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FOREWORD

L Among the objectivc6 if an analysis of an automatic control system ame first,

the reduction of the problem to its important elements, sweond, the detormina-
tion of the optimuth characteristics of these- elcments within the control of the
designer, and finally', the dettrmina.ýion of the performance of the systenm withi
optimumn or near optnium paraineter adjustnipnts, Such an analysis is very
profitable, even though the* physical syo~tem may include mnany -unconsidered
weondary effects, since such a study can j6Tvide a comprehension of, the opera-
tiorl of the over-all system and a yardstick for measuring the effects of corn-
plicating parametears. Because of the infancy of the techniques involved In such
a study, many important systems under development have never Ween so
analysed, and one of these Is, the ýiotilng type of guided missile. The objecti1ve
of this report Is to catrry out such it dynamic analysis, and it is felt that the
study described makes a eignificant contribution.I

Many. problems in the homing system are nbt considered herm, as indeed
they cannot be in an), basic' analysis, Among the nirc finriortant of thes arc
seondary smnoothing 0fects, t -aeft of ninhinearities, partitularly saturatioff
in the ndmile'acceleration, and thrcc-dimensional intcreouJl~ing problems, WVhileI
all of these problems are 111POrt~nt, it is not expected that wheti these matters
are considcred, llnpmvenmlents In die reults preseuted hei* will beý found. On
thie other hand, there Is some hopt tha~t moot of these additional problemns, 'if
properly handled, wfll not have a subst~anti~.ly deleterious effect on the Myfitern
performance, Missile-acceleration saturttiom2 is probably a notable exception in
this mepee.t

Iti. Ihvptd thrnt thia MIvpt will be of use to tho~se working in and directing
thu efforts of the guided inAifle flc'ld, not ohly from the standpoint of the
techniques dmvloped Rrcd the reults obtained, but also as an example of tIle

volue of a system dynamic annalysis.

SECRET
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AISTRACT

Tne homing missile kinematic equatiolus are-linearlzed to permit the appli-
- cation of general opt.imisation techniques& ThV mininum nns values of miss are

calculated for two setz of conditions, (1) white radar noise and an intelligent
target maneuver and (2) white radar noisc and a random target maneuver,

The linearized equation for t-fe.trajcetury ,followed by a mi.•ile guided
by a pr •)rtinmal-navigation-with-simple-tinie-Iag control systfm is solved for
critain values of the navigation constant. Optimum control-syatem parameters
are calculated fur the twot caw. conslderediln.tthe eneral study, and the mini-
muni nns mis; for this system Is compared with the mfihnlýl m rms miss for any
linear control systenm Valufs of miss causcd by an error In In'tial heading and
by an initial lateral acceleration are calc'ulatcd.

SECRET
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1. INTRODUCT'ION

1.1. S1m e o Hanlin IqPrb4".

The homing missile is characterized by its use of llne-of'.ight measurementA uo ubtain-information concerning
the position of Jts target, The q iantities utilizcd by the homing missile are its own hewlingfriative to soame fixed
reference, the relative bearing of the target, and the mrssile-t,.target range, The range measurment, often

omitted, is less important than the two angular measurements-
One mimile may use in succ(sýmon Several means of navigation. For examplc, a missile may initially receive

itm guidance from a radar beamn controlled by the parent aircraft, and then utilise homing for the terminal
guidance. This study is concerned with the missile whoso torminal guidance may be classified as homing and
considers only ,he terminal phase of the flight. The initial posItions, velocities, etc,, considered here are the
"conditions at the moment homing flight commences, whether these be the initial launching conditions or the con-d- dition,, -existing as tae navigation is vhanged to homin*& from Some other system.2.m~e --... " '-A!J_:

This -stady is restricted to the case whore the target and missile morve with constant speed in a plane, It - --

is sumed that the available lateraLaeeeleration of the missile is so high that effects of accelerati on limiting
are nogligible. Very little analytical work, has been done on this geperal problem. Noverthelesi, important
resucts hava been obtained using the -general kincinatic equations for the case in which the mlsaile time lag can
be negleý'tied. -The effect -f tlnm lag-ýa. bm-nthe subjec oVferaJ adies on h M.IT.FlightCmulator,",

TO inake lossible further an.lytieal It-dy of-the-homin prob~en t it-s-aumed that during the homing
phase of the problcm the changes in the angles waiidered are so small that.the trigonometric functions may be

* replaced by linear function-. The jutification for ths apprwjnratJn ls tho extent to which solutions of the
linearized tquation agree with the solution4 of the general'equati~ms. It 1as been shown by comparison with
numcK41 sxlutios that fur the range of pamraeters and variables important in the homing problem, the appmxi-
mation is vaLid. The target maneuvars consldered are a single, cucstant-lateral.aceleration turn and a statis-
tical tairet waneuver, The radar nouie conwirkded is the error In apparot tArget cimter caused by glint efects,
beeause- -type-oF radar noIe probatbly promluca grater misi didtancm than other noise in the sYatM. -It is
mai nod that fho noise ha stalfteal prifpertias whith emable it to be N)wtoe, ler a slationary random variable
ir-mA8deed aW__itiY rxr-in ditace; ihouaeto -N A i"astmable Aoeurnpion Jor the n~iwe priicfmTkl~

whnta"'Wo afrmuctlon conme fronik nwm'ptzl* radlar.

Thir • y ha tm)wto rimary objee"tw The irst Is the •siablvhnmet of mrtaln- ger m r.ts for thei.i. Il.
, eitathm. ,ijse ond is the inji tlgon of the hiantif miksilo in which the ta'tJ sytem is ehazteriz~f ny
t4, pro* 1r altt aJi.nt.n-wtth-. mllo-t~nK--la cquatgttm, with the aim oif spelifyinx value. of "inirol-sytem
prmmeteor ft•o oflmmi prfmormanee. The tw, faetfjrs. rmsidtd• In t•i• oatpmiuarthei )oh dure are tarMt
Saneuvers and radsr noie. The optimluitatloneiglect the mi" esumel by- initial vmvr. sine a outdy of this
"n4~ s)wa tlhat t nria ny 11f)t.de alhrel elystiall hy iaking the ititial rahge ia&. e.oh-The rteul' of tht
stw.ly. of Wnitial cmrn eWfthet e&v. &4j can beI whikth the itidal rmnW is *sth -that thIlal mo"I•

M"%e, i, ( 4. f, Ipf p sa. A+Wjj •riii4-. M Nr h ,r i;. Caftare*. Vap im, 1. ,• tw h !r..

'.ke~. -tnn. IJr,, flis~IA V. MA.4i~oi r. ~it-m cnvwt~ H, fnn" rkr Ajrrs , 'rim. Lov un x-i4m 1 ret".
J vtjmukkw \vI't . a5 (amibtdi., ma J lim, or 1P~I, iI*~ rriw.

:Mmvinr Mh lV... --Jt Nr-4wt, rr IA "I*.').
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'2. ONIRAL LINEAR RELATIONS

2.1. DvIvaflon of the LUrt~r Equitio".
If the available lateral nceclera....dn of the namsile ii sufficient tu insurv that no acceleration limiting o,-ursU.

the motion of the homing missile is described approximately by a linear equation, provided certaiu small-angle
approximations may be made, These ,mail-angle approximations are valid if tie inltial heading of the missile
is approximately ou a collision course and if the deviations of all angles from their initial values are small. The
notation'used is. indicatednIn Fig. 1...

._U

""IRNIDC- - _ - -"j I" ;

LINE+-,[+

-A1
"7Tt kiner•enj oquatios for the geomi-try of Fi. i may be written in polu form us

........... - =V m (4-0) -veo V x- 9) o -X

r-- Vrhin (i -- ) +VU sin (a -- ). (Ib)

If the alIdv rnellnn . "e apprvimooio , may he made, is hArurmadMt0dy eWtant, andt

W1tb -V,- then

It eh Abk is writtie a$ S an of the ititial VAJlu and 0 small tuaWMfUt term q Fq. tbb) na b'-V ritteu a

V'r [sib I $1 gi + .I......I ... to 0 + • inTh -$,I + fell

= r s ~ in kt -08 1+ VuPin 41fu + jVP etaI. t P. I + VtU tI-asJ 11 -1

If drp v•iffltn ,ivn-dm 14 *-w eh01n dIntt sý 0. th:vn tk t&J. •l,1 44,l 6,, Ig- 00, E'j tEq 1UO tO

written as

ri,+ ;j r. + * 4tT



Letting

an T= VT Cos a, (1.) d'r (Olt)
and

x, = Vu co~s 8e Ot (,r) d- - ro ;0 t (6b)
where r is a time variable of integration,

-_-.. . . . .. . = - w - - .. . . . (7)-. -

Equations (6a) and (6b) ane equivalent to referring tho missilo apd targit pclItions to 1U aeet tangula oor-
dinate syntem moving (without rotatioln -vit-h a velooity equalto the initial velocity of the target, The -Y axia
of this coordinate system is always parallel to the initial line of iight, The difference in missile 6nd target y
cobrdinatws is approximately equa to* the range, except near the end of the run. The minimum -value of the
range (miss dist&nc) omcurs at approximlately the time the y coordinates are equal and Is thus approximately

- x2 when t = ro/V-

The hmning missile montrol'systenm utilim the apparent relative position of mis-le and tairget (measured by
the apparenttrahg rA and the appant line-of-alght angle a,) to determine the missile veloolty vector angle #.
The effect of erirrs in the apparent range may-bo neglected (r.= r), since the prima-y,..guidance Information'
comes from measrements of. . The error in *A Is ion idered us an error in the apparent value of x., The error
" may arise from several sojtroes, among which the - 'ift of the radar eg of the target (assumlng radar is used to
obtain thehoming lormaiton) appears to be the must sorious. Regrdleas of the source of, 'ths error it Is here-
Inrafter referred to aa "nolie" un- denoted by-x7.- The oquation col+-sPcmdlng to Eq. 7) Is then,

RIM + = XT + X- (8)

The expresion'relatig 0, r, and s4 .(which may Include th4 eff t of misdle dynamics) is known U the
nisslflc-ontrol equation, If-the mIlequaltli to a dlffOntIaI equation which is ilnear in o and a
(not necessa•ily in r), 1I follows fIt= Eqs. (3), (6), And (8) that ku and x• - xx are 'elated by a linear
differential equation. Let Q(r, t, p) be a Ulinr integrWdlfferentlal OPprtor, -That is, 0 is a rational functlon of,
p -- d/dt, and the co.foiints a~m funWm'd r t, Th7n the. imeral form 6f the missle-eomtro eqatfm
which is linear in 9 and 4A

" / is arbity0 fr, u p) 0 $A +1-t1t) ..e...rat...n -

S- .. . i._ubstit~itonof •qa4(I), (l), anl (3I) h•to Eq. (9)) mt •ft1m.•ato a1l , n -•

-- + .II(ttpl1M1. +1'. •+ f, (t), _ I,•-: -

and

S ...... . [.M Y f~ k - . -

l , ' ... - t)t.m (Of --L isat) WW _1/ fe 8)h ttt ,() --~~t in thrie ea Moio ,ehtg ad + .s .'(•

-I _f + 6+ ()

' 5.- -_ + _ . , . - - -' - - •.-- •. • -

, - - 7 - - . > - ' - ( 1 3 )the respndi equateor L. Is .,

f ]

Ln N. D p) G (Pei -•-" . C(, - Viýt.) (1) P

where C is a conslant dep,•'lni t.•m the inIail t-o4Itlnn, ff• = 0 If the mi•!ih is initially o'x a strsi~ht-lli +Vtollisin course that is If O (1)0ZJý.

SUt? 7
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2.2. Suplrpos~on In+eqral.
Since x,, x,, and x, are related by a linear equation, the response of the misile to any tur'get motion and

noise may be expresmd in terms of a generalized step.response function by means of the superposition integral,

Let A (t,, t) be the response from rest to a step applied at time t,. That is, let

A (tt) = 0 if t < t, (15)
and

L (t, p0 A(t, t Iift> .

Then it
S- x w (t) = O0 .If L

and)
L ýt, p) xm = (t) if t >0, (16)

x ., (t) A (t., t) I (t) -- • (ti,tV l (t) dtl.

For the equatioi considered here, Eq, (10),] (t) = x. (t) + x. (t) +-1' (t).

Thus to determine the entire trajectory, a function of two varabl)s m1 us, generally be known, However, to
detemiine the terminal value of x. (and henc& the inss distanco), a functon of one varlable only need be known,
That is,

r- A r6 r

ren a'A

. (r)= a (0 ) + o • )•t , ,t•d, (19)

n. 6 atep-rcorne funetlan will herein be knonm am a(t). Fur jhysical Pystvnu, a f0) = 0, In this Inae, Eq. (191
rodues to

= M. , + ,,, .(• -, ,, - •.,2;
wlwrir

The~~ ~ dl. d~e•i

SICH?

x• •• -NU X-P =Ro•/ i ' III - atd, (21)

Squ bdif-ti4l n of• Itl ---- I t I + .- X ý Iltl + t)f M ullsr.•l In i

n Iftl ov I it(3
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and

P A V: 6 , - (24)

denote, respectively, the miss caused by target maneuver and the miiss caust-d by noise. The third tern of

Eq. (221,. i a' a 2  - j, is a function only of the control systemn antd the initial conditions and
is generally zero if the missile is initially on a Atraight-line collision course, This term is omitted until the
launching erroros and control-systeni drinft are discuesed.

A target maneuver of special interest is the constont-lea'raI-acceleration turn starting at time t,

xr (t) = 0 fort< t1

=19a7(t - t') co's of for t> t1 .

For this maneuver, MT can be expressed somewhat morý simnply.

MT = - CC 2, Y - a, a'1sv d;(6

=" rA%) - v a (ij) d~1 drj. (27)

The noise term must he roi1lkdered statistirally, It is suffiripit. for tile. present purpose to consider the cas
in which %(N is a Gaussian random proccat. The distribution of M., is then Gausslian, and all informnation conrern-
ing Nf,, is contained in its stamidard deviintlon v,,. It can be shown thaEt

whore 0,,(w) is the spcctrml density of It~) f x--t.1 ig auch that 4,,, () can We considered constant (whmite .
nloise), Eq. (28) mvduee to

fN ý .; 1VM a' (,I) e'ld (rj do, (28)

This may alao be exp~saod aA

=.' 2w o: t't¶] ~,(m,

2.3. M!1imurm RMS MWu fer Whife Nahso ond a FlxW Target Menouvw..
Amiong tlme Ksevra criteria thant may In u-ml to determine the effectiveness of a control syttein, one of thle

inore convenient mathenimtitAlly is thie rnus villue of nflss. TArget motion many be considered etatisticahly, (or
x~ It may ke considered to~ be a fixed itineiomm. In this study, x-it) is geticriily oinsidered as tt simple fixed
fu~nctioni On prcrtieulnr, a vnttlaela'lrti turn is emp~cyloye Untill reliable experimnental data are
obtained concerning the forno fi thme Tnols Plivmnira denity P.tij m nU..ntion inny lproftobly lip. concentratend on .the Ollite In whijil che Iloilo. ;i-iy be conpidurulc whitk., TCo de'"ncilne the efficiency of a oontrol *ysteni for a paFr-
tiO1111 o i rgvt m[M'u1YP anun ntoi-r sJeruimi. it ie u~timfil to know til hw itjimunui ring ni. when no restrictit n is
placed upIn11 1i1V forilm fit 11.v Col"Imi mvsten). Ir 11A. serd:lon. 111V mmcimimimu rins, mfios is caloulated f:)r tfic css(e in

1whic tic 11111oiy 4V o -sidilrri whilt VA.11I tOw talVgut 110fto I' i. fit ci function. In the follimwing section,
the muininnmmui rim., ms is Prleulttr'jl bir Nimhitv HI?5C of'' stmctw~iecc target mmnnmcuvwm'
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The miss caused by a target maneuver x.r(t) is given by

NIT= XTV) f{ ' Vi -n' dI. (23)

The oieviatiul ,, of the miss caused by white noise is given by

cý2= 2i: 0 ', fa T ] (33)f•°

The rms value M of the tctal miss is given by

MN = MT2 + 2N2 (31)

The step-responsc function a' (:) minimizes M if, and only if, for each function in (v), M ( ta' + ml 12 (a,),

Now

I, 2 (a'+,) = ) (• ) f Ra' () + In XT ,d

+ 2r.f; [a' + in d-. (32)

But this is

M2 (a' + i -f
2 (R'L + Iii (R X 1- X N ) d,]r ro

2 [foV a' (P)) X r-p ( ]f T d.

+ 2 "' fwj 2 a' (in 0W d-

0r&
+ 2r €IW V, 1112 (1) (17, (33)

For any in(-) not identically zero M2 (a' + Inl > MN (a') if
[ al V ý ',r. )] f Vn' _ ('
2[fit "' (p' . (P 2 ) XT - x)"0-)]•. fR i I AT(' -

+ 4 Wf qfu J" 2o' (7)11 in i d- = 0. .34)

This nuay bc rewritten na

S/ r,, Ir to '•

T " -" ' , - -lip

(Il'•i'I: iIt=O. ta35)

Thi.s i. tin.it fo.r cIICh fuloelioli ul ilf I'',, & otihi Ieith ith.i (1 u,• Vti " ,-V

xT(iýlt [ ii l e XT'"-~ Q ) + 2-,~b a' t , 16

(I IICtl?

?
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The constant K is delernined by substituting into Eq. (38)

x, x,2( r p) dp -x,( +-) ±2-,tK x.,0 (38)

Solving for X,

o + 2~ (I p) d

2i Ov+f -ý1-XT2(pd

The m~inimnum valte of M2 is then obtRitled by substituting Eq, (37), where K has the value given by Eq,
(39), into Eq. (31).

Al [m ,(.V)2 f YRxI (p) dp] + 2t ON H Kf#'. xT2 (p) dp. (40)

From Eq. (39 1

XT(~ Kfil XT" (p) dp =2x 0, K. (41)

Then

Mm?,' = 2%4? K'q [2~ 2% + fvmL XT2 (1) d I

+ x~' s) di(42)

For the constant target turn starting at time (1 = r. - ,/,

+ ~ ~ ~~T~ ( it c'- ..(T ) cs~

Thi iss t2u fo
+ O_~~~2

ViLau chfvnxtm Wt-cp t toJrd (46) , ta iwhr

"sm T 2 CosCF
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Substitution of this value of rl,/VR into Eq. (42) gives the nmaimum value of , as

ul,) 1.2904 (2- .), (aT cu"s a0 )n , (47)

The form of the mninimizing A(0t is probably of no imlportance, b)ut the max;mtun value of M is a lower
hound fur the inxuih".' vlue of rnA i. is. for ull control sybtvis. The vuluv or (MIu,) Siven by Eq. (47) i-,
used in See. 3.6 to obtain a figure of merit for a particular control system.

2.4. Minimum RMS Miss for Whlte Noise and a Statisfics•l Taroef Maneuver.

In the present section, the minimum mis miss is calculated for thu case where white noise and a statiatical
target maneuvof- cause the miss. It is assumed that x, andl x, are independent, stationary random variables and
that the initial range can be considered infinite,

If the spectral density of the target motion xt is denoted by 4T (W), the rms miss i. caused by the target
maneuver is given by

: /. !I1 -- F (iW)i2 qT tw) dw) (48)

where

Y (iu = JWe-" a' ('T) dT, (491

The rns value of the tota! misis M-T + M is given by

2= 1 If (iW)i• (V (W) dco + f F (ico) J. (12 )dcc, (0O

Tho problem of finding the a(-) that minimizes Q has been solved by Wiener,' It is important to note that
the, present dikcussion oonsiders the problem from a different viewpoint, Since tie value of x. at only one time
(ro/V,) is of interest, the mus value of xT - x. at this time is taken with respect to the onsemble of target

mution •nd noise functions, Thu Omptimum operator is detmrnincr from the ola•s of all linear operatorN, including
time-varinnt operators,. The linear operator is not determined uniquely by the optimization proceus, because more
than one A (ti, t) can yield the same a (t1 - t1 ) = A (ti, ti). As the intcr",t hcro is in the minimum value of
a and not in possible forms of the optimum operator, the problem of synthesizing the operatoiv that yield the
desired a, i ins t discussel.

The a(-) that minimizes q is determined by

1 ~ ~ ~ = eý"~~~i& d7j dt.F io=2n r (r)* (Y) (1

where
Jr ()2 = •T (W) + C* ( W

and r has no poles or teros in the upper half plane,
If the target maneuver consists of arcs of constant lateral acceleration ±ar with random switching at an

average rate of k 2, the spectral density of xT is given by

k ,

It is tlumm-d that t':,0lQ can be c on.sidcrld ,r astant. Thu,,

-k {n etns znIa f/;iFt ,.,- 4 ,Ii Nf¢i' Ji•le

I W~iro,,m Norhri . P0/. 17' ,, , i iIrj'iliu , 011rdtloh w ,Snool/i, iq 4t .'i/I,,imP/rl Tinic Serii.* o-iih iEnqi,,ccri ,i; .4 lhtal:e Now
York: Jhohn Wy & , , h,,,, I!R, (a Cois , "11%
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Statement of the problem irl nondimxnsional form redued the number of independent parameters to one. With

F . o ( ) (vh)B ( (iv + 4,i, %AF (ihv)f Idv ($4)h"o
where

and

--M . (56)ha, cos = • / or-- h,()

E f 11 F (Jhv) 12 dv + IF (ihv)j' dv (87)

where

If 1 + (58)

i (v)' = (V + M)
and 7 has no zeros or poles in the lower half plane, the optimumF Is given by ....

V (Iy) f c. y )' e-•- (y e + 'Y )VI- dy dr. (60)

With a olhang of variable u = I y, Eq. (60) becomes

F (lhv) = -- ud.(12) I (v) ,fo. U4  (-u +- m')i)T --i du d, (81)
Actually, because of the 1/0s factor in the 0T(W) considered here, ' must, have a pile of second order at theorigin. Certain formal dltcoulties can be removod if the present cue b considered us the limtltng cue ofOT (6) = k (aT ce so )*/w (ml + 0)1 (W + k2) as • -0 0. Then all poles or zeros are definitely in one orthe other half plane. E&pr&wd in terms of u r= iv,

u I u (u' m') I

With u,, u,, u. the left half-plane eros of u -- ul mO -- 1, '• q ry be taken

p (u)
q -- = (u + m ) (68)

where p (u) = (u - us) (u - up) (u - us) and the pole cp.us-d by I/u 2 shall be considered in the left hatlf
plane, in accordance with tho remark above. Then,

_1 _--1 p(u) -- u2 (u-+m) t- (u)(8
U 2 (U+I;!)P (-U) :- U2 fu +m) f (u

wlý.ere the flrst ternr has right half-plane poles and the eccond temn 'ias left half-plane poles,

SECRET 13
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Becauki of the positions of the poles of the terms in Eq. (64), the two integrations of Eq. (61) yiold 2x i
times the first term of Eq, (U4). That is,

F - u (+ ) + p (u) - u2 (u + m)
"2,x -p (it "F US (U 4- m)

U, (U + M)
=-- I 1 (-j n (65)p (U)

This expression for, the optimum F is substituted into Eq. (81) to give the minimum rms mite E.
Expressed in terms of b, = u2 u2 + u1 uS + uS us and b2 = u+ -' U2 u u,, thefe integralq reduce to

b b, (b -- m) +b 2 -h- +2m (88) -
=+E• -- • bb.--i ÷ •bib°

The rninimum E is plotted at a function of m in Fig. 2.

L PROPORTIONAL NAVIGATION WITH SIMPLE TIME LAO

3.1. Seutio-n c4 the Untrteeuie Fuaflm,
The proportional-navigatlon'with-,Imple-time-lag control Ftiytem is characterized by the equation

Ai + b = (b + 1) i. (67)
In the rotatioun of Eq. (18), D (p) - (Ap + 1) / (b + 1), and the resulting linearized equation I

-V. t p + I + I x -= x + x- + C (ro - VR t)

where

A 1 r• i IC 1 -- (b- -1) Vx coo 00

I [Aim (o)+ im (0)].=(b + I) Vu coo 0

If n 7 [(b + 1) Vm com o) /V, Eq. (88) reduce to(o t) i. + -t) i,, +x.,, x + x,

+ j I(?+ C (ro -VR t).

For integral values of n, this equation may be solved analytically.' It is ffirilmet to conidder the eam
in which xx (t) = 0 for t < tj and x, (t) + xx (t) + C (ro'- VR t) = 1 for t > tt, since the general solu-
tion can be expressed in terms of the response from rest to a unit step applied at. time tV. Then, after multi-
plication by n, differentiation of each side of Eq. (69) results in

A X. +) r - A + 4. n- 1) 0,--,( (70)__ " Va h .

The coefctent of the lowest derivative of xx Is decreased by 1. Rupeated differentiation results in
A (-• -) X,(,'' + r_ A.t):'" + (n - I) xw" 0. (•

1(nly positive ;viuu of n Aro of interast hcrc. For ,eetive integtral v*Iiirm tf n, Eq. (6) may be solved by "epxated iuLegrtion I
in a mnuner iminlar to that - here for pos.t"c n. For ncnintegal vnih rf n: a sohition 'an rb found in tCe form

of an infinite meriem. D. L. Bobroff of D.A C.L. has shown the Iaplace trsnirorm. F(s) -jo c - a' (r dr is tiven by

(A@)D/(As+-)n for all Ipeitive values of n, Although tho series defining the step response a(r) does not ternr,zJate,
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After n differentiations, the equation is of the form
Xu(2+.) + ( 72

A __ 0.1 (72 1.

This may be regarded as a flrt-order equation in xg (1 ), If each side of Eq. (72) is multiplied by the inte-
t

grating factor' j - t) e", Eq. (72) becometi

d +" r .
-Ct [XU+ (I - t)'. J] =0. (73)

Integration resultz In'

XN1 1 Ct (p - t)' J C, (74)

where the constant C, is e%3luated by setting t = tj as

xx(t 1+) (Y Q-- tl), etA= C,. (75)

SBwutiun vf Eq. (74) for xg(1-42U) gives
r t

x1,(1+13) (t) tC, . e - (7()
ýVn

The quantity xM is then obtained by rapeated integration as

C- A,- .!
)=C, ' . J' ", ' ded:, . . . di,1

+ i (ti) V. (77)

Substitution of the value of C, obtained from Eq. (75) and expression of the repeated integral in Eq, (77)
as. a single integral' result in

ZN It) = XM_ (. ( r r) e +xf j) (t ) 0d (78)

Thux, if the response from rest to a unit step applied at tine tj is denoted by A (t,, t), A (t1, t) is the right
side of Eq. (781.

If xw (0) = 0, the general solution of Eq. (69) in given by the superposition integral, %-c Eq. (14). If
x, (0) 0 0, a preliminary change of variable is neceseary, Let

A(t) = x1, (t. -- x) (0) t. (79)

Ut M(h Alfri n(f fip Ar'.t-:r•dr dirfl s .,watin,

-d- - (X) = Q (x)
dx

is multiplied by the integ'ting factnr CWfI1)4', the left side bomcs the derivative of y eiP(s)dz; and the equation may then
be Polved by integiatlon, That ig,

efP(x)d- + efPIx)dx P (x) " = Q (x) e4JP()da

,erl'(2)ri = fQ (x) eJP(xldz dx,
2 In ths snd the following equations: t !_ tp, since x4 t) M 0 for t < t'.
31t may 4e sown by int'ration hy lorta that

j1 6 + d , . + f (t- (r) dS R
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If this subltitution is made in Eq. (69), the following differential equation for z (t) results:

A (r- t)> + ('@.- t)i+ ni nxT + nx, +nOC (r6-Vjt) -(r _ t) ý. (0) flXn (01) t.

(80)
Substitution of tlýe value of C from Eq, (68) results in

(r-t•'÷• -t)j ,n • +~ nxx -+- ro (0)_--lAx. (0) + nx. (0)]t, (1
Ar 6

Since i (U) 0, z can be expresed by the superposition itegrSl am

3( W =--(tA,,t)/(j) dt,

where ro A • 0-[ AVn it, (0) 1

f (t4) "-xT (ti) + x4 (t) + rA 0) (b + 1) vu co( + xU (0)t (82)

Subititution of Eq. (72) results in

ZU (t) = M(0) t-- A (t, t)] /(t,) dt,.

Application of Eq. (8) to determine the complete missile trajectory requires explicit expressions for A (t.1, t),

which can be calculated from Eq, (78). The resulting expressions have been omitted here because complexity

restricts their practical use.
As is shown in Se. 22, determination of the miss distance requires knowledge of a function of one variable

only, which is herein known m the step.responmse function a (r). As in the derivatiun of Eq. (18), let

a (r0 V, - t-1) = A (t1, ro/VR). Then a' (ro/Va - t1) = - A (t,, ro/V).

Subititution of this expression into Eq, (82) results in

The miss distance M is given by M = x•, (ro/Va) -- x•, (r0/V3), and use of Eqs. (81) and (84) result. in

r0 A (0) r ' d
- (b+1- ) cos 0 Pa' d

r(0) . ) + d -r. (84)

The total miss M is thus the sum of four terms: MT, M, M,,, and Mu. The miss ME cau)and by target motion

is gihvem by
f41 aTx ) x,( _) . (86)
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Thp miss M, caused by noise is given by

MN - vi a' (,I) x. ('V -I d'r. (8?)

The mi.. MI c,4.-H by an initial error in missile heading is given by

= Zm(O) [k a (0 dt (88)

The mis. M, caused by an initial lateral acceleration of the missile is given by• r +,
[.d-- i--1 a (.:.) (89)

Application of these four formulas requires explicit expressions for a (i), which in the general caae can be calcu-
lated from A (t1 , t) by setting t = r0/VR and t1 = ro/V, - i. The step responD a (,r) can be more conveniently
calculated directly from Eq. (78) by making the above substitutions. Solutions fur n = 1, . 6 are given
below. r'

a (i) 1 - e"'1 for n =1
= I e-' (I - 1) for n = 2

e--1

=1 + (it -- g +18)-- 6) forn---4 (90)

e-- - 1- (14 - 1' + 721 - 9C + 24) for n = 5
1--;

--I + ( - 2W + 2001 -- 60012 + 6M - 120) for n = 6,

wheriv I - /A, Those step-reos.o functions are plotted in Fig, 8.

3.2. miss Caused 6y Comisanf TarWs Turn.
In Sec. 2.2 it is shown that the mins caused by a constant-lateral-acoeleration taWget turn tarting at range r,

Is given by

c ( ' l'v aR (f,)d', &S. (27)

Letting I r,/AVR, this is

MT s f f (A y1 ) dyý dys, (91)8T06 ,_So f0J
For the proportional-navgation-witn-simpl-t.ime-lag systein, b (T) hA* bepn calcul~tcd for ccrtain intcgra!

valuec of [ (b + 1) Va cu8 eo]/Va. 'Se Eq. (90). kiubstitutihn uf ihese response funetiuni into Eq. (911 results
in the following exprPsions for Mr,'A-2 aR cos (o:
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T -for = 1

---- l--e-1 (0 1+ Vforn-= 2

12 for n = 3

e- (Is32) frn=4 92)
3!e-1

"" --- s + 1212) for n = 5
e--1

"= - (3 -- 151-t.•M -- Mt) for n = 6

where I -- rAV,., Them curves of the miss are plotted in Fig. 4.
As the maximum value of MT/A' &T coo 2o is of special importance, a formula will be developed to approxi-

mate it. In Fig, 5, Mr,'A' a? cos a. ie plotted as a function of n. The values for n = 8, 4, 3, 8 lie very close to
a straight line (on lug-log paper) with a slope3 of -2A5 Hence it is reasonable to approximate MT/A2 a. Coo *0

by Cn-a 5 for values of n from 3 to 6, The approximation becomes worse as n decreases below 3, but this region
Is of less practical interest, With the use of Fig. 4 to evaluate the conrtant C,•the-formula becomes

MT- = A' (b 1 )-' 5

where -- - ~
q= 4,30 &T co s o( )'"'

3.3. D- viaon o MMss Cus.o by Whlhe Noie.
It is shown ia 6.c. 2.3 that the deviation *N of the mis caused by white noise is given by

r1
$1,2 = 2R €¼ [' t)]' d. (M0)

If the Initial range is large enough to be nonsiderl infnite, 21' = Ox f J ' ( 2)]' civ

In the present section a formula is developed to approximate a. for theyroportional-navigaticn-with-slmple-
time-lag Pyatern. With the step-response functions develupel in See. 3.1, at (a, () 12 di can be calculated for

Integral values of n, For n -1,.,. e6 these values of n are given below.

J ta' (,r)*dv 0.1 forn =I

2M62(.-L) for n=2

=2.901M ({L) for n = 94(94)

= 2,7853M 5 (-k-) fo n = 5

= 4,4.96M375(M for n =t

IThat is, r,/V, is Rueh that the differenee bttween
2SE r

[ •,0 (0 .i 2 d r n ~d fa i •,' ,] d , is sm all.
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Fi . 8 A [a' (v)]. deC is plotted ma a function of n for n = 1, 2, .... , These ,alues lie appr~xl-1n Fig. 8, A
mately on a straight line (on log-lug paper) with slope 1,25, Hen,:e, over this region of values of n, it is remmontble
to approximate the integral hy

ccf [a' (v)]3 de = Cn1.1 A-'

= 0,5 n1-2 A-'. (9;)

since

and

rk(b +j) V. cos go

o = ..0.5 (2-. (0) a (b - 1)1,9 A-I

where = HN A- I (b + 1)I (9e)

'I f is uhown in Sec. .1 that the mn caguv byb an initin error in miile hed.ing ir given by

oro

Ix = e- 1 -) fer n =7
Aim, (0) fo N

M3 - e-1 for n = I

e-1
-2- (i12-21) for n = 3

e-• (97)

- 3 (13-2I'+8U-1) fern = 4

e-1

---7 (11--2014 + 120 Is -- 240 12 -+-120 1) for n = 6
whereI r,/Vp. These functions are plotted in Fig, 7.
It is shown in &c. 3.1 tbat the mi" eauaed by an initial lateral acceleratio of the misile is given by

40 -ob + I iak..) dT +-- (89)
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For each n, M./A 2 xm (0) is a function of r0/AV,, aione and can be calculated by ýuhstituting the functions
a (,r) given by Eq. (901. Solutiont for n =1,... 6 are given below,

Ma e-1 (I + 1) 1 for n = 1
* A'x (0)

-. tor n = 2

=3 (it - 3 12) torn = 3

-1 (l- 8i 13 12 12) tor n = 4

- 1 e - 1i 15l'+ 6018 - 01) for n=

(1 -(~24 11+ ISO 1- 480 Is+ 36012) for 11= 6 I--

where I r./AV,. There functions multiplied by n are plotted in Fig, S.

6ý 3.. Optimirveion for Whit. Nolt, and Cesan0&rt-Latora l.Acc.Ilration Targe+ Turn.
The pro~portinnal-navigation.with-simple-time-lag system is character1~ed by two co=4tanta, A and b +~ 1.

With in (A, b + I1 as a measure of effectiveness of the dystem, the best system ib determined by the equations
Z~in1'A =0 and Bm/a~b -t-I i = 0. If these equations are not independent, the optimitation may furnish crily
an optimum value for sume funotiun of A and b + 1. Thig occurs in the case to he considered In this section.

The control-systcm paramcters may be optimized for thie case in which target motion is either a fixed tune-
tion or a statistical function. In this section the minlinum rins miss is ealoilated for the proportional-naviga-
tion.%vi,11-simple-time-lag control system for the case in which target motion is a constant-lateral-acceleration
turn. In Sec. 3.7 the same is done for the st~atistical-t~arget-waneuver case. For thesn two cases the minfimum nns
miss for any linear control system is calculated in Kcs, 238 And 2.4, respectively.

For each system, let M. denote the maximum value of miss caused by a single eounstant-l atoral-A ccele ration
turn. Let 'N denote the deviation of the miss caused by white noise in the case in which the initial rhnge is
consldere'.i ai~nite. The three assumptiunA - single target tuirn, white noise, and infinite initial range - are
not essential to this methodi, but they are convenient simplifi cations.

A reasonable criterion of effectiveness of the control system is the rm~s miss M, and tht; optimum system
May be ;luflned as the system that minimizs( M. The rnis miss is chosen primarily for reasons of mathe-
matical convenience. A more logical criterion is the probability of the mris~s being lena than some fixed lethal

radus.It s Fownlatr hatfortheprolemofthis section, the system with the parameters that minimize
rms mniss yields approximately the maximum probability.

Since MNT And cr, are also functions of the target accoleratlon ST, the noise livel *,the target-to-missile
speed ratio x, and tho angle of approach a,, the optimum system i6 exprt-sed in terrus of thi.-e variables.

It is shown in Sec. 32 that MNT is approximated by

ijoi' b + I > 2 V /V1 os hee(3

'K,~ 4AU aT Cos 20 (.o, flO
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It is shown in Sec. 3 3 that

wee= K. A-' (b 4 1)2 (25
wbere! •

( V R - 1 .2 3 .
K•= r' c (V•, co •

It can bc shown that the nm, ,mi is given by Al -- MT2 
-- i . Therefore,

MJ = KT A4 (h + 1)-1 + K, A (b + 1)¶.2', (91)

Now as M is a function of A (b + 1) -125, minimization of M furnishes an optimum value of A (b + 1)-',a
Letting Z = A (b + 1)--:,, M2 = XT Z4 + KR Z . Thin DMN2/^Z - 4 XT Z' - XK Z-2.

M is minimum for ?M2/BZ = 0, withI -

4 XT• ZOO =-- Xxi ZO-2;
ZO =q

• (,•-l • (100)

VI0,68 (2-m 0M);

= (KT

- ~lK.11 KTi

= L.28 Kl Kt,
MmIN = 1,26 K.,; EkTh

= 13,03 (2 w ON)I (AT cos a.1, (101)

It is shown in See. 2.3, Eq. (47), that MM,, cannot be less than 12904 (2% 4o)1 (aT cos ao)i for any
control system. Hence, on the basis of the criterion used hero, the proportional-navigation-with-simple-time-
lag control systen is aa good as the bt;t posible linear control system (including time.variant systems)
within the accuracy of the approximation formulas, Eqs, (93) and (96).{

It is interesting to note that for this control system with typical values of aT cos so, 2-r ON, and the
lethal radius, the systein with the parametor values that minimise the rms miss yieldo approximately the
waximum probability of the miss distanc which is loss than a fixed distance (the lethal radius),

If, as before, the total miss is the sum of the maXimumn miss M' caused by a constant-acceleration target
turn and a normally distributed (with doviation as) miss caused by noise, the probability of a miss between
-- p ond p ii

l• (3-N: 7 )'

P(p) a (ix (102)

where MTIr and 7. are given as functions of Z = A (b -4- I)-'- by Lq. (93) and Eq. (96), respectively.
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Figures i and 10 are plots of the probability P as a function of Z for several values of v . Figure 9 is
based upon the follow:rg values of various parameters:

aT= .g

A = 130

2wO 74.7

Figure 10 is based upon the following values:

2. -25 g

so 160*
A = 13

21t 4s"- 132.51

The points corresponding to the Rystem that minimises the rins value of miss are indicated by circles in
Figs. 9 R(.d .) TLt i8 seen that the minimum nns system vields approximately the maximum probability. Thus,
it can be concluded that the rmn mim is a fairly maeonable criterion of cout,rol-system effectiveness.

3.6. App•alo.a+ts
Any application of the above optimization formulas depends upon knowledge of the noise density 0,,

Unfortunately, reliable experimental data concerning 4ON are lmost, nonexistnt, For this reason, the applica-
tions presented here should be viewed more as illustrations of the possible application of the optimiration
formulas than as reliable calculations, However, several qualitative conclugions which would seem to be fairly
independent of accurate knowledge of on may be reached,

Although little is definitely known about the variation of ON with the angle of approach so, ON is probably a
complicated function of 2,. A rough picture of itA probable behavior is ubtain.d by assuming an elliptical varia-
tion of V 7 with ao, That is,

+ CM2 o (103)

where C1 and C2 are to be determined from experimental data for head-on and beam approaches,
It has been observed experimentally with an antenna system pausing approximately the first half cycle of

noise thst for a head-on approach the rms noise is approximately 1/20 the wing span S and for a beam approah
the nns noise is approximately 1/6 the aircraft length L. If 0; is assumed constant with respect to frequency,

(1/20 S)2
ON -- for c, = 1801 (ts=4n (O0.5)

1 L 2  (104)

4w (0.51 forao= .

The ratio of wing span to aircraft length is approximately 1A4 for present bombers. If S/L = 1.4 and o.
assunies the values given by Eq. (104), Eq. (103) becomes

0; 0.00226 S2 "18
-- + 4.669cos7 ta-),

With Eq. (105) as an expresscion for 0,, tho results of the preceding section are applied to determine rmn
miss for two typical bombers, the B38 and B29 (Figs. 11 and 12, respectively). An estimated lateral acceleration
a, nf 2.5g is used for each target, and a speed ratio x --; 1/13 is muuiet., Fur ith B36 builiber, the wing span
S = 230 feet: and for the 1B29 homher, q• = 141 feet.

F rcurve., are shown for each Pase. The M,• curve ia the minimum value of rms miss for each value of
=o (developed in Sec. 3.5). Curves of rms miss are shown for systems optimizd at a particular value of 2.
Values used are a,) = 0ý, 2 = 1W , and = = 120'" The 120' system is selected as tihe system that givws the
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3.7. OpilrnhMalon for Wh;e Nolse and Statigilcal Torget Mantuver.

In Scec. 3,5 the optimum parametem are calculated for the proportional-navigation-with-simple-.Ime-lag
ountrol system on the basis of white nose and a single target turn, The minimum rmR nn is for this system under
these conditions it compared with the minimum rms migs for any linear syftem under the same corditions

(calculated in Sec. 23, Eq. (471),
In the present section, the same is done for the case of white noise and statisticEl target manEuvers, The

statistical maneuver considereu is the 6equence of arcs of constant Interal acceleration with random switching,
for which the minimum rms miss for any linear system is calculated in Sec. 2.4 (Fig. 21. As in Se.,. 2.4, the rms
miss v is given by Eq. (53) as

,C2 j I I (iu) (12 + kI ) do + 4:, IF (iO) 2 do (53)

where F (tiw) is the frequency characteristc defined by

F (iO) =-f G e-A'6' (,) dt, (49)

It is again convenient to consider the problem in nondimensional form, Following the nondimenuionalising
procedure of 8c, 2.4, a nondimensional miss E is given by

S1 -- F (ihv) I•(s + v +• f F (ihv) 1' dv (37)

where

E2

h = [k (a& cos )' 31(5T

and

km=-,

For the proportional-navigatlon-with-simple-time-lag control system, expressions for a () are given by Eq.
(90). The frequency characteristic F (a) associated with a (i) is

F (s) =- . (106)

The nondimensional miss E is then evaluated by substitution of Eq. (106) into Eq. (57). The detailed cal.
culations are rather lengthy and are omitted here. For n = 1, E is ittnite., For n = 2, 3, 4, 5, the miss E is
given by

E2-- 21 (I'q + 2) + 5mjfor n =2

R L ±l+i + for n =3

= 6-5+ forn=3'gi [ ( + ± for n =4 17

_ f ,5l-t- 2"5--15~i-t-3) . tcrn -

where I= h A n- k A.
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The parameters of ti¢e uptimum proportional.navigation-with.simple-tire-lag oystem are then determined by
so choosing I and n as to minimize El, Since expressions for El are available only for integral values of n, the
optimum value of n is obtained by interpolation.

Figures 13 and 14 are plots of the optimum values of n and I/m = hA as functions of m. The minimum
vahie of mis Em. is mhown ms a function of m in Fig. 1I. It can be seen by comparison with Fig. 2 that the
minininri rins miss for the prop iortial.navigatjoin.-ith-sirnple-time-.lg control system is only about 3 per cenT

higher than the minimum rms miss for any linear control system,

4. CONCLUSIONS

To every control equation which is linear between a and 0, there corresponds a linear equation relating

missile position to target position and to disturbing factors, such as noise. The linearization of the kinematic
equations restA upon the assumption that angular changes are small. ThiP restricts the study to a time interval
eo short that the changes In target heading are not large. Fortunately for the applicability of linear techniques
to the huming missile problem, enough of the tcrinlnal portion of the flight lies in this interval with the result that
miss distances calculated from the linearized equations are very close to the actual mises obtained.

The linearity of the equation which determine* mrs.ilp po.sittio permitt usp of several pnwemful mathematical

techniques of optimization. The control system is optimized for an intelligent target iiancuvcr, that ii, a maneuver
so made as to maximize miss distance, For a statistical maneuver, the optimization technique of Wiener is
extended to time-variant systems, The efficient use of optimization techniques requires further study of the
relative probability of target maneuvers under various tactical situations.

A study of the rms miss for the missile guided by the propurtional-navlgation-wit.h-eimple-time-lag control
systeim without limiting Indicates that for a given set of conditions (that is, a given angle of approach to target,
target maneuver, and noise) the miss, by proper choice of navigation constant and time constant, can be reduced
to a value only 2 or 3 per cent higher than the minimum for any linear system operating under the same condi-
tions. The control-system parameters so obtained are functions of the given iactical situation, There is need for
control-system optimization bawcd on a class of tactical situations rather than on a single situation, Mhis was
not attempted here, beca'ise of lack of time and because of the present uncertainties noncerning probability of
target maneuvers and the behavior of radar noise as a function of target size and angle of approach.

Rsdar dead space, one of the problems not considered in this study, can seriously limit the performance of
homing missiles. Usually, there is a minimum range at which reliable radar data can be obtained. Below this
range, the control system must stabilize the missile on a path determined only by past data. For example, when
radar contact Is lost, the missile may maintain its previous angle or angular velocity. The mathematical problem
is essentially one of prediction of the final position of the target from signals that stop before the end of the
flight, The optimization techniques introduced here can he extended to cover the prediction problem.

Throughout this report the emphasis is on the value of miss distance. Other factors of great importance in
the design of a missile control system are the power required to drive control surfaces and the power required to
overcome drag caused by lateral acceleration (or, for the gliding missile, the decrease in speed caused by such
drag). While the ultimate purpose is hitting the target, power consumption must be considerc-d for pratical
reasons. Although it is perhaps obvious, the fat should be pointed out that there can be no meraningful power
minimization that disregards miss distance, because the minimumn power consumption (zero) is obtained with

locked control surfaces.
The power-consumption problem can be studied from several approaches. As wa noted in Sec. 2.4 and is

apprirvnt from the step-resimon"e approach to the time-variant system, any optimitation with respect to mi.a dis-
t:.uire d(oes not uniquely determine the control equation. A usefu] approach to the powei-eonsumption problem
wo•,id be t,, ,elect fn-m ali control ýquatinrs yielding a given ;ins characteristic the ,inntrol c-quator, that
minimizes somne measure of power consumption, for example. f (0 dt, An alteriate approach is to select from
all control equations yielding a r'ien measure of powei consumption the control equation that minimizes the r,,s
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The moost s-erious limitation of the preient study is its restriction to linear systems, The conclusions concern-
Ing miss distance and control-sybtemn paramneters herein presented are valid only for misisiles in which non-
tw,) questi( ýs involvel here,

a. How closely can the performnance ol' a missile with pre-scribed nonlincaritics be made to approach the per-
4unnance of a linear systtem?

b. To what extonnt is4 he liptýuiji linecar system the oiptimum systemin linear or nonliinear) ?

The first Question h"~ not yet been satisfactorily an,3wered. However, the unpublished work of NN'. WV. Seifert,
Using the M.I.T. Flight Simiulator, indirMte that thc atcccleraticz !1miting probably Imposes serious limitations on
missile performance, regardles of the form of the control equation.

A more deflnitp answer cani he given to the second question If the target position xT and the radar noise x.,

that the~ noise will Iv near-normal. On the other hand, the distribution of xT depends upon the type of maneuver
expected of the tkarget. If a random maneuiver which leads to approximately Gau~slan distribution in x, is used
to evaluate the I ystem, the optimum linear system approximates tlic optimumi ýyptein. If the target maneuver is
of a difforent ký.nd, such as a single intelligvrnt turn, there Is no reason to expect the optimuni mystein to he lircz'r,
It is only logiflal that the best system for a single target turn he designed to recognize the Wxstence of a target
turn and then to guide the missile to the collision point. Such n ayatem et !-Wubly would not he linear,

The probability of various maneuvers involves tactical cunside-aictlos intiepenrdent of the riathemiaticall prob-
lem., It sevinis rutsonable to design rni-ile-control bystems for a random target mnaneuver of tne type considered
in this study, unleI the tactical considerationR indicate a higher p~robablhity of maneuvers of a different nature.
For the random maneuver investigated here (sequence of arcs), it is approxiimately correct to regard the optimum I

lin-ar yistein ns thie ideal system which can he approached, by removing nonlincarities fromn the actual systems.

SECRET 31



SECRET

APPlNEJIX A. - EFFECT OF CONTROL-SYSTEM DRIFT ON THE PROPORTIONAL-
KAVIGATION-WITH-SIMPLE-TIIAI.LAG CONTROL SYSTEM

If, as is usually the eas, the missile control system ucs gyro information to establish a space reference,
Kyro drift causes a miss not previously considered. Gyi o drift enters the contrul equation primarily because the
aplarent line-of-sigl.t angle 2., is determined by adding to the apparent rceative target bearing flA the missile
heading as determined by a gyro, but it may also enter because the mi~gi!e autopilot stabilization derives from
a gyro (oft,.n the same gyro). The manner in which stabilization is obtained determines the relative magnitude
of tne drift term d in the control equation.

Factors other than coatrol-system drifts and unbalances may contribute to the drift term, For example, it
the mikle weight is balanced by a fixed ccntrol.surface deflection, an increase or decreas of speed produces an
unbalanced force. This effect may often be approximated by the addit!-,n of a drift term to the control equation.

Drift effects cause the proportional-navigation-with-simple-time-,ag control equation to be of the form I
A4 +b~=B (ý + d') (A-1)

The linearized equation corresponding to Eq. (69) im then

t. - t ) +m X x ±u = xr + x.4 + C (ro - VRt) + d (r. - Vnt) t. (A2)

With application of the superposition theorem, the miss Md caused by the drift is given by

II
Letting y =.T/A and I= r./AV., Eq, (A-3) becomes

M= d Vn A'f - (A,'] (I - y) dy (A-4)

or

=d a (,](I- y) dy. (A-5)

With use of the expresions for a (c) presented in Eq. (90), the inteo"al in Eq. (A-4) may be evaluated to
yield

Md-d- -$ -U( + 2) e-1 + I - 2 for n- =

- - (V• + 21 + 2)e-1+2 for n = 2

for n = 3
e-' ~(A-6) ,

- (14 -- 412) -- for n -=- 4
3 e- e-1

(1i - 1(91 + 203') 1- for r. =

- - (1a - 1818+8014- 120/•3) for n = 6

The curves of thi0 nondimensionilired miss are plotted in F!g. A-]. 4
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APPENDIX ,-. EFFECT OF TIME LAO OP THE TAR*3T

The effect of time lag of the target on target maneuvirs should at least be briefly conddered, since so much
of t]iia study i.m ronrerned with target maneuvers cbaracteri•ed by sudden cnanges in the lateral acceleration of
the target.

For the single lateral-acceleration turn considered in Sec. 23, the minimum v'alu of nmm miss caused by the
worst (starting at the range tht maximizes the miss caused by target turn) maneuver must ble at least

,4MIN) --= 1.2904 (2-t 0ý)i (sT A 4,r)i. (47)

With the conditions, 2% 0, = 100 and a. cos o = 8U.5, the value of miss is equal to 19.6 feet.
It iF of interest to determine the amount this value of miss is reduced by the assumption that a time interva f

ih required for the target to reach full lateral acceleration. For sny target maneuver xT, the minimum rms miss
is given by Eq. (42) PA

MI= 1 fy.-. . (42)

If, instud of re-aching full lateral acceleration instantaneously, -the tArgit increases its lateral acceleration
linearly until full acceleration aT is roached, thcn

(a o .o' + I ]a < t

where t, is the time at which the maneuver starts and t. is the time at which full lateral acceleration &.T is
reach~ed,

Substitution of Eq, (B-I) into Eq. (42) gives the minimum value of rms miss as I

MIA = (&CV8 0)• 2 t24

where t

N 1+ ( -- 1) + ((p-- 1)-2 + I+ (p - I)' I (p -
(p 1), 12 2 4B

( I +,+ ( + (p- (p + (- (p

For t2 -- :.= 1 second and for the same values of a7r cos "o and 0 N that are used fur (lhe ea• in which the target
acc.leratio is.u an •lins~ml.tai'are~uu step, T•he maximuml~li' value of •ii (Withl respet to t1 ; gi'ven, by E,41 . 1i.2i ,. ltuuldi

tu be lg.6 feet or 0+,.5 tiu.e+ thr• M,,IN value for the instantaneous-step case. As : ,uld be expected intuitively, the
worat tctausing maxhimun miss) time to begin the linear increase in target acc~eration is app."oximately

(t2 -- J,.,.2 soeond~ .cfoe,.' thle start of w,.,"st ilnalneuve'r of the 1nstantenuouts step in tacceleration, For the valuesI
of ar cors a. and @• considertet here. thu wont .stop maneuver starts with 1 second ofl flight time rernaming, With•

t:-- t, = 1 second, the worst maneuver starts with 1.5 seconds (If flight time remaining,
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Because these calculations are for an optimum system in the presence of nolis, the quetion arises whether
the decreaze in mist, Qau.led by the inore realibtic target mefneuver is masked by the miss caused by noise. It !t -

instructive to consider the misa r'aused by target maneuver alone. Calculations are made for the proportional-
navigatiou-wfith-simple-time-la; oontrol system. (Similar calculations, not included here, can be madu for other
control system.,.)

In Qec. 2.2 the miss cau.Pd by a target motion xT kt) iA given by

M?=x (r - R a, x ( r. - IdT, (23)

For the target maneuver considered above, xT(t) is given by Eq. (B-1). For the proportionml-navigation-with-
iiMple-time-lag control equation with n - [(b + 1) VU cos 1le0/VR = 3, a (r) is givnm as

a ('t - • (12 -- 41+-r2) (0
2i

where I -r/A. Substitution of thete expressloný for a (=p and xT (t) into Eq. (23' results In

Tý 7;- -2T01 (1,2 21, +" 1 fr1-<1

_-___e-01-1's (Ii) - 2)" (11 2 - 19) + 2] (B.3)1

2-- e-" (1a+ + 21• + 2) for 1 < 11

where 1, = (r0/VR - t,)/A and 1 = (t2 - tj)/A.

In Fig, B-1 this nondimensionea Miss MT/A' & cos uo is plotted ,s• a function of L, fcr several valus of i,
Fven tlivugh-the target requires a time equal to four times the misall time constant to reach full lateral &coel-
eration, the maximum value of the miss is reduced only 23 per cent froim the miss caused Ly an instantameous
step in target acceleration.

The results indicate that assumption of an instantaneous step in target acceleration leads to values of miss
representative of a wide class of target maneuvers both physically realizable atid probable,
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APPENDIX C, .- STABILITY

As the concept of stability for time.variant systems is nat widely utilized, a brief discussion of its meaning
appcar, usefu!. Stability, in its usual mathematical sense, impliek -,-ntinuity with rebpvct to initiý.l conditions
and driving functions.

At a particular time, a givei system (o. differenti&l equAti•,,n naiy he *table a' unsrthle, depending on the
variable coiwider.,yi. Fov example, a *)ytem may be staole with vv6.uit tou one vaitlable and not with respt'ct to its
derivative, As time varies, a system may pas from stability to instability.

Th• concept of stabibty is most conveniently deoiaed in terms of the frequency characteristic-the Laplame
transform of the impulse response (derivative of step resp'insej. If the frequency characteristic has poles in the
right half plane, the system ii said to be unstable. The concept of relative stability for stable systcms can be
introduced in turms of the position of the poles in the left half plane.

A homing system is stable with respect to its miss disumcc if the frequency characterostic defined by

F ( -) e-1a (a d,;

haw no poles in the right half plane. For a finite time of flight ro/Vn, the associated finite transform

Ft (a) -- v e-1 a' (7) dT (C-4)

has no poles anywhere; but if it assurneg very large values near any points in the right-half plane, for pract~icl
purpoees the system may be said ýo be unstable.

If the ceftleients of. the differential tquation change slowty enough, the frequenny charietaristic of the
system boar- approximatcly the same relation to the polynomial associated with the instantaneous value• (if th !I
coefficients of the differential equation as the frequency Ohnracteristic of a cristant-coefficient syetem beam to
itm asociated polynomial. Thus with klowly changing rueffiuienta, die locatiun of the zeros of the amociated poly-
nomial detemrines tie instability or relative btability of the system,

However, it mutt be kept in mind that the preceding remarks apply only when the coefficlents are changing
slowly. YV'ur proportlor, al.naNigation systemns t-ho changes in cocfficiva criiua-- by thv closing range are quite large
tnward the end of the flight, Consequently, any interpretation of the pn*tifons of tli zeros uf t'e a,,oiatcd
polynomial must be viewed v1th question, if not disregarded.
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APPENDIX D. - GLOSSARY OF SMIOINOLS

A - Missil,• time consr. '-cc),.
a - Missile step response.
aT -- Target lateral acceleration (ft/sec2).
b ± 1 - Navigation constant in missile-control equation.

b1 . b2  - Coefficients in optimum transfer function.
C, C1, C. - Constants

D - Operator characterizing proportional-navigation system.

d - Drift ter-n in control equation (rad/sec).
E - Nondimensional miss distance.

Emx -- Minimum value of nondimensional miss E.

F - Transfer function, Lap!ice transform of a'(t).

', f, 12 - Functions of time.

G - - Operator characterizing general homing equation.

h - Nondimensionalizing variable.

j - Summation index.

K - Constant evaluated in determination of rms miss.

KN - Constant in expression for miss caused by noise.

KT - Constant in expression for miss caused by target motion.

k - Twice the average turning rate of the target.

L - Aircraft length.

L - Linear operator.
1, l1 - Nondimensional time.

- Nondimensional target time lag, (t2 - tj)/A.

M - Miss distance.

ME - Miss caused by error in initial heading of missile.

MV - Miss caused by radar noise.

MT - Miss caused by target maneuver-.

M, - Miss caused by init'aI '-teral acceleration of missile.

M, - Miss caused by drift.

MUM - Minimum value of miss,

(MMIN)M - Maximum value of MmIN.
m - Twice the nondimensional turning rate of target.

n - Navigation constant times speed ratio, [ (b + 1)V. cos 8o]/VR.
p - Probability of rniss less than fixed distance p.

p - Fixed miss distance (;etb' 1 r.n ins).
p - Operator symbol d/dt.
p, q -- Polynomials.
r - Missile-to-tp~r> :. :-.ge.

rA of r. o ol leAV1
r0  - .'-,a value of r. Adoo EN
r, lt-•e.• at which targ-* turn begins.

- Targ: '. wing span.
'•-- Complf.. frequcnc variable, Laplace transform variable.

4- Time vaSE.Ee.
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t -- Tiime %t which target turn begins.

t.. Tiue at which target reaches full lateral acceleration.

u Nondir..ensionalized complcx frequency variable.

V31  -- Missile velocity (fps).

V1t - Relative velocity (fps).

VT Target v'e!ocit:, (fps).
- Nondimenaionalized freqpueney variable (usually a variable of integration).

x, - Lateral movement of wissile juisitien from reference line.

- Lateral value of noise from reaerence lint..

XT - Lateral movement of target position from refernere line.

y - Variable of integration.

Z -- Function of missile time lag and gain, AM + i+''.

z - Missile position referred to zen, initial velrc-;!, reference.

a - Missile-to-target line-of-sight angle.

aA - Apparent value of a.

a~f -- Transient value of &A'

at - Transient value of a.

o -- Initial value of a:

#A - Apparent. value of the angle between missile heading and line of sight.

160 - Initial value of the angle between missile heading and line of sight.

r - Spectral density factor.

,, Y ,_ 72 - Nondimensional time variables (usually variables of integration).

9 - Variable which approaches zero in limiting case of spectral density of
target motion.

6 - Missile-velocity vector angle.

81 -- Initial value of 8.

A Target-to-missile speed ratio.

p - Variable of integration.

S - RMS value of miss.

- RMS value of miss caused by noise.

CI -- RMS value of miss caused by target motion.

- Time variable ( usually as variable of integration).

TI, r.,, etc. - Time variables of integration.

(b.N -- Spectral density of radar noise x., (defined for -c < w < a 1.

41T - Spectral density of target motion XT (defined for -00 < w) < 0

0 - Target-velocity vector angle.

0) - Initial value of 0.
01 -- Transient value of o.

'I - Spectral density factor.

-) Frequency variable I rad sec I.Ad oq j AV S BS- '"' *"'Adoo elqejl!V^V IsoB!
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