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ABSTRACT

This report contains a theoretical study of acoustic
wave propagationin the ocean. The ordinary wave equa-
tion is used, and solutions in terms of normal modes,
supplemented by certain integral terms, are developed.
An alternative solution, which is useful at very

low fre-
quencies, is obtained by the use of integral e

quations,
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cf Doctor of Philosophy inthe Department of Physics at Brown.
The subject matter was considered to be of interest to the Navy
in connectionwith experimental studies of acoustic wave propa-

gation being carried out at the U. S. Navy Underwater Sound
Laboratory.
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SECTION 1

INTRODUCTION

This theésis has lu deal with certain portions ot the theory of wave motion. Of
especial interest are those phenomena associated with the propagation of waves in a
medium whose physical properties are not uniform. When the propagating medium
is not homogeneous, curious circumstances may exist which cannot always be under-
stood from physical intuition alone. Consequently, the highest resources of applied
mathematics must be called upon in order to produce a satisfactory theory.

Inhomogeneities in the medium may cause traveling waves to be focused, as if by
a lens; the waves may mutually interfere so as to produce shadows; or the wave inten-
sity at a given point may fluctuate greatly in time (fade). Waves may be scattered by
local irregularities, as in the formation ... the rainbow or the blue aspect of the sky.

There was much interest at the beginning of the present century in the theory of
radio wave propagation around the earth, and this theory is formally equivalent to that
treated in this text. The obstacles encountered by those theorists were such as to
cause Nicholson to characterize the problem as the most difficult one confronting the
mathematical physicists of that time.

The subject of this tract is an unusual point of focus for the interests of the mathe-
matician, the physicist, and the engineer concerned with problems of wave propagation.
This fact makes anything resembling a broad treatment of the topic an impossibility
within the confines of a dissertation of moderate length. It is nevertheless to be hoped
that something of interest to each profession will be found in subsequent pages, andthat
the rather diverse points of view presented will be tolerantly accepted as indigenous to
the character of the problem.

Anomalous wave propagation has been of interest recently in the fields of microwave
radio in the terresirial atmosphere and of ultrasonics in submarine areas. These two
fields coalesce from the mathematical viewpoint, as they also must do with the bulk of
wave mechanics. In fact, the dichotomy of modern physics is clearly recognized in the
procedures of practical analysis employed for engineering purposes. Traditionally,
the appropriate methods of analysis for wave problems depend largely upon the relation-
ship between the wave length and the physical dimensions in question. It is'thusa stroke
of good fortune that the parameters of many important phases of the above three fields
fall within a rather narrow numerical range. This is due,no doubt,to the fact that inves-
tigators in this relatively new subject tend to adopt conventional methods where possible.
One must nonetheless be grateful for the considerable wealth of powerful methodology
which is available from the earlier efforts of other researchers.

The point of departure for an analytic discussion of wave propagation is the wave
eguation. Small motion acoustic waves and electromagnetic waves emanated from a
suitably oriented dipole of angular frequency w may be described from a knowledge of
the wave potential ¢, which satisfies the wave eguation

A@+w2/c?q)= O Ll




Inhomogeneities in the propagating medium express themselves in terms of spatial
variations in the phase velocity c¢. The object in restricting c¢ to spatial variations
only is that the time dependent wave field may be obtained from ¢ by Fourier trans-
formation only if the properties of the medium are stationary. We shall be concerned
only with this situation and shall be further limited to the case where time dependency

is manifested only through the factor exp {iwt ).

For manv nnrnosee, an anpravimate but simp

the Eikonal equation

co denotes some standard (constant) value of ¢c. ¢ may be obtained to a first approx-
imation, in the limit of large k (= w/co) from a knowledge of § . The surfaces

8 = const are the characteristic surfaces of the time dependent wave equation, and the
orthogonal trajectories to these surfaces are the rays. Eq. 1.2 gives useful and accu-
rate results in regions of space reached by the rays. Other portions of space may be

studied by using the Airy analysis of diffraction from caustic surfaces (1).*

A more general applicalion of Eq. 1.2 may be made by the use of "imaginary'" rays.
This procedure is equivalent to the W. K.B. or phase integral approximation to the three
dimensional wave field specified by Eq. 1.1 and leads us to another restriction of the
types of inhomogeneity to be considered. We shall discuss this question as it bears on
submarine acoustics, that for the radio case being exhaustively treated in (17),

The acoustic phase velocity ¢ may be calculated {rom the equation of state for the
medium in question, provided that the approximate values of the state variables are
known. Thus, a knowledge of temperature, pressure, and the concentration of foreign
matter present (salinity) suffices to determine the velocity. The temperature is the
most important single factor and serves for a gross estimate of the velocity. It is
found that the primary temperature structure in the ocean is depth-dependent only.
That is to say, at a given time the isotherms are roughly parallel to the ocean surface.
Because of diurnal and seasonal effects, the position of the isotherms will shift from
time to time, but the changes are slow in comparison with propagation times of any
interest.

To the extient that the isotherms are not parallel to the surface and have a short-
term variation, a description of the ocean in terms of the depth as the only parameter
is unrealistic. It is realized that very many important practical problems will be com-
pletely begged. However, it is imperative that the number of parameters entering the
problem be minimized. Accordingly, in the interest of general results which may be
used for an approximate study of specific situations, we shall henceforth consider the
velocity structure to be depth-dependent only.

In this case Eq. 1.1 is separable, yielding an equation for R , the Fourier-Besse!
transform of ¢:

dzf3 )
pror A [w2/c2(z) - A2]B = O . 1.3

*The numbers in parentheses indicate the references listed in the bibliogrraphy at the end of this thesis.




The central problem then becomes that of determining the eigenvalues of the para-
meter \ corresponding to the boundary conditions on ¢, andthe subsequent calculation
of § for these values of \. The characteristic difference between Eq. 1.3 for radio
and acoustic waves and Eq. 1.3 for the wave mechanical problem is that the eigen-
values for the former are, in general, complex. For an application of the W.K.B.
method to this case of complex eigenvalues, ¢ must be known as an analytic function
of the complex variable z. Pekeris (20) has considered special cases where c(z) is
given this analytic character. Othar, more generai, cases are considered in some
detail in (17), Vol. L.

t will be realized that the problems of World War II provided a fertile field for the
investigation of wave propagation. The studies of Sommerfeld (24), Watson (26), and
several others laid the groundwork for research yet to come. (For a complete biblio-
graphy see (17), Vol. I.) During the period 1925-1940, the methods of wave mechanics
were developed to a high degree and thus were available when military problems became
of interest to the scientist. The entire body of work on this problem during the war was
accomplished under the cognizance of the National Cefense Research Committee, Com-
mittee on Propagation, of which C. R. Burrows was chairman. The summary reports
of the latter committee (17), Vols. I, II, and [ 11, provide a wealthof useful information
on the radio aspects of the problem and include a most comprehensive bibliography.
The study of related problems involving the diffraction of waves in other fields was made
by Rayleigh (22) in the case of scattering by small particles and by Airy (1) in the ques-
tion of the formation of the rainbow. The study of stratified media occurs in the theory of
acoustic or electric filtration, as, for example, in a work of Lindsay (15). This dis-
sertation is primarily concerned with the problem of acoustic wave propagation, and so
will be supplementary to the great volume of other work done heretofore.

The ordinary wave equation will be shown in Section 2 to come from the equations
of hydrodynamics if suitable approximations are made. In Section 3 the formal aspects
of propagation in the vicinity of a reflecting surface are considered, and a series
expansion ~f the wave potential is obtained in terms of cylindrical waves. An equivalent
integral equation is developed in Section 4, and the use of a Liouville-Neumann series
is considered for its solution. Finally, in the remaining sections, special cases with
numerical illustrations are considered.
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SECTION 2

HYDROCYNAMICAL EQUATIONS; CETERMINATION OF VELOCITY
FROM THE EQUATION OF STATE

The fundamental physical laws governing the propagation of acoustic waves differ
rnarkedly from those controlling electromagnetic undulation in the practical sence that
the former are approximated by the neglect of all uun-linear terms in almostthe entire
field of acoustics. In addition, -a knowledge of the equation of state of the acoustic
medium permits an accurate calculation of the phase velocity, in contradistinction to
the semi-empirical basis for the determinaticn of electromagnetic velocity.

Although the science of oceanography lags behind that of meteorology in many
respects, it is believed that present measuring techniques suffice for a satisfactory
determination of acoustic velocity in the ocean. These measurements are introduced
into the wave theory by means of the following considerations: If we make the
abbreviaticas

p = fluid density
p = fluid pressure

p = coefficient of viscosity

fluid velocity

1<
"

F = body force per mass unit

thenwe have for the equation of motion the Navier-Stokes formula in the Eulerian form

Oy ;
p=—* cy-w = oF - gp +3uvv-x * Uy 2.1

and for the conservation of mass the equation of continuity

dp

A — =0
A 2.2

We shall assume the existence of a velocity potential ¢ such that

v =9

and that the equilibrium density p, and pressure p, are not functions of the time,
Then, if the following quantities are introduced,

condensation = ‘p% (p - po)

0
1]

Pe = €XCess pressurs = p - p,

4




Eq. 2.1 becomes, after two differentiations,
.o . 4 9 (. 4 4
Db + bg - Subd (= T-febe + Vpex - V-(py-W) +9-(sWo) - 3-V°¥Au--5w-vv-1 2.3

and Eq. 2.2 becomes

pAD + pod = -x-Up 2.4

The body force is eliminated througﬁ the equilibrium conditicn that ¢yF be valanced
by the buoyant force Vp, .

Acocustic wave propagation is believed to correspond to adiabatic changes of state,
Then

2
Pg '(—59—)8 P8 ® € pos 2.5

where S is the entropy. Blokhintzev (4) may be consulted for a thorough considera-
tion of the thermodynamics behind Eq. 2.5. If the equations be combincd, there resulis

= 4
AI o ~ ¢ pho -—SuAtp} =G 2.6

where
0 . -y 4 2 v
(G = v-(sgpo - py-yy) *+ §Ap + gpeg -5P-ybp ~Fou-gvex [+ 4 Jc'v-yp - f9

The entire field of linear acoustics is based on the supposition that the quantity G
is so small that it can be negiected. We shall give a numerical argument in favor of
this presently, but shall assume for the moment that G is zero. We then obtain

4yp . . '
c’ho +—£‘A® -%=0 2.7
3 p

since only functions of time and space are of interest. For sirnple harmonic motion of
angular frequency v ,

g U2
b + ——————0¢ = 0
ca(l + i %uf)
Zpoc

Since the quantity i% is very small in comparison with unity at all frequencies of

any interest, we maqurite

2

W
B +—3(1 -4
[H

4wy
= 0 [»]
300" ° 2.8




In principle, then, one can calculate the phase velocity from the formula

2 ap
8 ENIEs]
%'g 2.9
and the attenuation coefficient from v, p,, and c¢2 . Thus, the plane wave attenuation
coefficient is defined to be

zp (.)2
300"

2.10

Formula 2,10 is fairly reliable at fregquencies above a megacycle/sec.. but is in
error by about two orders of magnitude in the kilocycle range. Here one must adopt
the results of measurements. Fig, 2.1 shows a compilaiion made by Dr. J, Warren
Horton, of the U. S. Navy Underwater Sound Laboratory, and is reproduced with his
kind permission.

For the determination of the phase velocity, it isa necessary to use Eq. 2.5, since
there are insufficient data to permita direct calculation of the velocity from the values
of other physical parameters. The most reliable source of information at present is
the report by Susumu Kuwahara (11), which gives complete numerical information,
based on thermodynamic measurements, for the estimation of the phase velocity from
known values of temperature, pressure, and salinity. A condensation of the informa-
tion contained in this report (sce Fig. 2.2) was prepared at the Columbia Division of
War Research, Fort Trumbull, New London, Conn., in 1945, froimn data preparzd by
Fleming and Revelle. From Fig. 2.2 2 precision of about | part in 5 x 104 may be
obtained with linear interpolation. Such precision is at times necessary for an ana-
lytic consideration of propagation conditions. It is therefore somewhat disguieting
that the thermodynamic basis of this tables does not admit extension to this precision
by at least an order of magnitude. Moreover, of the thermodynamic parameters, only
pressure can be known with satisfactory precision. Practical measurementis of tem-
perature are at present reliable only within approximately 0. 5° Fahrenheit, a fact
which immediately reduces the ultimate velocity precision to 1 part in perhaps 5 x 103,
It is probable, however, that these factors are not in themselves dominant, since other
assumptions, such as that of horizontal stratification, are likely to be of more
imporiance.

We have now to give a numerical argument justifying the neglect of the quantity G
in £q. 2.6. This argument will be based on a consideration of plane wave solutions to
Eq. 2.8, from which the order of magnitude of all terms on both sides of Eq. 2.6 may
be estimated. Let Iy be the intensity of plane waves traveling in the x direction, and
let £, c2 assume their mean values for sea water. We then have

Poct

Pe =V 2p0clc

g = __p_Qr
PoC

‘lls pe
Poc

oo B
wp




" "

T
i

o

i ghttii it i S
H HTTHHETT i 1383 T EREM T
H s sl e biih Boge] e i
2 80} : :
g i
g SERESIESNY [ !
z EH L H
o L L
v sasiekidnti
sk i -
R il | ,
Q aokHHF i
z H
]
§
'-
'—
o«

de
i

100 200

energy propagated through sea water
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: A Values reported by Liebermann in

4 University of California Marine
Physical Laboratory Quarterly
Report for Julyto September, 1947
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: a=0.15f + 00015 £
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Fig. 2.1 - Attenuation Coefficient
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SOUND VELOCITY ANOMALY (V*) IN SEA WATER AT VARIOUS TEMPERATURES
(V=v"4+4742.4)

V, = 4.27 (S - 35.00 °/0o0)
Vp = 0.0182/1t depth

Temp.
vF c.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
35 24.6 25.4 26.2 27,0 27.8 28.6 29.4 30.2 31.0 31.8
36 32,6 33.4 34,2 35.0 35.8 36.6 37.4 38.2 39.0 39.8
37 40.6 41.4 42.2 43.0 43.8 44.5 45.3 46.1 46.9 47.7
38 48.5 49.3 50.1 50.8 51.6 52.4 53,2 53.9 54.7 55.5
39 56,3 57.0 57.8 58.6 59.3 60.1 60.8 61.6 62.4 63.1
40 63.9 64.7 65.4 66.2 67.0 67.7 68.5 69.2 70.0 70.7
41 71.5 72,2 73.0 73.7 74.5 75.2 76.0 76.7 71.5 78.2
42 79.0 9.7 80.5 81.2 82.0 82.7 83.4 84.2 84.9 85.7 P‘
43 86.4 87.1 87.9 88.6 82.3 90.1 90.8 91.5 92,2 93.0
44 93.7 94. 4 95.1 95.9 96.6 97.3 98.0 98.7 99.5 100.2
45 100.9 101. 6 102.3 103.0 103.7 104.4 105.2 105.9 106, 6 107.3
46 108.0 108.7 109.4 110.1 1i0.8 111.5 112.2 112.9 113.6 114.3
47 115.0 115.7 116.4 117.1 117.8 118. 4 119.1 119.8 120. 5 121.2
T 48 121.9 122.6 123.3 123.9 124.4 125.3 126.0 126.7 127.3 120.0
49 128.7 129. 4 130.0 130.7 131.4 132.1 132, 7 133.4  134.1 134.7 :
50 135.4 136.1 136.7 137.4 138.0 138.7 139.4 140.0 140.7 141.3 t
51 142.0 142.6 143.3 143.9 144.6 145,12 145.9 146.5 147.2 147.8 i
52 148.5 149.1 149.8 150.4 151.1 151.7 152.4 153.0 153.7 154.3 !
53 154.9 155.5 156.2 156.8 157. 4 158.0 158.7 159.3 159.9 160. 6 !
54 161.2 161.8 162. 4 163.1 163.7 164.3 165.0 165. 6 166.2 166.8 -
55 167.5 168.1 168.7 169.3 169.9 170.5 171.2 171.8 172.4 173.0 \
56 173.6 174.2 174.8 175.4 176.0 176.6 177.2 177.8 178.4 179.0
57 179. 6 180.2 180. 8 181.4 182.0 182.5 183.1 183.7 184.3 184.9 i
58 185.5 186. 1 186.7 187.3 187.8 188.4 189.0 189, 4 190.2 190.8 l
59 191.3 191.9 192.5 193.1 193.7 194.2 194.8 195.4 196.0 196.5 N t
. ]
60 197.1 197.7 198.3 198.8 199.4 200.0 200.5 201.1 201.7 202.2 i
61 202.8 203.3 203.9 204.5 205.0 205.6 206.2 206.7 207.3 207.8
62 208. 4 208.9 209.5 210,1 210. 6 211.2 211.7 212.3 zl12.8 213.4
63 213.9 214.4 215.0 215.5 2156.1 216.6 217.2 217.7 218.2 218.8
64 219.3 219.8 220.4 220.9 221.4 222.0 222.5 223.0 223.6 224.1 i
65 224.6 225,2 225.7 226.2 226.8 227.3 227.8 228.3 228.9 229. 4
66 229.9 230, 4 230.9 231.5 232.0 232,5 233.0 233.5 234.0 234.5
67 235.0 235.5 236.1 236.¢ 237.1 237.6 238.1 238.6 239.1 239.6
68 240, 1 240. 6 241.1 241.6 242.1 242. 6 243.1 243.6 244.1 244. b
69 245.1 245, 6 246.1 246.6 247.1 247.6 248.0 248.5 249.0 249.5
70 250.0 250.5 251.0 251.5 251.9 252.4 252.9 253.4 253.9 254. 4
71 254.9 255, 3 255.8 256.3 256.8 257.3 257.7 258.2 258, 7 259.1
12 259.6 260,1 260.6 261.0 261.5 262.0 262.4 262.9 263, 4 263.8
73 264,3 264.8 265.2 265.7 266.2 266. 6 267..1 267.6 268.1 268.5
74 269.0 269.5 269.9 270. 4 270.8 271.3 271.8 272.2 272.7 273.1
75 273, 6 274.0 274.5 274.9 275.4 . 275.8 276.3 276,17 277.2 277. 6
76 278.1 278.5 279.0 279.4 279.9 280.3 280.8 28i.2 281.7 282.1
77 282.6 283.0 283.5 283.9 284.4 284.8 285.3 285.7 286.1 286, 6 1
78 287.0 287.4 287.9 288.3 288.8 289.2 289.6 290.1 290.5 293.0 )
79 291. 4 291.8 292.2 292.7 293.1 293.5 293.9 294.3 294.8 295,2 i
80 295.7 296.1 296.5 297.0 297.4 297.8 298.2 298.6 299.1 299.5 )
81 299.9 300.3 300.7 301.2 301.6 302.0 302.4 302.8 303.3 303.7?
82 304.1 304.5 305.0 305.4 305.8 306. 2 306.7 307.1 307.5 307.9
83 308.3 308.7 309.1 309.5 309.9 310.3 310.8 311.2 311.¢ 312.0
s 84 312.4 312.8 313.2 313.6 314.0 314.4 314.8 315.2 318.6 316.0
85 316.4 316.8 317.2 317.6 318.0 318.4 318.8 319.2 319.6 320.0

Fig. 2.2 - Sound Velocity Anomely in Sea Water at Various Temperatures

.



The space derivative, to the first order, may be replaced by using the quantity

0 oT @

_— §o——

k
ox ox dT
except in the case of the equilibrium pressure, where

)

Po
% ~Pog

The time derivatives are to be replaced by use of

0

2

If we use c¢gs units throughout, then

Po =1

¢ = 1.5 x 10°

g =1x107°
—i:—; = 107°/°F
-&% = .02/CF
%g_; = 1.6 x 107°/F

We then have, for the terms in G

o . WP

at (V SVPo) OOT

6 w3 2

—‘( . \ = pe

3t \PX- YY) ipoc4

8 w:!p 2
— (94 S O]

5, (¥de) —

a pr W
i sl JE E— e -3 p3
ot (VP 3 r (1077 + _23—3‘—’
— (V-y4

PYRRL o= 0




0 2 x 107%°p, Y
;;(w'vv'g) . —a

poc?®

2
- w
A (c*y.Yp) = bl ] (107°y *'—pe‘)

pge e?

3 2
W Pg
poc”

A (p9) -

where Y has been written for'%%.

Then, tp an order of magnitude, we have

wﬂp 10”’<.,
+2Pe (8 4 p107ty(
poc* poc ¢c2 c?

wﬂ 2
G N\~ Pe

)]

while the left-hand side of Eq. 2.6 is

wape ) 10-2w4pe
c? c4

" 4
Ao} - ¢®pho -?Am)w

'

znd if this quantity be called ¥, we have

2
Pe 184200 1+ 107
E"'\JCQ W ¢3 ] c?
F 102y

c?

1 +

The largest values of pe, Y likely to be encountered in acoustical work may be taken

Po~v I06 (corresponding to an intensity of . 3 watt/cm?)

Y ~ 10-% (corresponding to a temperature gradient of 10F/19")

Using these values, the quantity —g— is plotted against frequency in Fig. 2.3. The
neglect of G would thus appear to be proper, at frequencies above a few hundred
cycles, and at much lower frequencies for lower field intensities, Hcwever, the at-
tenuztion term J-Qc;,?i is insignificant at frequencies below about 100 megacycles for
the chosen intensity, although it is of more importance for lower intensities. It is
possible that this fact may explain part of the discrepancy between the attenuation
calculated from Eq. 2. 10 and the measured values,

On the basis of the foregoing considerations, we shall assume that an acoustic wave

10




field is characterized by the scalar velocity potential ¢ , which satisfies the equation

2

"]
bp +—5 9 =0
[of

in which ¢ has a small imaginary part. The attenuation tn he acsociated wiih inis
imaginary part is justified primarily on the basis of experience (see Fig. 2.1). Cn the
other hand, the mathematical problem is simplified if ¢ is com

plex, since couvergence
factors or "generalized integrals' need not be used.
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SECTION 3

THE BOUNDARY VALUE PROBLEM. SOLUTION BY CONTOUR INTEGRAL.
NORMAL MOLES AND BRANCH LINE SCLUTION.

In this section, we shall concern ourselves with the formal aspects of the deter-
mination of the wave potential 9 in the vicinity of a free sur{face on which 9 vanishes.

Let c be the velocity of waves near the source, and c' the velocity at other
points. The index of refraction then is

<
n =—

cl

Let the origin of cylindrical coordinates (r, 6, z) be taken on the free surface z=0,
so that the coordinates of the source are (0, 0, zo), and let z be positive in the half
space containing the source. We suppose that n is a function of z alone, so that the

potential field possesses axial symmetry.

The probiem may be formulated as follows:

8o + k’n’p = 0 3.1
‘ 2(r,0) = 0 3.2
e—ikR
o R , R—0 3.3
9—>0 » R—= 3.4
wherein
Rt (o a)t k=21 10) L 02 0

If we separate variables, a typical solution (3) is

U(r,z,A) = Jo(Ar)B(A,2) 3.5
provided
5 dzf + (kK%n? - AR =0 3.6

and the i;:arame'ter A may take on general complex values. If the appropriate solution
of Eq. 3.6 be chosen, we have the result that !

©

o(r,z) =0f Ulr,z,h) d\ 3.7




so that the function g(\, z) is the Fourier Bessel transform (of which fact we shall
make use in Section 4) of the potential 9(r, z).

If Eqs. 3.2, 3.3, and 3.4 be transformed into conditions on B, we have

BA,0) =0 38
(B, 2z)] =0 3.9
dp

= = 228 , S being constant 3.10
dz’ , . z,

B(Apm) & O 3"'

where the symbol [ ] denotes the discontinuity of the function at the point in question.
These conditions may be understood most easily from the point of view of the equivalent
integral equation, whichautomatically incorporates the boundary conditions. Consider-
ation of this point will therefore be deferred until the discussion following Eq. 4.4. For
an alternative demonstration, Furry (6) may be consulted. It may be mentioned that
Eq. 3.10 has an heuristic appeal, since clearly the radial particle velocity must be

oppasitely directed on opposing sides of the source.

Now when B(\, z) is determined subject to the above conditions, we must evaluate
Eq. 3.7 in order to arrive at the required potential. The appropriate method for
carrying out this process is dependent upon the anslytic character of B({A, z) qua func-
tion of the complex variable \.

For cases of physical significance, it appears that the singularities of B may be
classified as follows:

. If %-(z-z—l = 0, say at z = z;, then B will possess branch points satisfying
k2n2(z;) - \2 = 0. It :may also have simple poles.

b. If due is everywhere (including infinity) bounded from zero, then B is an
analyiic function of A\, except for simple poles.

Although a proof of these conditions is wanting, they are plausible on ghysmsl
grounds. The first condition is {rue for a homogeneous medium, where a2 is
identically zero, and it is to be expected that the condition will continue to be true
for a locally homogeneous medium. This will be made clear from the following

consideration.

Let independent solutions of Eq. 3.6 be Uz, \), V{(z,\), U denoting that solution
appropriate for upgoing waves and V that for downgoing. From Condition3.11 V(z, \)
is that solution which is bounded for large positive z. The function satisfying Condi-
tions 3. 8 through 3. 11 may evidently be written ' '

S Vi(z9,M)
B\, z,2,) = TR (U(z,\)V(0,\) - V(z,A)U(0,MN)] 2 £ &
25 Vo) 3.2
LD z,
koY (U(zo,M)V(O,A) = V(zo,A)U(O,N)] 2 2z,

i4




—r— — = S —————

where
W= U (2,A)V(z,A) - U(z,A)V'(z,\)

denotes the (constant) Wronskian of the system, and the primes signify differentiation
with respect to z. The polesof j occur at the zeros of V(0,\). Let these zeros be

An. Then ihe residue of g at A = Ap is

n v v}‘n
B(An) V(0,An) 33

Ro (2, 2) = —
(V0,0

)\=>\n

According to Pekeris (20), there are no A, located in the firstquadrant of the compiex
\-plane, and further the contour of integration in Eq. 3.7 may be taken to lie above
the -branch points of 8 . Letus consider, for simplicity, a single branch point \ = k.

If the \-plane be cut along a contour L (see figure below), then for a particular
determination of ’\/{2 - k2, B is analytic in the cut plane, except at X = A.

A - Plane

By a well known method devised by Sommerfeld, we may then write

2(rz2) = b I Ru(zzlo ® Onr) + 3 Ho @ Ar) BN, 2,20) A 3,14

Methods of evaluating the integral in Eq. 3.14 will be considered in Section 4, where
it will appear that this integral may be interpreted as represeniing the field due to a
succession of multipole sources. Now in a homogeneous portion of space, the rays
are straight lines, so that normal spreading is associated vith propagation through
this space. However, there will be anomalous interference between the rays. It is
on this basis that the existence of branch points is to be expected.




L — —

|
i
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Let us now consider that 8 is a single valued function, in which case the integral in
Eq. 3.14 vanishes. Let those solutions V(z,\) which satisfy the condition V(0,)\) = 0
be denoted Vn(z), and let the associated values of A be \,*, so that

V(z ") = Voiz)
3.15
vn (O) =

B(\, z, zo) will satisfy Eqs. 3.6 and 3.8 through 3. 11 for all values of \ except \,*, and

Vn(z) will satisfy these equations with S = 0, for X = A *. We have, if \ ¢ \,*

S 18" 02,200V (2) = BV, 2,200V "(2) ]z = (A2 = Ay ™) g”a(x,z,zo>'vn(z)dz

(o]

and if we integrate by parts, and use Eq. 3.10,

Vn(zo)'?)\

« -
cl) BN, z,2,) Vn (2) dz TR g 3.16
Similarly,
J V(@ (z1az = 0, mn 3.17
Hence the V, form an orthogonal set, which we may expect to be complete. If we
write
BiN,2,20) = 2 ag ¥ (2)Vyz,),
then
o = [ B0 2,2 217, 2z, |
mn = , 2,2 z z.)dzdz &
e o' 'm n'“o o Ny A
and it follows from Eqs. 3.16 and 3. 17 that
8 =0, min
whence
anVn {20V, (25)+ 2A ;
W 3.18
where

1 & Ly
an =/ {Vn(2)] dz
o}

Now the singularities of 8 have becen shown to occur at the zeros A\, of V(0,\). Hence

\n = )\n* and further, if we use Eq. 3.13,

. 19 3
a = b V(2 ) o V(N 3.19

gz a

e ——————————— |
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If we evaluate Eq. 3. 14 for this case, we get

2(r,2,%0) " SZ Ho® (\nr) Vo (2) Vi (o) 3.20

Where the Vn(z) form a complete orthonormal set, and

29 )

S ACELACI NN 3.21

When Eq. 3.20 holds, it is seen that the fundamental problem is that of determining
the V, and the A . For the most part, one has

)\n = Op - iTng
oﬂf\Jkg

tw >0

so that for sufficiently large values of kr,

n
i(kr - —4') =-Tnr
4 kr

On the other hand, the functions Vp(z) ultimately grow exponentially for positive tj,,the
ratio of growth increasing with increasing tn,. It thus appears that the series Eq. 3.20
ie useful for computation only for small z and large r, and then under such velocity
structure that n(z) is a non-decreasing function. These conditions are those which
apply to the shadow region near the free surface, which is caused by downward refrac-
tion of the rays in consequence of the monotone character of n(z). When the convergence
of Eq. 3.20 is not satisfactory, recourse must be had to the methods of geometrical
optics, which will be considered in Section 6.

flo @ (hyx) ~ <;2>é o

For the determination of An, we have the condition that V,{0) = 0. In general,
there would seem to be no satisfactory method for the numerical evaluation of Ap, the
particular scheme to be employed depending on the character of u(z) and upon the
value of )\, itself. When n(z) can by continuation be considered as an analytic func-
tion of the complex variable z, one has recourse to the W. K. B. phase integral method
(6), (9), (13), giving

() 1
S0t -0 o = - 2 322
4
where
k(™) = A 3.23

If n(z) has not this character, the method fails, but can be extended by the following
scheme: Let n(z) be piecewise analytic in the real variable z, i.e.,

n(z) = n;(z) dgy <2 [RF » X

SIS - - i
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each ni(z) being anelytic in z. Let condition 3.23 give in this case

(n
Zj < IZ Izj +1
Then, Eq. 3,22 is to be replaced by the equation

(n)
%j 2 2 2 % i 2 2 2 % 1
J70n - A% dz e [ (k" - )T dz e (v - 3.24
o Z; 4
It has been empirically demonstrated that Eq. 3.24 gives A,

accurately if 1, is
sufficiently large, and 1, accurately ctherwise. 0, may be very much in error
when 1,

is small, and under these circumstances, other methods must be used if
necessary. Inmany cases a knowledge of 0, is not necessary; in others, it can be

easily calculated by a direct numerical integration of the differential equation, once
given 14,

The methods of perturbation and variation of parameters may prove useful at
times, and are considered in some detail in (17), Vol. I. In subseguent sections we
shall consider the utility of integral equations and contour ini:grals.

e
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each nj(z) being analytic in =. Let condition 3.23 give in this case
n
z5 < |2 |Zj + 1
Then, Eq. 3.22 is to be replaced by the equation
zn)
3

L . 2 2 2
J7 (kn" - \g) dz + [ (knJ - A\)
) Z;

tz= (0 -
z it 3.24

It has been empirically demonstrated that Eq. 3.24 gives )\, accurately if 1, is
sufiiciently large, and 1, accurately otherwise. 0, may be very much in error
is small, and under these circumstances, other methods must be used if

when 1,
necessary. In many cases a knowledge of 0, is not necessary; in others, it can be
+inn  Awmaa
44y wvuLT

easily calculated by a direct numerical integration of the differential equatic
given 1,.

The methods of perturbation and variation of parameters may prove useful at
times, and are considered in some detail in (17), Vol. I. In subsequent sections we
shall consider the utility of integral equations and contour integrals.
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SECTION 4

THE EQUIVALENT INTEGRAL EQUATION, USE FOR DIRECT COMPUTATION.
- LIOUVILLZ-NEUMANN SERIES. '

An alternative formulation of the boundary value problem may be obtained by the
use of an appropriately chosen Green's function. One obtains an integral equation for
the function B ()\, z) which may be used for perturbing the eigen functions corres-
ponding to the Green's function in question (17, Vol. I),(21). We prefer, however, to
use a Green's function having a continuum of eigenvalues, namely, that corresponding
to a homogeneous medium. The integral equation may then be solved by iteration in
generel yielding & solution complementary to that of the normal mode solution. Let

usg write

n® = 6% + g(2) : 5 = const.

so that ¢ is a function of € . Now when € =0, the solution to Eq. 3.1 is
sik'R k'R

v(r,8,2,25) = =i , k' = kb
where R' is the distance between (9,0, -z,) and (r,0,z). Letnow T Le the volume
enclosed between a hemispherical surface I' , and small spherical surfaces Fo , T4
centered respectively at (0, 0, z,), (rl, 9, zl), as shown in the following diagram.

,”' -‘-"\.\
/ A Y
f
% )
K '
T
/
/ T

We then have

! w(Ri, R 00 (R, Bo) dr - [ 0(R,Bo) bw(Ry, R dt = J§ w(Ry,B)g0(B,Bo) - (B, Ro)yw(Rs, R }-do
m T z 4.1

where the position vectors of the points are used for convenience to indicate the




approprinte arguments. The surface integral is
foel=-T+] 42
z b Iy T
We shall assume (since k has a negative irhaginary part) that for large m, ¢ is 0(n)2
or ' . Then, as n— «, the integral over I' vanishes. For small ng, IV@I is Ofno ),

so that the contribution of the integral over I, is just -4wy(R;,R,). Similarly, the
integral over Iy yields -4y (R, Ro). Then Eq. 4.2 is, in the limit,

Ef = dn{y(RsyBo) - 9(R1)Bo)]

Using the differential equations which ¥, ¢ satiafy, the left-kand side of Eq. 4.1 ia

[ - *0w(Ry,R)0(R,Bo) &t + J k' " (R,RBo) w(R:,R) dr
T o

so that we obtain, using

n?= 8% +e

9(Rs,Bo) = ¥(B1,Ro) +Z—f ev(B1,B)9(B, Bo) r 4.3
i

If v be written out in full,

e-ik"Vw2 +(z-2)° e-ikV(f + (2 + z)°

v(Rs,R) = 1/&)2 Pz zi)z - sz w13+ Z;)Q

2 2 2
W = r +r, - 2rr, cos (6, - 6)

Hezace

Shelia)e W - k'?|z - 2 & Jo(w)e:"/;? - k' z + g
- = pdy - pdy
"I/ P’ - k! ] u2 B kl2

where the path of integration has an upward indentation at the point g = k' (27, p. 416)

We may also obtain an integral equation for B (A, z, zo). The result of substituting |
and carrying out the integration with respect to @ is

20
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° L - k‘z Zo - Zl| j J url l = k'2 IZO + le

J Jo(Ary) BN, 2,20)d\ = .’

» Sy -
: e T

. K e do (ur) Jo (ury) 61z, )80 24, 20)

20000

o’ - . ) -|/ e P
Z Z’J Gl A IZ ll ur dudhdz,dr
I

which reduces by virtue of the Fourier-Bessel theorem to

oc —-a - -alz + z
c{J"(}‘r) B(A,z,zO)_%e ,Z ZO|+1\§ l ol

dA = 0

K -alz -2y gz ¢ z,l
—9‘({; ';‘ E(zi)ﬁ(xvzﬂhzl)dzl

where a =V A% - k'? . This formula, which holds for general values of r, shows

that the function within the square brackets must be a null function. Hence, we obtain
an integral equation for Ff :
A
BN, 2,20) = =loel® -zl goule + ]
a
4.4

2

k
.= Te(zy) [l - 2l - emelz * nl] BN, 20,2) dzy

We may now explain the boundary conditions contained in Eqs. 3.8 through 3.11,
the first and last of which are evident upon inspection. Since B (\, 2, z;) is symmetric

in z, zg, it is clearly continuous at z,. Further, each term in Eq. 4,4, with the
exception of the first, has a continuous derivative with respect to z, Therefore,

Lﬁ] Sh - (N =2
0z, - z

which is the required property for a source of unit strength,

if this be written in the abbreviated form

o

8(M,z,2.) = K(\,z,2.) % Je(2) KM, 2,2) B0, 24, 20) dy

1o

then & {unique) solution (28)

2i
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Mihn, ) 7

i’
(—&__jl Y”I ' )'v I zl)) 4.5

We shall suprose that # (z) is different from zero
This restriction will not limit the practical use towhich
shall pose our formulae aud will, at the san:e time, yiceld a simpler condition under
iich Eq. 4.% converges. The coefficients are to be calculated from the formula

ns()

exasts under Lorme aircumstances,
only in the interval 0 < w< £,

fo \)‘1 kT 7‘0)

K\, =, 20)
¢

e iz ) KON, 2) v _y M Zorml ez 4.6
o

in b5, )

where, it will be recalled,

A\ -alz - 2 -dlz + @
KN, z,2,) =—-§e | ll— e | ’I}
a

A sufficient condition for the convergence of Eq. 4.5 is

K’eo N

<1 4.7
2

€0 and N are such that the inequalities

< €

'e(z)

1
')\—"\()‘rzv z,)

< N

The number N will have a value, in general incepcntent o: i, shich cepnis or the
form of the contour to be used in calculating # {r, :
For example, B

can have no singularities in the {irst quidrant of X provided
Ik'zt-:off2 | <1 or! k?eozf I 1 4.8

according as £ is or is not greater than z. In this case the serics obtarued for ¥

by term-wise integration converges with sufficient speed to permic calculeiion.
natively, we may choose the contour of integration such that

FEORASEIN

laf > k'

and in this case Eq. 4.5 converges if

,kSQE'<1OI'|k€02|':1
again depending on the relative magnitude of & , z. However, the series obtained for
9 in this case converges very slowly, uniess the Condition 4.8 is also satisfied.

We shall suppose, therefore, that Eq. 4.5 converges by virtue of Condition 4. 8.
If the calculation of the Y, be carried out, there results

n
N

e g s
— e —

:. 2o) by transiormation of 3(%, z.z,).




2 4

B(A,z,20) = KA, z,2,) !1 *'}2% (A(zo) + f(2)] Z%?[Az(zo) + A(zo) £(2) + .‘QU(ZJf’(Zx)de

29

i fmv(z,zl)f(z + z4)dz,) + .. ;
0 J

-a(z + zq ) “\
g 5P ’{“—, Blzo) + b (A(20)B(z0) * £(20)B(z0) + £(2)B(z0)
2a da
Y2 20
+Of w(zl)A(zl)dzl +Oj U(Z1)ﬁ(21)dzi] + « o0 ; 4.9

Eq. 4.9 holds for z > zo, and is symmetric in 2z, z,. The foliowing symbols have
been used:

U(zy) = e(zy) [1 - ¢~R0%21)

V(z,z,) = e(z + z,) (672921 - 1)
w(zx) sl E(Zl)[e‘?azl + e"zaZ1 - 2]

A(zo) = fiu'{.z:)dzx
0

flz) = fm\/(z,zl)dz1

29
B(zo) =(f W(z,)dz,

It is convenient at this point to calculate the functions A,f, B, etc. in ascerding
series in @ . This is permissible, since £(z) vanishes for z > £ . We then get

B\, z,20) = K(x,z,zo){ 1+ k%Coy + k*Cosp + v +a[k®Cyy + K*Cyp +..0.]

+ azlkzczl G B el & ...}
-a(z + 2o) 24! 4q At an!
te /N JkCoy + kCho + ...+ dlkCyq + K°Cyp +,,.1 + ..,

1
Where the coefficients Cij,Cij are functions of z, zo but not of @ ., In the calculation
of the velocity potential we then have

23
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] © a 1
pir,2) * 5 L1000k, 5,20)a® 3 620 dh + 3 [ Jo(\r)e (% * B0)gm § 20Cpd g0
m0° n=0 . mn 0 n=0

We are thus faced with the problem of evaluating the remaining integrals, which
will be considered as special cases of slightly more general functions to be found useful
in Section 5. Other special forms of these functions have been uzed by Vander Pol (25).

We shall digress, therefore, to cousider the functions

o Jo(r)he T - a

FMN(r,k,Z;axna?)"v aM;B1vB?v”’ﬁN> u(.)’ ;ﬁ, (tl - Bn)
a 'V'A? - k%, arg a—-arg \ , 41l
A—>w

The path of integration is taken to have an upward indentation at any of the peints k,
Bn which are real and pogitive. It is first assumed that the Bn are distinct and non-

zero (except in the trivial case N= 1, B8, = 0), Therefore, if
£i(@) = 1] (a - 8
rite Eg. 4.11 in the form

N '_'GZM.
Fgh (v, 3500, 0,0, 0443 B, By, By) = St (ﬁu”.Jg(z\r)Ae (e - %)

n a..Bn

< $o (0 Byg (mvk s e i)

" 412
; o 02%m3
y (-)“gf' (B)TTe %o? i Foulrkzy)
Now

-Gz ~ik (S 2"

: e
6["‘—1—'1,\ ’ m‘ e Fo,(r,k,2;0) 4.13

Hence we have

T .2
- z £ 9 -iki/r” ¢+ ¢t
Bou(mkymiB) =o > ] o0 | a 414
3 +
© gxpif i r t

provided

24




n+argk - arg By < 6 < 2n - arg By

We may now consider that roots are repeated. Obviously, if ¢, is a repeated root,
the above analysis needs no modification, since each repetition simply yields one term
in the sum, Fq. 4.12. If Br is a non-zero repeated root, then repeated integrations
of the type in Eq. 4. 14 are required. Since this procedure is excessively laborious
and roots of this type are not found in most physical problems, we shall not consider
them here. Accordingly, we write

2 (0 - Ba) = aPg(a)
so that

1 1 N=p g (Ba)
o - B

fyla) P

[adne]

It follows then that

U —ILTT %a? L g (e ka6, )

F (r’k’z;a ,a ,..’ ;B ,B '.‘,ﬁ)
MN 1% i P1,P2 N pis ﬂn 1 e

P g (g © ap
- (_)M 3 & 3 18 T_l'i e~ %n? = |o%ny2
n3 n g1 L dzl‘

Foo(r,k,z; 0,0,-~,Oj|

Now
Ej.m-Jo()\r))\e'az i _wJo()\r))\e'az 2
dz o aP o aP -1

and

o« -0z ©. -0z o -0z
Ly oArhe™2 k[zf Jolrlhe™® - =do (\rhe dﬁ

dk aP o G t1 0 4p*t2

It is evident that we can calculate these functions stepwise by repeated differentia-,
tion if we are given the functions Fo,(r,k,z;8,) and Fo.(r,k,z;0,0) . In lieu of !
& using Eq. 4.14 for the calculation of these functions, it is convenient to consider a
transformation of the defining Eq. 4.9. "We shall consider both functions simuliane-
ously in the form

® Jo(Ar)he™02
F k,2z;0 2 Fop =) ———,
02(r,k,2; ,ﬁn) 02 c1> a(a - By)

25




If we use the identity

2, () = Ho @ (ar) + Hy P (Ap)

then

Fop = 21, + %I'z

(1)
o Ne™02
I, w i e 4.5
a(a - Bn)
_ pH @ (Ar)Ae~%
L[ a 4.6

Now the integrand in Eq. 4.15 is an analytic functionof X in 0 <arg\ < 4, and that
in Eq. 4.16 is analytic in the cut space- %<\ < 0, the cut extending from \ = k to
A == gxp iy, - % <y < 0, except for a simple pole at a = By. (See cdiagram below. )

)

A-Plane

Branch line for d

To the right of the cut arg o tends to arg \ for large | L], while to the left of the
cut arg ¢ tends to arg \ + w for large |A|. Accordingly,

Ho o (Ar)re~®2 Hy @ (Ar)re~02
L. oS d) = @ [t
L, ole-Bn) L, ole =B

Now as p tends to infinity, the integrals along the semi-circles tend to zero since
189 (wr) vanishes expsn ntially in the first quadrant and HS? (Ar) in the fourth,
The integrals along the imaginary axis are equal and opposite, since @ is analytic
along the imaginary axis, and HO(D(ix) = Hom (-ix) , if x be real. We shsll
suppose that the integral around the branch point A = k starts at & - 1®, encircles
k in the counterclockwise sense, and returrs to b - i®,a and b being positive. This
contour will be denoted by Lj. Then if L3 separates the points kyAo ﬂ)k’ *Fn,
-4 < arg Ao <0,we have
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- @)
2o, = 21i By P (A1) 0Pn2 - Lfs—(a(_+m 4.17

by Cauchy's theorem. The branch line integral in Eq. 4.17 may be evaluated by using
the asymptotic formula for Ho®@Q&r) (27, p. 198)

O oy [2\F il - ) e ") (20hr) ™"
to @ (1) J(m) ol"(it S 4.8

We have therefore to consider the integrals of the type

~ikr - az
PR P N R L 419
mop, ole - B

In this integral, write \ = coshw, w = u - iv so that as A\ moves along L3, w traces
out Ly, as may be seen in the following d'agram.

L/
s
/ & -Plane
%¢

We may write

-2
o 7 tifp  _-ikrcoshw - kzsinhw T
o =7, 2 d(cosh w) * 420
m O g sinh w - Pn/k

Now put z = Rsin ¢, r = Rcos ¢, x = kR, and write g(w) for the exponent in

Eq. 4.20, so ihat

g(w) = -ixcosh (w - ip) = -x(£ + ip) 4.21

We observe that the point \ = k maps into the point w=0, so that the contour L4 may
be deformed in a suitable manner, provided that it passes below the origin.

According to the principle of stationary phase, (27, Ch. 8) the major contribution
to the integral in Eq. 4.20 comes from the vicinity of the point at which g (w) = 0,
The whole of th: contour is then to be taken so that on it the imag-

i.e., at w= ip.
Accordingly, L4 is specifically taken to be such

inary part of g(= -nx) is constant.
that
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n = coshucos(v+o) =1

4.22
E = sinh u sin(v + 0
We then have
2 N m_;_ﬂu: _
Int = oM T Loy, - et 4.23
where
1 m+ 2

d mt 2?2
[ c—————— — 2
¥ sinh w - By/k dz(coeh L

5
3

cosh w = cos (1 - 1£) + sin 9(E% + 218)

sinh w = isinp(1 - 18) + cos 9 (7 + 21E)

The upper signs refer to y; and the lower to y,. <That square root is to be taken
which tends to & for large & .

We have now to expand y; and y, in ascending half-integral powers of £ . The
procedure clearly must depend on the relative magnitude of the quantities sin ¢ and
Ba/k . Now the point A = A\, maps into the point w, so that sinh w, = B/k . It
will be recalled that the residue at \ = \o was explicitly included in Eq. 4.17 under
the supposition that L3 separated ihe points k,\,. This supposition then implies
that L4 separates the origin and w,. It is necessary to determine whether this is
true, and also whether gin 9 < Iﬁn/k , in order to expand the quantity 57+ = "
about £ = 0. We shall not give a compleie account of this situation, but shall merely
impose the sufficient condition

[kz| < |Bnr] 4.24

in order that the explicit form of the reciduein Eq. 4. 17 may be retained.

This may be seen from the fact that L; may be written

cosh u cos(v + 9) = 1

Thus, near the origin,
1 dv

—_—

du

while for positive u,
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2
d v ,
g A _ltanhucsc(v*(p) 2 cschucot(V*‘P)] <0

du
so that Ly lies below the line u= v+ ¢ for u> 0 and above the line @ = v for
u < 0. Hence, if Pn/k = a - ib,8,b >0 the condition required is satisfied if

. -1 2
sin"T - —< a+b
r

or if

Bnrl

<

lkz

It may be well to note, however, thatif wo lies close to Ly, the asymptotic series
is not at all satisfactory, and the variation of the quantity @ - f; must be explicitly

taken into account.

[N

If Eq. 4.24 holds, we have for y,

isin @ - Bu/k)°  (isin ¢ - Bn/k)

5 2y =
sinh « - Bp/k = isin ¢ - Pp/k + cos ¢ Y21 E° + sin P Etcos @ R EZ 4 ..
i
so that
) ; :
1 1 cos ¢ Y21 & . E 4 jcos @ sin” 9 2;[54_ .

sinh ¢ - Bp/k ) isin ¢ - By/k " (isin g - B, /K)*

3
‘VZi 2
cosh w = cos 9 -V2i &% - icos 9f - s8in @ ;—..‘52 +oue
i

m+ 2 m+ 2 : 2 v

m+ 2 3 [/ im=*2) (m -4)
— (cosh w = cos 2 - —A12i E* + - + ijf +.--

dé ) ( v 4 cos P \ 2cos P 2 cos® P

In the calculation for y, , we have to change the sign of all odd half-integral powers
If this is done, we have finally

of € in the above.
-1 3
g2
Yi = Y2 = Ao,m“3 + A‘,mE MEEY
where
A = -cos Cp-m-;-g- LRy
0,m 2 cos 9(isin ¢ - Bn/k)

4 icos? P sin2 P

(isin ¢ - Bn/k)°  (isin g - By

|

_(m+2)1r2T

icos ¢

e

im+2) i(m® - 4)

cos 9 2i
Z
cos @

" (isin 0 - Bn/X)’?

cos @

29




e e e e e

Returning now to Eqs. 4.17 and 4. 18, we have

1
2 )2 Si(kR - g e oxf2W=L
e -

2F, ,~u2ni Ho(z)()\or)e-B"z - (—- CEC S e £ aé
tkr o 0
A % . = 2n +1)
= 2ni HQ(Q)(A()I‘)B-B"Z i /_i) e-l(kH =i X-% E Bnp( .
\nkr, o x

according to a lemma of Watson (27, p. 236). The coefficients in this expansion are

= 2
oo :’Ao,a

B, =".?TA:,1 =

If like terms be collected, there finally results for the dominantterms in the calculation

ial ’ { . - 2 2 "ikR l
Zr(--"\l‘,k,Z;O.Bn)r\JZrtiHowv\or)e e -<7e e T
R sin @ + iRy /k
1 -ikR 1 cos’ o] isin® P -cosp -1
6 3 e 3 - Z 2 + ees 4.25
R (isin p - Br/k) (isin » - Pa/k}" )

This series converges rapidly, provided the quantity [isin ® - Pa/k| is not too
small. We shall now develop a series which converges rapidly when |isin Q - En/kl
is small.

If we return to Eq. 4.14, and integrate once by parts, we obtain

Bt - RS & &

Yo —dt 4.2¢

!/ ) ~ o -an 2
Foolr,k,2;0,8,0 = -c /

»] V\.
LN

If we integrate repeatedly by parts, a series similar {o Eq. 4.25 may be obtained, but
the residue term is not explicily contained. For small 2z,fn we write

t = r cosh v, sinh ¢ = z/r, kr = y cosh v, Par = iy sinh v

-Bnz ‘=+Ii“;) iy cosh (u - v)d

Fep - R =
Pz =R 5 =V -iycoshu
e LJ -J e ° du
) o
ni -Bnz -Bpz T=v -ix coshu
- Bazy 2} - 6% TP tu 4.27
0
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The last step may be verified by reference to Watson (27, p. 180) or can be shown by
evaluating

[¢]

2
a

by use of the contour L3. Now the quantity 'T - V'is presumed small, so thut if we put
& =1 - v, then

E : ) 2 2 2 4
-iy coshu -iy cosh & iyé (iy cosh & + 4y cosh’ £)%
[ e y du = e u E-—y—coshﬁ- 2 4
o 2 34
i hE + 16y° cosh”® - 12iy’cosh’¥)£°
. (iy cos 6y 0?7320 iy cosh” %) Mo 4.28

This series is convergent (absolutely) provided

but for purposes of computation, the quantity I yﬁal must be small. It is thus seen
that £qs. 4.25 and 4. 28 are complementary.

A series which converges more rapidly than Eq. 4. 28 can be used if tables of the
function. £ 2

P(E) = [ e ™% 4y
0
are available. F(&) is easily obtained from the complex error function:

. n .
FE) =1 —gErfC(EVT-‘ 4,29

. 2
If we expand the quantity e-iylcosh u - 1 - ¥ in powers of U, then

fEe-iycoshud _ -iy j'E —iyl}:L " iyu® iy’ 4
o ¢ ° o © 24 720 3 4.30

The successive terms in this series may be obtained by differentiation:

2
S | ~2 F _son? 3 E _igu? spd A
e & u'dy = - 4‘9— J iy¥ du=-—J e i du + A + _3& 15%_ 4.31
2 e 2 2 | €
0 dy” o y o y y

If we substitute Eqs. 4.29 and 4. 3] into Eq. 4. 30, then

” I
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&
-1 h =
[ o Y% udu“e 1y/V'/i{Erfc(E 4)E+—i—o i2+...]
o) iy 2 8y 48y
4.32

-8y° g 1 8°
‘ot [-—(u—w--w—u-iw--)
8y 6y 24 8y

Eq. 4.32 is useful wheng yE‘| is small. It is to be obgerved that Erfcl;{ 1€) is the
Fresnel integral when is real, and is tabulated (8) for & <50. A table is given by
Norton (18, 19) from which Erfc (- ifZ) can be deducedif 0 ¢ [&] < 50, 0 < arg & < m.
A very interesting discussion by Rosser (23) gives general methods for the calculatien
of the error integral and allied functions,

Having considered methods for the evaluation of the integrals defined by Eq. 4. 11,
we may now return lo the series Eq. 4.10. By virtue of the Condition 4.8 each of the

series in ascending powers in k2 converges, and by using Eq. 4. 12 we have

!

-
® @ m 2n o |g~1kR  o-1kR ® o mon., oM e”iKR

o(r,2z) = 3 Z(-)k C_—— -—— |+ I () k Cp = 4.33
m=0 =0 ™ 92| R R w1 n*0 ot R

where
R = r® ¢ (z-2)"; R2=12+ (2 +2)°

If we consider that k is small enough so that the series in Eq. 4. 33 converges
with sufficieni speed to permit numerical evaluation, then it is evidenti that the multi-
pole terms present will contribute little to the field. Thus at such low frequencies,
the inhomogeneons character of the medium has very little influence on propagation.
At higher frequencies, some solution to Eq. 4.4 other than the Liouville-Neumann
series must be obtained. The Schmidt series {26) is equivalent to the eigen function
expansion obtained in Section 3, and so holds no advantage for present purposes.

An attempt has been made to obtain modified Liouville-Neumann series, and
although this effort has not been completed, the method will be outlined as being of
possible value. Eq. 4.4 may be written in cperational form

B = K + ckp

and golved algebraically, yielding -
R

B =

1-¢eK
We seek to decompose the operator €K into a multiplicative operator A and an
integral operator f, so that

. K . K
T T - . m 50 .
-a0-—
1 gl e}
1-A§(1-A/K 4.34
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The series in Eq. 4.34 may be expected to converge satisfactorily when A is not in

the neighborhood of unity., The séries of this type representing the direct radiation
(i.e., associated with the factor e-a}.z 5 z°|) can in fact be exhibited. If we write

B(A’z’zO) of F(A’z)zo)e-aqz } zOD + G(A,Z'Zo)e-alz ' Zo|

then .
‘] n-1
K « Y . KL = Yy
. + 5
Fih2, 20) 1-A§(1-A) (1-A)’o"(,1-

where

n © o [~ ©

Y c{ V(Z 94 Z;)c{ V(Z + Z,y + z,)({...é[ f(21 + Zy +....+ zn)dzu"'dh

s LUl Jaz, -

Zp

in the notation of Eq. 4.9.

The construction of a gimilar series for the reflected radiation G is a matter of
great complexity, and it is not known at present whether such a series exists.

Finally, the integral equstion may be approximated by & system of linear equations,
and the solution obtained algebraically. In this connection, the method of Lanczos (12)
would seem suitable, although there are difficulties arising from the dependence of the

kernei K(\, z, o) upon the eigen parameter \. ‘
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SECTION 5

SPECIAL CASES. APPLICATION OF THE STOKES EQUATION.
APPLICATION OF THE BESSEL POLYNOMIALS.

It was seen in Section 3 that under certain circumstances, the wave potential is
expressible as a series of orthogonal functions arising from a Sturm-Liouville problem.
In this section we shall consider some special cases of these functions as a guide to the
understanding of their uses and limitations. One of the most widely studied and exhaus-
tively tabulated problems of the type applicable to our investigation is based on Stokes’

equetion

Tt 0 5.

We shall denote two linearly independent solutions of this by the symbols U({) ,
V(¢ ); U denotes the solution appropriate for upgoing waves und V for downeoing.

Let the phase velocity, over certain depths, be
¢ ®co t Y2

and, if the fractional change in ¢ be small, we have nearly

Co,? 2y
& - 1 -5z

Thus, if we set g2 = \2 - k2., Eq. 3.6 becomes, for this special case,

\ d2
giL (gz - a*)B = 0 5.2
2k2y
h =
where g = - 53

and Stokes' equation may be obtained by substituting

&= g% (gz - o’

Stokes’equation thus is useful when the phase velocity changes in a nearly linear
manner with depth. If the velocity changes in this manner over all depths under con-
templation, a simple solution to the problem may be obtained. Before proceeding to
a mcre detailed study of the bilinear gradient, in which two ranges of depth are
associated with different velocity gradients, we shall discuss briefly the two cases

g>0 and g<0,

If g> 0, the velocity decreases with depth and rays are bent downward from the
surface, so that ultimately a shadow zone is formed. ‘

[

The solutions U, V to Eq. 5.1 are in this case analytic functions of \, so that
according to the principles set forth in Section 3, we have for the eigenvalues

V(- af,g'a’é) = Q 5.4

(4]
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and for the functions A "
2 -9
V(g™z ~ ang™™) 55

while the wave potential is

#2 - i ) V(g% - adgP)

TPz 5.6
(V' (- 0zg™™)]

0= TH )8

The W. K.B. solution to Eq. 5.4 (6) is simply

so that

/3 3 1,
- )

On = iTar k _4_4_5 é%(n - ii‘)n} Py

and it appears that the horizontal attenuation, which is determined by the imaginary
part of A, increases as ihe one-third power of the frequency.

If we use the appropriate asymptotic forms of Ho(z). vV, viz,.:

Ho(z) (Apr)~o &P {Anr

15 2 -9/6) sb

« 2
o-i5(g” 2z ~ ang

¥s

UGERE T 6"z - «ig ¥1V

a typical term of Eg. 5.¢, apart from a factor varying slowly with r, z, is

Zw + 201/‘2
_Tn(r - —_—
e

7

2y
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for sufficiently large values of z .

E— e e m—

If Eq. 5.6 is to converge rapidly enough to be use-

ful for numerical application, we must have

zV2 + Zo W2
20v2

r >

It will be seen in Section 6 that this ,inequality is satisfied by points beyond the boundary
of the shadow zone. At sufficiently great ranges, then, the field is characterized by a
large horizontal attenuation, which in practical cases is generally much greater than

attenuation due to other causes, such as scattering and absorption,

It is to be noted further that each mode of Eq. 5.6 increases exponentially with
depth. While this has no significance at points short of the shadow boundary, at
sufficiently great ranges it serves to characterize the vertical structure of the field.
Thus, at points sufficiently remote from the shadow boundary, there is a greatincrease

in the field intensity with increasing source depth.

If g<0, the velocity increases with depth, so that the rays are bent upward from
the source to the surface, whereupon repeated reflection and refraction may be expected
to produce a channel in the vicinity of the surface. For this situation, the W. K. B.

method gives

ni {3 1
aﬁ = e ;Eg(n - Z)n} 7

whence
Ay = (k2+ a;)yé

is real provided
3 1 s
o8l = In < k

2k 1
<yt 8.7

In practice, this inequality is satisfied for values of n into the thousands, so that there
is no horizontal damping to be associated with this type of propagation. The modes
ultimately decrease exponeniially with depth, although it is not clear that this implies
a similar character for the entire field. It is manifesily out of the question to make a
nurmerical study of this case using the above method.

We shall now turn our attention to the bilinear gradient. We shall suppose that
ultimately the velocity decreases with depth, but shall permit either type of surface

gradient. Specifically, let

K’n? = k° + goz
<z 5.8

=k + (go - 81)21 * 812 Zy

g >0
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Let

16

o =8 2z~ azgo-
& = 81%3 - ai"gi

(!2=A2-k2

o? - (8o = 81)24 )

133
-
L]

so that we have

a’g
at;

}
s +6B=0 1=0,1 |
i

and the following boundary conditions

g =0 Lo =0 :
Bl =0 Lo * Uy :
g
&2 @
B = CV(t) z>z
Thus, if B = AU(Co) + BV(Zo) 0¢z2m
= CV(&) zy Lz
we have for the determinant of the system

15 14
w w ! ' !
A= Uoo{ 'g%) V01' Vig = Voi Vi } - Voo {(‘%% Uoy Vyy = Uoy V“.}

where

Ugo = U(&o at z = 0)

Uoy = U(E, at z = z,), etc.

(2]
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and the primes refer to differentiation with respect to the argument, If we set

2
-a

M o# So' 1/.;21 e 81 ~ 8o

|$o| 23 81

then, apart from a non-vanishing factor, the determinant is asymptotically equivalent
to the formula

X ®

- al - 1% - g (- 5.10
if go< 0, and
- alx e )Y % (n - .11

if go> 0, n being any positive integer.

Formulae 5.10 and 5. 11 are considered tobe valid provided that | x | M > >1,arg X> L
These formulae may be obtained by use of the appropriate agsymptotic developments =
of the solutions to Stokes equation or by a formal application of the W, K, B, phase inte-
gral to the velocity structure under consideration (6, 13). There has been a considerable
amount of discussion in the literature (6, 17) which is relevant to Eqs. 5.10 and 5.11
and to related equations using different (but asymptotically equivalent) forms of ths
solutions to Stokes equation. A certain degree of multiplicity is connected even with
the proper roois of these equations. Care must be taken to select those roots which
tend to the proper limiting values in extreme cases.

It has been found that Eqs. 5.10 and 5. 11 give accurately the imaginary part of
x for all modes, except when arg x~, 0. This is gratifying, since it is this part which
must be known in order to determine the horizontal damping. The real part of x as

determined from these equations is not accurate for arg x«< 13". .

When arg x~0 the formulae (6)

may be used provided

1,
ot 5 2 n 513

It will be seen that Im(x) as determined from Eq. 5.12 is quite small, so that Eq. 5.13
may be regarded as yieiding the number of modes characterized by small damping
(trapped modes).
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The transition region 0 < arg » <% is not covered by any of the above formulae.
Since the arguments of the funciions " U, V are small in this region, asymptotic
expansions are not satisfactory, and an appeal must be made to accurate tables of
these functions. In general, there will be, at most, one mode not covered by Eqs. 5. 10
through 5.13. For a discussion of this transitional region, reference (17) may be
consulted.

Eqgs. 5.10 and 5. 11 are convenient in form for calculation, but the results of such
calculation are more conveniently tabulated in terms of the quantities

Y= |a- 1| x
a1, - 5.4
In terms of these quantities, the horizontal attenuation coefficient is
So% "
2|1 -a| Mim() 515

Curves of Y qua function of L. with parameter a are shown inFig. 5.1, These
curves were computed from Eq. 5.10 or Eq. 5.11, as appropriate, by the following
proceas. If x = rei, then we can get

. 38
- r’ sino
sin y(r’ + 1 ¥ 2rcos9) ¥’
WL I

sin vy

with
.3, -1_rsinf
VEotan roosf F 1

The upper sign holds for a>1, and the lower, for a<l. Values of a, L were computed
from these formulae for various values of r and €, and the curves of Fig. 5.1 were
prepared graphically by cross-fairing between these accurately known points.

Applications of the bilinear case to practical problems will be considered in
Section 7.

Another fundamental differential equation is that generating the spherical Bessel

functions, or modified functions of order integer + 1. This equation is

2

de plp + 1)

— +c'p g9 5.6
dz 4

39
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p being iniegral. We have the result that linearly independent solutions of Eq. 5.16 are

U = (-2icz)P elcz Qp(-2icz) &7

V=10 (complex coniugate of U,cz real)

where

P(p+ )l
Qplt) = 3 —2tHL

tP - T
r=0 r!{p - r)!

is known as the Bessel polynomial of order p. Fig. 5.2, which gives the zeros of the
first four of the Q;;, maeay be of passing interest. It may be noted that these zeros have
a negative real part, so that there are no residue terms in the determination of the
potential. If c has a positive real part, then evidently V(z) is that solution to be used
in representing downgoing waves (positive z). Pekeris (20) has considered a similar
equation in which p is not an integer. The similarity of the form of the equation is
entirely superficial, however, as the solutions are diametral in analytic character.

Let z measure depth irom the free surface as usual, and put
x = wz + &

R 2l wz(az N uz)
so that Eq. 3. % may be written
2

a8

1
+ 2 = 182 - X
dx? T \ cz)B

If the velocity is given by the relation

2 _ (h)z + E)q
az(wz + £)2 = p(p *+ 1) 5
we have Eq. 5.16. The surface velocity is
£

[azf2 - p(p + 1)]%

Ep,, 1=
and c decreases monotonically from this value to the limiting value '&li" provided
et > [plr + V1Y > 0

If the surface gradient (with respect to z) be Y, we evidently have

.
&'%PMPYW

2 ¥
1+&’ p(p+l£]
2 u e

a [/
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Let the source depth be z,, and put xo = wz, + £ . The conditions 3.8 through
3. 11 thén become for this case

AU(2ipg) + BV(2ip) = 0
AU(21pxo) + BV(2ipx,) = CV(2iux)
t t 1 A
AU (2ipxe) + BV (2ipxo) = CV (2ipxo) + Free

The Wronskian UV’ - VU' of these solutions is easily seen to be -1. Thus, upon
solving for A, B, and C, we obtain

’\V(Biuxc) . . .
B(\, 2) WV (218) [U(21px) V(210E) - V(2iux)U(2108)] & < x < xo
AV (2ipx)
. ————mV(aiuz) -[U(21mx0) V(2108) - V(2ipxo)U(21p8)] x 2> xo 5.19

Therefore, B has poles at the zeros of Qp (21u£), s2d = branch point at p = 0. B(\,3)
can evidently be written ‘

-1 L a b
Bk o)) i ¢ 8= o) zu{ 1
- i

if x> x¢, a similar expression holding if x < x,.

A typical term of this series is

e-iu(x + & - xq)
8 e - mg)

otential, we musi consider integrals of the type

p e-iu(x +E- xo)m

5.20

uT{u - mg)

which have been considered in Section 4. If the degree of Qj is not too great, these
integrals are very easily evaluated, and one has the advantage of obtaining the field at
all points with equal facility. It may be seen that p is approximately given by M¥2
This method is therefore most attractive for low frequencies and meoderate gradients,
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It is also evident that the velocity structure

wz - &,

[312(wz = Ex) - p(p it 1)]bb

c " 0<z <& <E,

wz + &,
E< ! ' 0
[8," (wz + £,)- plp + 1)}¥ S

can be handled with equal ease. This amounts to having a layer of positive velocity
gradient from the surface (taken to be at 0) to a depth £, over the negative gradient
previously discussed. Thus, the conditions of a surface channel also can be investi-
gated by the use of these polynomials. A simple numerical example will be given in
Section 7.

For analytic details concerning these polynomials, the attention of the reader is
invited to (10).

We have shown in this section by means of special cases that the use of normal
modes (and associated branch line integrals) is limited to sound fields exhibiting a
shadow zone. If the sound velocity decreases monotonically from the surface, then
the field within the shadow zone may be determined from the first few rnodes alone.
In the case of a surface channel, the sound field is characterized by a small number
of modes only under such conditions that diffraction of energy out of the channel

(leakage) is strong.

p Q%
1 t+2 =
2 t2 + 6t + 12 -3 + 1.732051 i
3 tS + 12t2 + 60t + 120 -4,64434; -3.67783
+ 3.50876 i
4 t4 + 2013 + 180t° + 840t + 1680 -4,207580 * 5.314834 i
-5.792420 *+ 1.734474 i

Fig. 5.2 - The Zeros of Qp(t)
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SECTION 6

RAY ACOUSTICS

It is of interest to deduce the equations of ray acoustics from the wave equation,
The line of reasoning employed here is similar to that used in the optical case (16) The
method of characteristics is perhaps more suitable for a unified treatment of the sub-
ject, but it is preferred here to use a simple approach to the basic formulae for the
field intensity in the limit of high frequencies. Bremmer (5) gives an illuminating treat-
ment of the ray, or geometrical, approximation by the use of the method of steepest
descents.

If the wave potential ¢ be written in the form

9 = yoikd
then the Eq. 3.1'hecomes
By + 2iky y-v6* ikyA® + k’y({yO-v0 - n) 6.1
We restrict 6 by supposing that
v6.V6 = n° 6.2

Consider a skew curve [':x, y, z = x, y, z (T) satisfying the conditions

d . On
—— (nx) =, etc.
x

drt ) >_ &3

e J

Then,

06
Ox

Along such a curve we have

Oy Oy .3y

.
W B Ye——

“8x '3y oz

Hence, Eq. 6.1 becomes

Ay + ik{2ny + wAB) = 0

44
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and in the limit of large k,

2ny + yAB = O
from which it follows that
T8
- [ 6.4
Yy = e
and
i
f = 4t -
I 6.5

Consider an elementary volume v with ends of area s,, Sp and generators along

the curves I' . Then,

Now, Green's theorem gives

Joedv = (] + ] + ] 1V8 ds
v SA SB SC

= | npds - | npds
SBB B SAA A

be the area corresponding to the generating surface.

if Sc
Let dsp = kpdso, dsy = Kpds,e
. B
Then, , Doank
& jABdv = J [ == drdso
v 8o p b
On the other hand, dv = Kds,dt , so that
) 1 9nK
faedv = J — 'n dv
v v K ot
and
45
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6.6

Formula 6. 6 shows that the intensity, which is proportional to \32 , decreases alongI'

in proportion to the increase of the area cut out by the generators lying initially within

a specified solid angle.

It is of interest to make a specific calculation of y for one case of especial impor-

tar.ce, namely, that of constant velocity gradient, in which we take
SO
n z. 6.7

z, thus represents the distance from the source to the depth at which the velocity ¢
becomes zer>. This situation is nearly equivalent to the velocity structure chosen for
the case of the Stokes' equation in Section £, provided (z - 25)<< 1. Take the origin of
coordinates at the level of zero velocity. Then,

. ) 2 2
X = Cy2y z={(1-c,2)
3 being a constant. Since
E e L BE

dz (1 - ¢, 2°)

: g d
we may specify c) by requiring that at z = z4, d—j' ® cot g, 0 being the initial
latitude of the ray in question. If we write

UzZop ® X, V29 = 2, t29 = 1T

then
\ -\
sin(t cos ¢ + 0) - 8in @
u =
cos 0
cos(t cos 0 + 0)
v = r 6.8
cos O
u2+v2*2utano=1 J
Evidently,
¢ S TR A |

0 = zo J ndt = 25 cosh
0 2v
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fr-= zo(uz + vz)ﬁ , then

t

1
({-—Aedt =logn+21logr -2 log zo
n
so that
B
n Zp
U _w 6.9

r

Eq. 6.9 is subject to multiplication by an arbitrary function of o fixing the strength of
the source. Evidently, for small r c¢ne wants v~o QQIE.—O , so that we take

cos O

6.10

r

We thus have the conclusion that in a medium of constant velocity gradient, the
field is characterized by essentially inverse square spreading.

Calculation of ray intensities is readily extended to the velocity structure consisting
of segments of constant gradient, as mentioned in Section 3. Thus, let

n{z) = n;(z) 23 <2<y 4

= g.
njlz) = 65 +2b

with the continuity condition

6, +Ei_= 6, NaT
B Zi i-1 Zi

For convenience, let the source lie between 7 and zy, and let 0 be tke initial angle.
Along this ray, let o; be the angle at z = z;. Let 0x; be the increment in x corres-

sonding to the increment £; = z:,7 - 2: in z. Then ¥ in this case is given by
I 4 i i+l ok ’

2 cos?o

bx, 6.1

’Slﬂ Oi

x sin 0 sin 0; z

Sin Gi -

and this formula is readily adapted to computation.

The boundary condition at the surface is evidently to be taken into account by
including rays reflected with a phase change of 180°. Since rays do not penetrate the
surface, however, there may be regions penetrated by neither direct nor reflected
rays. Thus, for the n given by Eq. 6.7, it is evident that no rays reach points for
which
() > o= 2% ¢ (0 - 2 -

2 Zo
47
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the surface being at z, and the source at z| . Such points lie outside the limiting ray
namely, that for which

Z,

cos 0 *®

Condition 6. 12 is seen to correspond to the conditicn f~r the convergence of the normal
mcde solution {Section 5). That region for which Eq. 6.12 is a near equality can not be
treated with accuracy by either method. Accordingly, one must interpolate beiween

ray intensities calculated well within the region of ''normal' propagationand the diffrac-
tion field beyond the limiting ray.
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SECTION 7

NUMERICAL DISCUSSION OF SPECIAL CASES

The use of normal modes for the numerical evaluation of field strength is limited to
those circumstances in which only a very few modes contribute significantly. For mod-
erate depths and sufficient ranges, the first (least damped) mode will dominate. For
purposes of illustration, a special numerical example is portrayed in Figs. 7.1 through
7.7. The values M+2, a = 2, kz‘2 = 8 x 103 were selected. For acoustic waves in
water, these values are equivalent to a frequency of 637 cycles/sec., a layer depth
of 100 feet and a gradient (equal and opposite gradients in surface and deep layer) of
1.25 %1075 per foot. Of course, any other values of the physical quantities can be

used which are consistent with the quoted values of M, a and kzlz.

The normalized depth functions ’Un(z)llen(zo)lz are shown in Fig. 7.1 as func-
tions of the dimensionless depth parameter t = ,%2 . The depth gainof the higher modes
is strongly contrasted with the loss of the first ' mode. In Figs. 7.2 through 7.5 are
shown contours of constant values of the various modes, with the horizontal gain factor

included. These contours are referred to the value of the mode at the pointz = 3z,,r = 1.

From these figures, the relative contribution of each mode can be seen at once. A
+ =1

source depth corresponding to t = 1 was used.

In Figs. 7.6 and 7. 7 are shown the effects upon the horizontal attenuation of the
first mode of varying singly the frequency, layer depth, and surface gradient. The var-
iation of these parameters is shown by the dimensionless ratios referred to the standard
values of frequency, layer depth,and surface gradient. These standard values are such
that the values M = 2, a = 2, kzl2 = 8 x 103 are satisfied.

Figs. 7.7 and 7.8 are of interest becaunse they indicate under what combination of
circumstances the character of propagation is sensitive to changes in the physical para-
meters of the problem.

In the notati .1 of Section 5, the functions Up(t) for this case ofp<lare

- UAo)V(Ay) - V(AJUGAY)
Unt) = GV B o) vk - Vo) UG,) & !
’ Tl
C_ln\/(Bt) o § Al ,
By * M[t‘;‘l v o¥(x - 1))
A =Me-7fi/3(t - Xn) r %2
2 zy (p*- 1) { o 2 al, \? 1 /dUn 2
e - U" + .
Cn ¢ {M (1 - x)Un" (1) (dt )m T i@ )eof |
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The functions U, V are ident.cal with those designated as hy, h; respectively, in (3),
and the readers attention is directed to that source for a detailed discussion of their
properties.

We wish to note oniy that if y be real, then V(y) has the following qualitative

character:
Viy)~oe™y , ¥y <O
1
a2 y ¥y 0

so that for strictly trapped modes. the field diminishes exponentially with depth up to
such a point that

2> 2z t IQ"(]- - Xn)2y 7.3

This is characteristic of the exponential decrease in the strength of the diffracted fieid
upon increasing penetration into the shadow zone. Thus, that mode with the smailest
real part (and in this case of trapping, the smaliest imaginary part) will suffer the least
loss in the shadow zone. At sufficiently great ranges, this mode will dominate the fieid
up to depths so great that horizontal diffraction into the shadow zone again becomes
important.

When several modes are trapped, the calculation of the sound field becomes imprac-
tical. We have shown in Section 5 that a particular velocity structure is characterized
by a finite number of modes, in addition to functions representing the fields of multipolie
sources. This velocity structure is illustrated by a numerical example portrayed in
Figs, 7.8 and 7.9. The values p = 1, 2z = 50, z' =& = 350 werc selected, If these
numbers are in units of feet, then the associated frequency is 16 cycles/sec. Fig. 7.8
shows the velocity profile for this case.

Eq. 5.19 becomes for this case

BO\,Z) = —)\'—‘Tge-alzc - 2l (20 + Zi)(z + zi) lzoi- z| _l_
2+ 32) + )

(Zo + 7:1)( a o a

=€

_a(zo + z)r(ZG + Zl)(z + Zl)+ ZZZO 0 20 t 2 1
C o a(oz’+ 1) o o

The terms representing the direct s?und field are evident, in addition to the mode
corresponding to the residue at N = 1A/l + (kz")* and the multipcle terms. Since
the eigenvalue of the mode is essentially real (the imaginary partbeing due to the atten-
uation associated with k), this mode is compietely trapped and is of importance at great
ranges. The mode decays exponentially with depth as e"%/%2* and may be interpreted
as representing a surface wave (24), (5).




———s — e

Detailed calculations of the various functions in Eq. 7.4 were made using Eq. 4. 30
for the basic formula. The eight terms of this series which are given in Eq. 4.30 were
sufficient to yield an accuracy of 1 part in 10°°, which was considered necessary in
view of the strong interference between the direct and reflected terms in Eq. 7.4.

In Fig. 7.9 are shown contours of constant intensity. The decibel levels corres-
ponding to these contours are referred to the field at one yard from the source.
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SECTION 8

SUMMARY

It was shown in Section Z that the wave equation
2

+c2‘P°O 8.1

dp

is suitable for the study of acoustic waves characterized by the potential ®. For ihe
boundary conditions defining the field due to a simple source in the vicinity of a reflect-
ing suriace, the calculation of ¢ is made to depend on the determmatmn of its Fourier-

Bessel transform, B (), z), so that

p(r,z) = g Jo(Ar) B(A, z) dA 82

B(\,z) was shown to satisfy the equation

d

Z

— B\, z) + (k'n® - AT)B(\,z) = 0 8.3

(=%

or the equivalent integral equation

-l - zolw-alz * 2| 4; fm e(zl)[e-alz - 2| _ —a|z i Zl|
o 20 o

(A zOvzl)dzl

B\, z,20) =_e
8.4

which includes the boundary condition on 8 .

The evaluation of Eq. 8.2 was effected by expansion in a series of orthogonal func-
tlons satisfying Eq. 8.3 and requiring an additional integral term in certain cases
(:1 = 0). Special cases of this expansion were considered in Sections 5 and 7.

It was found that the Liouville-Neumann series obtained for the solution of Eq. 8.4
was of little use, except for frequencies so low that the inhomogeneities present in the
medium had little effect on propagation. Possible methods of extending the use of

Eq. 8.4 by an operational solution were suggested.
!

No discourse of this sort would be complete without some recommendation for
future research, One obvious possibility would be that of broadening the scope of the
problem, by allowing three dimensional or temporal variations. The desirability of
such an increase in the complexity of the problem must be measured by the expected
narrowing of the gap between prediction and experiment. In view of the character of
experimental conditions to be encountered, it is likely that little is to be gained along
these lines. It would appear that the existing theory gives very satisfactory qualitative
answers, and could be materially improved by a decrease in the complexity of numeri-
cal work required tc evaluate it. The gap between the ray theory and thatof diffraction
is large because of the numerical difficulty in interpreting them. It was hoped initially
that the use of integral equations would narrew this gap, but this expectation proved to
be naive and unfounded. However, the integral equation does lzad to a forrmulation
which can be evaluated numerically in certain portions of the ray field.
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One velocity structure which permits a direct comparison of rays and waves is
considered in Section 5. Although this structure was set up artificially to permit this
comparison, it does possess some of the important realistic features. It is possible
that much more can be done along the lines of constructing velocity structures which
yield wave fields capable of simple evaluation, and the use of the Bessel polynomials
in Section 5 can be regarded as a first step in this direction. Tunger (14) has considered
an alternative method of constructing ""solvable' equatio~s.

The question of boundary conditions must be considered with great care. In most
acoustic problems the effect of earth's curvature is negligible, as is the departure of
the reflection coefficient from unity at the sea-air interface. Of far greater effect is
the presence of the boundary at the bottom of the ocean. This fact precludes the pos-
sibility of extending the present theory to acoustic propagation at ranges of more than
a few miles, except as a lower limit to the expected field intensity.

It was originally intended that a comparison between experiment and the theory pre-
sented herein would be included, but this was not possible. It may be stated, however,
that quantitative agreement ic generally very poor, at irequencies above afew kilocycles.
The trends indicated by the theory in the formation of shadow zones, and the dependence
of the field upon depth are in qualitative accord with experimental evidence, but it would
appear that the theory as presented in these pages is oversimplified. Thisis unfortunate,
since even this theory is very tedious to interpret numerically. It is probable that the
theory will be found in closer agreement with experiment at lower frequencies, where
the simplified model of the field may be expected to be more realistic.
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