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FOREWORD -

Among the objectives of an analysis of an automatic control syatem ate first,
the reduction of the problem to its important elements, second, the detérmina-
tion of the opumum characteristics of those elements within the control of the
" (esigner, and finally, the determination of the performance of the system with
optimum or near optimum parameter adjustments. Such an analysly is very
profitable, even though the physical svetemn may inelude inany unconsidered
“secondary effects, since such a study can provide a comprehension of the opera-
tior of the over-all aystem and a yardstick for measuring the effects of com- . .
plicatxng parameters. Because of the infancy of thd techniques mvoived in- such R
. oo a - study, many important systems under development liave never lieen so.
) . . analysed, and one of these is the homing type of guided missile. The objective
‘ Lo of this report is to carry out such u« dynamic analysis, and it is fe]t that the
- study described makes a significant contribution, .

_Many problems in the huining system are not considered hpm, as indeed
they cannot be in any basic analysis, Amung lhe niore important of these arc
in the misaile acceleration, and three-dimensional intcmguplmg problems While

- - all of these problems are Important, it is:not expeoted that when these matters
S are considered, Improvemeats {n tie results presented liere will bo found. On
, the other hand, there is some hupe that most-of these additional problems, if
- i " properly handled will not have a substantially deleterious effect on tho system -
A perfurmance. Misaﬂe-acce eration saturation is probably a notable exception in
this mpevt, o

1t ie foped thet this report will be or use to those mrking in and directing

‘the cfforts of ‘the guhied wmisaile field, not onhly from the standpoint of the
. tlechniques develuped and the reeults obtained, but also as an example of the
“value of a system dynamic analyais .

Argert C. Hawn
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e Tue homing mmxle kinematic equatmns are- lmearized to penmb the applx- ) "
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cation of general optimisation techniques. The minimum rns values of miss are
calculated for twe sets of conditionss (1) white radar nolse and -an intelligent - -
target maneuver and (2) white radar noise and a random target maneuver, . .
The linearised equation for the trajectory -followed by & missile guided
by a’prupnrtional-navigation-with-simpie-time-lag contral system is solved for
_certain values of the navigation constant. <Gptimum control-system parameters
are caleulated fur the two cases considered in the general study, and the mini-
mum rms mise for this system ia compared with the mininum ms miss for any ‘ , i
linear control system, Valuss of miss caused by an error in In’ tml hieading and S ;
by an initial lateral acceleratinn are calculnu\i : s

e mra i et o
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1. INTRODUCTION

I}, Statement of Homing Problem,
The homing missile is characterized by its use nf line-of~zight measurements to obtain. _information conceming

the position-of jte: target. The ¢ antitics utilized by the huming missile are ita own heading relntive to some fixed L

reference, the relative bearing of the target, and the missile-t: wtarget. range "'The range measutcment, often

- omitted, is less important than the two sngular measurenente.

" One missile may use in succession several meang of naugatiun For exmuplc, a missile may inmatly recelve
its guidance from a radar beam controlled by the parent aircraft and then utilise homing for the terminal
guidance. This study is concerned with the- missile whoso terminal ‘guidance may be classified as homing and

‘considers only the terminal phase of the. flight. The {nitial positions, velooiues, ete., considered here are the .
conditlons at the moment homing flight commences, whether these be the initial 1aunchmg condidons or the con- o
“ditions. existing as the nawgaﬁon is changed to homing from some other system e S RRCY &

12, Assumptions,

-~ This-study is restrieted to the case wkhore the tsrgef and m!uile move with constant upeed in a plane, It e
18 _sssumed that the available lateral- acceleration of the missile is so high that effects of aceeleration Hmiting
. lrare nogligible Very little analytical work: has been done on this geticral problem. Neverthelesd, impottant
" results hava heen obtained using the general kincmatie equations for the case in which the missile time lag can
. be neglevted.!® -The effect of time lag-has buen“the subject of-several studies onthe M.I.T. Flight Simulator.8<

T¢ nake possible further analytieal study-of the huming problens it-is -assumed that during the homing
phase of the problem the changes in the angles cunsidered are so amall that the trigonometrie functions may be. . -

' - replaced by linear funetions. The justification for this appruximation “ls tho cxtent to which solutions of the

linearized cquation agree with the solutivns of the general ‘equatirme, It has been shuwn Ly eomparison with

- numercal solutions that fur the range of parameters and variables important in the homing problem, the appioxj-

mation is valid. The target maneuvers considersd are 2 single, constant-lateral-acceleration turn and a statis-
tical tamet maneuver,  The radar nalse cansidered is the error in apparent target center cawsed by glint effects,

.-744*‘%’:&08%& thig=type of radar nolse probably produces greater miss distance than uther noise in tho system. It is

assumed. that the noise has statistieal prupertics which enable it to be cunvhiered a stationary random variable

This :tm‘y has tvu pﬂnurv objecthm The ﬁm is the ostablishnient of c-ertain gmmal Tesults for the lir fi..

" equation. ‘The' seeond 1s the investigation of the houuog wisaile In which the cvntol eystem la eharacteriz by
~ the pmium-mwl navigation-with«dmjile-iine-lag equation, with the aim of speeifying values 6f eintrol-system

parameters fur optimum performance. The two factore conddeped {n the optinlgadon procedure are target
maneuvers and radar nolse, The optimigation. negleets the misa eaused by inithal errom, sinee a iy of this

" frden wiows that it may e minde relstively aiiall by inaking the initlal ranyge large cnough, - “The resulte of the S
~ wtudy. of initlal erny eﬁ‘em (Bee, 3.4) cun be unai for tﬁeem&n whkh the irdtial range b stieh that inital ermime e

R

are mipuitant, i

7 .JC‘hu AR, PMPWM Nardonl i T‘et}:t.‘.t.":-, MRGJ" Repunt «\ww& {'mrrhmhr Mwss Mnee, invt. of Teeh, Jvme 30, 1047

{Beerer),
meg. O W Jdr Traieelory Awelpen nud Subidity Crite i, mm Ripurt Na. 20, Cambrdge, Miee. Mase lodt, of Yerh.
Dectniter ai! LLSNE T S N

 Mnte, 1"hmt-m £, Jr, Richant € Beoton, Jr. atnd Counge HL Hnr_"1 The Kot of Time L arn Piopo it Xaosgelian Ton

Metate, Meleor Roport No. 88 Cambridee, Mase: Muss, Inst. of Teeh, dnfv, 19y 1Cafdentinl,
Sfiontan, Richanl C. ey bfeed of Cireabar Taogee uﬂhﬂh‘! wit Wesitog Mimsite Foujortuiviv, Metoor Roporr No. 48, Cambriiac,
Mue Mase Irst, of Tieh, November, 1008 (8 0 )
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] ‘2. OENERAL LINIAR RELATIONS
f
2.1, Detivation cf the Linsar Equation,
' If the available lateral accclera..on of the miseile is sufficient to insure that no aceeleration limiting o¢curs.
the motion of the homing missile is deseribed approximately by a linear equa.tion, provided certaiu small-angle |
approximations may be made, These small-angle approxiinations are valid if the iuitial heading of the missile i
N - is approximately ou a collision course and if the deviations of all angles from Lhe)r mihsl values are smsll The :
R notationusedis indicatedin an Lo s e A A |
J ‘ .
= _ » 'J',(i
- __ReFemence | a# e
pe The kinemﬂm equauam forthegemMry ofﬁgimybewrittgiugol?u formu a I
',_-_ ‘-‘- P Sl e e e -I—-Vfcm (c —#)—=Vycot(a—8) .~ Dt “(h) -
! o == Vedln (s f 4 Vysin (g m ). by N
It the uhxve«menﬂfmed amnll-mgie nppfu:imaticm may be nade, £ is- appruximtoly constant, and LoE RN _
L '\-; oo (% =i~ 'V'ytu (gg = 6) ) o @ - N
} R """o“""u“ T B C ) RS R
= mh wgie i writteuu the num of the fuitial value and a small transdent term, Eq. (lb) may bﬁvﬁtteu as w r
n,_.—‘c’ [l 120 = By) o (2 = B} im bxy = g} ] o ¥y (o0 (7, = 0,1 4 (& — 0,) con (g, — &,1] Co
= = Vouin (3 « gg) 4 Vyal 2, = I.b-{-[-\,emu.—cg,l+\,t=mu.—l,lja. o - :
+ th Vpom 12 == gyl = Vyyoim 12 = 0,0, B Y ) B B
1 the veference diretion be vo choven that ¢, = 0, ehcn Hang pr !3! émvl ﬁ. = A 9.. Eq. l'll way be . ]
writtrn as )
r;!'f‘l‘"!-‘-"roiq""ﬂ! \‘fﬁ“v“.:\‘gﬂ’@pct {6)
8 sicreY




Letting .

Xy = Vycom 2, £ 6 (1) de (8a)
and

Xu = Vycos 8 £ 6 (7) dr =1, a5 t (8h)
where = is a time variable of integration,

e e e e TAY = Xy Xy T T - <7)
Equat:ons (8a) and (Bb) are cquivalent to referring tho rnisailo a,pd target pcaitiona 10 & reetangulax com-

dinate system moving (without rotation) with a velooity equal.to the initial veloeity of the target. The Y axis -

of this caordinate system is alwaye parallel to the initial )ine of sight, The difference in missile und target y

coordinatus {8 approximately equal to the range, exeept near thé end of the run. The minimum valte of the .

_ range (mies distance) cosurs at Appro:imwely the time the y coordinates are equasl and 1s thus approximately
Xy — Xy When t = To/Vy

. The homing ‘missile ¢control” system utilizes the apparent relative position of missile and target (meuured by

" the apparent’ range 1, and the apparent line-of-aight angle a,) to determine the mnisaile velooity vector angle ¢.

" The effect of erfors in the apparent range may be neglested (r, = r), since the primary guidanes information
comes from messarements of a. The error in a, is considered as an error in the Apparent value of x,, The error . B

may atise from seversl so\irees, amang which the ¢hift of the radar og of the target {assuming radar is used to
-obtain the homing information) appears to be the most soidous, Regardless of the source of this error it In here-
 inafter referred to & “noise” and denocted by xe. The tquation eomspunding to Eq '7) is thm

T =Xy Xy — Xy o (8)

EARTEE The expreu‘on relsung 0 r, md a, (which may include the effeits of misslle dynamies) is known as the -
* missile-control equation. If the missile-cantral eqmﬁon is & differential equatiun which is lnear in ¢ and o
(not necessarily in 1), i fullows from Eqs. (8), (8), and (8) that X, And X + Xy are felated by a linear .
differential equation. Let G{r, ¢, p) be a linear integrodifferential operstor. That is, G s & raticnal funetion of -
 p ma.d/dt, and the coeﬁdmtsmfnncﬁmdrudt Then the general form of the mhdle-eomml equtum
“which is linear in# And a,is

B T EOJE I G(r,i,p)!-g-‘-], (r,t) L (9)

wlxenf,inanubitnryfmﬁmc‘rud& '

. Substitution of M (3) (8), axd {8) Iito Eq. (8) mmlh in the linear equation rehting 2y and 2, + g,, R
g L(t, p) Ay = !g +xa + f: (t)y R ) T ﬂo‘ :

N vherethelinwopemorl.hmmby

7: (" = (’. - Vnt) [‘0 +h (2 - - 'Vgt, t) - G 1ty = V.t, QIP_L% + v—:‘&T)J .‘ (19)

(18)

[T—" B‘P*P+‘]*u==:-f k\‘*‘C(%““'RU o

where C is a conetant depeanding upv the inital conditintre (€ = 0 if the misslle js initially on a straighteline
collision course, that ie, f & me 0. £ €01,

siCREY

Lhp = -v'l-"ﬂf:a(r.-v.t,t,p)p-;-l I " (il)

‘:';:j«' ““w-dl‘,ﬁgg“,‘.ﬁ,g;‘&’INKWW'mmNMlm_ " J
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2.2. Superposition Inteqral.
Since x,, X, and Xy are related by a linear equation, the response of the missile to any target motion and
noise may he expressed in terms of a generaliged step-response function by meane of the superposition integral.

Let A (t,, t) be the response from rest to a step applied at time t,. That is, let

and (18)
Lt,p Alt,t)=1ift>¢, -
Then if ' ’ T T B B
. xg (=0t <0 !
and ‘ ! :
Lt,plxy=/f(t}ift >0 ey

W ®=A0070= [ [Atn] 6 d

For the cquation. considered here, Eq, (10}, f {t) = %p (1) +xy (1) + f3 (1),

Thus to determine the entire trajectory, & function of two. variables ust. generally he known, However, to

- determine tho terminal value of x,, (and hence the miss clisiance), a funct..on of one variable only need be known o

el 2Rt vL)f(vL) f"“ e +)] e an

" That is,

Let

1

- - =A(w )

iy (’VL) = a(0) y(vi-) + fv, o’ (vﬂ- - t,)j () dty. | v, (19)

The stcp-mponee funeﬂtm will lxercin be known as a (v}, For mvdcnl sysiemy, a (0) =0, I th)n vase, Eq, (19)
reduces to v

‘n(v f‘" “(‘{'g; ‘V‘l‘)"‘."’d“ |

The miss distanee is

Xy (.{3;) - Ny ({;’;) =x,({,‘:) - I"E: ALY f({,:- - e) de. (21}

Substitotion of £ (0) = % 10 4 X 10 4 £ 10 resuliwin
g o) = L A
x.,(-‘k,’;) - x,,(v:) = Mg 4 My == J:F‘,\ 0’ el [,(‘.L:- _ t) Jde 22)

wiiere

A} ST 3N (.{.l‘) ca l:\"‘":‘ n® e %y ({.‘- - 1) de (23)

VThe feapotee of & steimn it iRy o rest eni be dirived by o chanate o vadabil . R S 21 h b evonple of i

1 (-1 115

£ ]

E

|
R R N T AL T e

T ey g e " i e 0
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and

T
M, .-=_fv§ 6 (61 ay —r,“——-‘:)d'.' (24)
0 Vx
denote, respectively, the miﬂs caused by target maneuver and the misxs caused by noise. The third tern of

Iy
Faq. (22),f ,: 8’ (7) f, ‘ ) dt, 18 & function only of the control syrtem and the initial conditions and
0

is generally zero if the missile is initially on & straight«line collision course. This term is umitted until the
launching errors and control-system rift are discussed.

A target manecuver of special interest iz the constant-lai‘ral- acceleratmn tum starting at time t, =
(ro — rI)NB

X (1) =0 fortg t, 2
. (28)
=?a,,(t—r,»’cosao fort > t,. }
For this maneuver, M, can be expressed somewhat mos¢ simply.
) /
M = 0} 3“‘(1’ ) ecs an—f 8 (2) 5 a.,(v —1) 08 u, d7; - (26)
M 1 f r : L
. 2 7 — E S
e.,cosaa_ ¥z &' (5) 2<'V 1)d1

=3 ) f f & (%) ds, de,, @7)

The noige term must he corsldered wtatiatieally, It is anfRelent for the present purpose to consider the case
in which xy is 8 Gaussian random procees, The distribution of My is then Gausaian, and all information coneem-
ing M, is cuntained in its standard devintion ¢g. 1t can be shown that

®
- va,,‘.—_f ‘fvf; 8’ (1) emhr ds
Y- - [+] 1

whore Oy (w) is the spectral density of xgit). If x{t) is auch that 4&(&) can be considered constant {white
nuise), Eq, (28) reduces tv

® T P 8 ’
2,0 = &y f U‘Vﬁ 8 (1) e ds i dw, {28
- [¢]
This may also be expressed an
T .
=2 @ '/U.Vi (&’ (1)]2 ds. (301

23. Minimum RMS Miu for White Nolte end a Fixed Target Maneuver,

Among the ecveral eriteria that inay be nsd to determine the offectiveness of a contral system, one of the
more convenient mathemutically s the mne value of miza. Target motion may be considered statistically, or
x. (1} may be considered to be p fixed junction. In this study, xott) is generaily considered as u simple fixed
function tin particular. @ constantlaternleansceleration tuin 1s employedi. Until reliable experimental data are
vbtained concerning thie fum of the nolse epeetral denaity @gte, nitention may profitably be concentrated on
the caee in which e noise wiay be considered white, 'To detornine the efficiency of a control system for a par-
tiewlar target mabeaver and noise pectrwm, it is useful to Know the minimum ring miss when no restriction js
placed upen the form of the control system. In this scetion, the mininann rs miss is caleulates for the case in
whieli tie nolse muy e considered white and the tavget wmotio is o fixed function. In the following seetion,
the mininnna rins mise e ealeulated for white noise uml o statistical target mancuver,

stchY

QN (0) deo (28

Lot - B ‘ o vt . VIS T [ SIS SN AT I
T b Ll e Ut 2 i 2 AT i
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The miss caused by a target maneuver x4 (t) is given by
A, = (" f\ A e N -———1')(]:. (23)
T xT Y ) R T v“
The deviation z¢ of the miss caused by white noise is given by

r .
0% = 2= @y ‘/O‘Vn; [a’ (51]? d=. 3%

The rmits value M of the total miss is given by ~
M? = Mz? + o8 (31)

The step- response function &’ (%) minimizes M if, and only if, for each function m (1), M2 (8’ + nu) = M2(a’1.
Now

M2 (a’+nﬂ— V) fv (8’ (s) +m (7)) % (—”;—-1)(1*’

+ 2= &y ‘/U‘v“ (a8’ (1) + m ()12 d=. o (82

But this is
MY (s = \r’faw[f%m(m AL ]
ERTCICES PWES I EECEnt
+ 2n &y jo'vu 2 0’ (31 m (1) ds
+ 2n o, jﬁ% me (%) dv, (33)

For any m(s) not identically sero M2 (¢ 4 m) > M8® (a/) if

2L s =) e (LR 0 (=]

T dr oy J;VQ ' tmrm i dvy =0 (34) .
This may bo rewritten ns
‘rn m s v;w, (V‘— " [J \“ H Y wf(v -p)dp— \T(\R)]
+ 27 By 0’ (2) % e 2= 0, (35)

This is true for cach faaction maf foe caeh @ suel thad 0= 00 V),

Nt ({fl - ')[ ,-‘r; W p) x,( s ) dp e Ng (\'Q-)-l + 2=y’ 7 =0 138)

that is,

« ¥, 5L
-‘"i?‘ ;.‘I\ ‘\(‘ - ?)‘ l.‘—{"
h

i0 SEICRET
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The constant K is determined by substituting into Eq. (38)

NG EIARICERIEES) FETE N CED FTR

Solving for K,

(.‘.’L
K=
2"°~:+va*1 (V —'P>dP
&+
= xT(,‘“ . (49)

26 0 + [ 2 %7 (0) o

The minimum value of M2 is then obtaiued by substituting Eq. (87), where K has the value given by Eq.
39), into Eq. (31). -

Myu® = [x'r( ) K f"n %o (p) dP] + 2% oy K* fvl X2 (p) dp. - (40)

From Eq. (38) . .
x,({ﬂ;) - K‘/;% X! (p) dp = 2% &y K. ,- | | . 141

- Then - R 7 ) ‘

, r
Munt® = 2224 K? [2: Oy + ‘/;V% X3 (%) d‘:]

()

{43)
1
1 <4 FQ—,»/;VR xp¥ (¢) de
For the constant target turn starting at time t; = (r; — 1) /Vy,
2, (t) =0 ity
- ; Ap (= t,)7 08 & ifL>ty, 5 (48)
1(5) e
' = - (44)
H‘(‘E o.) g o' (VL> dos _
The value My, reaehes a maximum mith mpect to ry) where ?Mu,., /51'; ; 0, that is, where
[1+( )'ﬁ&’ (v) w%] ”T (“L) (‘OS’ao
Yy a, (‘r‘*) T LF s 4 ap? -:—) cos? °o]~ (45)
This is true for
r 80 2= &1 7L
“‘i‘ = [a,' r? n . ]‘ (46)
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Substitution of this value of r,/V, into Eq. (42) gives the maximum value of My, as
Myl = 12804 (2% &)t (8 cus® ag)l. (47
The form of the minimizing uis) is probably of no importance, but the maxinim valie of My, is a lower

bound for the waxium value of rs miss for all control systems, The value of (Mygiy given by Eq. (47) is
used in Sece. 3.8 to obtain & figure of ment for a particular control system.

2.4, Minimum RMS Mius for White Noise and a Statistical Target Maneuver,
~In the present section, the minimum rins miss is ealeulated for the case where white noise and a statistical
target maneuver cause the miss. It is assumed that x, and xy are independent, stationary random variables and
that the initial range can be considered infinite,

If the spectrel density of the target motion xp(t) 18 deroted by &1(w), the rms miss #; caused by the target
maneuver i given by

,.

7,7 == 11— F (i0) ? o (o) do (48)
-2 '
where ,
¥ (jw) = fw e=tr af (1) de. ' . (481
0 .
. The rms.value of the total mies M 4 M, is given by
c’—‘/”'l—t‘(m ’@,(m)dm+f iF (ie)|? &y (0) da. (80)

The problclnh"of finding the a(s) that minimizes ¢ hag been solved by Wiener? It is important to note that

the present diseussion considers the problem from a different viewpoint. Since the value of xy at only one time
(re/Vy) is of intercst, the rms value of xp — %y, at this time is taken with respeet to the ensemble of target
mution and noise functions, The optimum operator is determined from the elass of all linear operatory, including
time-variant operators, The linear operator is not determined uniquely by the nptimization process, because more
then one A (t;, t) can yield the same a (ty — t;) = A (t;, ;). As the interest hero s in the minimum value of
¢ and not in possxble forms of the eptimum operator the problem of synthesiging the operators that yield the
- desired ai%) is not discussed.

The af=) that minimiges ¢ i# determined by

—— __l_fw -iwt ® °T (7) Mt da
F {lw) = T @) Jo o] " —?—(-;)—- gt dy de "
where (61)
T (0B = & () 4+ Dy (W) )

and I hias no poles or geros in the upper half plane,
If the target mancuver consists of ares of constant lateral acceleration xa, with random switching at an
uverage rate of k-2, the spectral density of x; is given by

k K (an cos a,)?

P (Wi = — T2 (52
7! T ! (w4 k")
It iz asatiiied that ot can be considercd constant, Then
. kK (apcos 30? =, 1 %, o,
! = T 0 / 1 —F (wi® 4—‘,—]\—4— do + &y f Fiiwi? de. (53>
b ©7 1w 4= K9} Y

YWicner, Norhert, Extrapoiation, Inferpolation, and Smoothing of Stetionarg Time Series with Kngincering Applicatione. Now
York: John Wiley & Sons, Ine, 1148, Chape. 111
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Statement of the problem ir: nondimensional form reduces the number of independent parameters to one. With
W = hV,

k )3 , . 1 ‘ ‘
g% — . (5;}(:_':_ ot ‘/:: ,’1 —F (th)!J "‘_("‘—+—E§-)- dv + «DN h [: ;F (lhv)'li dv (r‘;)
where :
_ [k (5 cos a)2 L
h= [ % Oy ]° (88)
and
k
n=y (56)
Siuve k {87 cos a,)3/x h® = &, h,
 J— © —_— 3 1 & N 1a
E —s/-‘ao i1 - F (thv)| T dV+‘/:°° IF (hv) |2 dv (87)
where '
o :
o =T | S T T
It o |
| -
o PUiEsmTE e (0
and ¥ has no seros or poles in the lower half plane, the optimum F is givenby - -
- | | 1 % e ey . :
F (ihy) = ——eax [~ a=tvr —d '
(1av) - 22V (v)o € ./.; ¥ (y'+m')vry) y de .. (60)
With a ohsnge of varisbleu = { y, Eq. (60) becomes
. 1 ol iﬂ - g™ . s
F —_ - -y , ) 1
(ihV) el Y (V)£ ) oo ué (= + mi) w (_‘_"m) du de 8 )

- Actually, because of the 1/w¢ factor in the &z (w) considered here, ¥ must have a pole of second order at the
origin, Certain formal dificulties can be removed if the present case ls considered as the limiting oase of

®r (0) =k (ay 008 ap)t/k (08 4 ¢9)8 (o8 =+ k') as ¢ = 0. Then all poles or seros are definitely in one or
the other half plane, Expressed in terms of y == iv, : ‘

u\ [} _ ud—ulmd — ]
'W(T)I BTN T (@)
With u,, u,, u, the left half-plane aeros of u® -~ u¢ m? —. 1. ¥ may be taken as
‘ Uy _ _ p(u)
¥ (T) T wilu+m - (es)

wherep (u) = (U —u;) (4 — u,) (u ~ Uy) and the pole crused by !/u® shall be considered in the left half
plane, in accordance with the remark above, Then,

— 1 - --1 L P —wudm g (64)
- f uy 7 2 j Yon o
u (—u? o m?) P (%) U ) p =) u? (u + mj p -
wlere the first term has right half-plane poles and the sccond term has lest half-plane poles,
SECRET 13
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Because of the poeitions of the poles of the terms in Eq. (84), the two integrations of Eq. (81) yinld 2x 3
times the firat term of Eq. (04). That is,

o w(u4m) p(u ~ u? (u 4+ m)
F M) 2,” p “” 2= ut o T m
1 u? (u 4+ m)
=1 YO (68)

This expression for the optimum F is substituted into Eq. (81) to give the minimum rms miss E.
Expressed in terms of by = u; u; 4+ u; y, + u; uy and b, = u; + ug <+ u,, these integrals reduce to

by (by—m)® 4 b2 — b, + 2m (w

E’—:-FEJ——+3 Bb — 1

The minimum E is plotted az & Yunotion of m in Fig. 2.

3. PROJORTIONAL NAVIGATION WITH SIMPLE TIME LAG

3.1, Selution of the Lineariyed Equaten, :
The proportional-navigationswith-simple-time-lag ocontrol rystem is characterized by the equation -

_ N A9-+-é-7-(l:»-+-1)a @7)
In the notation of Eq. (18),D (p) = (Ap + 1) / (b + 1), and the resulting linearized equation =~

LVycosgy, b<+1

D+1]xu=x1+xx+c(’o—‘vnt)
where .
_ _Ab —_ o ag (68)
b +1 7 b+ 1) Vycos s,
= 1 [ @ + & @]
i . T b1 Vx cos B, I. ¥ )
Ifn = [(b~ 1) Vycos B,) / Vg, Eq. (88) reduces to

—‘:—({,‘:—z)iuﬁ-%—(-\;";—-t)iu-kx,:x,-q-xx-}-C(ro—Vnt). (69)

For integral values of n, this equation may be solved analytically.! It i sufficlent to conslder the case
in which xy (t) = 0fort < ¢, and x; (t) 4 x4 (t) 4 C (1, — Vi t) = 1 for t > t,, since the general solu-
tion can be expressed in terms of the response from rest to a unit step applied at time t,. Then, after multi-
plicaticn by n, diﬁeren!dstion of each side of Hq. (69) results in

A(—°— z)-«.-}-(#-—A—t)x,,-p-m—nx,,=o (70)
The coefficlent of the lowest derivative of %y 1o decreased by 1. cheated diﬂ‘erenuanon results in
A (-VQ- — t) SRR ( ) — A -~ t) Ryt 4 (0= 1) Xy =0, (11

1("nly positive values of n ara of interest here. For negauve jntegral valuen of n, Eq. (69) may be solved by epeated iulegration
in & manner dmilar to that fulluwal here for positive n. For nonintegral vnlure af w, a solution ean be found in the form

©
of an infinite =eriea, D. L. Bobroff of D.A CLL. has shovn the laplace trauxform F(a) = ./0 e~3r a’ (¢) dr is given by
1 = (A8)a/(As+1)0 for all positive values of b, although the series defining the step responte a(r) does not terminate.
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After n differentiations, the equation is of the form
X7 4 (_‘_i_ — n ) X1t = 0. (72)

{,0- —t
R
This may be regarded as a first-order equation in x,‘1*®. If each aide of Eq. (72) is multiplied by the inte-
t
grating factor? (- L — t) , Eq. (72) becomes

Hdt [xu“*” (V’?; ) %J (73)

Integration results in®

L (Vo_ ) c, (74)

where the constant C, is evaluated by setting t = ¢, as

4
= C, (76)

L1+ (T’l - t1> e
Su.utwn of E-q (74) for x“““‘ mves )

LR (1) = (o} (v_._ ) i ‘ (70)

“The quanuty xy is then obtained by repeated mtegration a8 T

)=C,‘/“‘f:°+{ J:h(vt—e,/_ne—--‘xdn e .fdfn-u -
n 59 Aol y, (17)

Bubstitution of the value of C; obtained from Eq. (78) and expression of the repeated integral in Eq. (77)
as. 5 single integral® result in '

4 PP
— g (14D oo\l a0 bl 2ox Y (t)
Xy (8) = x (4 (t,)(vo; g,) ot a1, ¢ =9 (vs;- 1) o M drg 3 Mo
Thus, if the respome from rest to a unit step applied at time t, is denoted by A (¢, t), A (t;, t) is the right
side of Eq. (
If xy (0) = 0 the general solution of Eq. (68) is given by the superposition integral. Sec Eq. (14). If
u (0) » 0, a preliminary change of variable is necessary. Let

3 (8 = xy (6 — xy (0) t. (79)

. (78)

1Hf sach aida of the firsteordar differential aquating

-éi-f PRy =Q (%)

is mulitiplied by the integrating factar (\f?ﬂ)d‘ the left side becomes the derivative of y e/P(x)ds; and the equation may thea
be molved by integration. That is,

efPx)x %;-— + P P (x) v = Q (x) e/l

yeﬂ"(x)d: = J‘Q (x) efP(xldx dx,
3 In this snd the foliowing equations, t = t,, since x,, (1) w0 fort < ¥y,
3t may e shown by inttmtnon hy parts that

a1 . 1 1
J /' f i e dry dfn+l=——'-f (t =t f (1) dr,
I naJgy
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If this substitution is made in Eq. (69), the following differential equation for e (t) results:

A (éﬂ;_ t)i + (%t— z)i+n£=nx, 4nxy+nC ('°—V*°)"(Vt" t) %y (0) — 1 Xy (O) t.
(80)

Suhstitution of the value of C from Eq. (68) results in
A (Vﬁ t) 5+ (vm t) ez N xe + 1,°Ax,,, (0) — [A%y (0) +n%y (O]t (81)

Since # (U) = 0, 2 can be expressed by the superposition iutegral &8
s =— [[Zaen]rwa

where
e r, A " AV, x, (0) . .
] (ty) = %o (b)) + x¢ (H) + ® + I)OV“ R Xy (0) = [ T 1) Vy cos A + Xy (O)Jt‘-.(sm

Substitution of Eq. (79) results in

m (0= 0t — [ 0]/ e (83)

Application of Eq (83) to determine the complete missile trajectory requires exphcit expressions for A (4, t),
which can be caloulated from Eq ( 78) The resulting expreuions have been omitted Lere beoause complexity

restricta their practical use,
As {5 shown in Sec, 2.2, dewrmination of the miss distance requiree knowledgo of a function of one variable

| only, which s herein known as the step-response funotion a (%), As in the derivatiun of Eq. (18), let
8 (rg/Vp — 1)) = A (t;,1,/Vy). Then 8’ (r,/Vy — _—'ﬁ; (41 1o/ Va).

Substitution of this expression into Eq. (82) results in
' . To
x,(%):x, (0){;;+fova a'(‘;ﬁv;-t,)m,)ac,
." T l:i , .
=@ [ @ () e (84)
The miss distance M is given by M = xp (ry/Vg) — Xy (ry/Vga), a0d use of Eqs. (81) and (84) reauits in

M= x.,( 9—) fvns' (%) xf(vi-—' 1) df—fvg-a (1):,(v9--1) de

T A " o
~BFn Vaews, f‘ﬂ & (%) ds
-‘Wa io . o
! -_— [ . .
+ [( +1) os B, % (0) + %y () ]fv" & (1) (T;; ') dr — xy m)\'/lﬂ' (85)

The total miss M is thus the sum of four terms: My, My, My, and M,. The miss My caused by target motion

iz given by
\fT_.‘(T( ) f"namxr —.-—e)d- (86)
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The miss M, caused by noise is giver by

AN r
MN 2 v L/;v‘ a (f) X, (v‘: — ‘) dT. (87)
The misa M, caured by an initial error in missile heading is given by
My = %y ( me1 1)‘} ) &
= x vﬁ. o\ —_
_zx(O)[j;na(_dz v‘;] (88)

The miss M, caused by an initial lateral acceleration of the missile is given by

= [ AN (W oh -
M, = 9,) b f & {t) de —~ <VL>] (89)
Application of these four formulas requires axplicit. expressions for a (1), which in the general case can be oaleu-
lated from A (t,, t) by setting t = r,/Vyq and t, = r,/Vz — 1. The step response a (¢) can be more conveniently
caleulated directly from Eq. (78) by making the above substitutions. Solutions fur n = 1, ..., 8 are given
below. o ) S e
a(s) =l=—e"t - S 7 forn=1
=1ldei(l=1) _ forn=2
- ' -l L - . ) : =
N ' =1'—%—r(l°-—'4l+2)' S - forn=2a -
=1+%:;-(F—9I‘+182—6) for n = 4 S (90
S S LR L S forn=8

= 14+ 57 (1 — 28I 4 2001 — 6000 + 600! — 120)  forn =6
whery { = t/A. These step-response functioﬁs are plotted in Fig. 8.

3.2, M Caused by Constant Target Tum,
In Sec. 2.2 it is shown that the miss caused by a constant-lateral-acceleration target tum starting at range r,

is glven by
I pe
My _liny R
=g (v:) jo' nf e () dnydn, @7) 1
Letting | = 1,/AVy, this is . : f[f"' :
' _._.l’:r___}_s..f‘f“
A e coBap 2 ! o Jo 8 (A v;) dy; dy,. (91)

For the proportional-navigation-with-simple-tine-lag system, & (1) has been calculated for certain integral :
values of [(b 4 1) V, cus 8,1/ Vg Ste Eq. (90). fiubstitution of these response functions into Eq. (81) results !
in the following expressions for M, /A® a, cos ag:
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ﬁ;:e"'—kl—l forn=1
=l—et({+1 forn=2
:_%%f-l’ forn=3
=._%";-<z=—3z’) forn = 4 (82)
-....[-‘ — 8i* 4 12i%) forn=25
='._§ (I3 — 185 + 6018 — 60I!) forn =6

where | 2= r;/AVy. These ourves of the miss are plotted in Fig. 4.

As the maximum value of My/A? &, cos a, is of special importance, a formula will be developed to approxi-
mate it. In Fig. 8, M,/A? a, co8 g, ie plotted as & function of n. The values for n = 8, 4, 5, 6 e very close to
a straight line (on log-log paper) with a slopo of —32.5, Hence it is reasonable to approximate M,/A% ay cos a,
by Cn-32 for values of n froms 3 to 6. The approximation becomes worse as n decreasea below 3, but this reglon
is of less practieal interest. With the use of Fig, 4 to evaluate the constant C, the formula becomes

\1,_ VvER; A® (b 4-1)-38
“where - T - e (88)

] Vﬁ;—*”%°“’°<v—c§,‘g>

- 33 DMrHon of Mm Caused by White Noise.
) It iz shown in See, 2.8 that the deviation c,, of the miss caused by white noise is given by

rO a : ’ ‘ £
= 2= &, f"n [a' H)]’ d'r _ (80) -

It t;he'initial range is large enough to be nonsidered intnite,} 2,8 = 22 &, ‘/; ,”[a.’ (%)% ds.

In the present section & formula is developed to approximate ey for the proportional-navigation-with-simple-
time-lag system. With-the step-response functions develuped In Sea. 3., f [8’ ()12 de can be calculated for

! integral values of n. Forn =1,. .., 6 these values of n are given below.
e ()19 de =05 (L -
j; [a’ (s))%de ....0.!5(A | forn=1 1
1 £
=:128 (T) forn =2 - ; '
= 2.0625 (-IA-) forn =3 N 8
1 _ (94)
= 2.90625 (—A-) : forn =4 2 B
.
| =3.76053125 (%) forn=6 -
= 4649604375 (71\-) forn =8 |

1That is, To/Vyg is such that the difference belween

‘]; {a* (#))9 dr and f 1t Ia’ (+,]2 de is emall,
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Fig. 8. Maximum value of the miis caused by coarfantlateralacceleration terget tum.
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In Fig. 6, Aj;°° [’ (7)]% dz is plotted va a function of nforn=1,2,...,8. These values lie approxi-

mately on a straight line (on log-lug paper) with slope 1.25. Henve, over this reglon of values of n, it is reasonsable
to approximate the integral hy

fw[a‘ (¢)}? de = Cnl¥s A-
0

= 050! A1, LY
Bince
= 22 &, j;m (8’ (%))% d=
and s
{b 4- 1) V, cos 8,
n= )
Vo
=05 (2% &) (V——-B—v -)—m (b 4 1)188 A=1
- T ¥ €08 B,
: =Ky A-! (b4 e ] (98
where . 4

—1.428

By==o (V—oe ﬁo)

3.4 Mlu Cauted by Inftial Conditions.
It ia hown m Sec 81 that the miss oauzed by an nitial error in mmsxle hesding is given by

My = h [fvl (%) ds — v | (88)
or. '
TX%E(F‘ fAvpa(Ay dy—ﬁ—

For each n, Mg / Ax, (0) s & function of r,/AVy alone and can be caleulated by substituting into the above
expression the functions a () given by Eq. (80). Solutions forn =1, ..., 8 are given below. 7

M -
=et—=1 g forn =1
Ax“ (0) ) .
= — ] g} forn = 2
et
=—§r(‘n-—21) forn = 3
- 97
:-.-:—%T-(I'—el'+ol) forn = 4 @7
-1 .
=Sr (=130 + 301 —24 1) forn = 5
-t
== ST (P—200' +120 — 24008 4 1201) forn = 6
' . f
where | = 1,/AV,, These functions are plotted in Fig, 7.
It is shown in Sec. 3.1 that the miss caused by an initial iateral acceleration of the missile is given by
AV
M, = 4, [b+l \na(.) dr — a(@‘-)] (89"
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or

g = [ o - (B)]

For each n, M,/A% x,, (0) is a function of r,/AV, aione and can be caleulated by substituting the functions

a (t) given by Eq. (80,. Solutions forn = 1, ..., 6 are given below,
-—[;;3—1"—(-6—]'=81(l+1)""1 forn=1
L9 1
a=i
:-—-—2—]—(") forn =2
o'
-i (e8)
=_°—4r<z¢—sz=+mzﬂ> forn = 4
-
=°5—,<z=—15z4+eozs—eoz=) forn=25

‘ -_-—-%'Ti (P — 2411804 — 480 1* + 36009) forn = 6

where | = 1,/AV,. There functions wuitipiied by n are plotted in Fig. 8.

3.5, Optimiration for White Nelte and Constant-Lateral-Acceleration Target Turn,

The proportional-navigation-with-gimple-time-lag systemn is characterized by two cunatants, A and b + 1,
With m (A, b 4 11 ae & measure of effectiveness of the system, the best system is determined by the equations
2in/2A = 0and 2m/3(h -+ 11 = 0. If these cquations are not independent, the eptimization may furnish only
an optimum value for sume function of A and b + 1. This occurs in the cave to be considered in this section.

The control-system paramcters may be optimized for the case in which target motion is cither a fixed fune-
tion or a statistical function. lu this section the minimum mns miss is caleulated for the proportional-naviga-
tion-with-simple-time-lag control system for the case in which target motion is & constant-lateral-acceleration
turn, In Sec. 3.7 the same iz done for the statistical-target-mancuver case. For these two cases the minimum rms
miss for sny linear ¢ontrol system is caleulated in 8cos. 2.3 and 2.4, respectively.

For each system, let Mo, denote the maximum value of iniss caused by a single constant-lateralsacceleration
turn. Let oy denote the deviation of the miss caused by white noise in the case in which the finitial range is
considered iufinite. The three assuinptions — single target turn, white noise, and infinite initial range — are
not ecssential to this method, but they are convenient simplifications.

A rensoneble criterion of effectiveness of the control system is the rms miss M, and the optimum system
may be deflned as the system that minimises M. The rus miss is chosen primarily for reasons of mathe-
matical convenience. A more logical criterion is the probability of the miss being less than sume fixed lethal
radius. It is shown later that for the problem of this scction, the system with the parameters that minimize
rms thiss yields approximately the maximum probability.

Since My and ey are aleo functions of the target accoleration ag, the noise level @y, the targetsto-inissile
speed rativ A, and the angle of approach a,, the optimun system is expressed in terms of these variables.

It is shown in 8ec. 32 that M, is approximated by i

My = VK A? (b 4 1)-32 )

tfor b 4 1 > 2 V7V, cos B,) where . (93
—_— 25, {
\ KT = 430 Qp €08 2, (_\W;_B—.,) )
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It is shown in 8ec. 3.3 that
g = Ky A~ (b 4 1)

T ——

where (96)
Y -1.28
o= o (vrmg,)
It can be shown that the fms wiss is given by M? = M;? - 1,8 Therefore,
MI=K;A* (b4 1) 4+ Ky A~ (b 4 1), (89)

Now as M is a function of A (b 4 1)-19, minimisation of M furnishes an optimum value of A (b 4 1) 125,
Letting Z = A (b + 1)~ M? = K. Z* + K, 7! Then?M3RZ = 4 K, 28 — K, 25,

A . v OMA |
M is minimum for eM%/3Z = 0. With - A P 0,
=

LK, 20 = Ky 2,08
%= (72
0368 (2% &yl W——m T )
(Bg cO8 a1
Mt = 52 () + 5 ()"
= (K7 + %) (78)

= o Kt Ko
= 1,680 Kyt Kyi .
My = 1285 Kb Ko
= 1803 (2 = ¢4t (ap cos ayii, (101)

y

)

) (100)
-1.25 5

1t is shown in Sec. 2.3, Eq. (47), that M,y cannot be less than 12004 (2x &4} (ap cos ay)i for any
control system. Hence, on the basis of the eriterion used here, the proportional-navigation-with-simple-time-
lag control system is as good as the bewi possible linear control system (Imeluding time.variant systems)
within the accuracy of the approximation formulas, E¢s. (83) and (86).

It is interesting to note that for this control system with typical values of ap cos a,, 2% &, and the
lethal radius, the systemn with the parameter values that minimize the rms miss yields approximately the
maximum probability of the miss distance which is less than a fxed distance (the lethal radius).

1f, a8 before, the total miss is the sum of the maximum miss M, caused by a constant-acceleration target
turn and s normaily distributed (with deviation e,) mias caused by noise, the probability of a miss between
—pond pis

P (x= M)t

P(p) ! ‘-T&T—dx 02
p -—m': 8 (102)
-¥

where My and ey are given as functions of Z = A (b 4- 1)1 by I’q. (83) and Eq. 96), respectively.
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Figures b and 10 are plote of the probability P as a function of Z for several values of 32, Figure 9 is
based upon the following values of various perameters:
= 4 g
a, = 180°
A= 13
22 &y = 747
Figure 10 is based upon the following values:
= 25¢g
2, = 180°
A= 12
2% ¢, = 13251
The points corresponding to the system that minimises the rms value of miss are indicated by circles in

Fige. 9 and M0 Tt is scen that the minimum rns system vields approximately the maximum probability. Thus,
it can be concluded that the rms mias is a {airly reasonahle criterion of cuntrol-system effectiveness.

3.6, Applications, )

Any application of the above optimization formulas depends upon knowledge of the noise density &,.
Unfortunately, reliable experimental dats concerning &, are rimost nonexistent. For thia reason, the applica-
tions presented here should be viewed morc as illustrations of the possible application of the optimisation
formulas than as reliable calculations, However, several qualitative conclusions which would seem to be fairly
independent of accurate knowledge of &, may be reached.

Although little is definitely known about the variation of &4 with the angle of approach «,, &, is probably a

complieated function of e,. A rough picture of ita probable behavior is ubtained by assuming an elliptical varia-

tion of v'@, with g, That s,
C
ST T+ C,cos” g,
where C, and C; are to be determined from experimental data for head-on and beam approaches.
It has been observed experimentally with an antenna system passing approximately the first half cyele of
noiee that for a head-on approach the rms noise is approximately 1/20 the wing span 8 and for & beam approach
the nns noise is approximately 1/8 the aireraft length L. If & is assumed constant with respeet to frequency,

¢ (103)

s ‘
&, = -‘—4!?/20-(—6%—)) for a, = 180° )
_eL? g (104)
= gz (08 TRET

The ratio of wing span to aircraft length is approximately 1.4 for presen: bombers. 1f 8/L = 1.4 and &,
assumes the values given by Eq. (104), Eq. (103) becomes

0.00226 8¢
T + 4.669 coe® &,

With Eq. {105) as an expression for &y, the results of the preceding section are applied to determine rms
mias for two typical bombers, the B36 and B29 (Figs. 11 and 12, reapectively). An estimated lateral acceleration
ay of 235z is used for each target, and a speed ratio 4 = 1,3 is msumed. For the B36 bumber, the wing span
8 = 230 feet: and for the B28 homber, 8 = 141 feet.

Four eurves are shown for each case. The M,y eurve iz the minimum value of rms miss for each value of
2, (developed in Seec. 3.5). Curves of rms miss are shown for systems optimized at a particular value of a,.
Values uscd are @, = 07, a, = 180", und &, = 120”. The 120° system is gelected as tiic system that gives the
best ali-round perfoennance,

1108)

Py =
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3.7. Optimhation for White Nolte and Statistical Torget Mantuver,

In ¢ 8.8 the opthnum parameters are calculated for the proportional-navigation-with-simple-time-lag
euntrol systemn on the basis of white neise and a single target turn. The minhaum rme miss for this system under
these conditions is compared with the minimum rms miss for anv linear syitem under the same conditions
[caloulated in Sec. 2.3, Eq. (47)).

In the present section, the same is done for the case of white noise and statisticel target maneuvers, The
statistical maneuver considerea is the sequence of arcs of constant lateral acceleration with random switching,
for which the minimum rms mies for any linear svstem is caleulated in 8ce. 2.4 (Fig. 2). As in 8ce. 2.4, the rms
miss ¢ is given by Eq. (83) as

_ K(apcosa)? [ 1 ®
ce._—arﬁj_J1—F<m)|°mdw+¢,;[wlF<im>s’dw (83)

where F (iw) {8 the frequency characteristic defined by
F (i) =j;°°e—m & (%) de, (48)

It is again convenient to consider the problem in nondimensional form. Following the nondimensionalising
procedure of 8ec, 2.4, a nondimensional miss E is given by

X % ! —_— ] ] 1 ® I - '
L_L/:xil F (ihv) | -V‘_(V'ﬁmdv+f,” |F(ihV)[9dV (87)
where v
’ o8
B=ar (e8!
k (ap cos-ap)?
h - [ ) °n ] ] ' (55}
and '
k
ms= 'h-. (.5'5)

For the proportional-navigation-with-simple-time-lag control system, expressions for a () are given by Eq.
(80). The frequency characteristic F (s) assooiated with a (%) is

sﬂ
1 n
(+7%)
The nondimensional miss E is then evaluated by substitution of Eq. (106) into Eq. (87). The detailed cal-

culations are rather lengthy and are omitted here, For n = |, E is iufinite. Forn = 2, 3, 4, 8, the miss E is
given by

Feg)=1-— (108)

22 (142 5me]
2 = —
E—4ma[(;+1,a T forn = 2
_ 2= i (+43) 33m?° o
—16m°[(1+1)8 ‘*‘—;— forn = 3
_ 2= l'l-‘- (12 + 4l + 1) -] ¢ . (107)
= Rt T I+ 101 | orn =
- 2= i (8% + 25% 4- 161+ 8) | ©85m® ‘ _
= SEemd [——{T+ 118 Rl J tern =8

wherel=hAm==KkA.

32 SECRET

e IR e R} Al e e
. .




sicrn

plevebi b Lia e e R T D NGRS, £ LT ot T R S0 T M R I Nt

A0 900 ®p (1 1 q)] = u oy peeds sewy jaepueo aoyvBue jo eaea wawyd) gl By

oot ct | o “ 0 /00S0D_£00200 (09,
ot
]/
T~ < o
h
02
N
. /A
N
AN —loe
/AT
i B—

_ g

33

SECRET




Eag wamns '
WY Bo} ow; penproomvempuou jo eapse weundQ ¥ By
ool ol o1 w 10 200500 €00 200 100
o1
P el
— 02
o o
o [¢]
- [ 7]
— (7]
ot
06
0’9



P
, . e jrhe
(oswo2 berowyy-eidmn-qa-voyebiasu-jevorprodosd Aq pepmt e eq) qiue “sea 3.13@......3.!1.:2;!.3%%:8. a_...aﬁ&._s,..__s "S1 By
00! ool o1 w __T0J00S0G 200 200 100,
. |
g‘q_
/ /!
/
/../7
o2
/r
m /l/ o= m
m / WB m _
3
lov |
40
boo
|




T .

aaiichadi Bl

SREREY

The parameters of the optimum proportional-navigation-with-simple-time-lag system are then determined by
80 choosing | and n as to minimige K4, Since cxpressions for E? are available only for integral values of n, the
optimum value of n is obtained by interpolation.

Figures 13 and 14 are plots of the optimum values of n and I/m = hA as functions of m. The minimum
value of miss g 8 shown ae a function of m in Fig. 1A, It can be seen by comparison with Fig, 2 that the
minimum rms miss for the proportional-navigation-with-gimple-time-lag control system is only about 3 per cen:
higher than the minimuin rms miss for any linear control system,

4. CONCLUSIONS

To every contral equation which is linear between a and 4, there correwponds a linear equation relating
missile position to target position and to disturbing factors, such as nolse. The linearisation of the kinematic
equations resta upon the assumption that angular changes are amall. This restricta the study to a time interval
g0 short that the changes in target heading sre not large. Fortunately for the applicability of linear techniques
to the huming missile problem, envugh of the terminal portion of the flight les in this interval with the result that
miss distances caleculated from the lineartized equations are very close to the actual misses obtained.

The linearity of the equation which determines misaile pesitinn permits use of several powerful mathematical

“teshninues of optimization. The control system is optimized for an intelligent target, iaaneuver, that is, a maneuver

g0 made as to maximise miss distance, For a statistical maneuver, the optimization technique of Wiener is
extended to time-variant systems, The efficient use of optimization techniques requires further study of the
relative probability of target maneuvers under various tactical situations,

‘A study of the rms miss for the issile guided by the proportional-navigation-with-simple-time-lag control
systews without limiting indieates that for s given set of conditions (that is, & given angle of approach to target,
target mancuver, and noise) the miss, by proper choice of navigation constant and time constant, can be reduced

" to a value only 2 or 3 per cent higher than the minimum for any linear syatem operating under the same condi-

e YAt - & « - W

tions. The control-system parameters so obtained are functions of the given \actical situation. There is need for
control-system optimisation based on a class of tactical situations rather than on a single situation. This wase
not attempted here, beca'ise of lack of time and because of the present uncertainties concerning probability nf
target maneuvers and the behavior of radar noise as a function of target size and angle of approach.

Radar dead space, one of the problems not considered in this study, can seriously limit the performance of
homing missiles. Usually, there is 8 minimum range at which reliable radar data can be obtained. Below this
range, the control system must stabilize the missile on a path determined unly by past data. For example, when
radar contsot is lost, the missile may maintxin its previous angle or angular velocity. The mathematical problem
is essentially one of prediction of the final position of the target from signals that stop before the end of the
fiight. The optimisation techniques introduced here can be extended to cover the prediction problem,

Throughout thia report the empheasis is on the value of miss distance. Other factory of great iinportance in
the design of a missile control system are the power required to drive control surfaces and the pawer required to
overcome drag caused by lateral acceleration (or, for the gliding imtssile, the decrease in speed caused by such
drag). While the ultimate purpose is hitting the target, power consumnption must be considered for practieal
reagons. Although it is perhaps obvious, the fact should be pointed out that there can be no meaningful power
minimization that disregards miss distance, because the minimum power consumption (zero) is obtained with
locked control surfaces.

The power-consumption problem can be studied from severa! approaches. As was noted in Sec. 2.4 and is
apparcat from the step-response approach to the time-variant gystem, any optimization with respect to miss dis-
tanee does net uniquely determine the control equation. A useful approach tn the powei-consumption problem
woaid be to seleet from ali control equations yielding a given iniss characteristic the control enuation that
minimizes some measure of power consumption, for example. (617 dt, An alternate approach is to select from
all contenl equations yielding a given mensure of power consumption the control equation that minimizes the rins
11188,
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The most serlous limitation of the present sfudy is its restriction to linear systems, The conclusions concern-
ing misa distance and control-system parameters herein presented are valid only for inissiles in which non-

linearities (lateral-acceleration liniiting probably being the most significant: can be neglocted. There are really
two questic s involved here:

SR 5, SLOGAMC R

8. How closely can the performance of a missile with prescribed nonlincaritics be made to approach the per-
iormance of a lineat system?

b, To what extent is the optimwn lincar system the optinum system tlincar or nonlinear)? a

The first auestion has not yet heen satisfactorily answered. However, the unpublished work of W. W, Beifert, §
using the M.LT. Flight Simulator, indicates that the acceleration liniting probably hmposcs serious limitations on
missile performance, regardless of the form of the contral equation.

A more definite answer cat be given to the sccond question If the target position x; and the radar noise xy
have normal (Guussirn) distributiong, the optimum lnear system i the optimum system. [t seems reasonable
that the noise will be near-normal. On the uther hand, the distribution of x; depends upon the type of maneuver
expected of the target. If & random mancuver which leads to approximately Gaussian distribution in x. is used
to evaluate the system, the optimum linear system approximates the optitnum system. If the target maneuver is*
of & different kind, such as a single intelligent turn, there s no reason to expect the optimum system to he lincar.
It is only loginal that the best system for a single target turn bo designed to recognige the éxistence of a target
turn and then lo guide the missile to the collislon point. Such a systemn enstuiuly would not be linear.

The probubility of varicus maneuvers involves tactical consideraticns independent of the mathematieal prob-
femr. It scems' reasonable to design missile-control systems for a random target maneuver of the tvpe considered
in this study, unless the tactleal ccnsiderations indicate a higher probability of maneuvers of a different nature,
For the random maneuver investigated here (sequence of ares), it is approxin.ately correet to regard the optimum
linear yystem ne the ideal syatem which ean he approached by removing noniincarities from the actual syatems, :
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APPINDIX A.~ EFFECT OF CONTROL-SYSTEM DRIFT ON THZ PRCPORTIONAL-
NAYIGATION-WITH-SIMPLE-TIIAR-LAG CONTROL SYSTIM

If, as is usually the case, the missile control system usce gyro information to establish a space reference,
gvro drift causes a miss not previously considered. Gyie drift enters the contrul equation primarily because the
appareni line-of-sight angle a, i¢ determined by adding to the apparent relative target bearing 8, the missile
heading as determined by a gyro, but it may also enter becausc the missile autcpilot stabiligation derives from
& gyro (often the same gyro). The manner in which stabilization is obtained determines the relative magnitude
of tne drift term d in the contro! equation.

Feactors other than control-system Jrifts and unbalances may contribute to the drift term. For examnple, if
the missile weight is balanced by a fixed control-surface deflection, an increass or decrease of speed produces an
unbalanced foree. Thie effeot may often be approximated by the additi~n of a drift term to the control equation.

Drift effects cause the proportional-navigation-with-siinple-time-iag contro! equation to be of the form

Ad+6=B (a+d. (A-1)

The linearized equation eorvespinding to Eq. (68) is then

‘—:-({,%—t.)iiy-p%({ﬁ;-z)§“+x,,=x,+xs+c(ro-vnt) ddlrg—Vpth t.  (A-2)

With application of the superposition theorem, the miss Mg caused by the drift is given by

T
M, =j;v% o' (2) d (1, — Vgt 7 dr. (A-8)
Letting y = t/A and | = r,/AVy, Eq. (A-3) becomes 7
. Mrd A
My =d Vy A ‘/; EA (Ar:] 4= 9 dy (A-4)
or
Ma (1 d -
o=/ 5 (A9 ] (= 7 dy. (A-8)
With use of the expressions for & (1) presented in Eq. (00}, the integral in Eq. (A-4) may be evaluated to
yield
M, -
mr=(1+2)ez+l—‘2 fOTn:l
)
= =P+ A+De 142 forn =2
= I ‘%T forn = 3
- " ‘ A-8
=—(l‘-—4l')-%-‘l- forn .= 4 (A-8)
=(Z°—1(H‘+201')%x- forr =25
= = (B — 188 4 00 — 1200 ST forn =6
The curves of this nondimensionalized miss are plotted in Frg. A-1.
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APPENDIX 8, — EFFECT OF TIME LAG OF THR TARGETY

The effect of time lag of the target on target maneuvers should at least be briefly concidered, since so much
of his study is roneerned with target maneuvers characterized by sudden changes in the lateral acceleration of
the target.

For the single lateral-acceleration turn considered in Sec, 2.3, the minimum value of rms miss caused by the
worst (starting at the range that maximizes the misr caused by target turn) maneuver must he at losst

Myt = 1.2004 (22 &, )8 (8p enr g h, (A7)

With the conditions, 2= ¢, == 100 and a; cos g, == 80.5, the value of miss is equal to 19.G feet.

It ie of intercst to determine tho amount this value of miss is reduced by the assumption that a time interval
is required for the target ta reach full lateral acceleration. For any target maneuver x;, the minimum rms miss
is given by Eq. (42) asx

W) w

It, instead of reaching full lateral acceleration instantaneously, the target increases its laterel acceleration
linearly until full acceleration og is reached, then :

me:'% 5%2)“—“)8 h<t<y
== (ag €08 45 1,7 [_ -4 (‘ = 14_) " ?( ] we t (B-1)

where t, ie tho time at which the maneuver starts and t, is the time at whicli full lateral acceleration e is

reached. _
Substitution of Eq. (B-1} into Eq. (42) gives the minimum value of rms miss a8

l\IH,.xs = (&r CO8 30)’ tg‘ %‘
where

_ 1 1 5 TR AP
N_-:?B--f--a-(p—-lj-{-m p-—l)+ (p—1)+4(P 14,

D=1+K[§%+-8—%(n-—l)+-135<r~—13’+%<p—1J°+-;—(p-1)‘+§16(p—’1)’],
=4
p-tz.

K = Brcosa)itt
22 0,
For t; — ., = 1 second and for the same values of ap cus a, and &, that are used for the case in which the target
acceleration is an instanvanecus step, the maximum value of My, (with respect to ) given by Eq. (B-2i is fuund
tu be 18,68 feet or 0.65 tin.ea the M, value for the instantaneous-step case. As . uuld be expected intuitively, the
worst (cpusing maximum mies) time to begin the linear increase in target acceleration is approximately
(ty — t,) /2 geconds befuse the start of worst maneuver ef the instantaneous step in acceleration. For the values
of g, cos 2, and & considered here. the worst step maneuver starts with 1 second of flight time remaning. With
t, —- t; = 1 gecond, the worst maneuver starts with 1.5 seconds of flight time remaining.
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Because these caleulations are for an optimum system in the presence of noise, the question arises whether
the decresae in miss caused by the more realistic target meneuver is masked by the miss caused by noise. It is
instructive to consider the miss caused by target maneuver alone. Calculations are made for the proporcnal-
navigatiou-with-simple-time-lag controi system. (Similar calculations, not included here, can be made {ar other
control systems,)

In Sec. 2.2 the miss cauzed by a taryet motion x, 1t} 8 given by

My =x, (%) - u(% & (%) Xp (% - r) de. (23)

For the target maneuver considered above, x;(t) is given by Eq. (B-1). For the proportiongi-navigation-with-
simple-time-lag control equation with n = [(b 4 1) V,, cos 8,]/Vx = 3, & (7] is given as

a(1=1——,(z—4z+2> - (00)
where | = t/A. Substitution of there expressions for a. (%) and x; (t) into Eq. (23’ results In

M,

2 1 1
_I e~
e =T - —2—’- ‘*l“+21,+2\ forly, < I,
= __12_ ==t (1 = 1g)8 =2 (= 1) =+ 2] (B-3)
_1; e~ (I, 4+ 2, + 2) o dorly <

where Iy = (ry/Vp — t,)/A and [; = (t; ~ t;) /A,

In Fig. B-1 this nondimensional miss My/A? ay 008 «, is plotted ‘as a funetion of ly for several values of L«
Fiven though-the target requires a time equal to four times tlie miesilc time constant to reach full lateral accels

eration, the maximum value of the miss is reduced only 23 per cent from the miss caused Ly an instantaneous . »

step in target scoeleration.
The results indicate that assumption of an instantaneoua atep in target acceleration leads to values of miss
representative of a wide class of target maneuvers both physically realizable and prokable,
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APPENDIX €, — STABILITY

As the concept of stability for time-variant systems is not widely utilized, a brief discussion of its meaning
appears usefu!. Stability, in its usuel mathematical vense, implies ¢ontinuity with respect to initis] conditions
and driving functions,

At a particular time, a given system (or differential equatiant may be stable or unstahie, depending on the
variable considered. For example, a 2yatent may be stavle with respect to oiie variable and not with respeet to its
derivative. As time varies, a system may pass from stability to instability.

The concept of stability is most conveniently defasd in terms of the frequency charactemnc-—the Laplace
transform of the impulse response (derivative of step reapunse). If the frequency characteristic has poles in the
right hal{ plane, the systém is said to be unstable. The concept of relative stability for stahle syabc.ms can be
introduced in terins of the position of the poles in the left half plane.

A homing system is stuble with respect to its mies distance if the frequency characteristic defined by

F () = ﬂwe“" 8’ (s) dv

has no poles in the right half plane. For & finite time of fight ro/Vp, the associated fnite transform
(8) =’fvn e‘" a’ (%) d= - (C-I)

has no poles snywhere; but if it assumes very large values near any points in thc ngm half plane, for pract'cal
purposes the system may be said te be unstable,

If the coefliclents of tho ditferential cquation change slow!y enough, the frEquenny charactaristio of the
system bears approximately the same relation to the polynomial assceiated with the instantaneous values of the
coefficients of the diffiurential equation as the frequency ehnructeristic of a constant-coefficient system bears to
its associated polynumial, Thus with slowly changing coeffivients, e location of the seros of the asscelated poly-
nomial determines the instabillty or relative stability of the system.

However, it mutt be kept in mind that the preceding remarks apply only when the coeffcients are changing
slowly, I'ur proportioral-navigation systems the changes in cucefiicients cauerd by the elosing range aro quite large
toward the end of the flight. Coneequently, any interpretation of the pacitions of the sercs of the associated
polynomial must be viewed with question, if not disregarded.
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APPENDIX D. — GLOSSARY OF 5VMBOLS

Missile iiine constsy. . é;:ec).

Missile step response,

Target lateral acceleration (ft/sec?).
Navigation constant in missile-control equation.
Coefficients in optimum transfer function.
Constants v
Operator characterizing proportional-navigation system.
Drift term in control equation (rad/sec).
Nondimensional miss distance.

Minimum value of nondimensional miss E.
Transfer function, Laplace transform of a’(t).
Functions of time.

- Operator characterizing general homing equation. {

Nondimensionalizing variable.

Summation index.

Constant evaluated in determination of rms miss,

Constant in expression for miss caused by noise.

Constant in expression for miss caused by target motion.

Twice the average turning rate of the target.

Aireraft length,

Linear operator.

Nondimensional time.

Nondimensional target time lag, (t, — t,)/A.

Miss distance.

Miss caused by error in initial heading of missile.

Miss caused by radar noise.

Miss caused by target maneuver.

Miss caused by initin! "~teral acceleration of missile. ]

Miss caused by drift. 1

Minimum value of miss, |

Maximum value of My;x.

Twice the nondimensional turning rate of target.

Navigation constant times speed ratio, [ (b 4+ 1)V, cos 8,]/Vx.

Probability of miss less than fixed distance p.

Fixed miss distance (jeth-~?! r-Jins),

Operator symbol d/dt.

Polynomials.

Missile-to-ter- .1 ».ge.

Apperor voiuge of T E“BI\V 1368
fdoD elget

.1 .atl value of r.

i

Ly -

S o e

K. ¢e at which targ - turn begins. “
Targ: * wing span. l

Comple.. {requenc  variable, Laplace transform variable.

Time vaii.le.
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Tune at which target turn begins.

Thee at which target reaches full lateral acecleration.

Nondirn-ensionalized complex frequency varicble.

Missile veloeity (fps). |

Relative velocity (/ps).

Target velocity (fps).

Nondimenzionalize:! frequeney variable (usually a variable of integration).
Lateral movement of wissile position from refercnee line,

Lateral value of noise from reierence lin:,

Lateral movement of target position from refercace fine.

"Variable of integration.

Function of missile time lag and gain, Ath 4 i)—123,
Missile position referred to zero initial velosiir- reference.
Missile-to-target line-of-sight angle.

Apparent value of a.

- Transient value of z,.

Transient value of a.

Initial value of a- .
Apparent value of the angle between missile heading and line of sight.
Initial value of the angle between missile heading and line of sight.
Spectral density factor.

Nondimensional time variables (usually variables of integration).

Variable which approaches zero in limiting case of spectral density of
target motion.

Missile-velocity vector angle.
Initial value of 6.

Target-to-missile speed ratio.
Variable of integration.

RMS value of miss.

RMS value of miss caused by noise.
RMS value of miss caused by target motion,

Time variable (usually as variable of integration).

Time variables of integration.

Spectral density of radar noise xy (defined for —e¢ < 0 < ).
Spectral density of target motion xp (defined for ~o0 < o < %)
Target-velocity vector angle.
Initial value of ¢.

Transient value of g.

Spectral densiﬁ’ factor,
Frequeney variable (rad secr.
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