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A THEORETICAL ANALYSIS OF TEE EFFECT OF AILERON IEERTIA
AHD I"i]'.IIG--"ll MOMEET OF THE®R MAXIWUM ROLLIHG ACCELERATION
OW AIRPLANES IH ABRUPT AILEBOH ROLLS

By . J. Balley, Jr. and Willlam'J. O!'Sullivan
SUMMARY

Data on the rolling accelerations of airplares of
different types and slgzes in abrupt aileron rollse have
been obtalned and reported by the HACA 1in connection with
& nunber of maneuverablility and flying quallties investl-
gatlonse, Preliminary to an attempt to correlate these
data, an effort was mgde %0 eanalysze theoretlically the re-
latlon between the torque applled to the mlleron system
by the pllot, the resulting motion of the system, and the
subseguent rolling notion of the alrplene 1n an adbrupt
alleron roll, The anzlysis, which 1s presented heroin,
covers only the simplest possible casoe, 1in which a con-
stant increment of torgue 1s lastantly appllod by tho pl-
lot to a rigld control systom having n momont of 4inertla
that doos not vary, ard A kingo-momont coofflciont that
varlas dircetly, with alloron dofloction. Tho rcsults aro
prosontcd in tho form of a chart showlng tho fraction of
tho uaxinum rollling accolcratlon tihcoroticzlly rcttalnabdlo
with lnstantannoous allcron defloctlion that can asctually
bo roplizold with difforont comdinations of pilot's offort,
control inortlnm, and hingo-momont coofflciont.

Quantitntivo compnrison of tho tkhoorotlical rosults
with oxlstlng oxporimontal dnta, to dotorminoc Lhow closoly
tho simnlo caso assumod approximatos actual flight condl-
tions, 18 not possiblc. Esessontial informatlion as to tho
magnltudo of thc offoctlvc momont of inortia and tho hingec.-
momcnt cocfficlont of tho nlloron systoms of tho airplanocs
tcatod 1s not avnllablo. Qualitntivoly, tho thoorotical
Indlcations thnt the incronso of rolling accoloration is
roducod nnd ultimntoly limitcd by tho incroasoc of hingo
momecnt wlith alrspood sro in agrcoment with flight obsorvn-
tions on tho only anlrplano with which abrupt rolle woro
mndo ot hlgh epood.

INTRODUCTION

It 1s woll known that the rolling volocity necgquirod
by rn cirplano during dofloction of tho allerons roducos



the maximum rolling acceleration attalnable in an adbrupt
alleron roll to a value below that corresponding to the
rolling moment of the sllerons at gero rate of roll.

Aglde froxn the physlological and psychological clharacter-
1stlcs of the pllot, the factors governlng ths time re-
auired to deflect the allorons pre the friction ard iner-
tia of the alleron control system, and tho aorodynanic no-
nont that rcts or the allorons whcnovor thoey aro 1n tho
doflocted vositicn. The oxtont tc walch thoeo fretors, by
rltoring tho minirun timo roquirod to doflect tho con-
trols, contridbutec to iho rcéduction of tho naxlmnun rolliang
accolecratlon 1s difficult to doternino oxpoerinontally.
VYory ofton 1t 1s otscurod by other factors such as control
flexiblllity, wing floxidillty, and so forth, whlch also
roduco tho naxinun rolliag secoleration in tho cneo of an
pctuol alrploanoe. For a 2ypothotienl caso, howovor, 1in
which tho pllot n~pplloss n constent incromont of torquo,

ir cxcoss of coatrol friction, to n rigld convontionnl al-
loron systen, 1t 18 possible to oxpross theoretically, in
genaral forn, the relation betwoen the pilott!s torque,

the control inertla, the alleron hlage nomeant, and the
rollliag acceleratlon of the eirplane, The ecuations anrd
assunptions involved are presented in the Zollowing pages.

SYMECLS
I. moument of inertla of the allerons end thkeir control
sysien
S control deflection
t tine

QP torquoe, 1n oxcess of frietion, applied to the con-
trol systom by tkhe pllot

mass density of tho ailr

true airspeed ‘

<1 D©

Sa alleron area
c alleron chord

Cy eileron hinge-moment coefficlent at 8,4

!

!
!

I-
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rolling noment due to allerone
damplng moment dve +to rolling velocity

inertla moment &due to rolling acceleration

wixg area

wing spean

roliing-moment coefflclont of cilerons
rolling veloclty

1li{t coefflclent of ailrplane

angle of attack of nirplane
dCy,

a
pPSYD e

32

moment of lnertin of airplnne about the longitudinal
azls

1 - =

ANALYSIS

In an aileron roll the moments acting upon the alleron

control are

a%s
as?

(1)

1 3
- = pV 6, ¢ Oy
2 P 8 Smax




This equation impllies the following assumptlons: engular
and linear acceleration of the sirplane does not temnd to
deflect tke allerons; the hlnge-moment coecfflecient is di-
rectly proportional to &8 and 1s unaffected by rate of
roll; and I, 1is thae samc at all values of 8.

Let

5 = X (2)

then
a%s _ . d?x
dta - Ymax at?

Lleo, leot
EQP = @ (3)
£ p V7 5, cCq
Q
- LA (4)
c 8

viiero G and K aro constants, It 1s assumod that Qp

1s Ingtaatly anvllod snd romalns constant tLrougrout tho
defloctlon of tkc control.

Lftor substitution froum formulas (2), (3), and (4)
into formule (1), formula (1) bocomcs
a N L

a’x ¥ '
Fre i ¥ - 5 (5)

Tho soluslion of thls cquation 1s
x =G [1 -~ cos ( ! t\] (6)
G

Foraule (6) oxprossos tho rolationship botwoon control
dofloction, timec, and tho ratlos oxprossod by formulas

(3) and (4). 3By moans of this rolationship tho olomont

of timo can roplaco alloron dofloection i1n tko oguation of
noments acting about the longitwdinal axlis of the airplane
turing roll,
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Up to the -time-of maximum- rolling acceleration, the
equation of moments acting about the longltudlnal axls
during roll may be written wlth sufficlent accuracy as:

0 = Iy + Iy + Igy (7)
-dt
where
= L 3 :
Ly ==p 87 b0, (8)
and ac
1 L
L, ==--—9p ST b —= (9
D zz P P )
or
Ly ==~ Xp (10)
where
1 ac
o a _ L
K=33pP 87V 55
By definitlon,
ép dp
L === I -=
dt X 4t (11)
[
After substitution fron equations (8), (10), and
(11) into equation (7)
1 a dp
0O ==pSTV° b0y - Fp = Iy — (12)
P P 1 D x 1t

ILf it 1s assumed that C varies directly with control

deflectlon, then
s
where 018' is the alleron rolling~monent coefficlent
nax
at full alleron-control deflection, or where x = 1., Af-
ter subctitution for x from formula (6),

G-I'I - coa(/T )] (13)

C, =¢C
1 1
8 ngx




After substitution from fornula (13) into fornula (12) and
division by Iy;

Lpsvivo

1 -
0 = fu8x ¢ |1 - cos (J[E )| -

If tlhe allerons wore 1nstantancously deflected, then
the couatlion of nonsnts about ths loangltudinal asxls of tke
alrplanc would be

tO

where ?:dp is tre inertia mouent at zero rolling veloc—
at/, _

1ty wlth x = 1. Whken tle loments are replaced bty theilr

Tornuleas and tre resuliing eaquetion is solved for tie ac-—

coleration

%
(=) -

|5

dn '
(1)

—
»

-]
pSY b0y
uax

Ix

(15)

wlere (%%) is the rollizg acceloaration at zoro rolling
0
voloclsy with x = 1,
Whon for:awla (18) 1r substiiused into foriula (14)

and tan resulting exnression 1le eolved for the rolling ace
celeretlion

dp dp) [ ﬁ > 1 Kp
—_— = — G- - —  ————
at ~ \as/, [1 cos (/5 911, (26)

Tho solutioan of thle dlffercntlel oquatlior ives tuec for-
fuln for rolllng velocliy:
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- K ) ,
(B, = - ( "Lt

- 1'£z° 5 cos(/-g t) =7 - e (17)

x

Ix

Differontiation of equetion (17) gives

(tp a
ép \dt II " r e
- = = - cos —-t) = sin ( t)
& x Ix % JE
¥ G

(18)

This cnunt*on i1s tho oxproession of the rolliang sccelora-
tlon In toerms of tho pkhysical factors govorning it.

Tiffercntiation of equation (18) gives

. Go),

d —— fsin(/ t) +¥—cos(/—-g t)
at E;! + E_ . x
_E 1= (19)
Ix

2
At meximum rolling acceleration %;% = 0. Tho timo of

maxiaum rolling acceloration 1s then given by

‘ iy N NE L) K - ¥ &
0 =/— sin( —t) +:—-cos( —t) -9 * (=20)
G G I G Ix

Unfortunatoly, formula (20) cannot bdo solved explicitly




for t, By substltutlon of tho valueo of +t+t satlisfyling
formula (20} into formula (19), tho valuoc of tho maximum
rolling acccloration is fouad.

Toraulas (18) ard (29) may also bs oxprosscd in torms
of tho ailoron control positlon x, ZEBxprossod in this
manacr, formula (18) Toconos

"'_-E—_—_ (1_.._x_\+ K ./1...<1...1_c.>7‘i
at K + X G/ Iﬁ G
I,° 6 x/&
- ——E—— cos 1l - —>
Ix /2
+ 0 - G (21)

Tormule (20) eipressed in terms of x 1is

A /TEE D
) Ix/g cos™ (1~ 3)

- K 4 (22)

By Zormulas (18) a2ne (20) ths maximun rolllng accele
eration ig expresszd 1n terms of tine, %, and by fornu-
las (21) nnd (22) in terms of sileron-coatrol deflection
X, The iaflusnce 0 the soeveranl factors entering 1into
these foraiulas can Ye shown by expressing the maXimun

rollirg macceleration as a fractior of %% 3 the maxipun
o
thaoretically attalanble, For thls purpose the formules

far relling acceleration in terme of control deflectlon
have bcen chosen,

From formula (21) the rolling acceleration expressed
ne o fraoction of the meximnum theoratically attalnable 1s
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Ix /2 ¢
X
+ e ¢ (23)
Let
X
- - - 4‘
D=1-% (24)
B = __X (25)

Ix‘/—g

When tnoss substitutions are made in formula (23)

~E cos™1 D
at__ . ¢ [-D+E/1-Da+e ] (z6)
(_@3 =% 41
at/,

Lftor substlitution from formules (24) and (25) into fornmula
(22), ths condition for aaximun rolling ncceleration be-
comos

——— ~% cos™* D
c =% -D® +D .o (27)

=

Formula (27) ceonnot be ezpressed as nn explicit func-
tion of D or XE. Valuos satlisfyling thls equation have
boen detormlned and aro given as a greph in figuro 1,

Tho physlical significeonco of 2 1s found to bo

o5 v° 1 § b
gz P aq 3 =2 iz (28)

1, %p Sac Cm Iy % S5 ¢ O
Ic 8max Is 8max
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a constant, and may theroefore bo consldorod as s chnrac-
terigtlc of thc airnlone 1itself, Tor goomoetrically simi-
lar eirplcnos, on tho assumption that Iy nnd I, vary
wlith tho ‘'fifth powor of tho lineor dinonsions, tho factor
in pnronthesis, and bonco tko vrnluo of E, 1s indopcnd-
ont of alrplano sizo.

Tho physlcal slgnificanco of D 1s

x (4 p T° 85, ¢ C3)

D= -
* Op

Fronm this oxprcsslon it is scon that D 1s the torgquc ap—
plicd by ke pllot in oxcoss 5f that requirecd %o ovecrcomo
the opposing nlileroa kinge nouont,

Tho plhiyslcol significanco of G 18
U
2 pvV° S, c Cx

n—
T

Prom thle oxprossion 1t %s seen that G 1s the ratlio of

the torgue appllied by the =llot to the torague requlred to
egintaln {11l allerorn deflectilon at zero rate of roll, or
the ratio of the pllot's effort to the alrplane stifiness,

Tace preceding equatlons do not lend themselves to an
easy visuallization of the factors influencling *the maxi-
. mua rolliag acceleration of aa alrnlane, 3By a graphic
representation of tne =maxirum rolling acceleraitlon as a
function of the governlnz factore, the influence of the
severel ifactors 1s n1ore easlily seen and certailn important
rosults are brought out.

As shown above, E may be considorod as a character-—
1stic of the airplance 1tself which varles only with eltl-
tudes, A value of E nray be choson to ropresont an air-
plano. 3y forwmula (27) or by figuro 1, tho value of D
for naxinun rolling acceloration may boe found.

It 158 to be noticcd tkat 1In tihoe dorivetlioan of tho
proceding foroulas no account has booen nrade of tho allcron
control Dboing linltod in its dofloction, In an actual
glrplarc tho alloron control cannot movo boyond tho posl-
tion of full dofloction, or whoro x = 1, BExanination of
formula (26) showse thet tho maxinuxn rolling accoleration
is diroctly proportional to G. Tormula (24) givos
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G = x
l1 ~0D

This oxprossion shows X to bo diroctly proportisenal to
¢ &and, thcroforo, tke maximum rolling acceleratien i1s diw
rectly.proporticnal to x, From this fact 1t 1s concluded
that maxinum rolling acceleration occurs when the control

deflectlon 1ls a maximum,

Because x 1a limited to a maximum value of 1, the
maximuan rolling acceleration atteined by en alrplane will
be divided intps two types: that for which the torgue ap=-
plied by the pllot 48 insufficient to attaln full alleron-
coatrol deflection, ard that for which the torque applled
by the pllot 18 more than suflficlent to nttaln full
nalleron~control deflection. The boundary betweon theso
two conditions is fourd by letting x =1, and with the
value of D for maxinmum rolling acceleratlion detormined
fron formula (27) or by figure 1, tho value of G is
found by formula (24). After substitutior of these vanlues
of E, D, and & 4in formula (26), tho maximum rolling
acccloration is found for the conditlon whon the torcue
Appliol by tho pllot is Just sufflciont to attaln full
control {oflection, Tho uraximum rolllinzg ncceleratlons
foun? 12 this way for alrplnnes of varlous valuos of E
are plottod as tho bdrokon lino in flguro 2. This curve
shows tant full control dofloctlon may bo esttalnod without
tho pilot rpplyling sufficlont torquo to manintaln full cone
trol doxXlectisn. Thls vroporty; hrns boon found to bo duo
to tho luacertila of the nilcroans rnd thelr control eBystenm
by deriviag formulas slailar o formulas (26) and (27)
bagsol or tho agsunption that the ailcrons anl thoir cone-

trols heove no inortin.

Whon tho veluo of G, or tho torque appllod by tho
pilot, is loss than that shown by tho drokon line in flig-
uro 2, tho maximum nileron-control dofloction nttained 1s
less than 1, nnd therefore the liniting condition that. =
cannot exceed 1 does not erter the problen. TFor an alr-
plane renresented by a value of I, the value of D for-
nnxinum rolling nccelerntion is found by formula (27) or
figure 1, Substitution of the values of D and B into
formula (26) then shows that the naximun rolling ncceler-
ation 1s directly proportionnl to @G, or the torque ap=-
pllied by the pllot. 1In figure 2, vetween the veolue of
G = 0 and the value of G required for full control de-
flection to be attaineld, rs given by the broken line,
tkho curve of aaxinun rolling anccelerntion rnganinst G for
any givon valuo of E 1is n streight line, That reglon
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to the left of the broken lins in figuro 2 therefore shows
tho variation of the naxinunm rolling acceloration attalned
by an airplane in an abrupt allcron roll with variation of
tho negnitudo of tho constant torque applled by the pllot
to tho control vhen the torqne appllod by tho pllot 18 1ln-
gufficlent to attaln full control dofloaction.

Whon tho torque applied dy tho pilot 1s in excess of
that reguired to reach full control deflsection, the limit—
ing conditlon thet x cannot exceed 1 pust be considered,
As shown above, when tae value of D for raximnum rolling
ecceleration of an airplane having a given value of E is
substituted into formula (26), the maxlmum rolling acceler-
ation is directly proportional to the control deflection
attalnecd. Thorefore, whon tha torque applied by the pilot
1a greator than that required to reach full control de-
flection and the control 1s stopped at x =1, tho maxi-
mum rolling acceloration occurs at tho instant tho control
defloction roechos the value x = 1, For this condition,
tko maximum rolling acceloration of an alrplane of a givon
valuo of E 1is found by substituting tho valuo of D
found fron forumula (24) whon =x = 1 in%o formula (26).
Tho marxinum rolllng accoelcration may thon bo found for any
valvo of G groetor than that roquiirod to attaln a con-
trol doflcction of x =1, 1In flguro 2, to the right of
tho broken lino 1s plottod tho variation of tho maximum
rolling accolcration with G, +the torquo applicd by tho
pilot, for scvoral alrplanos roprosontod by varlous valuos
of Z, .

Basod on tho curvos of figuro 2 and formulas (26), (27),
and (28), tho following obsorvations may bc mesdc conccra-
ing tho maximus rolling acccloratlions of alrplanos.

(1) Tho meximum rolling accoloration of an ailrplano
1s dependent upon the characteristics of the alrplane 1lt-
self expressed by I, As discussed above, lmmedlately
following formula (28) the value of E for any given air-

plane varies only with altitude or as p%. Therefore, for
a8 £lven alrplane the value of B will become smaller the
greater the altitude and, consequently, as shown by flgure

@)

2y the naxinum rolling accecleration expressed as ——CSax

(92
dt /,
wlll become greater for any given value of G. Whether or

not dp). becones greater at altltude depends uﬁon how
dt/ max '
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d .
(i%) varles with altitude for the particular airplane.
o
d
Since’ (ﬁ%) “isg given by - - -
0

(dp -3 p 8y 7210,
.- at/y Iz

1t 18 seon that (%—E—) remalins constant for anll altitudes
Yo

1f the 1lndicetod airspeced at 211l altitudes is the same.
For an alrplane flying at 2 given indicated airspeed,

(EE wlll 1ncresse with incrcase in altitude.
dt/ nax

(2) Geomotrically similar nirplances differing only
In absolute sizo should rave approzimatoly tho scmne value
of E,

(3) Further oxaminntion of figuro 2 shows that for
en alrplane flying at A ivea altitudo ~And a givon vcloc-
it7, thoro is o praocticrl linlt to tho maxinum rolling cc-
coloration which tho pllot may attaln by incroacsing theo
torcuo hc appllies to the elileron control. For exanple,
coanlder the alrplane whose value of E 1s 1. If the pi-
lot increases the %orgquo applied in deflectinz the alleron
control, the moxlmum snsular acceleration whichk the alr-
plene attealns increases up to a value of G of about 3.
Be;rond thls valuo, Furthor incroaseo in G does not pro-
duce much 1lncreess in thoe maximum rolllng acceleration,

The effect of airspocd on mazimum rolling accolora-
tlon 1ig ossily deduced from figure 2, As an 1llustration,
assumo an alrplane in which tho rolling-moment coefficient
of the allerons 1s capable of froducing a rolling accelerw
atlon of 10 randlans por second®at 200 milos por hour for
Instentaneous control doflectlion, Assume that 300 miles
per hour 1s the maximum speed at which the pllot would be
able to hold the control fully deflected nt zero rate of
roll, Tor a given alrplane and a given altitude B 18
constant and for a given pllot's effort G varles inverse-

ly end (g—f) dlrectly with Ta. The resulting variatlcen
o

of E% wvlth V¥V obtained from figure 2 1is shown graphic-

elly 1n flzure 3 for two values of the parameter &E.

Langley liemorial Aeronauticai Laboratory,
Watlonael Advisory Committee for Aeromauntlcs,
Langley Field, Va,
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= (8p/dt)gax

Maximum rolling acceleration
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[
[
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@Figure 2.~ The maximum rolling acceleration as a function of the pilots effort and the
characteristic of the airplane,E.
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