 .

PROOF: Suppose that 04(py) < 0, for § small enough let S = S(0) be the
manifold Sy o5 defined in Equation (4.5). Consider the future directed maximally
extended null geodesic I' normal to S which coincides, for some values of its
parameters, with a generator v of J{ through py,. Now, 7 is complete to the
future by hypothesis, thus so must be the case with I'. By well known results'”
[55, Theorem 43, p. 292], S has a focal point along I' at finite affine distance,
say 1. By Lemma 4.15 the generator v has a future end point, which contradicts
the definition of a future horizon. Finally, if S is a spacelike hypersurface, or a
timelike hypersurface properly transverse to H, then the same argument with
So.0.6 given by Equation (4.10) establishes 65,7 > 0. O
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5 Propagation of Alexandrov points along gen-
erators, optical equation

The aim of this section is to show that, roughly speaking, Alexandrov points
“propagate to the past” along the generators. Recall, now, that the Weingarten
map b of a smooth null hypersurface S satisfies a Ricatti equation

V+b+R=0. (5.1)

Here ' and R are defined in Appendix A, see Equation (A.3) and the paragraph
that follows there. Equation (5.1) leads to the well known Raychaudhuri equation
in general relativity: by taking the trace of (5.1) we obtain the following formula
for the derivative of the null mean curvature 6 = 6(s) along 7,
I : roo 2 1 2

¢’ = —Ric(n',n') — o n—29’ (5.2)
where o, the shear scalar'®, is the trace of the square of the trace free part of b.
Equation (5.2) is the well-known Raychaudhuri equation (for an irrotational null
geodesic congruence) of relativity. This equation shows how the Ricci curvature
of spacetime influences the null mean curvature of a null hypersurface. We will
refer to Equation (5.1) as the optical equation.

Let o be any auxiliary complete smooth Riemannian metric on M and define
UM C TM to be the bundle of o unit vectors tangent to M. Following [15] for
p € H we define N, C U,M as the collection of o unit, future directed vectors
tangent to generators of H through p. Those vectors are necessarily lightlike and
will be called sem: tangents to H. We set

N - Upej{Np .
The main result of this section is the following:

Theorem 5.1 Let I’y denote the set of interior points of a generator I' of H
(i.e., T without its end point, if any). If py € Tiny is an Alexandrov point of a
section SNH, where § is an embedded spacelike or timelike C? hypersurface that
intersects H properly transversally, then

Fins N J 7 (po) \ {po} C Ha - (5.3)

Further the Alezandrov derivative D?f of any graphing function of H wvaries
smoothly over Ting N J ™ (po), and the null Weingarten map by constructed out
of D*f in a way analogous to that presented in Appendiz A satisfies the optical
equation (5.1) and the Raychaudhuri equation (5.2) there.

18This is one of the very few occurrences of the shear scalar (traditionally denoted by o in
the physics literature) in our paper, we hope that this conflict of notation with the auxiliary
Riemannian metric also denoted by ¢ will not confuse the reader.
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Remark 5.2 It would be of interest to find out whether or not the inclusion (5.3)
can be strengthened to 'y, C H 4. It follows from Theorem 5.6 below that this
last inclusion will hold for $”! almost all generators passing through any given
section 8 N H of H, when the generators are counted by counting the points at
which they meet § N K.

Remark 5.3 There exist horizons containing generators on which no points are
Alexandrov. As an example, let H be the boundary of the future of a square lying
in the £ = 0 hypersurface of three dimensional Minkowski space time. Then H
is a union of portions of null planes orthogonal to the straight segments lying
on the boundary of the square together with portions of light cones emanating
from the corners of the square. Consider those generators of H at which the null
planes meet the light cones: it is easily seen that no point on those generators is
an Alexandrov point of H.

As constructing support functions (or support hypersurfaces) to the horizon
H is generally easier than doing analysis directly on JH we start by giving a
criteria in terms of upper and lower support functions for a function to have a
second order expansion (2.2).

Lemma 5.4 Let U C R" be an open neighborhood of x¢ and f: U — R a function.
Assume for € = 1,2, ... that there are open neighborhoods U,t and U, of xo and
C? functions fli: Uf — R so that f; < f onU; and f < f} on U}, with
f(xo) = £ (20). Also assume that there is a symmetric bilinear form Q so that

lim D*f,M (zp) = lim D*f, (z¢) = Q .
{—00 l—00
Then [ has a second order expansion at xy:

f(x) = f(wo) + df (xo)(z — o) + %Q(x — 29, — mg) + 0|z — xo[*)

where df (vo) = df; (vo) (this is independent of { and the choice of + or —).
Thus the Alexandrov second derivative of f exists at x = ¢ and is given by

D?f(x) = Q.

Remark 5.5 The extra generality will not be needed here, but we remark that
the proof shows that the hypothesis the functions f," are C? can be weakened to
only requiring that they all have a second order expansion at xy with no regularity
being needed away from x = xy.

Proor: Without loss of generality we may assume that o = 0. By replacing
U and U; by U, := U;f N U, we assume for each ¢ that f," and f, have the
same domain. For any k, ¢ we have f," — f,” > 0 has a local minimum at zo =0
and thus a critical point there. Whence df,"(0) = df, (0) for all k£ and [. This
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shows the linear functional df (0) = df, (0) is well defined. We now replace f by
x> f(z) —df(0)z — 2Q(z,2) and f;° by z — f;7(z) — df (0)z — 3Q(z,z). Then
df (0) = df;£(0) = 0, limy_,o D?f;(0) = 0 and to finish the proof it is enough to
show that f(z) = o(]z|?). That is we need to find for every ¢ > 0 a §. > 0 so that
|z| < &. implies |f(z)] < e|z|*>. To do this choose any 7 > 0 so that B(0,r,) C U.
Then choose an ¢ large enough that

—clal* < D*f, (0)(w,2),  D*f(0)(w,2) < elaf”,

for all z € B(0,ry). Now choose r; < rg so that B(0,7,) C Uy. For this ¢ we can
use the Taylor expansions of f,” and f,” at 0 to find a §. > 0 with 0 < §. < ry so
that

1 @) = 5DIFO )| < gelal

for all z with || < &;. Then f < f, implies that if |z| < 0. then

1 1
f@) < 3D O)@,2) + (£ (@) = 3D O0) (@,2)) < Sfaf? + SJof? = elaf?

with a similar calculation, using f,” < f, yielding —|z|* < f(z). This completes
the proof. O

ProOF oF THEOREM 5.1: This proof uses, essentially, the same geometric
facts about horizons that are used in the proof of Proposition A.1. Let pg € I'ing
be an Alexandrov point of a section 8§ N H, where S is a spacelike or timelike
C? hypersurface that intersects H properly transversally, and with p, € T'y.
By restricting to a suitable neighborhood of p, we can assume without loss of
generality that M is globally hyperbolic, that I' maximizes the distance between
any two of its points, and that H is the boundary of J*(H) and J~ (H) (that is
H divides M into two open sets, its future I*(H) and its past I~ (H)).

We will simplify notation a bit and assume that 8 is spacelike, only triv-
ial changes are required in the case 8 is timelike. We can find C? coordinates

x', ..., 2" on 8 centered at py so that in these coordinates § N H is given by a

graph " = h(z!,..., 2" 1). By restricting the size of § we can assume that these
coordinates are defined on all of § and that their image is B"*(r) x (=4, 4) for
some r,§ > 0 and that h: B '(r) — (=6,d). As py is an Alexandrov point of

SN H and h(0) = 0 the function h has a second order expansion

h(Z) = dh(0)Z + %DZh(O)(f, #) + o(|Z)?) ,

where & = (2',...,2"")

that

. By possibly changing the sign of 2" we may assume

{(@y) esly=h(@}c ™00, {@yeSly<h(@}c ] (3H).
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For ¢ > 0 define

1
h (&) = dh(0)7 + S D*h(0)(#, ) % %m? .

Then h¥ is a C? function on B"~!(r), and for ¢ = 0 the function hy = h{ = hy
is just the second order expansion of h at © = 0. For each £ > 0 the second order
Taylor expansion for h at 0 implies that there is an open neighborhood V; of 0 in
B™(r) so that

h: <h<hl on V..

Set
N:={(@ho(@) | Ze€ B '(r)}, NZ:={(@nr(2)|TeV}.

Let n be the future pointing timelike unit normal to 8§ and let 7: (a,b) — Ty
be the affine parameterization of I'yy, with 7(0) = py and (n'(0),n(py)) = —1
(which implies that 7 is future directed). Let k be the unique C' future directed
null vector field along N so that k(py) = 7'(0) and (k,n) = —1. Likewise let
k¥ be the C! future directed null vector field along NF with k(py) = 1'(0) and
(k¥ n) = —1.

Let p be any point of I'iye NJ ™ (po) \ {po}. Then p = n(ty) for some ty € (a,b).
To simplify notation assume that ty < 0. By Lemma 4.15 N has no focal points
in [';,; and in particular no focal points on 77|(a,0]. Therefore if we fix a t; with

t; < to < b then there will be an open neighborhood W of 0 in B" !(r) so that
H = {exp(tk(T, ho(Z))) | # € W, t € (t1,0)}

is an embedded null hypersurface of M. By Proposition A.3 the hypersurface
is of smoothness class C2?. The focal points depend continuously on the second
fundamental form so there is an ¢35 > 0 so that if ¢ < £y then none of the
submanifolds N* have focal points along 77|[t170}. Therefore if 0 < € < g there is
an open neighborhood W, and such that

HE = {exp(tk(Z, h(Z))) | # € WL, t € (t1,0)}

is a C? embedded hypersurface of M.

We now choose smooth local coordinates 3, ..., y"*! for M centered at p =
n(to) so that 9/dy™*! is a future pointing timelike vector field and the level sets
y"*1 = Const. are spacelike. Then there will be an open neighborhood U of 0 in
R" so that near p the horizon ¥ is given by a graph y"*!' = f(y',...,y"). Near
p the future and past of H are given by J©(H) = {y"** > f(y',...,y")} and
J(H) = {y"" < f(y',...,y")}. There will also be open neighborhoods U, and
UZ of 0 in R and functions fy and f* defined on these sets so that near p

H o= {@W, ...,y fol' . y") | (..., y") € Un},
HE = {(' .y Gy | (W y™) € UTY .
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The hypersurfaces H and H* are C? which implies the functions fo and f* are
all C?. B

Since N. C J (H), a simple achronality argument shows that H_ C J~ (H).
(This uses the properties of H described in the first paragraph of the proof.) By
choosing N small enough, we can assume that 5:(;’ is achronal. We now show
that, relative to some neighborhood of p, H C J=(H). Let O. be a neighborhood
of p, disjoint from 8, such that fi(j N O, separates O, into the disjoint open sets
IH(HF N O;0.) and I-(HF N O,; 0.). Now, by taking O. small enough, we
claim that H does not meet IT(HF N O.;0,). If that is not the case, there is
a sequence {p,;} such that p, € HN I*(ii(j N O.;O.) and p; — p. For each ¢,
let [y be a future inextendible null generator of J{ starting at p,. Since p is an
interior point of I, the portions of the I';)’s to the future of p, must approach the
portion of I" to the future of p. Hence for ¢ sufficiently large, I'y will meet & at
a point ¢ € 8§ N H, say, such that ¢4 — py. For such ¢, the segment of I'y from
p¢ to q¢ approaches the segment of I' from p to py uniformly as £/ — oo. Since
H7 separates a small neighborhood of the segment of I' from p to py, it follows
that for ¢ large enough, the segment of I', from p, to g, will meet i]f(j But this
implies for such ¢ that p, € I~ (N), which contradicts the achronality of i]f(j
We conclude, by choosing O, small enough, that H N I+(§Cj NO.;0.) =g, and
hence that HN O, C J’(ii(j NOg; O.). Shrinking U if necessary, this inclusion,
and the inclusion 5:(; C J (H) imply that on U. we have f. < f and that on
Ut we have f < fF. Therefore if we can show that lim.\, D*f£(0) = D?f,(0)
then Lemma 5.4 implies that 0 is an Alexandrov point of f with Alexandrov
second derivative given by D?f(0) = D?f4(0).

To see that lim. o D?f(0) = D?fy(0) let by and bF be the Weingarten maps
of K and iifgi along n. By Proposition A.1 they all satisfy the same Ricatti
equation (A.2). The initial condition for by is calculated algebraically from the
second fundamental form of N at py (c¢f. Section 3) and likewise the initial
condition for bF is calculated algebraically from the second fundamental form of
NZ at py. From the definitions we clearly have

Second Fundamental Form of N* at py —  Second Fundamental Form of N at po]

as € Ny 0. Therefore continuous dependence of solutions to ODE’s on initial
conditions implies that lime\ b = by at all points of 7|y, ;. As D?f(0) and
D?f,(0) are algebraic functions of b= and by at the point p = n(tp) this implies
that lim. o D*f£(0) = D?f,(0) and completes the proof that p is an Alexandrov
point of K.

Finally it follows from the argument that at all points of [';,; the null Wein-
garten map b for 3 is the same as the Weingarten for the C? null hypersurface
H. So b will satisfy (A.2) by Proposition A.1. O

We end this section with one more regularity result, Theorem 5.6 below. Its
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proof requires some techniques which are introduced in Section 6 only more
precisely, an appropriate generalization of Lemma 6.11 is needed; this, in turn,
relies on an appropriate generalization of Lemma 6.9. For this reason we defer
the proof of Theorem 5.6 to an appendix, Appendix D.

Theorem 5.6 Let § be any C? hypersurface intersecting H properly transver-
sally, and define

So = {q€8NH: qis an interior point of a generator of H} , (5.4)
S1 = {q€Sy: allinterior points of the generator
through q are Alexandrov points of H} | (5.5)

Sy = {q€Sy: qisan Alezandrov point of H} |
Then S7 and Sy have full n — 1 dimensional Hausdorff measure in Sy.

Remark 5.7 Sy does not have to have full measure in 8 N H, it can even be
empty. This last case occurs indeed when 8§ = {t = 0} in the example described
around Equation (3.13) in Section 3. Note, however, that if § is a level set of a
properly transverse foliation $(¢), then (as already mentioned) for almost all ¢’s
the sets S(t)o (as defined in (5.4) with 8 replaced by 8(t)) will have full measure
in §(¢). We shall call a generator an Alexandrov generator if all its interior points
are Alexandrov points. It follows that for generic sections (in the measure sense
above) for almost all points through those sections the corresponding generators
will be Alexandrov. The discussion here thus gives a precise meaning to the
statement that almost all generators of a horizon are Alexandrov generators.

6 Area monotonicity

In this section we shall show the monotonicity of the area, assuming that the
Alexandrov divergence 6 4, of the generators of H, or that of a section of J, is
non negative. The result is local in the sense that it only depends on the part of
the event horizon H that is between the two sections S; and Sy whose area we
are trying to compare. We consider a spacetime (M, g) of dimension n + 1. We
have the following:

Theorem 6.1 Suppose that (M, g) is an (n + 1) dimensional spacetime with a
future horizon H. Let ¥,, a = 1,2 be two embedded achronal spacelike hypersur-
faces of C? differentiability class, set S, = ¥, N H. Assume that

51 C Ji(SQ) y 51 N 52 =y y (61)

and that either
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1. the divergence 0 4 of H defined ($ almost everywhere) by Equation (2.10)
is non negative on JT(S1) N J(Ss), or

2. the divergence 05 of Sy defined (97" almost everywhere) by Equation (3.4)
is non negative, with the null energy condition (4.1) holding on J*(S;) N
J~(S2).

Then

1.
Areag, (S1) < Area(Ss) , (6.2)

with Areag,(S1) defined in Equations (3.11) (3.12) and Area(Sy) defined
in Equation (3.10). This implies the inequality

Area(S;) < Area(Ss) .

2. If equality holds in (6.2), then (JT(S1) \ S1) N (J(S2) \ S2) (which is the
part of H between S; and Ss) is a smooth totally geodesic (analytic if the
metric is analytic) null hypersurface in M. Further, if vy is a null generator
of 3 with v(0) € Sy and y(1) € Sy, then the curvature tensor of (M, g)
satisfies R(X,~/'(t))y'(t) = 0 for all t € [0,1] and X € T, ;K.

Remark 6.2 Note that if S;NS; # @ then the inequality Areag, (S;) < Area(Ss)
need not hold. (The inequality Area(S;) < Area(Ss) will still hold.) For example,
if Areag, (S1) > Area(S;), then letting Sy = S; gives a counterexample. If S; N
Sy # @ then the correct inequality is Areag, (S \ S2) < Area(Sy \ S1).

PROOF: Let us start with an outline of the proof, without the technical details

these will be supplied later in the form of a series of lemmas. Let N3¢(S;) be
the collection of generators of H that meet S;. Let A C Sy be the set of points
that are of the form Sy N~ with v € N3¢(Sy); replacing ¥, by an appropriate
submanifold thereof if necessary, A will be a closed subset of Sy (Proposition 6.3).
The condition (6.1) together with achronality of H imply that every ¢ € A is on
exactly one of the generators v € Ng¢(S7), we thus have a well defined function
¢: A — Sy given by

#(q) = S1 N~y  where v € Ng(S1) and ¢ = Sy N . (6.3)

Let us for simplicity assume that the affine distance from S; to S5 on the gen-
erators passing through S; is bounded from below, and that the affine existence
time of those generators to the future of Sy is also bounded from below (in what
follows we will see how to reduce the general case to this one). In this case A
can be embedded in a C"!' hypersurface N in ¥y (Lemma 6.9) and ¢ can be ex-
tended to a locally Lipschitz function ;5, from N to ¥; (Lemma 6.11). A is ﬁz;l
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measurable (closed subsets of manifolds are Hausdorff measurable!'!), so we can
apply the generalization of the change of variables theorem known as the area
formula [23, Theorem 3.1] (with m and k there equal to n — 1) to the extension

~

¢ of ¢ to get
S:#¢lm]dﬁzl%p>=:/£J<¢xq>dﬁz2%q>, (6.4)

where J(¢) is the restriction of the Jacobian'® of a to A, and h,, a = 1,2, denotes
the metric induced on X, by g. We observe that

#07'[p] = N(p, S2)

for all ¢ € S;. Indeed, if v is a null generator of H and p € yN .S, then the point
q € Sy with ¢ € 7 satisfies ¢(¢) = p. Thus there is a bijective correspondence
between ¢~ ![p] and the null generators of H passing through p. (This does use
that S; NSy = @.) This implies that

. #¢ ' [pl d9y " (p) = . N(p, S2) d$y. ' (p)

which can be combined with the area formula (6.4) to give that

Aveas,(50) = [ J0)0) a9} @) (6
We note that [24, Theorem 3.2.3, p. 243] also guarantees® that A 3 p — N(p, Ss)
is measurable, so that Areag,(S7) is well defined. Now a calculation, that is
straightforward when H is smooth (Proposition A.5, Appendix A), shows that
having the null mean curvatures 64 or 9% nonnegative together with the null
energy condition implies that J(¢) < 1 almost everywhere with respect to 57)22_1
on A this is established in Proposition 6.16. Using this in (6.5) completes the
proof.
Our first technical step is the following:

Proposition 6.3 Let the setting be as in Theorem 6.1. Then there exists an open
submanifold XYy of X9 such that A is a closed subset of S, = ¥4, N H. Replacing
Yo with ¥, we can thus assume that A is closed in Ss.

197¢ should be pointed out that the Jacobian J() is mot the usual Jacobian which occurs
in the change—of—variables theorem for Lebesgue measure on R™, but contains the appropriate
/det g;; factors occurring in the definition of the measure associated with a Riemannian metric,
see [23, Def. 2.10, p. 423]. A clear exposition of the Jacobians that occur in the area and co—area
formulas can be found in [22, Section 3.2] in the flat R™ case. See also [41, Appendix p. 66]
for the smooth Riemannian case.

20The result in [24, Theorem 3.2.3, p. 243] is formulated for subsets of R?, but the result
generalizes immediately to manifolds by considering local charts, together with a partition of
unity argument.
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PrROOF: Let W5 be the subset of Sy consisting of all points p € Sy for which
there exists a semi tangent X at p of H such that the null geodesic n starting at
p in the direction X does not meet ¥; when extended to the past (whether or not
it remains in H). Let {p;} be a sequence of points in Wy such that p, — p € Ss.
We show that p € W5, and hence that W5 is a closed subset of S,. For each k, let
X be a semi tangent at p such that the null geodesic n, starting at pg in the
direction X does not meet ¥; when extended to the past. Since the collection
of o-normalized null vectors is locally compact, by passing to a subsequence if
necessary, we may assume that X; — X, where X is a future pointing null
vector at p. Let n be the null geodesic starting at p in the direction X. Since
(P, Xx) = (p, X), e — n in the strong sense of geodesics. Since, further, the n;’s
remain in H to the future and I is closed, it follows that 7 is a null generator of
H and X is a semi-tangent of I at p. Since i, — 7, if n meets 3; when extended
to the past then so will n; for £ large enough. Hence, 1 does not meet ¥, so
p € W, and W is a closed subset of Sy. Then S} := Sy \ W5 is an open subset of
Sy. Thus, there exists an open set XY, in ¥y such that S, = SoNXf, = LLNFH. Note
that p € S} iff for each semi-tangent X of H at p, the null geodesic starting at p
in the direction X meets ¥; when extended to the past. In particular, A C S5.
To finish, we show that A is a closed subset of S}. Let {p} be a sequence in A
such that p, — p € Si. Let 1, be the unique null generator of 3 through pj. Let
X} be the o-normalized tangent to n, at px. Let g, be the point where 7, meets
Sy. Again, by passing to a subsequence if necessary, we may assume X — X,
where X is a semi tangent of J{ at p. Let n be the null geodesic at p in the
direction X. We know that when extended to the past, n meets ¥, at a point ¢,
say. Since 1, — n we must in fact have ¢, — ¢ and hence ¢ € S;. It follows that
n starting from ¢ is a null generator of H. Hence p € A, and A is closed in S),. O

We note that in the proof above we have also shown the following:

Lemma 6.4 The collection N = UpcgN,, of semi tangents is a closed subset of
TM. O

Recall that we have fixed a complete Riemannian metric o on M. For each § > 0
let

As: = {pe€ A o-dist(p,S1) > 0, and the generator v through
p can be extended at least a o distance d to the future} . (6.6)

We note that if the o distance from S; to S; on the generators passing through
Sp is bounded from below, and if the length of the portions of those generators
which lie to the future of S, is also bounded from below (which is trivially fulfilled
when the generators are assumed to be future complete), then As will coincide
with A for ¢ small enough.
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Lemma 6.5 Without loss of generality we may assume
§1 N 52 =y (67)

and

ProOOF: We shall show how to reduce the general situation in which S;NS; = @
to one in which Equation (6.7) holds. Assume, first, that 3; is connected, and
introduce a complete Riemannian metric on ;. With respect to this metric ¥,

is a complete metric space such that the closed distance balls B(p,r) (closure in
Y1) are compact in Y, and hence also in M. Choose a p in 3; and let

El,i - B(p7 2)

(B(p,i) open balls). Then X, = U;¥;; = U;X;;) (closure either in ; or in
M) is an increasing union of compact sets. The ¥;,’s are spacelike achronal
hypersurfaces which have the desired property

glyiﬂSQCElmEQZQ

(closure in M), Sy; = X3, N H. Suppose that we have shown that point 1 of
Theorem 6.1 is true for S} ;, thus

Areag, (S1,;) < Area(Ss) .
As Si; C Sii41, S1 = USy,;, the monotone convergence theorem gives
lim Areag,(S1;) = Areag,(S1) ,
1— 00
whence the result.

If ¥4 is not connected, one can carry the above procedure out on each com-
ponent (at most countably many), obtaining a sequence of sets ¥;; for each
component of ;. The resulting collection of sets is countable, and an obvious
modification of the above argument establishes that (6.7) holds.

But if Equation (6.7) holds, that is if S; NSy, = @, we have o-dist(p, S1) =

o-dist(p,S;) > 0 for all p € Sy. Therefore (6.8) holds. This completes the
proof. O

In order to continue we need the following variation of the Whitney extension
theorem. As the proof involves very different ideas than the rest of this section
we postpone the proof to Appendix E.

Proposition 6.6 Let A CR" and f: A — R. Assume there is a constant C' > 0
and for each p € A there is a vector a, € R* so that the inequalities

F0)+ (&~ pay) ~ Sl =l < £(@) < 70) + (0 = poay) + 5 e — ol (69)
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hold for all x € A. Also assume that for all p,q € A and all x € R" the inequality

C C
f0) + (& =pap) = Slle=pI” < fl@) + (= gya0) + S lle =g (6.10)
holds. Then there is a function F:R"* — R of class CY! so that f is the restriction
of F' to A.

Remark 6.7 Following [9, Prop. 1.1 p. 7] the hypothesis (6.9) of Proposition 6.6
will be stated by saying f has global upper and lower support paraboloids of
opening C'in K. The condition (6.10) can be expressed by saying the upper and
lower support paraboloids of f are disjoint.

Remark 6.8 Unlike most extension theorems of Whitney type this result does
not require that the set being extend from be closed (here A need not even be
measurable) and there is no continuity assumption on f or on the map that sends
p to the vector a, (cf. [62, Chap. VI Sec. 2], [40, Vol. 1, Thm 2.3.6, p. 48] where
to get a C! extension the mapping p — a, is required to be Lipschitz.) The
usual continuity assumptions are replaced by the “disjointness” condition (6.10)
which is more natural in the geometric problems considered here.

Proposition 6.6 is a key element for the proof of the result that follows [42]:

Lemma 6.9 For any 6 > 0 there is a C'ﬁ)’cl hypersurface Ns of Yo (thus Ns has

co dimension two in M) with
As C Ns .

Remark 6.10 We note that Ns does not have to be connected.

ProoOF: The strategy of the proof is as follows: We start by showing that all
points ¢ in A possess space time neighborhoods in which all the generators of
H passing through A; are contained in a C'%' hypersurface in M. This hyper-
surface is not necessarily null, but is transverse to ¥y on As. Ns will be obtained
by a globalization argument that uses the intersections of those locally defined
hypersurfaces with Y.

By the local character of the arguments that follow, one can assume without
loss of generality that M is globally hyperbolic; otherwise, where relevant, one
could restrict to a globally hyperbolic neighborhood and define the pasts, futures,
etc, with respect to this neighborhood.

For ¢ € A; define ¢* € J*(q) N 3 as those points on the generator v, of H
through ¢ which lie a o distance § away from ¢. Achronality of H implies that
7, has no conjugate points, hence the hypersurfaces 9.JF(¢*) are smooth in a
neighborhood of ¢, tangent to J there.

Let gy in A5 and choose a basis B = {F,..., E,, E, 1} of TqarM such that
9(E;, Ej) = 6;j and g(E;, Eyyq) =0for i, j =1,...,n, while g(E,11, Eptr) = —1.
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We shall denote by (yi,...,4yns1) the normal coordinates associated with this
basis.

We note that Ay C A; for 6 < ¢’ so that it is sufficient to establish our claims
for 6 small. Choosing ¢ small enough the cone

{Yns1=—\/vi+-+2 |y eRi=1,....,n}

coincides with 0J (gy) in a neighborhood of gy. Reducing § again if necessary
we can suppose that g, belongs to a normal coordinate neighborhood of ¢f. Let
2., be the (n + 1) coordinate of gy and let yy., be the (n + 1)** coordinate
of g, . Denote by C'~ the smooth hypersurface with compact closure obtained
by intersecting the previous cone by the space time slab lying between the hy-
persurfaces yn,41 = 345, and yop1 = 2(y0, + yns1)- Let us use the symbol w
to denote any smooth local parameterization w — n(w) € Ty+ M of this hy-
persurface. We then obtain a smooth parameterization by w of dJ (¢j) in a
neighborhood of ¢y by using the map w — equg(n(w)). Reducing § again if
necessary, without loss of generality we may assume that there are no conjugate
points on exp+(n(w)) C C.

Using parallel transport of B along radial geodesics from ¢y, we can then use
w to obtain a smooth parameterization of .~ (m) in a neighborhood of ¢, for
all m in a neighborhood of ¢ . For all m in this neighborhood let us denote by
n,,(w) the corresponding vector in T,,, M. The map (m,w) — exp,,(n,,(w)) is
smooth for m close to ¢ and for w € C~. This implies the continuity of the map
which to a couple (m,w) assigns the second fundamental form IT(m,w), defined
with respect to an auxiliary Riemannian metric o, of 0.J (m) at exp,,(n,,(w)).
If we choose the m’s in a sufficiently small compact coordinate neighborhood of
qq4, compactness of C~ implies that the o norm of IT can be bounded in this
neighborhood by a constant, independently of (m,w).

Let, now (x1,...,Z,+1) be a coordinate system covering a globally hyperbolic
neighborhood of ¢, centered at gy, and of the form O = B"(2r) X (—a,a). We
can further require that ¢(0,41,0,4+1) < C' < 0 over O. Transversality shows
that, reducing r and « if necessary, the hypersurfaces exp,,(n,,(w)) are smooth
graphs above B™(2r), for m close to g ; we shall denote by f the corresponding
graphing functions. Now, the first derivatives of the f, ’'s can be bounded by
an m independent constant: the vectors V; = 0; + D, f, 0,41 are tangent to the
graph, hence non timelike, and the result follows immediately from the equation
g(Vi, Vi) > 0. Next, the explicit formula for the second fundamental form of a
graph (cf., e.g., [2, Eqns. (3.3) and (3.4), p. 604]) gives a uniform bound for the
second derivatives of the f, ’s over B"(2r). We make a similar argument, using
future light cones issued from points m near to ¢, , and their graphing functions
over B"(2r) denoted by f,f. Let f be the graphing function of H over B™(2r);
we can choose a constant C' such that, for all p in

Gs:={x € T | T is a generator of H passing through A;} N O , (6.11)
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the graph of the function
Fo(@) = f(2p) + Df(2p) (2 — 2p) = Clw — 2| |*

lies under the graph of fpl, hence in the past of p*. Here we write x, for the
space coordinate of p, thus p = (z,, f(x,)), etc. Similarly, for all ¢ in G; the
graph of

fo(x) = f(zg) + Df(z4)(x — 34) + Cllz — xq||2
lies above the graph of qu[, thus is to the future of ¢~. Achronality of the horizon
implies then that the inequality (6.10) holds for x € B™(2r). Increasing C if
necessary, Equation (6.10) will hold for all x,,z, € B™(r) and x € R": Indeed,
let us make C' large enough so that

(C' = 1)r* > Lipga(y (f) — inf (f) + sup (f) ,

B (r) B (r)

where Lippgna(,(f) is the Lipschitz continuity constant of f on B"(r). For z ¢
B™(2r) we then have

C
f(g) = f (@) + 5 (e = 2| + ||z — 2 [[*)

+(z — xqaaq> — (7 — xpaap> >

Q

f@g) = flap) + S lle = 2l + |l — 2 [)
1
—5 (Il = 2P+ [le = 2" + [agl* + llay|I*) >

inf (f) = sup () + (C = 1)r* = Lipjug(f) = 0.
B"(r) B (r)

Here a, = df (z,), a; = df (7,), and we have used Lipg.,(f) to control |[a,|| and
lag]I

Let the set A of Proposition 6.6 be the projection on B™(r) of Gs; by that
proposition there exists a C'! function from B"(r) to (—a, a), the graph of which
contains G4. (It may be necessary to reduce r and O to obtain this). Note that
this graph contains As N O and is transverse to s there. From the fact that a
transverse intersection of a C? hypersurface with a C*! hypersurface is a C1!
manifold we obtain that A5 N O is included in a C*! submanifold of ¥y, which
has space time co dimension two.

Now Aj is a closed subset of the manifold ¥, defined in Proposition 6.3, and
can thus be covered by a countable union of compact sets. Further, by definition
of As any point thereof is an interior point of a generator. Those facts and the
arguments of the proof of Proposition 3.1 show that As; can be covered by a
countable locally finite collection of relatively compact coordinate neighborhoods
U; of the form U; = B"(¢;) x (—n;,n;) such that U; N H is a graph of a semi
convex function g;:

W NH = {2" = g;(z), () = (z',...,2"") € B !(e;)} . (6.12)
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The ¢;’s will further be restricted by the requirement that there exists a C!
function

hi: B" (&) = R (6.13)

such that the graph of h; contains U; N As. The h;’s are the graphing functions
of the C'*! manifolds just constructed in a neighborhood of each point of As.
At those points at which S, is differentiable let m denote a hy unit vector
field normal to S, pointing towards J~(H) N X,. Choosing the orientation of ™
appropriately we can assume that at those points at which m is defined we have

m(z" —g;) > 0. (6.14)

In order to globalize this construction we use an idea of [42]. Let ¢; be a partition
of unity subordinate to the cover {U;};cn, define

wl) = {7 TmEDAD, s S )

Xs = Z Xi - (6.16)

Define a hypersurface Ny C U;U; via the equations
N5ﬂui:{x(5:0 ,dX(s?éO} . (617)

(We note that Ns does not have to be connected, but this is irrelevant for our
purposes.) If ¢ € A5 we have y;(¢q) = 0 for all i’s hence A5 C {xs = 0}. Further,
for ¢ € A; N U; we have m(y;) = ¢;m(z" — g;) > 0 from Equation (6.14), and
since for each g € A; there exists an ¢ at which this is strictly positive we obtain

m(xs) =Y m(x;) > 0.
It follows that As C Njs, and the result is established. O

Lemma 6.11 Under the condition (6.8), the map ¢: A — Sy is locally Lipschitz.

PROOF: Let ¢y € A, we need to find a neighborhood Uy = UN A in A so that ¢
is Lipschitz in this neighborhood. By the condition (6.8) there exists § > 0 such
that ¢y € As. By lower semi continuity of the existence time of geodesics we can
choose a neighborhood U of ¢y in ¥, small enough so that

UNAs=UNA. (6.18)

Denote by N the 0110,C1 hypersurface Ny (corresponding to the chosen small value
of §) given by Lemma 6.9, so that

ANUCNNU.
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Let n be the future pointing unit normal to 5. (So n is a unit timelike vector.)
Let m be the unit normal to N in ¥, that points to J (H) N Xy. Let k :=
—(n + m). Then k is a past pointing null vector field along N and if ¢ € A;
then k(q) is tangent to the unique generator of H through ¢q. As ¥, is C?
then the vector field n is C!, while the 0110,C1 character of N implies that m is
locally Lipschitz. It follows that k is a locally Lipschitz vector field along N.
Now for each ¢ € AN U there is a unique positive real number r(q) so that
#(q) = exp(r(q)k(q)) € Si. Lower semi continuity of existence time of geodesics
implies that, passing to a subset of U if necessary, for each ¢ € N N'U there is a
unique positive real number 7(q) so that ¢(q) = exp(7(¢)k(q)) € £;. As X, is a
Lipschitz hypersurface, Clarke’s implicit function theorem [17, Corollary, p. 256]
implies that ¢ — 7(¢) is a locally Lipschitz function near go. Thus ¢ is Lipschitz

near ¢y and the restriction of ¢ to Ay is ¢. O

Corollary 6.12 The section Sy is countably (n — 1) rectifiable.

Remark 6.13 By starting with an arbitrary section S = S; of the form S =
H NY, where ¥ is a C? spacelike hypersurface or timelike hypersurface that
meets H properly transversely, and then constructing a section Sy = JH N 3y for
a C? spacelike hypersurface ¥y so that the hypotheses of Theorem 6.1 hold, one
obtains that every such section S is countably (n — 1) rectifiable. In the case
that 3; = ¥ is spacelike a more precise version of this is given in [42] (where it
is shown that S is countably (n — 1) rectifiable of class C?).

PROOF: From Lemma 6.9 it is clear for each 6 > 0 that A; is countably (n —
1) rectifiable. By Lemma 6.11 the map ¢[, : A; — Sy is locally Lipschitz and
therefore ¢[A;] is locally countable (n — 1) rectifiable. But Sy = |J;—; #[A1/k] s0
S} is a countable union of countably (n — 1) rectifiable sets and therefore is itself
countably (n — 1) rectifiable. O

It follows from the outline given at the beginning of the proof of Theorem 6.1
that we have obtained:

Proposition 6.14 The formula (6.5) holds.

Corollary 6.15 For any section S = HNY where X is a C? spacelike or timelike
hypersurface that intersects H properly transversely the set of points of S that
are on infinitely many generators has vanishing (n — 1) dimensional Hausdorff
measure.

PRrROOF: For any point p of S choose a globally hyperbolic neighborhood O of the
point and then choose a neighborhood S; of p in S small enough that the closure
S is compact, satisfies S; C SN0, and so that there is a C'> Cauchy hypersurface
Yy of O such that S; C I7(35; 0). Let Sy = 3N, and let A be the set of points
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of S, that are of the form SN~ where v is a generator of H that meets S;. Com-
pactness of S; together with the argument of the proof of Proposition 6.3 show
that the set of generators of 3 that meet S; is a compact subset of the bundle of
null geodesic rays of M, and that A is a compact subset of S,. Then Lemma 6.9
implies that A is a compact set in a C1! hypersurface of ¥y and so " (4) < co.
Lemma 6.11 and the compactness of A yields that ¢: A — S, given by (6.3)
(with S, replacing S;) is Lipschitz. Therefore the Jacobian J(¢) is bounded on
A. By Proposition 6.14 [5 N(p, Ss) d$™ '(p) = [, J(#)(q) d$;, ' (q) < oo and so
N(p, S3) < oo except on a set of §”~! measure zero. But N(p, Ss) is the number
of generators of H{ through p so this implies the set of points of S; that are on
infinitely many generators has vanishing (n — 1) dimensional Hausdorff measure.
Now S can be covered by a countable collection of such neighborhoods S; and
so the set of points on S that are on infinitely many generators has vanishing
(n — 1) dimensional Hausdorff measure. This completes the proof. a

To establish (6.2) it remains to show that J(¢) < 1 ) '-almost everywhere.
To do this one would like to use the classical formula that relates the Jacobian
of ¢ to the divergence  of the horizon, c¢f. Proposition A.5, Appendix A below.
However, for horizons which are not C? we only have the Alexandrov divergence
0 4 at our disposal, and it is not clear whether or not this formula holds with 6
replaced by 64 for general horizons. The proof below consists in showing that
this formula remains true after such a replacement for generators passing through
almost all points of A.

Proposition 6.16 J(¢) < 1 §;7" almost everywhere on A.

PROOF: The argument of the paragraph preceding Equation (6.18) shows that
it is sufficient to show J(¢) < 1 ) ' almost everywhere on A, for each § > 0.
Let N5 be the C'*! manifold constructed in Lemma 6.9, and let U C X, be a
coordinate neighborhood of the form V x (a,b), with V C R*! and a,b, € R, in
which U N Nj is the graph of a C'! function ¢g: V — R, and in which H NU is
the graph of a semi convex function f:V — R. By [24, Theorem 3.1.5, p. 227|
for every € > 0 there exists a twice differentiable function g;/.:V — R such that

G {g £ ) <. (6.19)

Here SZV’I denotes the (n — 1) dimensional Riemannian measure on V associated
with the pull back hy of the space time metric g to V. Let prAs denote the
projection on V of A; NU, thus As NU is the graph of g over prAs. For ¢ € V
let 9,’}*1(£2;1, prAs, ¢) be the density function of prds in V with respect to the
measure 22;1, defined as in [61, page 10] using geodesic coordinates centered at
g with respect to the metric hy. Define

B ={q € prd; | GZ’I(EZ;I,prA(;,q) =1} cCV. (6.20)
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By [52, Corollary 2.9] or [24, 2.9.12] the function 02*1(22;1, prds, -) differs from
the characteristic function x,ra, of prds by a function supported on a set of
vanishing measure, which implies that B has full measure in prAs. Let

Bije=BN{g=gi/};
Equation (6.19) shows that
L (B\ By <e€. (6.21)
We define BI/E C Byje C prds C 'V as follows:
Bije ={q € By | 0271 (&h", Bije,q) = 1} . (6.22)
Similarly the set B, /e has full measure in B, /., hence
LY (B\ Byy) <€ (6.23)

Let (prAjs). denote the projection on 'V of the set of those Alexandrov points of
H Ny which are in A;NU; (prds) 4 has full measure in prA;. Let, further, Viaq
be the set of points at which ¢ is twice differentiable; by Rademacher’s theorem
(cf., e.g., [22, p. 81]) VRaa has full measure in V. We set

Bije = Buye (pras)a N Veaa (6.24)
B = [JB (6.25)
1eN

It follows from (6.23) that B has full measure in prAs. Since g is Lipschitz we
obtain that the graph of g over B has full 5622_1 measure in As NU.

Consider any xy € B, then z is an Alexandrov point of f so that we have
the expansion

f(@) = (o) + df (zo) (x — wo) + 3D f (o) (@ — o, x — mg) + 0|z — 2,|%)6,26)
Next, ¢ is twice differentiable at xy so that we also have

9(z) = g(wo) + dg(wo)(z — w0) + 3D%g(w0) (z — o, 7 — T0) + 0(|z — o[*}6,27)
dg(z) — dg(xo) = D?*g(xo)(x — 20, -) + 0|z — T0]) - (6.28)

Further there exists 7 € N such that zo € Bj C Bj; by definition of B; we then
have

gj(:ro) = g(wo) = f(x0) . (6.29)

We claim that the set of directions 7 € B"" (1) C T,,V for which there exists
a sequence of points ¢; = ¢ + ;7 with r, — 0 and with the property that
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f(q:) = gj(q;) is dense in B"'(1). Indeed, suppose that this is not the case, then
there exists € > 0 and an open set Q C B""!(1) C T,V of directions 77 € B" (1)
such that the solid cone K, = {xo+7r7i | 71 € Q,r € [0, €]} contains no points from
B;. It follows that the density function 92_1(£Z;1, Bj, %) is strictly smaller than
one, which contradicts the fact that x, is a density point of prds (zo € l§j C B,
¢f. Equation (6.20)), and that z, is a density point of B; (zo € B; C B, cf.
Equation (6.22)).
Equation (6.29) leads to the following Taylor expansions at x:

gi(x) = f(w0) + dgj(xo) (& — x0) + 3D%gj(x0) (& — x0, ¥ — 20) + (|2 — 20[.30)
dg;(x) — dgj(zo) = D?*gj(xo)(x — x9,+) + o(|z — x0]) . (6.31)

Subtracting Equation (6.26) from Equation (6.30) at points ¢; = x¢+r;7 at which
f(a) = g;(g;) we obtain

dg; (o) (1) — df (zo) () = O(ry) . (6.32)
Density of the set of 7i’s for which (6.32) holds implies that
dgj(xo) = df (o) - (6.33)

Again comparing Equation (6.26) with Equation (6.30) at points at which f(¢;) =
9;(¢;) it now follows that
29;‘(550 + riit) — f(zo + 1i1) +o(1)

D?g;(w0) (7, 1) — D* f (x0) (7, 71) = =o(1),

(6.34)
and density of the set of 7i’s together with the polarization identity gives

D?gj(x0) = D f(wo) - (6.35)

Similarly one obtains
dg(zo) = df (xo) , (6.36)
D?*g(zy) = D*f(xp) . (6.37)

Define S; to be the graph (over V) of g;; Equations (6.33) and (6.36) show that
both S; and N are tangent to H N Xy at py = (o, f(x0)):

T, (H N 5y) = T, N5 = T, S, - (6.38)

Let n; denote the (C') field of o unit future directed null normals to S; such
that

nj(po) =n(po) ,
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where n(p) is the semi tangent to J at py. Let ¢;: S; — X, be the map obtained
by intersecting the null geodesics passing through points ¢ € S; with tangent
parallel to n;(q) there. Equation (6.38) shows that

~

¢;(po) = d(po) = ¢(po) - (6.39)

The lower semi continuity of the existence time of geodesics shows that, passing
to a subset of U if necessary, ¢; is well defined on S;. By an argument similar
to the one leading to (6.33), it follows from Equations (6.28), (6.31), (6.33) and
(6.35) (6.37) that the derivatives of ¢; and of ¢ coincide at po, in particular

~

J(9)(po) = J(¢)(po) = J(4;)(po) - (6.40)

Equation (6.35) further shows that S; is second order tangent to J at py in the
sense defined before Lemma 4.15, we thus infer from that lemma that there are no
focal points of S; along the segment of the generator I' of H passing through py
which lies to the future of ¥,. Consider the set }; obtained as the union of null
geodesics passing through S; and tangent to n; there; standard considerations
show that there exists a neighborhood of I'NI*(X;)NI (X,) in which H; isa C!
hypersurface. It is shown in Appendix A that 1) H; is actually a C? hypersurface,
cf. Proposition A.3, and 2) the null Weingarten map b = by, of }; satisfies the
Ricatti equation

V+b0+R=0. (6.41)

Here a prime denotes a derivative with respect to an affine parameterization
s+ n(s) of I' that makes I" future directed. Theorem 5.1 implies that H has a
null Weingarten map by defined in terms of the Alexandrov second derivatives
of H on all of the segment I' N I1(X;) N1 (X3) and that this Weingarten map
also satisfies the Ricatti equation (6.41). As the null Weingarten map can be
expressed in terms of the first and second derivatives of the graphing function of
a section Equations (6.33) and (6.35) imply that bs¢,(po) = bai(po). Therefore
uniqueness of solutions to initial value problems implies that by, = b4 on all
of N IT(X;) NI (X2). But the divergence (or null mean curvature) of a null
hypersurface is the trace of its null Weingarten map and thus on the segment
[N IT () NI7(3;) we have Oy, = trace by, = trace by = 0.4.

We now finish the proof under the first of hypothesis of Theorem 6.1, that is
that the divergence the 64 > 0 on J*(S;) N J7(S:). Then f;, = 64 > 0 and
Proposition A.5 implies that J(¢)(po) = J(¢;)(po) < 1 as required.

The other hypothesis of Theorem 6.1 is that 9% > 0 and the null energy
condition holding on J*(S;) N J~(Ss2). Recall that py = I' NS, is an Alexandrov
point of H; thus Theorem 5.1 applies and shows that 6§ = 04 exists along the
segment [' N I1(X;) NI~ (X,), and satisfies the Raychaudhuri equation

1

[ o ¥ PN 2 2
¢ = —Ric(n',n') — o —n—29'
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Here o2 is the norm squared of the shear (and should not be confused with the
auxiliary Riemannian metric which we have also denoted by o). But the null
energy condition implies Ric(n',n’) > 0 so this equation and 9% > 0 implies
0=04>00onNI"(E)NI"(X). Then the equality 3¢, = 64 yields f5;, > 0
and again we can use Proposition A.5 to conclude J(¢)(po) = J(¢;)(po) < 1.
This completes the proof. O

To finish the proof of Theorem 6.1, we need to analyze what happens when
Areag, (S1) = Area(Ss) . (6.42)

In this case Equation (6.4) together with Proposition 6.16 show that A has full
measure in Sy, that N(p, S2) =1 H;~" almost everywhere on S, and that J(¢) =
1 57)2;1 almost everywhere on S5. Next, the arguments of the proof of that

Proposition show that
0y =0 (6.43)

H" almost everywhere on J~(A) N J*(S;) = J(Sz) N JT(S1). The proof of
Proposition 6.16 further shows that Ric(n',n) = 0 $H” almost everywhere on
HNJH(S1)NJT(Ss) (¢f Equation (6.41)), hence everywhere there as the metric
is assumed to be smooth and the distribution of semi tangents is a closed set
(Lemma 6.4). Here 1’ is any semi tangent to H. We first note the following
observation, the proof of which borrows arguments from [6, Section IV]:

Lemma 6.17 Under the hypotheses of Theorem 6.1, suppose further that the
equality (6.42) holds. Then there are no end points of generators of H on

Q= (JH(S)\ S1) N (T (Ss)\ Sa) . (6.44)

PROOF: Suppose that there exists ¢ € 2 which is an end point of a generator I’
of H, set {p} =T N Sy, extending I" beyond its end point and parameterizing it
appropriately we will have

[0)=q, I'Q)y=p, I'(e) el (H),

for any a < 0 for which I'(a) is defined. Now p is an interior point of a generator,
and semi tangents at points in a sufficiently small neighborhood of p are arbi-
trarily close to the semi tangent X, at p. Since I~ ()) is open it follows from
continuous dependence of solutions of ODE’s upon initial values that there exists
a neighborhood V C S, of p such that every generator of H passing through V
leaves JH before intersecting ¥; when followed backwards in time from S5, hence
ANV =g, and A does not have full measure in S,. a

To finish the proof we shall need the following result, which seems to be of
independent interest:
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Theorem 6.18 Let ) be an open subset of a horizon H which contains no end
points of generators of H, and suppose that the divergence 0 4 of H defined (H"
almost everywhere) by Equation (2.10) vanishes $ almost everywhere. Then 2
is a smooth submanifold of M (analytic if the metric is analytic).

Remark 6.19 The condition on € is equivalent to Q being a C' hypersurface,
cf. [6].

PROOF: Let py € © and choose a smooth local foliation {¥, | —e < A < ¢} of an
open neighborhood U of py in M by spacelike hypersurfaces so that 4 N C Q
and so that py € Y. Letting o be a the auxiliary Riemannian metric, by possibly
making U smaller we can assume that the o-distance of U N Q to 2\ Q is < § for
some 6 > 0. Let 4 be the set of Alexandrov points of 2 and let B = Q\ Q4
be the set of points of 2 where the Alexandrov second derivatives do not exist.
We view A as a function \:U/ — R in the natural way. Now A is smooth on U/
and by Remark 6.19 © is a C'!' manifold so the restriction \|, is a C' function.
Letting h, be the pull back of our auxiliary Riemannian metric o to €2 we apply
the co-area formula to |, and use that by Alexandrov’s theorem $; (B) =0 to
get

/ O (BN, dh = / J(Ag) d9y =0
—€ B
This implies that for almost all A € (—¢,¢) that $ (BN X,) = 0. Therefore
we can choose a A just a little bigger than 0 with 57)2;1(8 N X,) = 0 and so that
po € J-(2NX,). To simplify notation we denote X\ by X. Then from the choice
of ¥ we have that 562;1 almost every point of ¥ is an Alexandrov point of €2.

By transversality and that € is C! the set ¥ N Q is a C' submanifold of .
Recalling that § is less than the o-distance of U N Q to 2\ Q we see that for any
p € ¥ that the unique (because € is C') generator I' of Q through p extends
in 2 a o-distance of at least § both to the future and to the past of X. Letting
A =¥ NQ and using the notation of Equation (6.6), this implies that A = Aj.
As A = ¥NQis already a C'' submanifold of ¥ Lemma 6.9 implies that N Q is a
CY! hypersurface in ¥. Let g by any Lipschitz local graphing function of A in X.
From Rademacher’s theorem (cf., e.g., [22, p. 81]) it follows that Cb! = W2,
further the Alexandrov second derivatives of g coincide with the classical ones
almost everywhere. By [22, p. 235] the second distributional derivatives of g
equal the second classical derivatives of g almost everywhere. It follows that the
equation

04 =0 (6.45)

can be rewritten, by freezing the coefficients of the second derivatives at the
solution g, as a linear elliptic weak (distributional) equation with Lipschitz con-
tinuous coefficients for the graphing function g € I/Vli’coo. Elliptic regularity shows

that g is, locally, of C*¢ differentiability class for any o € (0,1). Further, Equa-
tion (6.45) is a quasi linear elliptic equation for g (cf., e.g., [29]), a standard
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bootstrap argument shows that ¢ is smooth (analytic if the metric is analytic)
and it easily follows that €2 in a neighborhood of ¥ N {2 containing py is smooth
(or analytic). As py was an arbitrary point of © this completes the proof. a

Returning to the proof of Theorem 6.1, we note that Lemma 6.17 shows that
all points of ¥ N €, where 2 is given by Equation (6.44), are interior points of
generators of J{. Simple arguments together with the invariance of the domain
theorem (cf., e.g., [18, Prop. 7.4, p. 79]) show that € is an open submanifold of
H, and Equation (6.43) shows that we can use Theorem 6.18 to conclude. O

7 Conclusions

Let us present here some applications of Theorems 1.2 and 6.18, proved above.
The first one is to the theory of stationary black holes (¢f., e.g., [12,38] and ref-
erences therein): in that theory the question of differentiability of event horizons
arises at several key places. Recall that smoothness of event horizons has been
established in 1) static [10,63] and 2) [10] stationary axisymmetric space times.
However, staticity or stationarity axisymmetry are often not known a prior:
that is indeed the case in Hawking’s rigidity theorem [37)?'. Now, the rigidity
theorem asserts that a certain class of stationary black holes have axi symmetric
domains of outer communication; its hypotheses include that of analyticity of the
metric and of the event horizon. The examples of black holes (in analytic vac-
uum space times) the horizons of which are nowhere C* constructed in [15] show
that the hypothesis of analyticity of the event horizon and that of analyticity of
the metric are logically independent. It is thus of interest to note the following
result, which is a straightforward corollary of Theorem 1.2 and of the fact that
isometries preserve area:

Theorem 7.1 Let ¢ be an isometry of a black hole space time (M, g) satisfying
the hypotheses of Theorem 1.2. If ¢ maps H into J, then for every spacelike
hypersurface ¥ such that

HENH) C JHENK) (7.1)
the set
(J(eENFH))\ ENFH))N(JH(ENH)\(ENH)) C H (7.2)

is a smooth (analytic if the metric is analytic) null submanifold of M with van-
wshing null second fundamental form.

21This theorem is actually wrong as stated in [37]; a corrected version, together with a proof,
can be found in [13].
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As already pointed out, the application we have in mind is that to stationary
black holes, where ¢ actually arises from a one parameter group of isometries
¢¢. We note that in such a setting the fact that isometries preserve the event
horizon, as well as the existence of hypersurfaces ¥ for which (7.1) holds with ¢
replaced by ¢, (for some, or for all ¢’s), can be established under various standard
conditions on the geometry of stationary black holes, which are of no concern to
us here.

Recall, next, that the question of differentiability of Cauchy horizons often
arises in considerations concerning cosmic censorship issues (cf., e.g., [3,58]).
An interesting result in this context, indicating non genericity of occurrence of
compact Cauchy horizons, is the Isenberg Moncrief theorem, which asserts that
analytic compact Cauchy horizons with periodic generators in analytic, electro
vacuum space-times are Killing horizons, for a Killing vector field defined on a
neighborhood of the Cauchy horizon [45]. We note that if all the generators of
the horizon are periodic, then the horizon has no end points, and analyticity
follows?? from Theorem 6.18. Hence the hypothesis of analyticity of the event
horizon is not needed in [45]. We also note that there exists a (partial) version of
the Isenberg Moncrief theorem, due to Friedrich, Rédcz and Wald [27], in which
the hypotheses of analyticity of [45] are replaced by those of smoothness both
of the metric and of the Cauchy horizon. Theorem 6.18 again shows that the
hypothesis of smoothness of the Cauchy horizon is not necessary in [27].

To close this section let us note an interesting theorem of Beem and Krélak
[6, Section IV], which asserts that if a compact Cauchy horizon in a space time
satisfying the null energy condition contains, roughly speaking, an open dense
subset O which is a C? manifold, then there are no end points of the generators of
the event horizon, and the divergence of the event horizon vanishes. Theorem 6.18
again applies to show that the horizon must be as smooth as the metric allows.
Our methods here could perhaps provide a proof of a version of the Beem Krélak
theorem in which the hypothesis of existence of the set O will not be needed; this
remains to be seen.

A The Geometry of C? Null Hypersurfaces

In this appendix we prove a result concerning the regularity of null hypersurfaces
normal to a C*¥ submanifold in space time. We also review some aspects of the
geometry of null hypersurfaces, with the presentation adapted to our needs. We
follow the exposition of [29].

Let (M,g) be a spacetime, i.e., a smooth, paracompact time-oriented
Lorentzian manifold, of dimension n+1 > 3. We denote the Lorentzian metric on

22The proof proceeds as follows: Theorem 5.1 shows that the optical equations hold on almost
all generators of the Cauchy horizon; periodicity of the generators together with the Raychaud-
huri equation shows then that # 4; = 0 almost everywhere, hence Theorem 6.18 applies.
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M by gor (,). A (C?) null hypersurface in M is a C* co-dimension one embedded
submanifold J of M such that the pullback of the metric g to I is degenerate.
Each such hypersurface 3 admits a C'! non-vanishing future directed null vector
field K € I'T'H such that the normal space of K at a point p € H coincides with
the tangent space of } at p, i.e., K- = T,3 for all p € H. (If H is C* the best
regularity we can require for K is C'.) In particular, tangent vectors to H not
parallel to K are spacelike. It is well-known that the integral curves of K, when
suitably parameterized, are null geodesics. These integral curves are called the
null geodesic generators of H. We note that the vector field K is unique up to a
positive scale factor.

Since K is orthogonal to J{ we can introduce the null Weingarten map and null
second fundamental form of H with respect K in a manner roughly analogous
to what is done for spacelike hypersurfaces or hypersurfaces in a Riemannian
manifold, as follows: We start by introducing an equivalence relation on tangent
vectors: for X, X' € T,0{, X’ = X mod K if and only if X' — X = MK for
some A € R. Let X denote the equivalence class of X. Simple computations
show that if X’ = X mod K and Y' = Y mod K then (X')Y') = (X,Y) and
(Vx K, Yy = (VxK,Y), where V is the Levi-Civita connection of M. Hence,
for various quantities of interest, components along K are not of interest. For this
reason one works with the tangent space of H modded out by K, i.e., T, H/K =
(X | X € T,5} and TH/K = U,esT,H/K. TH/K is a rank n — 1 vector
bundle over . This vector bundle does not depend on the particular choice of
null vector field K. There is a natural positive definite metric h in TH /K induced
from (,): For each p € K, define h: T,H/K x T,3{/K — R by h(X,Y) = (X,Y).
From remarks above, h is well-defined.

The null Weingarten map b = b of H with respect to K is, for each point
p € H, a linear map b: T,H/K — T,H/K defined by b(X) = Vx K. It is easily
verified that b is well-defined and, as it involves taking a derivative of K, which
is C! the tensor b will be C° but no more regularity can be expected. Note if
K = fK, f € C'(H), is any other future directed null vector field tangent to H,
then VXI? = fVxK mod K. Thus byx = fbg. It follows that the Weingarten
map b of J is unique up to positive scale factor and that b at a given point p € H
depends only on the value of K at p when we keep I fixed but allow K to vary
while remaining tangent to the generators of J.

A standard computation shows, h(b(X),Y) = (VxK,Y) = (X,VyK) =
h(X,b(Y)). Hence b is self-adjoint with respect to h. The null second fundamental
form B = By of H with respect to K is the bilinear form associated to b via h: For
each p € H, B:T,H/K x T,{/K — R is defined by B(X,Y) = h(b(X),Y) =
(VxK,Y). Since b is self-adjoint, B is symmetric. In a manner analogous to
the second fundamental form for spacelike hypersurfaces, a null hypersurface is
totally geodesic if and only if B vanishes identically [51, Theorem 30].

The null mean curvature of H with respect to K is the continuous scalar
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field 0 € C°(H) defined by 6 = trb; in the general relativity literature  is often
referred to as the convergence or divergence of the horizon. Let eq,es,...,e,_1
be n — 1 orthonormal spacelike vectors (with respect to (,)) tangent to H at p.
Then {e,€,...,€, 1} is an orthonormal basis (with respect to h) of T,H/K.
Hence at p,

0 = b= Y0 hlb(e). )
= Z?:_f(VeiK; €;). (A.1)

Let > be the intersection, transverse to K, of a hypersurface in M with
H. Then ¥ is a C? (n — 1) dimensional spacelike submanifold of M contained
in H which meets K orthogonally. From Equation (A.1), 0]y = divsK, and
hence the null mean curvature gives a measure of the divergence of the null
generators of JH. Note that if K = fK then # = ff. Thus the null mean
curvature inequalities # > 0, < 0, are invariant under positive scaling of K. In
Minkowski space, a future null cone H = I (p) — {p} (respectively, past null
cone H = JI~(p) — {p}) has positive null mean curvature, # > 0 (respectively,
negative null mean curvature, 6 < 0).

The null second fundamental form of a null hypersurface obeys a well-defined
comparison theory roughly similar to the comparison theory satisfied by the sec-
ond fundamental forms of a family of parallel spacelike hypersurfaces (cf. Eschen-
burg [21], which we follow in spirit).

Let n: (a,b) — M, s — n(s), be a future directed affinely parameterized null
geodesic generator of H. For each s € (a,b), let

b(s) = by (s) : (o) I/1'(5) = Ty H /7' ()

be the Weingarten map based at 7(s) with respect to the null vector K = n/(s).
Recall that the null Weingarten map b of a smooth null hypersurface H satisfies
a Ricatti equation (cf. [5, p. 431]; for completeness we indicate the proof below).

V+b+R=0. (A.2)

Here ' denotes covariant differentiation in the direction 7/(s), with  an affinely
parameterized null geodesic generator of H; more precisely, if X = X(s) is a
vector field along n tangent to H, then?

V(X) = b(X) — b(X). (A.3)

Z3Here b(X) is an equivalence class of vectors, so it might be useful to give a practical
prescription how its derivative b(X)' can be calculated. Let s — ¢(s) be a null generator of .
Let s — V(s) be a TH/K—vector field along c, i.e., for each s, V(s) is an element of T¢I/ K.
Say s — V(s) is smooth if (at least locally) there is a smooth — in the usual sense — vector
field s — Y (s) along ¢ such that V(s) = Y (s) for each s. Then define the covariant derivative
of s = V(s) along ¢ by: V'(s) = Y'(s), where Y’ is the usual covariant derivative. It is easily
shown, using the fact that Vi K is proportional to K, that V' so defined is independent of the

choice of Y. This definition applies in particular to b(X).
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Finally R: T, 3/n'(s) = Ty 3(/1'(s) is the curvature endomorphism defined by
R(X) = R(X,n'(s))n'(s), where (X,Y, Z) — R(X,Y)Z is the Riemann curvature
tensor of M (in our conventions, R(X,Y)Z = VxVyZ - VyVxZ — Vixy1Z).

We indicate the proof of Equation (A.2). Fix a point p = n(sq), so € (a,b),
on 7. On a neighborhood U of p in 3 we can scale the null vector field K so
that K is a geodesic vector field, Vx K = 0, and so that K, restricted to 7, is the
velocity vector field to n, i.e., for each s near sg, K,y = 1'(s). Let X € T,M.
Shrinking U if necessary, we can extend X to a smooth vector field on U so
that [X, K] = VxK — VgX = 0. Then, R(X,K)K = VxVxK — VxkVxK —
Vix,k}{ = =V VX. Hence along 1 we have, X" = —R(X,7')n' (which implies
that X, restricted to 7, is a Jacobi field along n). Thus, from Equation (A.3), at
the point p we have,

V(X) = VxK'—b(VkX)=VgX' —b(VxK)
= X7 = b(b(X)) = —R(X, /)i = b*(X)
= —R(X) -V (X), (A.4)
which establishes Equation (A.2).
Equation (A.2) leads to the well known Raychaudhuri equation for an irrota-
tional null geodesic congruence in general relativity: by taking the trace of (A.2)

we obtain the following formula for the derivative of the null mean curvature
6 = 0(s) along 1,

1
0' = —Ric(n',n') — o — 0%, (A.5)

n—2

where o, the shear scalar, is the trace of the square of the trace free part of
b. This equation shows how the Ricci curvature of spacetime influences the null
mean curvature of a null hypersurface. We note the following:

Proposition A.1 Let H be a C? null hypersurface in the (n + 1) dimensional
spacetime (M, g) and let b be the one parameter family of Weingarten maps along
an affine parameterized null generator n. Then the covariant derivative b’ defined
by Equation (A.3) exists and satisfies Equation (A.2).

Remark A.2 When H is smooth this is a standard result, proved by the calcu-
lation (A.4). However when X is only C? all we know is that b is a C° tensor field
so that there is no reason a priori that the derivative b’ should exist. A main
point of the proposition is that it does exist and satisfies the expected differential
equation. As the function s — R, is C* then the Riccati equation implies that
actually the dependence of b,y on s is C°. This will be clear from the proof
below for other reasons.

PRrROOF: Let n: (a,b) — 3 be an affinely parameterized null generator of H. To
simplify notation we assume that 0 € (a,b) and choose a C* spacelike hyper-
surface ¥ of M that passes through p = 7(0) and let N = H NX. Then N is
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a C? hypersurface in ¥. Now let N be a C hypersurface in ¥ so that N has
second order contact with N at p. Let K be a smooth null normal vector field
along N such that at p, K = 1'(0). Consider the hypersurface H obtained by
exponentiating normally along N in the direction K; by Lemma 4.15 there are no
focal points along n as long as 7 stays on H. Passing to a subset of N if necessary
to avoid cut points, H will then be a C™ null hypersurface in a neighborhood
of 1. Let B(s) and B(s) be the null second fundamental forms of H and %,
respectively, at 7(s) in the direction 7(s). We claim that B(s) = B(s) for all

€ (a,b). Since the null Weingarten maps b = b(s) associated to B = B(s)
satisfy Equation (A.2), this is sufficient to establish the lemma.

We first show that B(s) = B(s) for all s € [0, ] for some ¢ € (0,b). By re-
stricting to a suitable neighborhood of p we can assume without loss of generality
that M is globally hyperbolic. Let X € T, be the projection of 7/(0) € T,,M
onto 7,3. By an arbitrarily small second order deformation of Ncy (depend-
ing on a parameter € in a fashion similar to Equation (4.4)) we obtain a C'*
hypersurface Nj in ¥ which meets N only in the point p and lies to the side of
N into which X points. Similarly, we obtain a C'* hypersurface N; in ¥ which
meets N only in the point p and lies to the side of /NV into which —X points. Let
KjE be a smooth null normal vector field along NjE which agrees with 7'(0) at p.
By exponentiating normally along N * in the direction K * we obtain, as before,
in a neighborhood of 7 , > null hypersurface HZ, for some ¢ € (0,b). Let

B*(s) be the null second fundamental form of H* at 7(s) in the direction 7’(s).

By restricting the size of ¥ if necessary we find open sets W, W= in ¥, with
W= ¢ W c W, such that N € dgW and N* C dsW=E. Restricting to a
sufficiently small neighborhood of 7|y 4, we have 3 N J*(X) C 9J7(W) and
HENJHE) C o (WSF). Since J+(W ) C JHW) C JHWF), it follows that
K is to the future of H near n(s) and H is to the future of H}' near n(s),
s € [0, c]. Now if two null hypersurfaces H; and H, are tangent at a point p, and
Hs is to the future of H;, then the difference of the null second fundamental forms
B, — By is positive semidefinite at p. We thus obtain B, (s) > B(s) > B (s).
Letting € — 0, (i.e., letting the deformations go to zero), we obtain B(s) = B(s)
for all s € [0,¢]. A straightforward continuation argument implies, in fact, that
B(s) = B(s) for all s € [0,b). A similar argument establishes equality for s €

(a’v 0] O

In the last result above the hypersurface H had to be of at least C? differ-
entiability class. Now, in our applications we have to consider hypersurfaces H
obtained as a collection of null geodesics normal to a C? surface. A naive in-
spection of the problem at hand shows that such H’s could in principle be of C!
differentiability only. Let us show that one does indeed have C? differentiability
of the resulting hypersurface:

Proposition A.3 Consider a C**' spacelike submanifold N C M of co
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dimension two in an (n + 1) dimensional spacetime (M,g), with k > 1. Let
k be a non-vanishing C* null vector field along N, and let U C R x N — M be
the set of points where the function

f(t,p) = exp,(tk(p))

is defined. If fu,po)« @5 injective then there is an open neighborhood O of (to, po)
so that the image f[O] is a C**1 embedded hypersurface in M.

Remark A.4 In our application we only need the case £ = 1. This result is
somewhat surprising as the function p — k(p) used in the definition of f is only
C*. We emphasize that we are not assuming that f is injective. We note that f
will not be of C**! differentiability class in general, which can be seen as follows:
Let t — r(t) be a C**L curve in the 2-y plane of Minkowski 3-space which is not of
Ck+2 differentiability class. Let ¢ — n(t) be the spacelike unit normal field along
the curve in the -y plane, then ¢t — n(t) is C* and is not C**1. Let T = (0,0, 1)
be the unit normal to the 2-y plane. Then K(t) = n(t) + T is a C* normal null
field along ¢ — r(¢). The normal exponential map f: R*> — R? in the direction K
is given by f(s,t) = r(t) + s[n(t) + T, and hence df /dt = r'(t) + sn'(t), showing
explicitly that the regularity of f can be no greater than the regularity of n(t),
and hence no greater than the regularity of r'(¢).

PrRoOOF: This result is local in N about py so there is no loss of generality,
by possibly replacing N by a neighborhood of py in N, in assuming that NV is a
embedded submanifold of M. The map f is of class C* and the derivative f(to.p0)
is injective so the implicit function theorem implies f[U] is a C* hypersurface near
f(to,po). Let n be any nonzero timelike C* vector field on M defined near pq
(some restrictions to be put on 7 shortly) and let ®; be the flow of 1. Then for
sufficiently small € the map f: (—¢,e) x N — M given by

f(s.p) == @s(p)

is injective and of class C**!. Extend k to any C* vector field k along f. (It is
not assumed that the extension  is null.) That is k: (—,e) x N — TM is a C*

map and l~<(s,p) € Ty(s M. Note that we can choose k(s,p) so that the covariant

derivative %(O,po) has any value we wish at the one point (0, pp). Define a map
F:(ty—e,to+¢) x (—e,6) x N — M by

F(t,s,p) = exp(tk(s, p)).

We now show that F' can be chosen to be a local diffeomorphism near (o, 0, py).
Note that F'(¢,0,p) = f(t,p) and by assumption f.,p,) is injective. Therefore
the restriction of Fli.0p0) 10 Titg.pe) (R X N) C Ti49,0p0) (R x R x N) is injective.
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Thus by the inverse function theorem it is enough to show that Fi(,0.,)(0/0s)
is linearly independent of the subspace Fi 0.p0)[2(t0.p0) (R X IN)]. Let

V(t) = a—F(t, S, Do)

0s 5=0 ‘
Then V(to) = Fi(to,0)(0/0s) and our claim that F' is a local diffeomorphism
follows if V'(t0) & Fi(to,0,00)[L(to.p0) (R x N)]. For each s,p the map t — F(s,t,p)
is a geodesic and therefore V' is a Jacobi field along ¢ — F(0,¢,po). (Those
geodesics might change type as s is varied at fixed pg, but this is irrelevant for
our purposes.) The initial conditions of this geodesic are

B) B
V(0) = %F(O, s, Do) = g@(po) T n(po)
and
vV VvV V V'V Vk
(0= ——F - _F - .
or V=g, Ftsp)| =gt =5-0:p0)

From our set up we can choose 7(pp) to be any timelike vector and Z—E(O,pg) to be
any vector. As the linear map from T, M x T,,) M — T}, py)M which maps the

initial conditions V' (0), %7 (0) of a Jacobi field V' to its value V(to) is surjective®®

it is an open map. Therefore we can choose 7(py) and JE(0,py) so that V (to) is
not in the nowhere dense set Fi (4 0.p0)[Z(t0,p0)(R X N)]. Thus we can assume F
is a local C* diffeomorphism on some small neighborhood A of (¢, 0, py) onto a
small neighborhood B := F[A] of F(ty,0,py) as claimed.

Consider the vector field Fi(0/0t) = OF /0t along F'. Then the integral curves
of this vector field are the geodesics t — F(t, s, p) = exp(tk(s,p)). (This is true
even when F' is not injective on its entire domain.) These geodesics and their
velocity vectors depend smoothly on the initial data. In the case at hand the
initial data is C* so OF/0t is a C* vector field along F. Therefore the one
form « defined by «(X) := (X,0F/0t) on the neighborhood B of ¢y is C*. The
definition of F' implies that f(¢t,p) = F(t,0,p) and therefore the vector field
OF/0t is tangent to f[O] and the null geodesics t — f(t,p) = F(t,0,p) rule f|O]
so that f[O] is a null hypersurface. Therefore for any vector X tangent to f[O]
we have o(X) = (X,0F/0t) = 0. Thus f[O] is an integral submanifold for the
distribution {X | a(X) = 0} defined by «. But, as is easily seen by writing out
the definitions in local coordinates, an integral submanifold of a C* distribution
is a C**! submanifold. (Note that in general there is no reason to believe that
the distribution defined by « is integrable. However, we have shown directly that
f1O] is an integral submanifold of that distribution.) O

24If S Tf(
subjectivity.

to,p0) IV there is a Jacobi field with V() = v and ¥V (to) = 0, which implies
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We shall close this appendix with a calculation, needed in the main body
of the paper, concerning Jacobians. Let us start by recalling the definition of
the Jacobian needed in our context. Let ¢: M — N be a C' map between
Riemannian manifolds, with dim M < dim N. Let n = dim M and let e, ..., ¢,
be an orthonormal basic of T, M then the Jacobian of ¢ at p is J(¢)(p) = ||d«pe1 A
Pupa N+ - - Apupey||. When dim M = dim N and both M and N are oriented with
wys being the volume form on M, and wy being the volume form on N, then
J(¢) can also be described as the positive scalar satisfying: ¢*(wy) = £J(d) wa-

Let S be a C? co-dimension two acausal spacelike submanifold of a smooth
spacetime M, and let K be a past directed C' null vector field along S. Consider
the normal exponential map in the direction K, ®:R x S — M, defined by
®(s,z) = exp, sK. (P need not be defined on all of R x S.) Suppose the null
geodesic n: s — P(s,p) meets a given acausal spacelike hypersurface ¥ at 7(1).
Then there is a neighborhood W of p in S such that each geodesic s — ®(s, x),
x € W meets ¥, and so determines a C'* map ¢: W — ¥, which is the projection
into X along these geodesics. Let J(¢) denote the Jacobian determinant of ¢ at
p. J(¢) may be computed as follows. Let {X;, Xs,..., X)} be an orthonormal
basis for the tangent space 7,,S. Then ,

J(¢) = ||¢*pX1 N ¢*pX2 ARERRA ¢*pXk||-

Suppose there are no focal points to S along 7|, Then by shrinking 1 and
rescaling K if necessary, ®:[0,1] x W — M is a C'' embedded null hypersurface
N such that ({1} x W) C X. Extend K to be the C' past directed null vector
field, K = ®,(Z) on N. Let § = 6(s) be the null mean curvature of N with
respect to —K along 1. For completeness let us give a proof of the following, well
known result:

Proposition A.5 With 6 = 0(s) as described above,
1. If there are no focal points to S along 1|1, then

J(6) = exp ( - /0 1 0(s)ds) (A.6)

2. If n(1) is the first focal point to S along |1, then
J(6) =0

Remark A.6 In particular, if N has nonnegative null mean curvature with re-
spect to the future pointing null normal, i.e., if § > 0, we obtain that J(¢) < 1.

Remark A.7 Recall that 0 was only defined when a normalization of K has
been chosen. We stress that in (A.6) that normalization is so that K is tangent
to an affinely parameterized geodesic, with s being an affine distance along 7,
and with p corresponding to s = 0 and ¢(p) corresponding to s = 1.
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PRrROOF: 1. To relate J(¢) to the null mean curvature of N, extend the orthonor-
mal basis { X1, Xo,..., X)} to Lie parallel vector fields s — X;(s), i =1,...,k,
along n, L X; = 0 along 1. Then by a standard computation,

J(Qb) = ||¢*pX1 A Qb*pX? ASRENA Cb*pXkH
[X1(1) A Xa(1) A A X1

= Vg ,

s=1
where g = det[g;;], and g;; = gi;(s) = (Xi(s), X;(s)). We claim that along 7,

1
p=——2

V9 ds g

The computation is standard. Set b;; = B(X;, X;), where B is the null second
fundamental form of N with respect to —K, h;; = h(X;, X;) = gij, and let g%
be the 4, jth entry of the inverse matrix [g;;]~'. Then 6 = ¢"/b;;. Differentiating
gi; along n we obtain,

d
759 = K(X;,X;) = (VeXi, X;) +(Xi, VkX;)
= (Vx K, Xj) +(X;, Vx, K)

Thus,

0 = g”bij — _igZJ

d 11d 1 d
~9ij = By M —— V9,
ds 2 gds V9 ds

as claimed. Integrating along n from s =0 to s = 1 we obtain,

821:\/§L:0-exp<—/019d3) :exp(—/019d3>.

2. Suppose now that n(1) is a focal point to S along 1, but that there are no
focal points to S along n prior to that. Then we can still construct the C' map
®:[0,1] x W — M, with ®({1} x W) C X, such that ® is an embedding when
restricted to a sufficiently small open set in [0, 1] x W containing [0, 1) x {p}. The
vector fields s — X;(s), s € [0,1), i = 1,.., k, may be constructed as above, and
are Jacobi fields along 7|j,1), which extend smoothly to n(1). Since n(1) is a focal
point, the vectors ¢, X; = Xi(1), ..., ¢. X = Xi(1) must be linearly dependent,
which implies that J(¢) = 0. O

J(9) =y
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B Some comments on the area theorem of
Hawking and Ellis

In this appendix we wish to discuss the status of our H regularity condition with
respect to the conformal completions considered by Hawking and Ellis [37] in their
treatment of the area theorem. For the convenience of the reader let us recall here
the setting of [37]. One of the conditions of the Hawking Ellis area theorem [37,
Proposition 9.2.7, p. 318] is that spacetime (.#, g) is weakly asymptotically sim-
ple and empty (“WASE”, [37, p. 225]). This means that there exists an open set
U C A which is isometric to Z'N.#', where %' is a neighborhood of null infin-
ity in an asymptotically simple and empty (ASE) spacetime (.#", ¢') [37, p. 222].
It is further assumed that .# admits a partial Cauchy surface . with respect to
which . is future asymptotically predictable ([37], p. 310). This is defined by the
requirement that .#* is contained in closure of the future domain of dependence
DT (S ) of .7, where the closure is taken in the conformally completed mani-
fold A4 = .# U7+ U7, with both .#* and .#~ being null hypersurfaces. Next,
one says that (., g) is strongly future asymptotically predictable ([37], p. 313) if
it is future asymptotically predictable and if J*(.#) N J~(#*; .#) is contained
in DF(&; A ). Finally ([37], p. 318), (A, g) is said to be a regular predictable
space if (A, g) is strongly future asymptotically predictable and if the following
three conditions hold:

() N J(I*; M) is homeomorphic to R3\(an open set with compact clo-
sure).

(B) -7 is simply connected.

(7) the family of hypersurfaces .#(7) constructed in [37, Proposition 9.2.3,
p. 313] has the property that for sufficiently large 7 the sets (7) N
J= (It M) are contained in J(I; ).

It is then asserted in [37, Proposition 9.2.7, p. 318| that the area theorem holds
for regular predictable spaces satisfying the null energy condition.

Now in the proof of [37, Proposition 9.2.1, p. 311] (which is one of the results
used in the proof of [37, Proposition 9.2.7, p. 318]) Hawking and Ellis write:
“This shows that if # is any compact set of ., every generator of . leaves
JT(#'; A).” The justification of this given in [37] is wrong®. If one is willing to

25In the proof of [37, Proposition 9.2.1, p. 311] it is claimed that “... Then ./ \ %' is com-
pact...”. This statement is incorrect in general, as shown by the example (#,g) = (A',4¢') =
(R, diag(—1,+1,+1,+1)), ¥ = & = {t =0}, % = %' = {t # 0}. This example does not
show that the claim is wrong, but that the proof is; we do not know whether the claim in
Proposition 9.2.1 is correct as stated under the hypothesis of future asymptotic predictabil-
ity of (#,g) made there. Let us note that the conditions (a)—(y) do not seem to be used
anywhere in the proof of Proposition 9.2.7 as presented in [37], and it is conceivable that the
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Figure 2: The set Q = J™(.; .#) N 0% and its image under .

impose this as a supplementary hypothesis, then this condition can be thought of
as the Hawking Ellis equivalent of our condition of H regularity of .#*. When
such a condition is imposed in addition to the hypothesis of strong asymptotic
predictability and weak asymptotic simplicity (“WASE”) of (.#,g), then the
hypotheses of Proposition 4.1 hold, and the conclusions of our version of the area
theorem, Theorem 1.1, apply.

An alternative way to guarantee that the hypotheses of Proposition 4.1 will
hold in the “future asymptotically predictable WASE” set up of [37] (for those
sets C' which lie to the future of .’) is to impose some mild additional conditions
on % and .¥. There are quite a few possibilities, one such set of conditions is as
follows: Let @) : %4 — %'N.#" denote the isometry arising in the definition of the
WASE spacetime .#. First, we require that ¢) can be extended by continuity to
a continuous map, still denoted by ¢, defined on % . Next, suppose there exists
a compact set K C .#' such that,

SIS M) NOU) C THE MY, (B.1)

see Figure 2. Let us show that, under the future asymptotically predictable
WASE conditions together with (B.1), for every compact set C C J* (. )
that meets [~ (#*; .4 ) there exists a future inextendible (in .#) null geodesic
n C 0J(C; #) starting on C' and having future end point on .#*. First, we
claim that

SIHC )N U) C THEUC A, (B.2)

where C" = ¢)(C N %). Indeed, let p € (J(C; #4) N %), therefore there exists
a future directed causal curve v from C to ¢v~'(p) € %. If v C %, then p €
JH(C"; A"). Tf not, then v exits %7 when followed from ¢~'(p) to the past at some
point in J* (5 #)N0% , and thus p € Y(J (S 4 )NO%) C J*(K; . #'"), which
establishes (B.2). Since KUC" is compact, by Lemma 4.5 and Proposition 4.13 in

authors of [37] had in mind some use of those conditions in the proof of Propostion 9.2.1. We
have not investigated in detail whether or not the assertion made there can be justified if the
supplementary hypothesis that (.#,g) is a regular predictable space is made, as the approach
we advocate in Section 4.1 allows one to avoid the “WASE” framework altogether.

62



[54], each generator of .# 1, meets 0J" (K UC'; //7) exactly once. It follows that,
under the natural identification of .7}, with .#7,, the criteria for H-regularity
discussed in Remark 4.5 are satisfied. Hence, we may apply Proposition 4.8 to
obtain the desired null geodesic 7.

There exist several other proposals how to modify the WASE conditions of
[37] to obtain better control of the space times at hand [16, 50, 53], but we have
not investigated in detail their suitability to the problems considered here.

C Some comments on the area theorems of
Krdélak

Krélak has previously extended the definition of a black hole to settings more
general, in various ways, than the standard setting considered in Hawking and
Ellis [37]. In each of the papers [47 49] Krélak obtains an area theorem, un-
der the implicit assumption of piecewise smoothness. It follows from the results
presented here that the area theorems of Krolak still hold without the supple-
mentary hypothesis of piecewise smoothness, which can be seen as follows. First,
in each of the papers [47 49] the event horizon K is defined as the boundary of a
certain past set, which implies by [37, Prop. 6.3.1 p. 187] that H is an achronal
closed embedded C° hypersurface. Moreover, by arguments in [47 49] H is ruled
by future inextendible null geodesics and hence, in all the papers [47 49] K is
a future horizon as defined here. Now, because in [47,48] the null generators of
H are assumed to be future complete, one can apply Theorem 1.1 to conclude
that the area theorem holds, under the explicit assumptions of [47, 48], for the
horizons considered there, with no additional regularity conditions.

On the other hand, in [49] completeness of generators is not assumed, instead
a regularity condition on the horizon is imposed. Using the notation of [49], we
shall say that a horizon Hs (as defined in [49]) is weakly regular iff for any point
p of Hg there is an open neighborhood U of p such that for any compact set K
contained in U N Wy the set J™(K) contains a N°°-TIP from Wy. (The set Wy
may be thought of as the region outside of the black hole, while )7\/\7 represents null
infinity.) This differs from the definition in [49, p. 370] in that Krélak requires
the compact set K to be in U4 N Wy rather than in the somewhat larger set
UNWsy. % Under this slightly modified regularity condition, the arguments of
the proof of [49, Theorem 5.2] yield positivity of 6 4: the deformation of the set
T needed in that proof in [49] is obtained using our sets S, s from Proposition

26Tn Krélak’s definition K is not allowed to touch the event horizon Hq. But then in the
proof of [49, Theorem 5.2] when 7 is deformed, it must be moved completely off of the horizon
and into Wy. So the deformed 7 will, in general, have a boundary in Ws. The generator
v in the proof of [49, Theorem 5.2] may then meet T at a boundary point, which introduces
difficulties in the focusing argument used in the proof. The definition used here avoids this
problem.
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4.1. Our Theorem 6.1 then implies that area monotonicity holds for the horizons
considered in [49], subject to the minor change of the notion of weak reqularity
discussed above, with no additional regularity conditions.

D Proof of Theorem 5.6

For g € Sy let I'; C 3 denote the generator of H passing through ¢. Throughout
this proof all curves will be parameterized by signed o distance from Sy, with
the distance being negative to the past of Sy and positive to the future. We will
need the following Lemma:

Lemma D.1 S; is a Borel subset of 8, in particular Sy is H"~" measurable.

Proor: For each § > 0 let

As: = {pe€ S, | the domain of definition of T,
contains the interval [—4, §]} . (D.1)
Bs: = {p€ Sy | the domain of definition of the inextendible geodesic

7, containing I', contains the interval [—4,6]} . (D.2)

Lower semi continuity of existence time of geodesics shows that the Bjs’s are
open subsets of 8. Clearly As C Bs for ¢’ > 6. We claim that for ¢’ > § the
sets Ay are closed subsets of the Bs’s. Indeed, let ¢; € Ay N Bs be a sequence
such that ¢, — ¢, € Bj. Since the generators of H never leave H to the
future, and since ¢, € By, it immediately follows that the domain of definition
of I'y contains the interval [0,d]. Suppose, for contradiction, that I', (s_) is
an endpoint on H with s_ € (—d,0], hence there exists s’ € (—d,0] such that
Yoo (') € I7(H). As g is an interior point of 'y, the o unit tangents to the
I',,’s at ¢; converge to the o unit tangent to I, at ¢. Now I~ (H) is open, and
continuous dependence of ODE’s upon initial data shows that v, (s") € I~ (H)
for i large enough, contradicting the fact that ¢; € Ay with §' > §. It follows
that g, € Ay, and that Ay is closed in Bs;. But a closed subset of an open set is
a Borel set, hence Ay is Borel in 8. Clearly

So = UiAyy;

which implies that Sy is a Borel subset of 8. The ﬁg_l measurability of Sy follows
now from [25, p. 293] or [19, p. 147]'". O
Returning to the proof of Theorem 5.6, set
Ly = TynJ(q),
:H:sing = H \ :H:Al )
Q — UQESOF+

q

Qsing = Qn g{sing .
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By definition we have (g,, C Hging and completeness of the Hausdorff measure?’

together with 97 (Hsing) = 0 implies that Qgng is n Hausdorff measurable, with
ﬁg(Qsing) =0. (D3)

Let ¢: €2 — Sy be the map which to a point p € Fq+ assigns ¢ € Sy. The arguments
of the proofs of Lemmata 6.9 and 6.11 show that ¢ is locally Lipschitz. This,
together with Lemma D.1, allows us to use the co area formula [23, Theorem 3.1]
to infer from (D.3) that

0— / J(0)d9" = [ 9L(Quing N & 1(0))dH” 1(q)
Q So

sing
where J(¢) is the Jacobian of ¢, cf. [23, p. 423]. Hence
9o (Qsing N 6~ () =0 (D.4)

for almost all ¢’s in Sy. A chase through the definitions shows that (D.4) is
equivalent to

DT\ Hu)=0, (D.5)

for almost all ¢’s in Sy. Clearly the set of Alexandrov points of H is dense in
['; when (D.5) holds. Theorem 5.1 shows, for such ¢’s, that all interior points
of 'y are Alexandrov points of H, hence points ¢ satisfying (D.5) are in S;. It
follows that S; is 7! measurable, and has full (n — 1) Hausdorff measure in
Sy. This establishes our claim about S;. The claim about S, follows now from
the inclusion S; C Ss. O

E Proof of Proposition 6.6

Because of the identities
C C
(£) + (& =poay) = Slle = plP) + S llo]?
O
= (£ + S Ipl) + (= p.ap +Cp)

and

C C
(F@ + @ = g0 + Sl —all?) + 5 2]

C
= (F@) + S llalP) + @ = g.0,+ Ca) + Cll — g,

2T A measure is complete iff all sets of outer measure zero are measurable. Hausdorff measure
is constructed from an outer measure using Carathéodory’s definition of measurable sets [24,
p. 54]. All such measures are complete [24, Theorem 2.1.3 pp. 54-55].
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we can replace f by z — f(z)+ Cl|z]|?/2 and a, by a, + Cp and assume that for
all p,z € A we have

fp) + (= —p,a) < f(z) < fp) + (& —p,ay) + Clle —pl*, (E.1)
and for all p,q € A and z € R”
fp) + (@ —p.ay) < fla) + (@ —q.aq) + Cllz — ql*. (E.2)

These inequalities can be given a geometric form that is easier to work with. Let
P:={(r,y) € R" x R:y > C||z||*}. Then P is an open convex solid paraboloid
of R**'. We will denote the closure of P by P. From the identity

F(a) + (& = q,aq) + Cllz — I = (f(a) = (4C) " lagll*) + Cllz — (¢ — (2C)"ag) |I*

it follows that the solid open paraboloids {(z,y) € R" xR : y > f(q)+(x—q, az)+
Cllz—q||*} are translates in R**™! of P. Let G[f] := {(z,y) e R"xR:z € A, y =
f(z)} be the graph of f. The inequalities (E.1) and (E.2) imply that for each
p € A there is an affine hyperplane H, = {(z,y) €e R* xR : y = f(p)+(x—p,a,)}
of R*™ and a vector b, € R*"! so that

(p, f(p)) € Hy,

(P+b,)NGlfl=2 but (p,f(p)) €b,+P, (E.4)
and for all p,qg € A

—~
=
w

~—

H,N (b + P) = 2. (E.5)

As the paraboloids open up, this last condition implies that each b, 4 P lies above
all the hyperplanes H,.

Let
Q := Convex Hull ( U(bp+P)).
pEA
Because P is convex if ay,...,q;, > 0 satisfy >.." «; = 1 then for any
Vi,..., Uy € RO

aj(vy + P)+ ag(va + P) + - - + ap (v + P) = (qvy + -+ - + apvy,) + P

Therefore if
B := Convex Hull {b, : p € A}

then

Q=Uw+r)

vEB
so that @ is a union of translates of P. Thus () is open. Because P is open we
have that if limy_,o vy = v then v + P C |J,(v, + P). So if B is the closure of B
in R**! then we also have

Q=Jw+P). (E.6)

vEB
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For each p the open half space above H), is an open convex set and () is the
convex hull of a subset of this half space. Therefore () is contained in this half
space. Therefore () N H, = @ for all p.

We now claim that for each point 2 € @) there is a supporting paraboloid for
2 in the sense that there is a vector v € B with v+ P C Q and z € v+ P. To see
this note that as z € JQ) there is a sequence {b,}32, C B and {w,}3*; C P so that
limy_, o (by + wy) = z. Fixing a py € A and using that all the sets b, + P are above
the hyperplane Hy,, we see that both the sequences b, and w, are bounded subsets
of R"*! and by going to a subsequence we can assume that v := limy_,, b, and
w = limy_,o wy exist. Then z = v +w, v € B and w € P. Then (E.6) implies
v+ P C @Q and w € P implies z € v+ P. Thus we have the desired supporting
paraboloid.

We also claim that the graph G[f] satisfies G[f] C 0Q. This is because for
p € Athe point then (p, f(p)) € H, and H,, is disjoint from @). Thus (p, f(p)) ¢ Q-
But from (E.4) (p, f(p)) € b, + P and as b, + P C @ this implies (p, f(p)) € Q.
Therefore (p, f(p)) € 0Q as claimed.

Let F:R" — R be the function that defines 0Q). Explicitly

F(z) = inf{y : (z,y) € Q}.
This is a function defined on all of R* and G[f] C 0Q implies that this function
extends f. For any zy € R" the convexity of () implies there is a supporting
hyperplane H for @ at its boundary point (x¢, F'(xy)) and we have seen there
also a supporting paraboloid v + P for 0Q = G[F| at (x¢, F(x¢)). Expressing H
and 0(v + P) as graphs over R" these geometric facts yield that there is a vector
az, so that the inequalities

F(z0) + (x — 20, ag,) < F(x) < F(20) + (¥ — 20, ag,) + C||z — 20]|?

hold for all x € R". Because the function F' is defined on all of R" (rather than
just the subset A), it follows from [9, Prop. 1.1 p. 7] that F is of class C*!. O
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