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CONFIDENTIAL TECHNICAL HEMORANDUK Ho. 129

INTRODUCT IOM

These notes develop the theory of an electromegreticelly
controlled gyroscopic lesd computing sight such as the Sight Unit |
Mk € and discuss its application to the Aircrafi Fire Control Systenm §
W< 16, After a genaraipdeacriptian of the sight unit, the theory of " P
the predicted kinematic lead and trail offset is developed. This is .
followed by an analysis of the errors in magnitude end dirsction of . |
the predicted lsad, After a brief mention of the effect of these :
errors on the operation of the AFCS ik 16, suggestions are given for . |
improved design of future sights. :

The purpose of this report is to gather together under cne cover : ’
and present in elementary and non-rigorous fashion some theorstical :
and experimentel facts, which have previously been available only in
widely scattered technical reports and memoranda preparsd elsewhere,
as well as present results of thecretical and experimental work done
on the Sight Unit ¥k 8 in the Aviation Ordnance Department, Faval
Ordnance Test Statien, Inyokern, China Lake, Californla between
1 August 1950 and 31 Janusry 1951. The repcrt is also intended to
form a basie for future more quentivaiive and rigorous investigations
of the properties and proper use of the 3ight Unit Mk & as well as of
improved sightso

A rather comprehensive bibliography of published meterisl on the
gyroscopic lead computing sight is included.

GENERAL DESCRIPTION OF SIGHT UNIT
FUNCTION CF THE SIGHT UNIT

R R B

The function of the sight unit is tc present to the pilot a

virual indication of the direction in which toc fly the aircraft in :
“order 4o produce the proper lead angle for a hit when forward firing i

' fixed guns and rockets. The eight unit receives four input variables.
Three »f the inputs are elsaotrical ourrents, which are generated by a
computer. They are the range coil current, the elevation coil current,
and the agzimuth coil current. The computer determines these eurrsnis
from its own input varisbles which are radar range, rocket ballistics,
acceleration normel to the wings, angle of attack, angie of ekid, air
speed, pressure, and temperature. The fourth input variable to the
sight unit is the turning rate of the alreraft.

S R
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CONFIDENTIAL . TECHNICAL EEMORANDUE No. 129

The fire control system may be thought of as & loop consisiing
of the pillot, the sireraft, the computer, and the sight unit. There
are also independent veriables being fed into the computer. The
pilot flies the aircraft according to the directions provided by the |
sight unit, which in turn is controlled by the computer and the |
motion of the eircrafi. The computer inputs are determined partly |
by the aircraft's motion, which in turn depends on the guidance of
the pilot.

EXTERNAL FEATURES OF THE SIGHT UNIT

Externally the sight unit appears as shown in Figure 1 ~- an
approximately cubical black box on top of which is mounted an
inclined glass reflector plate. The sight unit i mounted in the
airplane in front of the pilot, who looks through the inelined ;
reflecter plate at the target. The pilot mleo sees the lmage of a ‘
small round source of light. This image is hereafter called the
pipper and appears to be located at infinity. The object reticle
for this image is located within the sight unit. The raye are
rendered parallel by a suitable lena and reflscted by the reflector
plate into the pilot's eyes.

The position of the pipper ie varied in a plane perpendicular to
the line of sight by the changing position of a mirror attached to a
gyro inside the sigiu unite. There is also a fixed pipper in the form
of a cross, which acte as a fixed reference with respect to which one
mey estimate the deflection of the gyro pipper.

INTERNAL FEATURES OF THE SIGHT UNIT

An internal view of the sight unit is shown in Figure 2. The
object which producss the pipper image is formed by & small circular
reticle placed in front of & light bulb. EBmerging from the reticle,
the light beam is reflected firat from the mirror attached to the
gyro, then from a fixed mirror end finally collimated into parallel
raye by a double convex lens.

The movable mirror ie attached to onme end of and is perpendicular
to the rotor of the gyro. A conducting spherical aluminum doms ia
mounted at the other end of the rotor. The gyro is epun by = drive
motor, which applies power, through & spring beli, drive wheel and
Hooke's universal joint %o the rotor. The Hcoke's universal. joint
allows the spinning gyro to be deflected in both elevation and azimuth.

2
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The basic features of a Hooke's jJoint are preseated in Figure 3.

8ince the Hooke's joint caunct transmit uniform rotation when the '
gyro axis is inelined to the motor driye shaft, & spring belt drive { o
is provided. The epring belt introduces some rotational play 1
and is designed with the proper lengih and slastic propsriles so

that the gyzo rotor, even though it is noit parallel to the *Exotor

drive sheft, will have an almost constant angular velocity”.

The dome spins in the air gaps of a magnetlic field. Eddy ‘ . ///
‘currents induced in the dome produce a drag on it such that the gyro _ g
tends to precess toward the effectlive center of the field. The 4
magnetic field is produced by currents in coils surrounding four f
peirs of symmetrically placed magnetic poles. The arrangement of 1
the coils and poles 1s shown in Figures 2 and 4. The range coile a
encircle all four pairs of poles eollectively. The inner and outer i
range coils are wound in the same direetion and produces equal fielde .
in all four air gaps. Thus the 1line of symmetry of the magnetic §
fields passes through the geometrical line of symmetry of the erray |
of four pairs of poles. |

The gyro may be displaced from the magnectic center line by
continuously rotating the sight unit case in spaces This is the i
method by which kinematic lsad is predicted as will be explained :
later. When thc effectivs -cénter lins of the magnetic field ia
rotated in space as a result of rotating the sight unit case, the
gyro will attempt to maintain its original position in epzce. = Thus
the gyro will laeg behind the magnetic center line with a changing
magnitude of lag until the restoring torque on the dome is just
sufficient to precess the gyro at the sngular rate of the case for
steady state conditions, Thie results in the gyro assuming a

* Reference 2 gives the required input angular rate Sy to be supplied
by the drive shaft for a given inclination € of the gyro axis to f
obtain an arbitrary constanit cutput angular rate Sy from the Hooke's b |
joint as 1

S = §q ———ige 8
L To T Tein?s ¢ sine
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stationary but deflected positien with respeet to the sight unlt
case. This deflection gives the mirror and sonsequently the pipper
their deflected positions.

The pipper may also be deflected by shanging the position of
the magnetic center line with respect to the sight unit case. Thie
is sccomplished by emergizing tho tredl 20ile. The four outer pole
pleces are each encircled by an jndividusl coil celled 2 trail coll.
The trail coils are connected in seriee-opposition in vertical and
horigontal pairs. Thus current through one pair of trail colls will
weakern the field in one air gsp but strengthen the field in the
opposite eir gep by the same smount. This has the effect of
shifting the eifective center iine &f the total magnetic field and
thus results in & new position of the gyro. One pair of trail colls
15 used to introduce elevetion offsets sud the other pair, azlmuth
offsets. Thus corrections in lead for angle of attack, skid and
gravity drop may be introduced as well as any other desired offeets
guch as the spproximately 26 mils contemplated in the Mk 16 Aircrsfi
Fire Control System fcr the purpose of extending the meximum lead
angle in elevation.

KINEMATIC
TRUE KINEMATIC LEAD

The kinemetic lesad required by an ettacking alrcraft when
attacking a target is that lead necessary to compensete for the
relative motion in apace of the attacker and target along their
respective flight paths.

The following especially restricted but simple case is con-.
sidered. Figure 5 shows an attacking aireraft making an attack in
the vertical plane on a non-maneuvering target. If the additional
components of lead, such a3 those necessary to compensate for angle
of atteck, skid and gravity drop ere omitted, then the condition
for a hit is as shown in the figures The velocity Vg of the
sttacking aircraft is shown as lying along the armameni datun line
(ADL), Also the average velocity Vo of the projectile is shown as

. 1ying along the ADL. The lead X ie the angle between the sight line

and the ADL. The angle O~ of the sight line is taken with respect
to a reference line perpendicular to the f1ight path of the target
as is alsc the angle © of the ADL. The target velocliy is Vp.
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From the figure

g+ A =0 (1)
G+ A=0=0 (2)

The iaw of sines gives
_eind . ?giuzg.@ (3)
VTtg Vo * Vg te

Vo sin A+ Vg ein A = Vp cos O~ (4)

or

Due to the rotation of the sight line in apace

RO~ = Vp cos o~ = Vg 8in A (5)
Equations (4) end (5) may be combined to obtain

sin A = % o | (6)

or since A is usually less t-han.‘lo deg,
A= o (7
o A

With the aid of eguation {2) the true kinematic lead finelly becomes

AxE-A) (8)
O

In the next two sections the expreseion for the kinematic lead
predicted by a gyroscople sight is developed to allow & comparison
with the desired kinematic lead given by equation (8).
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ELEGTROMAGNETIC CONSTRAINING TOROUR

Fhen the dome spins in the air gaps of the magnetic fields,
drag forces are developed at each of the four gaps. When the
axie is eligned with the magnetic axis, the resultant of the four
drag forces on the dome is g couple which tends only to reduce the
spin veloeity. When the gyro exis is iz a dsflecled position from
the magnetic axis, in addition to the spin retarding couple there
is a resuitant foree F acting on the dome. This foree is shown
in Pigure 6(a) as ac at the center of the dome and producing
8 torgue D x % about the Hooke's joint and a torresponding angular
aonentun Gp. At any instant the vectorial combination of and
the spin angular momentum G produceSa total angular momentum G.
The gyro axis must attwpt’go line up with G and in so doing
precesges toward the megnetic axis. Thus a deflectlon~-conatraining
offect ie produced,

.The development of the drag force in a single air gep field |
will be discussed first. It is necessary to find the functional s
dependence of this force on gyro deflecticn, magnetic field,
conduetivity of the dome and other factors. Referring to Figure 6(Db)
it is possible to analysze the effect of the magnetic field én the
spinning doms. The dome is ‘apinning with an snguler velocity S,
which corresponde to a tangential veloocity '

v=8SDsing : : , {(9)

et a point P of colatitude # in the presence of the magnetic ;
induction B. Conduction elecirona of charge e in the vieinity of
point P feel a force k.

Fo ~ey xB : (10)

or an electric field

F@
E==eyx3B (11)

The fleld 1s in such a direction as to urge electrons toward the

axis of the dome or positive eurrent toward the edge of the dome. ‘
An approximate wapping of the eddy current flow is shown in Figure 6(c).

6
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‘ i positive current slement 41 in the presence of B feels a
force '
ar=aixB (22)

If § is the current density and dV is a volume element of the dome
at point P, then

a1 = jav (13)
or

g_’-ﬂ_,j_deg (14)
By Ohm's law

j=0E=ouxB (15)

where o is the conductivity of the doms. Therefore, dropping the
vector notation, -

aF = o vB aV (16)

Since the dome is gof ferromagnetic, the :elation
B w A4H (17)

méy be used with s eonef,ant- value of the permeabllity.
Consequently

oF = oPHval | . (18)
After substituting ecuation (9) into equetion (18)

aF = 288D sin gav $3)

1% 1s assumed thet the magnetic ‘field is eppreciable only under the
pole piece. Then the integrated force over the suall volume V of
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the dope immediately under a pole plece is
;{ F = 0/4PH?SD ein § V (20)

! whers sin § is an average # taken over the volume. Since V 1is
| small, the approximation sin @ =~ sin # is used hereafter unless

j otherwise specified. If % ie the thlickness of the dome and 2 15 )
! P ' the area of the pols face, then the fundamental equaticn for the %
drag forece at a single alr gap is

; ‘ F = 0#2H%3D € A ein § (1)

Equation (21) may now be used to calculate tne force at each of the
four pole gaps. For the following anelysis it ia profitable to let

o = gfSD 7 A . ' (22)

80 that
F = oH® pin @ (23)

In general, when trail coil currents are present and the
_ rate of the sight unit is in some arbitrary direction, the
four fields will be different and resuit in four difference forces

Fy = aI-l% sin @y

F, = cHZ sin f,

7 (24)
Fy = o sin 4

= oH2

For simplicity and retentlon of the physical picture the present
derivation of the gyro's equation of motlon ia rather qualitative
and restricted in secope. Conasideration is given to the special case
of a gyro deflection in ezimuth only. The gyro is under the
influence of an angular rotation of the sight unit case in the
asimuth plane and an azimuth trail offset as shown in Figure 7. The

more rigorous and more complete equations for the gensral cese of an
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arbitrery plans of rotation in the presence of both elsvation and

repario o

¥aking use of ihe angular reletisns in Figure 7 sand spberiosel
trigononetyy, one obtaine

sin @ = ain(8;, - ©)
sin @, ~ sin(e, + @) | (25)
sin §3 = sin f, = cos G/ainey, + tan®e

iy,

The presceasing torque is obtained from ths resultant of the forces
aeting perpandicular to the gyxo deflecticn. These forces ars

= ol '
F, = ol sin(ﬁp + 9) (26)
Pyt Ps sin ; » nﬂ‘; sin ©

2 ~
Fy = cfy sin(@, - 6) z
rgsnrkamxw?n‘zame J

pin I = tan 8 (27)
! { sindy + tan®s

wmmﬁmwmhi'twummtmeuoxm«a
!EM!agggb@xspheeahgusmgh force Fp-F) acting at the
center of the dome aud a couple of magnitude (Fy ¢ ¥,)Dsin @

« {F, = F1)Dsin 6 wilch opposse the spin. Simi. rly the fortes

¥4 and F/ may be replaced by & single fores ?5 + P acting at the
center oé the dome and o coupls of wagnitude \§§ * Fﬁ})&am O

There is an sdditicnal spim-retarding couple © tade

FiDein 6, produced by the compenents of. F3 and F; which sre parallel
to the deflestion.

s the resultant total fovee acting at the center of the dome ie

Fp=Fy - Py + Py ¢ ¥/ (28)
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By multiplying the total force by its lever arm D the eddy ourrent
preceesing torque Tg is obtained as

Tg = D x Fg = Do[Efstn(e, + 0) - Bisin(6y, - ) + (B + H})atn 6]
| (30)

In the present case there are currents present in the azimuth
trail coils as well as in the rangse coil so that

™,
Hy = Hp + Hy \)
Hy = By - H,

}!3 ‘KB
Hy = Hr

where Hp is the field due to the range coil current, Hy is due to the
azimuth coil current. Substitution of equations (31) fnto equation (30)
and expansion of the trigonometric functions yields

Tg = 2Dc {[ng(i + eos 8;) + HZ cos plein @ - gl ein ep} (32)

Applying Newton's second law of motion for angular rotation in the
plane of the defleetion of the gyro axis one has

sy =Ty (33)

where M 1s the moment of inertia about the gyro axis and }; is the
preceasional angular velocity in the plane of the deflsction. When

& constant turning radte o is impresssd upon tha gight_ mit anse the

gro will deflect until the tsrque Tg is sufficlent to precess the
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PUS .

¢ et the same velocity (i.s., fé = @). Therefors from equations (33)
and (32) the atandy state equation of motion beeomes

MBw = 2De {[Kﬁ(l + cos §;) Bzege Gp]nin © (3)

8ince the gyro deflection € will always be under 1 degrees, the small
i angle approximstions of ain @ =9 and cos 6 *=1, as well as

. me “ 1, cos B, = cos 23,5° ﬁlmbeuuduith no more than
lpwesnterrorgnsinaand:%moeutin 8. The gyro
deflection then becomes

u, f,
s 2w
G : ® + ‘ (25)
2 Hg I_*E '
MRZ‘*-—- 2+
H Hg

Further interpretation and application of the above seguation to obtain
the predicted lead must await an analysis of the conrestion between
the gyro deflection and the pipper deflection {or sight line
deflection when properly tracking). This comnection will be given in
the following section.

EFFECT OF OPTICAL COUPLING ON THE GYRO-FREDICTED. LEAD

After a brief examination cf the path of the pipper bsam as
shown in Figure 2, it will be apparent that ths sight line will not
deflect through the same angles as the gyro axis but rather will
deflect through angles which are proportionel to the gyro deflections.

To derive the relation between the gyroc and the line of sight
deflections it is necessary to consider the geometrical optics of the
sight. A simplified diagram of thc path of the pipper beam is shown
in Figure 8. The fixed mirror has been removed, and the point C
indicates the optical position of the leas. In ordsr to insure
parallsl rays emerging from the aight unit, the object reticle R is
placed at the foosml point of the lens. Thus the total distance
traveled by the beam from reticle to lens iz £, the focal length.

The distance from the reticle to the gyro mirror is d.

AY

i1
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v For ainp}ieitymthﬂwgsqat analyeis is twc dimeasionsl apd

Y 'S Vv oen daa =) ot bl e P Ll

| i COnGWNon with & Geiiscuicon of e ZFre BIFrTOr 1n Sa8TRTAAn OB

‘ The enslysis of the deflection im azlmuth caly proceods along

‘ sinilar linés. The thres dimsnsional analysis for both an
eievation and en asimuth deflection is cousiderably mors oomplicatsd,
E ::g igz- the derivation the resder is referred to References 8, 9,

| : )

Returning te Figure & it is spparent that from the lens
position et C the undeflected imege of the pipper wlll appear to
be at R'. The line of sight will appear to be along R'C. When the
gro mirror is deflected through en angle 6, the reflected bean
will change direction by an angle 28g. Again from point C the
deflected pipper image will appear to be at R", and the line of
s;ghm appear to be along R®C. Thus the deflection of the line
of 8 B

From the law of sines

sin 25. sm(zgﬁo h&l
d

s Rl (36)

!hs ansl an _)‘s .‘.!‘.'3. 2. ave mll nnd therafore m gﬂll angl.o
approximetion gives

20g - Ag | .
- P T 4
Ag = ‘2}9 9: ' (38)

Since £>»2d, it is apparent that the deflection of the line of sight
is alwayp less then the gyro deflection. The difference betwesn the
@ro end sight line deflections is '

%Af,\xﬁé,\si,\sgé%q)% (39)

It is convenient to express the factor £/24 - 1 as & positive
constant &. __Pimlly one obtains )

v S8 (40)

BT 1+
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PTAT.
|
| The similsr result of the smalysis for ssimuth dsflecstlen
\ only is
e 24 ons al
- nAn £ - 1
%‘
} where @, is the defiection of the gyro rmirror im asisuth and & 13 -
! b he e betwesn the normal to the gyro mirrer in the undeflected L/

position and the indident beam RO. For small @, cos QL * 1, which

results in almost identicsl coupling in asimuth and elevation. The
actunl value of & of 17 deg for the Sight Unit Mk 8 results in &
4¢3 per cent differencs of the proportionality oonstant for coupling ]
in asimuth from that for coupling in elevation. In the Sight Unit i
Mk 11 this error is helved. (See Reference 19.) §

If the constant of prcgorﬁnnallty between A and @ is to
remain of the form 1/(1 + a) for all directions of deflection from
elevation to asimuth, then it is apparent that the value of "a" ie
different for sach different direction of deflection. It is shown
in reference 11 that

%25_ F}A*ﬁngﬁ,- | ¢
v 20 Yoos2a tan?, + 1 )

.

T

£9)
L4

s

where LT is the "a” value when the azimuth axis of the sight is

-inelined at en angle €, with respect to the horizontal plane and
the pipper ia deflected verticelly by rotation of the sight in the
mﬁiﬂl plane. -

In the sight unit calibration work (see reference 10 and 12) at
'the Maval Ordnsnce Plant, Indisnapolis, (NOPI), the intermediate ngw
velue was chosen for the tactieslly frequent condition of & = 30 deg
where the attack is in the vertical plane, for which equatlon (42)
glves 0.431. In more recent celibration work (sue references 11 and
13) at FOTS, an "a" value was chosen as 0.439 which correspends. to a
‘bank angle of 38 deg for an attack in the vertical plane and
represents an average consiant between the tactical extremes of an
sttack in the vertical plane with no bank engle and an attack in the
horisontal plsne with 2 30 deg bank angle. :

, Further discussion of the effect of the variation of optical
coupling with direction of deflection will be given in the sections

13
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on arrors in the predicted lead.

Applicetion of the cpticel voupling factor to the gyre daflestion
in equation (35) gives the gyro-predicted lead as

L‘&- : "'u‘xw*ﬁ? -npi.a—_u_
2 ' ) R j
2Dcﬂa(1+¢(?+‘_ﬁ G“;{%

The first term oo the right hand eids of squation {43) is the kinematic
Jl:nd and the second term is the asimuth offset, which will be discussed
tere. ’

Py
g
»

s

In the absence of the trail offset the kinemetic lead becomes

Recalling from equation (22) that C contains the spin velocity 8 it 1s
apparent that the 1eqd is independent of S or

A s

(45)

- N
wamaze > ®
40y TADUE(1 + u)
The magnetic field Hp is proportional to the range coil current I
sc that .
By = (KyNy + KNI (46)
Kl and are toém factors and Ny and N, are the numbers of turns on the

inner outer range colls, respectively. Thus upon consclidating the
constant factors by the substitution

N S i
40"/"2 C’LD(Klll + xzng) i
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The above equation {48) is used to defins the sizht sensitivity in the L
naxt section. 5

. & comparison of the true kinematic of equation (8) lead end the
gyro-prredicted lesd may be made with the aid of Pigure 9. Retuwrning
to Newton's law of motion for ths sight as given in equation (33) and

ezpressing the constraining torque Tg as
w2 sIE, , i
TB“‘;%G_'-EI'“*Q)A}G {49)

cae cbtains the precession rate as |
o I§(1 +alAg
" - xz

o~

Y
{

A

From Figure 9 the angle of the gyro axis referred to the reference
line, which is perpendiculer tc the atraighit and level flight peth of
the target is

=co-8A; (51)
The precession _veloeit& becones
f=o-alg | (52)

" and when it is substituted into equation (5) the gyro-predicted lead
becones

.. R
Aﬂu(l#a_)lga‘ ’m% AG (53)

15
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(e-ﬂ-—.-« \ (54)

by saploying the AFCS Mk 16 couputer-sscheni sed relation

g- %9 (55)

Then the @ro-predicted lesd beocomes
L (ﬁ"; - a:) (56)

A comparison of equations (8) and (36} shows that dus to the presence
of the 1 + a factor the sight prediste o lead which is smelier than
ihe teue vaine. In the sapressicn o the totel lead nradicted by
the AFCS Mk 16 other terms ere added to equation (56) so that this
reduction is partislly compensated. For more details on this
ocompeneation the reader is raferred 0 refsrenco 4.

SEMSITIVITY OF AN XDEAL SIGHT

The pﬁportimality conatant between the gyro-predicted lead )‘G

mminmn rate of the sight line, which for the steady siate
{1.00, '0, is the turning rate o of the aircraft, is defliped a&s
the mi%ivity

Vol 20 (57)

@

From equetions (56} and (48) it follows that

L4

- £
A TR (58
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CORP I TAT,

and also

= 2 )
TR o (59)

If X snd & sre asmmed to be constant, then oguation (59) gives the
sensitivity of the ideal aight whavein thema is no depandanea aof 4C
upon #. A plot of sensitivity for the ideal sight versus turning
rate of the aircraft would appear as in Pigure 10. Thus as ths range
eoil current is deoreased, the sensitivity of the sight is inereased.
It is to be noted that the sensitiviiy has the units of time and is
usually given in seconds.

For calibration purposes the computer mechanization constant
to be used in equetion (55) can be determined for the ideal sight by
a single epplication of the formula

K=Ig J(l +a) %ﬁ _ (60)

which is obtained from combining equations (57) and {59). The sight
csn be placed on a rate table, which simulatss the constant rate w of
the aircraft. IR is applied to the range coil, sund the resulting
lead Ag is read. However, the calibration of an mctual sight cannot
be relisbly based on one such measurement. The behavidr of an actual
sight whose sensitivity .2 does depend upon the aireraft turning
rate w is discussed in a later seation.

IBAIL OFFSETS

When the trall coils ars energized as well as the range coils,
the gyre axis assumes a deflsected position even in the abaence of an
angular rate of ths alrecyraft. This deflscted position determines ths
trail offset. As was previously pointed out in ocnnecticn with the
equation {43), the secoand term is the asimuth offset

2e, H 1 :
3 = -&
" (1)U 7 : (61)

17
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The eight wae intended to be used in the region where the ratios
,/Eghsro smell so that the squared tesms msy be neglected
fm sunnews

a2 affent nf naciantins tha gqn-qn‘ol Tamte 1'” Blamzaoaa

laver in mm;acr.im wiith the trail offsets of an actuai aight. 7The
aginuth trail offset Jux an ideal sight is

A -

1“% (62)

Introduecing the numbers of turns end form factors as was done in
squation (46) and also lsttiag

Hy = Epli,Tq (63)
one cobtains

. - L (64
Aa (1« a)(xlal K?HZ)IR )
By letting the agimuth trail calibretion constant
8.k N_

Ess 6

one finally obtains for the ideal azimuth trail offset

Ak ;: (66)

A sgimiler relation is cbtained for the elewation offset. Thus

I
)\e =k, ﬁ | (67)

4 sot of ourves showing this ideel hyperbolie dependence of trail
effset on range coil current for different trail coll eurrents is
given ia Figure 11.

i8
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If the trail offssts obeyed squations (66) and (67) exmctly,
then the trail ealibration ecnstents k, end k, eould be determined
by single messuvements using the above formulss. However, the trail
offsete do not have this oxact hyperbelic dependence on rangs current.
This matter will be taken up in a later seetion.

o '."Ll'("&ﬂ:“ ]

The errors pressnt in an aetual sigh® are due to many different
effects. Moat of these effescts produce errors in both magnitude
and direction of the predicted lead. In the present secilon an
attempt will be made to Gescribe the megnitude errors in the gyro-
predicted lead. In partieunlar the magnitude errors in the kinematic
lead ars deseribed in terms of the modifisd sight sensitivity.

SENSITIVITY OF AN ACTUAL SIGHT
An actusl sight shows pensitivity dependencs on turning rate of

the airoraft as well as on the range current. Figure 12 (taken from
reference 12) shews that the variation of sensitivity with angular

_pate inavenses sa the range curvent deeresses. The decrease in

sensitivity at low angular rates for a given range current is
explained as being due to frietion at the Hooke's Jolnt. The inerease
in sensitivity for a given range current at high turning rates is
explained by the reduction of the elasctromagnetic eonstraining
torque due to distortion of the eddy current pattern by the secondary
magnetie fisld produced by the sddy currents. The presence of an
anomelous up-turning of the conztant Ip curves with decreasing

! rate at extremely low valuass of w depends on the relatlve
poaitions of the magretic and fricticn centers of the gyro and the
direetion in whiech the kinematie lead is genarated. The following
gection will give more detailed discussions of the above-meniioned
effects as welil as other effects suech as air dreg, temperature of the
dome, presence of ireil currents, and optical dip.

Friction st the Hooke's Joint. Certain previous attempis
(references 3 and 15) 1o explain the effect of friction at the Hooke's
joint have involved the asswaption thet the resultent frictional
torque is proportionsl to the deflestion of the gyro axie. These

analyses, however, were developed in such a manner as to imply that
the sensitivity is independent of the turming rate of the airoraft.

_ 19
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The present discussion briefly cutlines the assurptions and method
for determining the frietional torque given in reference 16 in order
%0 derive an expression for the sensitivity whish showe the grester
influence of frietion at the lower angular rates.

The detailed analysis of the effect of the frietional forces,
28 they exist in practice in ths preesence of lubriecation, was con- /
atderad tes diffienlt to pursne and not warranted in view of the /
ultimete aiss of reforence 16, However, au upper limit on the
frictional forces is obtained by essuming that the rubbing otcurs
between solid non-lubricated pivot and bearing surfaces. Therefore
only norzal forces are assumed to exist. The normal force at &
pivot and bearing interfacs is composed of a component of the
gravitational foree due to the mass of the gyro and a component of
the driving fores supplied by the drive motar. The cosfficients of -
friction are taken &s constant and thus independent of the relative
velocities of the rubbing surfaces. Actually ths problem is further
complicated by the fact that ths driving forces are in turn depsndent
upon the friational) forces. However, this complexity is removed by
the spproximation that because the gyre spin in the preaent system is
not heavily resisted, the frictional force dus toc the waight pre-
doainstes over the fristional forne due te the driving force for all
but a swall part of each revolution. The averags effsct over a
complete revolution of the gyro axis is compuied epproximately for
the case where the defleetion of the gyro axls is small.

The result of the analysis of referenece 16 gives the approximate
frictionsl torque averaged over & complets reveluticn as a econstent
vaine of

Tp = 2u0gdf {e8)

whers m is the mass of the gyro, g is the acceleration due to gravitly,
d is en effective radius of the pivot surface, and f is an effective
coafficient of friction. The vector Tp lies spproximately in the
plane of deflection of the gyro axis and is perpendiculer to and
directed toward the mechanical rest axis. The component (Tr)s of Tp

along the gyro axia opposes the spin vscior & and therefore tends to

retard the spin. Thus
(Tp), = 2ugdf sin 6 (69)
L 26 !
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The e¢wumponent (Tp) > is perpendicular to the gyro exis and i

responsible for precessing the gyro toward the nechanicsl rest axis.
Thus

. (Tg)_ = 2mgdf aoe © (70)
M

Por small gyré deflectlong the frietional precsssion is

- 2
(Tp) = 2mgaz(l - ) {71)

Now generalizing Newton's second law to inelude the frictional torque,
equation (33) becomes

! wSF =T+ (), (72)
Substituting for the eddy eurrent and Iristionsl torques from
equations (49) and (71) one obimins g
. wsI? .2
MS % = Tz e + 2mgdf(l - 3») (73)

An approximate result is obtained by neglecting the e"" term and thua
assuning an essentially constant frictional torque. Since
e=(1+a) Ag and from equetion (52) % = w-r?l + a) A,, the gyro-

oy predicted lead for the steady state {i.e., XG = 0) in the presence
Lo of friction may be writien as
; Yemtes _ggéxgg.;)m 74)
L - {1+ e,)Ig : “

whers hereafter the subscript G on AG is dropped.

{ Y
i 1 :
.
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By introduging the ideal sight sensitivity 4 the gyro-predicted
lsad becomes

.. @,
Am il ===) o (75}
where
5 B (76)

Therefore the sight sensitivity, as modified by plvoi-bearing
friction becomes

26,
A m o (1 - =) (77)

A further refinement would invclve the retention of the @? term in
equation {73).

Malalignment of Frictien end Magnetlc Centers. The actual sight
sensitivity versus angular rate curves of Figure 13 for clockwisa and
counterciockwise rotation demonsirais the malalignment of frietien

and magnetic centers. Thus Figure 13(b) contains the frictlon center
of the sight. 4s the angular rate is reduced the lead and sensitivity
decreases until the friction center is rsached. Then because the
frictional torque is comparable to the eddy curreat iorque for low
rates, the gyro axis tends to linger at the friction center end
apintain the same deflection as the rate is reduced further. Thus

the sensitivity A= A/ increases again for further dec¢remse of w.
Figure 13(a) obvicusly dees not contain the frietlon ceater.

Air Drag on the Doge. Previcus anslyses (references 3 and 8}
have considered only the symmetrie alr drag on the domes where the
torque ®as assumed to be proporticpal to the square of the spin
velocity. The torque leads to & reduction of the sight sensitivity.
Hewever, the writsr believes that the asymmetrie air drag on the dome
due to its proximity to the range coll retalning wall is much more
important then the symmetrie drag end has the affect of increasing
the sight sensitivity for low range eoil surrents.
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The effact of asymmetric sir drag on the dome may be seen by
referring to Pigure 14. The gyre is shown deflected through the
angle & such that & larger surface area of the dome is under the

marmen s 2alD madhalden oo waDT i FEX
Tange COzi TOVRLDILE This OO ths »ight than on ths Isft., The air

drag on the spinning dome in the open central region would be

negligible compared to that under the range coil retaining wall.

This fact 1s appersnt from comsideraticn of the formuls for the

vigeous drag force exerted by s fluid contained between two parallsl P
planes one of which is moving with a veloocity ve The foree is - F 4

= ¥
ar ?uy (78)

where 7 1s the coefficient of viscosity, dA i1s an element of ares,

end y is-the spacing between the wall and the doms. 7This expresslion

neglests slip end sseumes that the air adjmeent to the dome has iue

‘;aloeity of the dome and that the air adjatent to the retaining wall
s at rest.

Since the ares of dome undar the retaining wall is proportional
to the integrated line element Rag

dA = ' Rag (79)

From Figure 14
‘v = 8R sin @ (€0)
B and thersfore

1 . ﬁ'%ﬁdﬂw {81)

To further simplify the anelysis sian # is repleced by § so that the
aerodynamic dreg force on the right side of the dome becomes

: : gﬁ P
2 g B
® ‘ﬂg‘%‘i {ﬁ" (Qe = 9.)2] - {(82)
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©

Similarly the foree on the left side of the dome is
= 2 r - :’.ﬁ ;
F, " Zﬁm_ Lﬁs - (8g * 9).J (83)

The foress Fy and ¥, produce an unbalsnced souple which may be

renlacned by a sinsia rasultant »i‘me

2357% '
’a*‘ie’z'*%“”e (84)

acting at some point p cular to the line passing through Fy
and Fo. The direction of Fp 1s in the direction of Fy.. Thia results
in sn asrodynamiec torque

T,~RxFy (85)

which opposes the eddy current restoring torque. By letiing the

constant
3
A= .2-’{3-2& (86)

the torgque becomes

Ty = 48 (87)
Application of Newton'e sevond law of_ motion agein glves

M7= Tg + Ty - Ty : - (e8)

which resulis in a steady state lead

€
P
L

' 24
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i

or a sengitivity of

a -5

Ay =l s (50)
1 =k
(-i» Tg)
R
¥ P /
e, = %3 {91)

Thus from equation (90) it is eclear that the semsitivity 1s increased
: by asymmetric alr drag for low range coil currents. No quantitative
| mmw:ts of o4 have been made, but in the event that the term

1 'e‘/In « 1 the seneitivity becomes

i Ay = (L ?)(1 + ;;—%) (92)

ML _ AN
LAl BHAGLx

the dome sre ggmgientlv large to oreats & secondary magnetic
induction B, which is not negligible compared to the primary
induction B‘ The secondary field distorts the eddy current pattern
induced by the primary field in such a manner as to reduce the
restoring torqno. The torgue ia also misdirected, which effect will
26 desoribed in the section on magnetic dip. The expression for the
' reduced electrcmagnetic constraining torque is developed according to
! the following general outlines

-uxunnunmh *hus na.in -‘viah fh.‘oﬂl‘omnnrnm-b- :...a ......: ﬁ

The resultant induetion is ths superpesition of the primary
snd secondary inductions.

B, =B+ B, {93)

Due to the motion of the conducting dome through the resultant
induction By an electrie field E is established in the doms. 4
mcdificatidn of Faradey's empiriesl) law of induetion gives the

E

PRELIMINARY DATA
This material is not to be reproduced and is transmitted for the exclusive use of the indicated recip:ent. the data presented are centative
and-subjeci to later revision or deletion. The opinions and conclusions expressed herein are those of the individual preparing this repol‘t and

do not necessarily represent the views of the Naval Ordnance Test Station.

1IND NOTS 499 (Rev. 4-49) DPPO San Diego— Wb—*hL»~I53l




b — S >y . e T ae @ & = o
! . A
|
§
TECENI0AL smuceawnim Ho 120
oconnection betwesn B, and E es
as,
VRE = ~ —== (oL}
f ot
The eddy current density i which results from the electric field is
giver by Ohm's lav as . :
i=oF (95)
)
J whers o- 1s the conductivity of the dome. Substituting for the
: electric field in the law of induection gives
3B, |
Vsl = oo —== (96)
i . ot
The eddy current density ls connseted to the secondary induction by
] the relation
; impe = VB, (97)
; t wherein By = A k_lg in a region of permeability Ae » Taking the curl
" | "  of both sides of equation (97) end expending according to the rules
‘ I - 1 of vector analysis gives. '
| - ' i .
R e Vxi= Tx (VAB) = =By ¢ VIV By (98)
L Since By 1s solencidal the divergence vanighes, i.6.
‘ Ve %ﬂ 3: 0 (99)
, and substitution of squatien (98) into equation (96) with the
| separation of the total industion By into its ‘components B and By by
(N aquatica (93) ylelds = -
1R 3B
IR 1 25 o 0B, 2 100
| Tmose V 08”33 ot {300}
L 26
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If the spacisl distribution of the primery induction B le
obtained, then the form of the secondsry induetion may be inferred

fros the second order "wave" eguation {100). Knowing the form of

By ous may obtain the eddy current density from equation {97} .
Tnopro&u&tortheeﬁycurrantdenoﬁyiandthamimry

" induetien B is integrated over the volume traversed by the oddy

surrants to ohtain the foree, which when properiy combined with the
forces from the other three pairs of poles gives the resulfemt
foros on the dome. An alternative method of salculating the force
is to firgt caloulste the slectrical power 1°R dissipated by the
eddy ourrents in the dome. Then the power is divided by the
velosity of the region of the dome under a pols gap to obtein the
forcs. After multiplication of the total resultant force by the
lever arm, which in this case is the radius of the dome, one.
finally obtains the desired eleoctromagnetic consitraining torque.

4 rigorous caleulation of the primery induction B at an
arbitrary point on the surface of the spinning dome was atiempted
without success due to difficulty in handling the resulting integrals.
Neveriheless the sst up for the caleulation is presented with the
bope that somecns's future efforts will be more successful.

Raferring to Figure 15 the problem ie to calculste the primary
induection B at the arbitrary point Q for an arbitrary deflection

of the gyro axis from the geometrical eenber of the gyro housing as

indicated by the angles Osan& ¥ . The plane circular sad of the
magnetic pole of radius a i a dlstance h ebove the dome and at an
angle &, with respect to the housing centar. Following the method
o2 = whn developed an approximate solution for the analogous

problem (see reference 23) of a spinning disc, one may pet up the
scalsr sagnetis potentlal at Q as :

N = W f % (101)

»

whare @ 1s the total flux emerging normeily from the pole face.

The differential 48 is an element of area of the pocle face, and R

is the distance from dS to the arbitrary point Q om the surface of
the dome. The gradient of /1 will yield the desired field.

From the figure R is obtained as
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B et

AT R

e

{ . "
Re gn'z a2 - e sz @] (102)
where :
= -
= “ri . - 2r{ r* co8 & {303}
= (h + D)ten 6% (1043
cos ) = cos @ 008 8o * sln 8, sin O4cos{ot - o) (105)
cos 95 = cos Spcos 8, + sla @,sin 8gcos y ‘ (106)

Mamhmmmmﬁfthommtse,h,mnmd
the primary varisbles 8., ¥, and o For the romﬁ.gs of a somevhat

similar but simpler in tion the reader is rofarred to the above-
meutioned refersnce to Szythe's works

_ The remainder of this section will be concerned with a somewhat
leas accuraie dul considerably more enlightening solution of the
sroblem essentially as suggested by Rudenberg (reference 24) end

epplied to the eddy surrent consiveined gvrescepe by
(referenve 25).

Por simplicity the geomstry of Figure 15 is replaced by that of
Figurs 16, wherein a thin conducting sheet bounded by straight lines
moves lengthwige in the narrow gap betwesn & pair of maguetie poles
with square feces. The spaoisl dlstribution of thoe primery magnstic
induction B is assumed to be cosinuseidel and therefore of limited

extent, namely & sQuare area of sids b, on the econducting sheeto Let

B = B cos % x @08 % v (107)

t of induction is considered since the other

ents should have negligible effects 4f the sheet is sufficiently

thin, Since the sheet is moving in the positive x direction with a
veloeity v, then at & time ¢ after a ecertain point on the gheet
passes through x = 0, the induction at that peint will be

B = E, cos &{x + vt)eos % y (108)
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i Figure 16
Extent of Cosinusoidal Approximation to the Field Distribution B
on thin Conducting Strip Moving with Velocity v between
‘ Rectangular Faced Poles
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Rather then follow the physically causal saguense that the primary

PR YA emema B - Sl PUT— =in n  onamandlen
£4212 produses ths sidy currsats whish im turs profucs the secondary

field, it is easier to determine the secondary fileld first from
equation (100) and then d& .the eddy currents from

S8 'nu Feorr) - bl Sl Jr pew—. | -
SYGRWAUR 3'7119 Thus the time derivative of B ossdsd for the tmawval

equation (100} is
= * o z B z . b.
= T VBein s(x + vi)eos X4 (109)
Consequently squation (100) reeds
v3B, - _EEOB = « 5 B gin B(x + vt)oos X y (110)
4morse 8 2 b b

. It ie remsonsble to expeet the secondary induction By on tha sheet
to be in the z dirsction end have the sams spacial distribumtion
gcqa(vy/b)] perpendicnlay to the motion as the primary induction B.

owever, the distributien of B, in the x direction of motlen will
bs shifted and therefore should contein sine as well as cogino terms.

These sonsiderations suggest the form of the ssacndary industien as
3’ = Cy8in %(x + vt)oos % y + Cpcos §(x + vt)cos % > 4 (111)

with the constents Cy and Cp to be determined. Substitution of
equation (111) into eguation (110) is now performed using the
_ leplacian in rectangular coordinates as

6255*'323

ZB - -
V5 T
The result is
. - BY - X : Jix + v x
(ac'ﬂbz G-Fo-2 78°> sin Z(x )cos z7
N n o a\ e Ml i s Vone B e = A £119)
+ sy ¥ k OB =X ¥ V008 = §J T w L e
&2:::'&2 2° % ”*1/1 b b
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8ince the coefficients of the triscnmtric termus are independent,

they must venish idont:l.cany thus giving two relations to be solwed
simnltanecusly for Gy end Ca. The results are

_ 224DVB, 8 VB, \
1 4. 40-2/&2132,'2 1 (87)2

_ hatatriiy -(av)% 1 |
“1- A02M2b2v2 1+ w,v?? ) o

§= 200mb | (114)

The eddy currents msy now be caleulated from equation {97)
which when expanded gives '

1 /3B dB_ 1 a/dB 3B )
[ ‘nﬂ e -
i 4u e + 76)’ 58) 4"/‘ J 715? 3}?

B
zm 7 ( . a?} | (115)

where f, ?, m unit vectors along the x, y, s axes, respectively.

o R P

Since By ie only of conseqmoa in the z dirsction at the surface of
the sheet, vertain terms in equatim (115) vanish. Therefore

g Aﬁjﬂ g: /“b {Olsin S(x + vt) & Coo08 %‘(x *1 vt)]_sin % y ‘

i am-—-}:—as,- Gcoag(xi-vb)-nCain-?-(x'rvt)—J‘cogl’.y

v 4upe dx l}gm 1 ) 2 b b

1, =0 . (116)
30
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and subject to later

Gy » - 80y

c ]

introducing the phase anzle
g = m::1 8v

and the amplitude

¢ {
ie"' -‘—}%b- vl + (8‘7)2 =

equations (118) become

 2(x * vt) + 8v sin £(x ¢ vt) |

SwasL

4ub {1+ (8v)°

i, = =-iorahj1 {%{x* vt) aﬂ]am%y

i, = -1, cos ‘L%(

i~ 0

x#vﬁ)«ﬁ]cos%?

More is said about the significsnce of thia phase angle @ in the

section on magnetic dip.
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Sinoce the eddy ourrents of equation {(121) produce & drag force
on the conducting sheel and thersfaore tend to slow it dowm, an squal
and opposite forcs pust be appiied to the sheet to maintaln its
motion with a veloelty V. Also, the power F, oF meohanical work done
per unit time, is equal 1o Whs =ata of heating 32R of the doms. Here
the effects of other drag forces such as pechanical and asrodynamic
friction are neglectad. Thus the drag force of the eddy currents is

e Tae o
2

riek e iled b o o2
G S )b

where T is the thicimess of the coadusting sheeto Since the total
eddy current i may be obtained frea '

12 = 1§ % 1? + 1§ {123)

substitution of squatiems (123), (121), (120), and (114) into
equation (122) and integration gives the drsg force as

L row’s? ;
PYPEPOE (124)

The role of the pole gap spacing £ = 2n in Figure 16 1s introdused
into equation (124) by replacing the permeability 4 in the
denowinator by the ratio of shest thickness % to pole gap spacing £ .
A qm%i;tive argument for this is given on Page 288 of reference 2.

v
Ao g (125)
Then the force becomes

F = 2
= aze)
1 + 40° Tl
22
22
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} Following Brick (see reference 25) the above equation for the drag
| ! faroce on & conduoting sheet transleting linearly in & pole gap with
poles of rectangular oross sectiom is now applied to the geometry
! of Figure 15 for a spimning dome in the air gap field of magnetic
f ; poles with circular pole faces. The reascnable assumption is made
x that the expression for the drag force will heve the same genersl
! t form as equation (126).

b » The gide b of the square boundary of the field distribution on
the rectangular sheet is assumed proportional to the radius rg of

an equivalent circular area which would contain all the zceinusoidally
§ P distributed flux from en squivalant circular pole. Thus b ~rg. Or
i i further it may be assumed that this circular area msy be replaced by
another one of radius rp containing all the fiux from an equivalsnt
pole of radius r,, where the flux is constant over the whole area

4 = ar2 but prodgoas tho same effoct as the original flux

! distridution. Thus b~ /A, elso v ia replaced by the product of the
- gyro spin velocity S and ite laver arm Dsin © and B, by uH.

Finally the restoring ‘torque is obtained as

ky 7oA D2ui%Setn @ g8 B0
o T = DAF = e - > {127)
b 1k A(g_%-:g) s%ain g L * &8 '

I : .

: My It 1s apperent that the last term in the denominator provides
B the distorticn to the more elementary expression derived in an

i earlier section, The restoring torque T is reduced most at large
a : gyro deflecticns for a given gecmatry desecribed by £, 277, D, and
‘ A and & given spin velocity S.

R Using squatiorn {127) to calculate the sensitivity one obtains
I i 1(1 + g,6%)
1 “o (1 + a)gH

i This distortion of the eddy curreant pattern for large deflsctions
P is believed to be the chief cause for the turning up of the
" . sensitivity curves for low IR and high o as shown in Figure 12.
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TECHNICAL MEMORANDUM Ho. 122

Another possible contributing fastor 4o ths vurning up of the
above-mentioned curves is that a considerable portion of the flux
"epills ovar" the edge of the dome for large gyro deflections thus
reducing the restoring torque disproporticnately to the desrsese in
the square of the range coil current. Evidence that the magnetic
field is not confined to the pole gaps has bsen obtsined in
Beasurencntes of the astatis field disiribuition fur a aon-spinning
dome. See reference 26.

augment the eddy current flow thus altering the restoring torque
end finally the gyro deflection. Sinee by equation (50) the
senalitivity is given by

(1 + I)I%

and the depandence of K on conductivity is givenm by equation (47) as

i
G
52.3_;-.

where Cp is a constent, then

K = Gy o {128)

where © is the resistivity of the dome material. The resistivity o
at any temperature t is expressed as a function of the resistivity Ap
at some reference temperature %y by the relation

2= L. [1’ + o (t - t,)] (129}

where &, is the coefficient of resistivity at the temperature typs
For llunimm Ay, = 0.003; at ty » 20 deg C, and therefore since most
sights are caligrated when warmed up to approximately 20 deg C above
anbient room temperature or 40 deg C and
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;g | B o
| %o T o0a, - K
| 20
4
therefore
Ko~ Cp gﬁm [.‘_1. + 0,0032(¢ - 40)] (130)
Since the term conteining dj,g 18 much smaller then unity, the
radical is removed by the approximation
| K=K [1 + 0,0016(t - m)] (131)
where KAO = Cp %0° Thus the temperature dependent sensitivity
: 1 becomes
K,af T 2
M= ------’*Q-—2 Ll + 0.0016(t - 40)] v
(1 + a)Ig
or upproxintely
| £, .2 ‘
g —20_ 1+ 0.0032(t - 40)] (132)
(1 + )12
B The differential change in sensitivity for a small changs At in
temperature is - :
2K, 2 |
; At me e bO [1 + 0.0016(t - z.o):l (133)
; 1+ a)12
i Dividing squation (133) by equation (132) to obtain the percentage
i change in sensitivity per degree centigrade change in dome temperature
i one obteins
’?'w
i B Qe . 200, 00032300
o X Bb " TT st - 15y @ 0 (134)
35
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Eregenas of Trail Offsete. The presenss of itrail offset fislds
has the effect of reducing the sight sensitivity below the ideal vaiue
I B R given in equation (59). The form of this reduced sensitivity My may

‘ : be seen cualitatively by referring to squaticn {42) for ths gyro-
Lo ] prodicted lesd. The coefficient of u gives the reduced value of the
| sensitivity A, as

y . -} ]
4Dl + &) y 2 /¢ ; A% -
In terms of the ideal sensitivity ¢, as defined by eguation (59) the »
reduced sensitivity is

- _ﬁz 1 -._..&&..‘ 1
e ; 1+ e)13 1*% 2+ 2 (136)
28

where &, is the ratio of the asimuth treil field to ths range coil -
i field. %hue there results a fractional reducticn in sensitivity of |

TR e T st

A4 2+ gg

(137)

redustion of sensitivity ie elightly larger than that given in
equation (137).

The morc genersl case of an arbitrary plane of rotation inclined !
&t an angle § Vo the aslmuth axis and the pressnce of both asimuth
and elevation offsets is now considered. The angular relationehips

of the lsad vactors are shown in Figure 17,

& , From reference 6 the more general equations™ for the total lead A in

terms of its compenents A, end 1\3 are

i _ The more rigorous apalysis which followe shows that the actual

N % $t111 more general equations, which take mecount of the effect of
roll (3.6, angular rates perpendicular to the plane determined by
the wg and w, vectors) are given in reference 3.

B 36
t | PRELIMINARY DATA
¥

; | This material is not to be reproduced and is transmitied for the exclusive use of the indicated recipient. The data presented are tentative
g‘ ‘ and subject o leier revision or deletion. The opinions and conclusions expressad herein are those of the individual preparing this report and
i do not necessarily represent the views of the Naval Ordnance Test Station. 3 i
i

W
i . 1IND NOTS 499 (Rev. 4-49) , o DPPG San Diego—WS—EL—4531




|

% . ELEVATION :
b . ‘ﬁ

|

\ -

X AZIMUTH
NS .
I\ N\ |
\ |
}
‘ i

e
i
{
f <

A
‘ IAE) ¢
Figure 17
Angular relations of the lead vectors for

arbitrary directions of kinematlc A, and trail offset \ %




GURF iGN AL TECHRIGAL MEMORANDUM No. 129

(B - D)(1 + ag)Ag - G(1 + &) Ay = X; - Cpug
C(1+ag)Ag *+ (B + D)(1 + ay) A, = K, + Cpo, (138)

where the signs in front of the "a" values are positive, simce in
this report "a® is taken a&s a positive comstant. The other symbols

&re ueiined as foiiows:
P P A B + 1) eos?e
B = 1/2(Fgy + Foy + FgS) + 2k(28} + B + H)oos®e (139)
a; .
G = 1/2(Ag + By - Cg)8 + —=° (140)
D = k(B « HY)ain%ey (141)
Ky = 2kiiHgein 28, (142)
K, = 2kilHysin 20§ (143)
where
Cp = moment of inertia of gyro rotor about its axis
wy, ©®y = elevation and azlmuth components of angular speeds of
rotation of night
sz, 1{3 » pivot friction coafficients
Fﬁz = gerodynamic drag coafficient ' i
k = proporticnality constant in eddy current torque formula
Qp = angle between axis of magnetic pole and the axis of
symmetry of the magnetic field assembly
Ag, Bg,0g = moments of inertia of Hooke's joint spider about its
X; ¥y 8 axes, reppectively.
Oy = leading coefficlent of Venturi torque
37 1.
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! Por the present anulysis the approximation &g = a, w a is nede.
s Equations (138) may be solved aimuliansously foX Ag end 2. wielding
‘> g

?

«C-{B + D)

ﬁ A A - ' . Wy

- : a = L 3 e
B (1ea)B? -0+ BT v a) (B2 - D2+ C2) “\\

]

. xl(B"ﬂ) . f:rg‘:
* (1 + a)(2 - D? + C?) ’ (1 + a)(az?niwf)'

and ' (144)
i CCx ColB ~ D)
ij g » &__ WB B . - ®
] 1+ a)(82 = D2 + G?) (1+a)(B?-0%+c% 2
1

e o E(E-D)
(1+a)B-D2+c%) 1+ a){B? - D% + C2)

sl NG S S

Referring to Figure 17 it is apparent that the elevatlon and azimuth

f . components of the kinemetic lead are of the form
h {Xglg = ajug *+ 828,

| { | | (145)
) (Ag)x = dyog * by ~

In terms of the total angular rate v equation (145) beccmes
I (Ag)g = syostn '+ azmoos

ik . {146)
il (A ) = byesin I + byucos ¥

FH . The totsl kiremstic lead becomes

38
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¢ - Hy = 2 3 2"‘-1"%““?’*"‘;;—23*”’ ein 2% (148
;"'\ o (1,“)’(1_1) "G) -

B2

The third end fourth terma under the radicsl are neglected, zince they
are second ordsr quantities and small compared to the first two terms.
The conctant C dspends on the moments of inertia of the Hooke's joint
spider according to egquation {140). In this anelysis of the dependence

1 of sensitivity on trail currents “hes effect of C is neglected (C = 0).
f &lso the radical is removed by iae approximstien
2D N ) :
Jl-»acoazy =2 1 %coazyl_ (149)
S Therefore
: Py ‘g (1 =D cos 2Y) {150)
SN arapa-2B)
O =
‘ S Equstion (150) is in egreement with that given in reference 17. With

the help of eguations (139) and (141), whose friction terms have been
negleated; and the relations :

€a ™ (151)

A k™

e H 3

(152)

e

€ :
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CONPIDENTIAL TECHNICAL MEMORANDUM No, 129

the reduced sensitivity may be rewritten in the form

|

1 f '}4'4% n Gg . ;

| = | 2kHZ 008" 2., e :
2ulipoos”Op(1 + 8)(2 + €2 + €2) ] - (m%) (€

In the ebsence of trail currents the ideel sensitivity, analogous to
equation (59), 1s

"
e w e (154)

B PR

A - fe 412(2 + €2 + €2) - tane (€2 - 62)%, 2
-——-—-—I = 1 - o—— a8 8 P -] -1 W] (155)

- 42 + 62 « 62)° - tanep( € -

b 2
l, | Since the m‘ep( €2 - 65) term may be neglected, equation (155)
| - becomes
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*e
S - A, £2 ;€2 tan®0_{ €2 -~ €2)cos 2?!;!
ol R i S Rty (156)
s~ Qoé;-&&g L (65-953)(2%6&4»5%)}

Thus, in general, for & given pair of trail-to-range field rativs,

&, and &,, the amount of redusticn in gensitivity depends upon the
dalrection” W in wnich the kinemetic lead is generated. In the special
case in whish the gbove ratios ars equel, thus implying equel
elevation snd szimuth offsets, the amount of reduction is indepsndent
of the direction in which the kinematic lead is generated.

The above field ratios are directly proportional to the '
cerresponding current ratios, end the constant of proportionality must
depend on the numbers of turns in the colls as well as the coil form
factors and permeability of the pola material. Thus

I
e "e“'i

(157)

)

¥ 14 must be noted that equation (156) does not agree with equaticns (4)
and (5) of reference 17 which gives as the corresponding expression

o™

popy 22+, ous(el - 62)

' ~ - (156&)
A 2465 4 €2 (€2 + €2)(2 + €2 + €2)

where the X gigns give the meximum end minimum values of reduction in
sight sensitivity associsted with ¥ = 0 deg end ¥ = 90 dego
Apperently 0.48 is 2ten?S,, where 8, is 26 deg. At the date of this
writing the present authog has not been able to justify the above
equation in preference to equation {156).
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For some sight units the conetanis ¢, and cg are unsqual dus to the
haequal numbers of turns on the elevatian and agimuth trail coils.
A slightly larger number of turns is provided on the azimuih coils
than on the elevation coils to compensate for the smaller ratio of
pipper deflscetion te gyro axis deflsectien in eszimuth than in
; elevation. This is done for the 5ight Unit Mk 1E. (See reference 7,
‘ Chapter 3, page 6.) Other gight units have equal numbers of turne
| on azimuth and elevation trail coils (i.e., cg = ¢g), and therefore
{ + slightly higher asimuth current than elevation current is required
. to obtain & given offset. The difference is introduced inte the
trail current mechanization constants in the associlated computer.
i This is done four the modified Sight Unit Mk 8 (see reference 13)5

When there are equal numbers of turns on azlmuth and elevation

trail colls, the reduction in sight sensitivity in terms of the
currents beconmes

tan2s Iﬁila - 12)cos 2 W ‘!
pR e 8
. [21§ . c‘uz 127 'l (g + )[21f + Gef + )] |

4 more useful form of the reduetion of sensitivity weuld be in terms
of the trail offset lemd and the range current as is presented in
reference 12, page 68", The trall offset for & gives I, or I, and

Ip can be cbtained approximately from equations (66) and (67) provided
the ratia € is small such that the hyperbeolic dependence of trail
offset on range current holds. However, for more seccurate work the
experimentally obtained curves of trail offset versus range current

| for different trail currente or their theoretical equivalent as

R developed in the section of these notes en acival trail offssts must
be used.

‘ " Experimental curves, which were taken in order to determine the
| extent of the reduction of senaitivity by trail currents, are shown

* The preseat author has not been able to verify the table in
reference 7 due to the lack of knowledge of the sonstanta oy or cp
relating field retics to ecurrent ratiocs.

PR ST
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in Figure 18. However, the curves do not serve their intended
PuUrpsss; siuce the true reduction due to trail currents as predistsd
by eguation (158) ie masked by the predominanes of friction at the
smail angular deflections. The effect of frietion is to make the
reference sensiiivity AL jower at the lew angular rates than it is
at the medium and highss angular rates. This 1s to be expected
sccording to equation (77). For the lowvest engular ratee the :
5858itivily A< without trail eurrents is actually lowsr then the
ao&uitivitg',ﬂ@ with trail eurrents. To isclate the two affecte
more completely future studies should be mede at higher angular rates
whers the effect of friction is negligible. The experimental date
of Figure 18 were taken on a rate table with Sight Unit Mk 8 #311
medified according to reference 13, for W = 90 deg and Ig = 0 g0
that equation {158) tekes onm the special form of

AL py, 0212 I% tan?e

= m —‘&q& 1+ (159)
A 212 + ofT2 EIE + cng

From reference 18 for the Sight Unit Mk 18 Mod O the magoetic pole
angle 8, 1s 23.5 deg. It is assumed that the same angle is present
in the gight Unit Mk 2 #3111 used in thia experiment, Prom squations
(44a) of reference 3, the constant Cg 18 015, With these constants
inserted in equatien (159) the currents I, and Ip are in milliamperes
and are the appropriate values for the unmodified Sight Units Mk 8 as
specified in reference 13. It is essumed that the same numbers of
turns exlst in the unmodified 8ight Unit Mk 8 as in the Sight Unit
Mk 18 Mod O, for which the cther constanis 8, and oy are appropriate.
Aacording to reference 13 one may finally wrgte‘the currents of
equation {159) in terms of the currents I{ and I applied to the
modified Sight Unit Mk 8 #311 used to obtain Pigure 18 as

Ig = 17.5 I{

(160)
IR ® {26 Iﬁ

The values of the trail offsets mre obtained from the curves of trail

offset versus range current for different Iy given in reference 12,

A very rough spot cheai comparing the reduction as celoulated from g
equation (159) and as obtained experimsntally is given in the
following table: ]
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| Ip(ne) | A, (aile) g x 300 () | =—gr—* x 100 (f)

25 120 10.0 18.2
25 146 17.9 3.5

The last two experimental values in the above teble seem tc be closer

4o the theoretical value determined from equation (156a) rather than -

from equation (156). However, if equation (156) is taken as the

BR ecorrsst form in the absence of friction, then the increase in ;

: reduction of sensitivity over this value may possibly be accounted for . = |
by the friction terms pregent in equation (139) and deseribed in e

reference 6o It is to be noted that the effect of friction on B of

equation (135) end consequently on 4y of equation {150) appears to

bo independent of angular rate and always produces a decrease in sight

sonsitivity. However, the effect of fristion as deseribed by

equation (77) does depend on snguler rate. A future mores rigorous

theory muet give a more unified aoccount of these eifects. More

ecaprehensive sxperiments to verify the above equations are belng

contemplated.

t Ssngitivity. Before an ettempt is made to give an
expression for the generslized senzitivity the sensitiviiies resulting
from individual effects are reviewed.

The ldeslized sensitivity from equation (59) is

o ,«.__Ef...,_.
1 S | (- a)Iﬁ

- The above expression ig not quite ideal due to the presence of the
2 hy optieal eoupling constent which varies with dirsetion of the kinematic ;
woqTR lead. In the presence of an approximately constant pivel frictional |

bd
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torque as described in equetion (77) the sensitivity is

Aoy = pa(1 - 20

Introducing the asymmetric air drag due te the prowimite of the

do:: ];o the range coil retaining wall equation (87) ;ivau approxi-
»a

= (1 e 2B
“4 %

Distortion of the eddy currvent pattern for large deflections gives
the senaitivity the following fors as obtained from equaticn {127).

Ay = pa (14 0gs®)

Tha tamnaretnwe nnin#{.a -l J‘-‘I..-

2222 o*—'—'—*i.-w-—-.“.v R

oquation {132)
./“t = /‘40 [I'" 000032{t - &0)]

Finally the effest of trail currents for the special ocase of an
saimuth kinemstic lead and an asimuth offset in the same dirsection is
given approximately by egquatien (136)

/(Tﬁ-—.guﬁ.is
2_-}@%.2

]

Al though thers ie not too mush value in writing down an expression
for the generalised sensitivity, since the constants due to these

effects are not well emough known, the following expression is suggested
but should be considered only quai&tntimlys g
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s [1 000320t - 400} - B+
Ao * = = (161)
ﬁ*%ﬁ A

%) e @ [,
A i)

where the ='s are constants.

OFFSETS OF AN ACTUAYL SIGHT

The offsets of an actual sight obey the hyperbolie equetion (67)
s shown in Figure 11 only spproximetely. The agrsement is best for
mndarete to high rauge currents. At low renge cuvrenta the offseta
decrease %o saro as shown in Figure 19. A somewhat more accurate
equation describing this effect is (61) whieh in terms of the
ocourrents reads

1

A, = 2, ;ﬁ (162)

K2 cg I%)
Iz

The maxima of these experimental curves of Figure i9 are eeen to ocour
at higher range currents ee tho trail current increases. This fact is
verified thecretically by setting the derivative of A, equal to zero
and obtaining the range current for maximum offset as

(Ig) =1, rf;g (163)

The more general comse when both elevation and azimuth offsets ars
present is desoribed by equations {144). The offset terms are
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Ag » Kl(a . F)) * MZ“"
(1ea)8® - 02403 (1 a)(E® - 07 40
o and | (164) |
2 %6 : Kp(B - D) v

a” (1 + a)(82 - D + ¢?) } (1 + a)(B2 - D2 + C2)

ATter teking account of how Kj, K,, B, and D are related to the
magaetic fields H, Hg, and H, through equations (139), (141), (142),
and {143) it is apparent tha% the presence of cone traill fleld alteras
the amount of offeet dus to the other trail field. The amount of
, this distortion for azimuth and elevation offmets up ‘o 80 mils is
: shown in Figure 20 whick waa taken from references 10 and 12. For ,
' s22ll azimuth offsets and large elevation offsets errors of the :
order of 5 mlls ere present. The errors are asymmetric and depend i
on the quadrant in which the resultant offset occurs. Referring 4
to equation {164) it decomes apparent that if the Hooke's joint
. spider‘s moments of inertia and the Venturi torque were negligible
(1.00, C = 0), there siways results a reduction of one trail offset
dus to the presence of the othar. However, aetually C is not zero,
and its effect 1s to add a term to the elevation offset whenever an
azimuth of fset is also present =< and similarly for the azimuth
offset.

DIREGTIO ERRCSS IN THE FREDICTED LEAD

The classificaticn of aign% errors into two types, those of
magnitude end thoseof direction, is perhaps, somewhat unsatisfaetory,
since most of the causes of ore type of error are slsc respcnsible
for the other type of error. For example, the variation of optical 5
coupling between the gyro axis and sight line deflection with :
direction of deflestion results in both an error in megnitude and
direction of the predicted lead. Also pivot frictlon, Hooke's
joint spider's moments of inertls, Venturi effect, large eddy
currents, etc., all produce errors in both magnitude and direetion.
In the following sections the term "dip" applies to small
deflections of the pipper at right engies to the major or desired
lead deflections.
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GONFIDENTTAL

OPTICAL DIFP

When both asimuth and elevation components of deflectien are
present, the angular coordinates of the pipper are not given by
the simple expreseions for Ay and' Ag of eguatioms (40) and (41).
The deflections may be shown to be interdepondent according to the
following relations: '

'A* "TraAtTea ®sg

(165)

-t a. o 8incdcoBX o2
R el R el

For a derivation of equations (165) the reader is referred o
reference 10. '

The effect of thepe additional terms is to distort the leasd in
both magnitude and direction as illusirated in Figures 21 and 22.
As reported in reference 12 for the Sight Unit Hk & the maximum
errore in magnitude are spproximately 5 mils in elevation and 7 mile
in azimuth and oecur for the largest leads. By choosing calibration
constants in the middie of the region of tactical interesi as
recommended in reference 11, these errors may be minimized.

LENS DISTORTION

The barrel distortion of the collimating lens is shown in
Figure 23 as reproduced from reference 12. HMaximum errors of 4 mils
are present for large leads. In the region of downward leads near
the vertical axis the optical dip error and the barrel distertion
error partially compensate each other. For the new Sight Unit Mk 11
the optic axis of the collimating lens has been displaced 5 deg from
the ADL ray, so that typical downward leads position the gyro
reticle beam along the eptic axis, thus minimizing the lens
distortions. For more detsils on the internal geometry of the
Sight Unit Bk 11 see reference 19.
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MECHARICAL DIF

R P R

s

Bechanival dlp is kaown % be caused chlefly by the finite
soments of inertis of ths Hooke's Joint spider and a Venturi effest.
Both effeets prnduce torques and consequently sngular momenta at
right aungles %o the plane of the mejor defleetion. The details of
the torque due %0 spider inertia ares developed in refersnces 3, 6,
15, and eapsclally 16-

The Venturl torque may be explained qualitetively as followa:
when the spinning gyro mirror is tipped with respect to the ocase,
in particular, with respect to the wall edjacent to the back side
af the mirrer, there is dsveloped a high pressure-low velocity
volume of air adjascent to a low pressurs-high velocity volume of air
at the mirror edge. Aecording to Bernoulld's prineiple fereces on
the mirror will 3evelop as shown in Figure 24. The resulting torque
produces angular mementum perpendicular to the major deflection.
Conssquently a minor deflection of the gyro is produced at right
angles to the major defiection.

Both the spider inertia and the Venturi effect are dessribed
analytieally by the constant C as defined by equation (140) end used
subsequently in equations (144), whieh ars again

2 - -GR(B * D Wp + GGB* ®
E Qs a)E2-D22c8) © (Laa)BR.DRecd) 2

K, (B = D) K,C
(1+a)(B~D%+¢R) (1+a)®B®-0°1+c9

R S R A R O R R e M Y R

%g and

~CCq Cg(B = D)

Wp = e s »
( h“ - (1 + a){B® -~ DR + Cﬁs k (1 +a)(B - DR = d}? A
K K,(B - D)

i » -

g (1+a)(B% - D2 ¢ C%) (1 + a){BR - D? + C®)
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Sines C iz not zero, a rotation in the elevation (or agzimuth) plane
will produce an unwented deflection in the msimuth {or slevation

plens) as well ag in the desires plana.

MAGNETIC DIP

Sagnatic dip is due to the faot that the eddy current pattern
. is shifted in the direstion of the rotating dome by o small amount,
Thus the effective ares im whieh the eddy current forces aet is not
directly under the poles but shifted as shown in Figure 25, The
anount of zhift of the eddy surrent psttern is given in terme of &
time phase angle as

B

g = tan”* 8+

from equation (119}. The shifted eddy current pattern is described
by equations (121). For the sinple eesinusoidal field aistribution
extending over a distaras b on the eonducting sheet the astual
distance d through which the current pattern ig shifisd is

" d - g b (166)

For small §, ¢ = 8v and therefore

1 a = B3b (167)

o

or meking use of eguatien (114)

i 2

A measure of the displacement of the effoctive "magnetiz® axes
RS from the "geometirie® axes is given ¥y ¥, which frem Figure 25 is
g i - seen te¢ be approximately
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#e = 5ot ™ “beime

Since v = SDsin® and & is proporiional to 2°/.&

i ST 3 A

" % 5
¥, = const x &E:EHQ {169)

there bZ is proportional to the area A of the pole. The magnitude
of ¥, 18 of the order of one degree according to referoence 5. The
eftoct 1s independent of the gyro deflection 8 but is proportional
to the spin velosity S of the dome.

1k CTICAL ERROR s

The above sestions on the theory of tha errors of the sight
head are given more to provide insight into the physisal causes of
! the errors rather than o provide exact mathematical expressien for
] the quantitative evaluation of the. errcrs. Unfortunately too many
=‘ of the constants, which are used in the above equaticns, have not
bsen determined with sufficient ascuracy to do the latter.

Detailed experimental ourves, such as those of Pigures 12 and
19, give the resultant gyro-predicted leads as composited from the
many contributing causes, which were dissussed in the preceding
seations. Since the above theory is so complex and incomplete, it
appears that the experimental dats ghould be used whenever possible
in assessing the errors of the sight.

Detailed methode of anslysis and gquantitative results of bias
and random errors in the AFCS Mk 16 with particular emphesis on the
. errore of the sight head are the subjests of other memoranda which
are atill in preparation. Hers, mention is merely made of three
important types of sight head bies errors, which have been accounted
for quantitatively in unpublished error analyses so far.

1 The first type of bias error is that due to the use of computer-
; : mechanized constants, which ere averags values over the entire
d reglon of taetical use. In general, for almost any particular set
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of tastieal conditions, the experimentslly determined values of K,

[N an 3 n memee OB DM s Demen Aol oo W __ A . _a_=a
Egy BOU Ry BT W.rsolliv 1TVE LOSLT BAVETAKS TaLU8B. &8 Ispirveu

in reference 13, the error !n kipemetic lead Jue to deviations of

¥ from the average value, may bs a2 high as 10 per cent in extrenme
cases bul is usually much less. Errors in trail offset leads are
ef the same order of <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>