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CRAFT ESTABLICHMENT, FARNBO!

Jerofoil theory of a flat Delta wing at
supersonic speeds

- by =

A- RObil’lBOn, u.sc., L.F.R.Aeoso
Sumary

/ Lift, drag, and pressure distribution of a triangular flat plate
moving at a small incidence at supersonic speeds are given for
arbitrary Mach number and aspect ratfo.] The values obtained for
1iff and drag are. compered with the corresponding values obtained by
strip theory.!7 The possibility of further applications of the
analysis leceding up to thc above results is indicated,!(
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1 General discussion
1.1 Introductich

‘The pressure distribution on a flat Delta wing (i.e, an
isosceles tria ar flat plate having its spex pointed against
the direction of flow) belongs to one of two erent types according
to whether the apex semi-engle of the triangle is (1) greater, or
(i4) smaller than the given Mach angle, The difference between the
two types of flow expreases itself not only in the final reosult but
2ls0 in the fact that different methods are best suited for their
analytical treatment,

- The prossurt. distribution on o flat Delta wing whosc apex
semi-angle is larger thon the given Mach-angle (Casc (1)) was first
calculated by Ward (ref,.3), It was later obtained as a corollery
to some work by the present author (ref.2). The total 1lift and
drag of the cerofoil in that case are also given in ref,2,

The solutlon of the corresponding problem for a flat Delta
wing whose apex semi-angle is smaller than the given Mach -angle
(Case (i1)) has now been obtained by a method which is a counter
part of the treatment of Laplace's equation by systems of orthogonal
co=ordinates. Results obtained for this case will be given together
with the corresponding results for Case (i) which are-taken from the
above-mentioned papers. These results - without the' analysis leading
up to them = have already been issued in a preliminary note (ref.1).

1.2 Notation
‘ P = cir density i
V = free stream velocity
M = Mach rumber
4 = Mach o..ngle
§°U" wirPhch irea’ oF DYLW iRE
b ~ span
¢ = maximum chord
A <= oaspeet ratio
¥ «~ apex semi-anglc < e

x = chordwise co-ordinate (measured from the apex uga:inst the
direction of flow)

y = spanwise co-ordinate (measured from the centre line)
@ « dincidence (in rndians)

Bp - pressurc difference between top and bottom surfaccs of the
acrofoil

{(y) =~ -spanwisc loading
C;, = 1lift cocfficient, based on surface arca
CDi = induced drag coefficient based on surfacc area

A = coty, tan¥
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1.5 [Results

The pressure diffcrence between top and bottom surfaces is given

2 1
(1, 1) YO i : »

/ P 2
cot2u cot“Y Ih ceso .

when lecot‘r < Iy] cot u, i.c. outside the Mach cone of the apex, (i)o
‘ i.e.

2

= when
£ Kp - h—PVza Yo !xl/ g9t2‘£- 99321 ) ; Y >u
] jn’cotzu - cot’Y vV x2 cot?Y - y2 cot“u

when |x| cot ¥ >yl cotu, di.c. inside the Mach cone of the apex,

and by

2 pV2q tan?y
(1’ u) Kp - .
E'(cot utany) tan2yY -

in case (ii), 1.6, whenY < u ,

In these formuloe ¢ dcnotes the air density, V the freo strecam
velocity, «the incidence of the Dolta wing in radisns, and Y its
apex scmi-anglo; 4 is the Mach angle, cot u=../i2 ~ 1 where M is the
Mach number, and E' is the elliptic integral dofined by ]

'K
E'(m) = f2/1 -1 ~m®) sin® 44, Tho chordwiso co-ordinato x is .
o
measured from the apex aguinst the direction of flow, and the
spanwise co-ordinate y is measured from the centre-linc of the .
aerofoll.

(The abovc formulao are still valid if the trailing edge of the
aorofoil is deformed in any way such that the Mach cona2s issuing
from tho treiling cdgo do not includec any portion of the aerofoil.)

ILet ¢ be the maximum chord of the triangular scrofoil-and b
its span so that the surfacc area is given by S = fbc, and tho
aspect ratio by A = %‘ . _il’. = 4 tanY, Then tho spamwiso 1ift
distribution £(y) is given by ;

2p V% (c = lylcot 1)

JeotH = cot“Y

(2, 1) «3) = when c cot Y < Ijr.IcOt u

e(y) = 2PV2‘1 [(c +ycotY) tan'1j°°t" =cotfY ¢ =y coty)in

J cotzu - coth GO#M + cotY c + y cotYf 1)

+(c =y cotY) tan~1 /cotl ~ cotY ety cotY
cotH + cotY - ¢ = y cotY

vhen c cot Y > Iyl cot u

and by , : 5
2pV2a ;
(2, 11) ¢(y) = . ,/cE tany - yE in casc (ii)
: E'(cotY . tanY) i

The 1lift coefficient based 23 usual on surfacc area is given by

-3 (==
»
i e "W‘
< e . . T
s e T e e 4
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(3, 1) C = Latan U in Caso (1), and by

2mtan ¥

in Cese (i1) .
E'(cot u, t’an‘\‘) .

Cr, =

Tho retio of this cocfficient and of tho lift coefficient
predicted by twe-dimensional ("strip") theory is shown in Fig.1,
It depends only on the perameter A= cot M, tan¥, Fig.2 gives Cj
for various apex angles (or aspect ratios) plotted ageinst Mach
number, -as mentioned in ref,2 Cp, is equal to its valuo by atr:l.p-
theory if ¥ > u(Case (1)),

e

A simple dimensionnl argument shows that centro of pressure ]
coincides with tho centroid of the wing (xg = ~ T Yo = 0, see

Appendix V).

It will be seen from formula (1.i) that in Case (i), the
pressure remains finite at the leading cdge, and wo mny therefore
assume that tho resultant serodynamic force is normal to the plato. 1
This implies that tho drag associated with the 1ift oquals the
product of 1lift and incidenco (in radians). To avoid some of the
confusion which has arisen in this comnection we shall agree to call
the whode of this drag "induced drag", The corresponding coefficient
Op; will again be basod on surface area, In Case (i1i), formula

(1 » 11) showa that at least cccording to linear theory, there will be
infinite suction at tho leading edgo, as in subsonic flow, and of tho
same order of infinity. This indicates the presenco of a
longitudinal "suction force" which tends to reduce tho induced drag.
As a result, the inducod drug no longer equals tho product of lift
and incidence,

Ls formulao (2, i) and (2, 11) ahow, the spanwisc 1ift
distribution is of clliptic shape as long as Y < i, i.e., in Case (ii)
but not in Caso (i), The value of Cpy for a given elliptic lift

dizzstribution under low speed con(’.ition.s is known to be
o2 :
= 80 that the value of + measures the deviation of the high

speed regime from ‘the low apc reg:lme at least forY < u. This
ratio which agein depends only on tho parameter A= cot # tan Y is
plotted against A in Fig.3, and for va.r:l.ous apex angles or aspoct
ratios against Mach nwnber in Fig.k.

Analytically
(4, 1) —2}— = Tcot i tan¥ in Case (i), and
AAL .
(4, i1) _2_%1 = ‘ZE'(cot u tanY) - tan ¥V cot2y - cot2u in Case (41)
: Cy, -/

For a given spanwise 1ift diatribution, tho trailing vortex field
in regions far behind the aerofoil is the same in supersonic as in
subsonic flow (compare ref.7). Accordingly we may subdivido the
induced drag into vortex drag, which is associated with thc trailing
vortex ficld and is thc same for supersonic as for subsonic flow,
and induced wave drag, which is peculiar to -supersonic flow. The
corresponding "vortex drag coefficient" for a Dolta wing equals

CLa/M for ¥ < #t. For Y > p this coefficient increascs, for o given
1ift cocfficient, as tine spanwisc 1ift distribution curve deviantes

- l+ -
y—— - ¢ o m
b PR “ A -3 *vf&:’""‘ z:‘w.ﬂ'i-‘ d—y T
A ).,‘Er'“’ 4.-}"‘ . 3
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from the elliptic s « Inspection of Fig.3, then shows that even
when Y < 4 (Case (11)) there still is an induced wave drag in

addition to the vortex drag. Thus whilo this case shows some

affinity with subsonic conditions, the flow is still not truly subsonic.
Howevor, as shown by formulae (3, an:l (4, 11), as the aspect ratio

tends to 0, Cp, + L& a,whileODi.-v;ﬁ-,bothofwhichmthevalws f

glven by low speed theo This is in agreement with an argument
due to R.T. Jones (ref.8 “which tends to show that for pointed wings .
of infinitoly small aspect rotio 1ift and drag are given by the above

formulaec in supersonic as in subsonic flow, and scrves as o oheck on the
results obtained here. :

2 Analysis
2.1 Pseudo-orthogonal co-ordinates

Let xq, x5, X3 end ¥y Y20 ¥ be two sets of variablos
interconnected by the rclations

(1) xy =1Ly (y19 Y2, Y3) y JI=1,2,3 .
.ydngJ (119 Xoy 13) s J=1,2,3 .
The transformation is supposod to be non- singular in a gi.yen

ag 3
regian,|5§f| *O'I;‘il + 0.

Wo ha.ve 1 1

3 af .
(2) a'x" =ki1 ﬁi‘ dyk » J = 1’ 2, 3 2 &
Hence

() ax,? - ax,? 2 ax,? = by? Ay, 2 = ny? ay,2 = hy2 ay52
+ 2h12 dy,4 dy, + 2‘13 dy1 533 + 2123 QYZ dy}

) () ( 52 <5;3>
=-<“*> <ay2> (2
st == () +(22) +(38)

and v
iﬁ/ﬂ- )( (Z 3k =1,2,3, 3+ k.
ay 2y oy, \oy, :
Now assume that the functions hg vanish identically. In that
case b .
. S Bias BN N :
(5) ax,? - ax,? = ax;2 = by? dyy® = 0 ay,% - hs® ays?
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I 2, Xpy X3, Ore rectangular cartesicn co-ordinates in three
dimensional space, and another set of co-ordinates yq, yo, ¥3 is
given, such thet the functidns hgye vanish identicelly, then-y1, y2, ¥3 k<
w111 be said to be pseudo-orthogcnal co-ordinctes in the given space. H
As o simple exnmple of o system of curvilinear puudo-orthogoml
co-ordinates, we moy mention the pseudo-orthogonal counterpart of
the familinr spherical co-ordinates, .It is given by .

x4 = yy cosh y53, Xy =y 8inh yp 08 y3, X3 =y sinh y; sin ¥3

Ve shall require an expression for the aifferential peraneter
2 2 2
G a¢ 99
vhere ¢ is an o.rb:l.tm'y scolar function, It is shown in Appendix I
that ¥ : y

(6)

in terms of genheral pseudo-orthogonal co-ordinstes,

‘with r a8 parameter,

82¢ ';-3295 -3255 i l: ( > g <h1h ) ] .
a2 ax?  ox,? hqhghs 2y, v,/ o\ hy ayz ay3< oys/| |

2.2 'Hyperboloido-conal co-ordinztes I

The solution of problems connected with triangular aérofoils
noving at supersonic speeds can be effected by the introduction of a
specinl system of pseudo-orthogonal co-ordinates, Writing x', y', =
end v, H, V for x4, Xp, X3y and yq, Yo, ¥3, respectively, the
ooxmcction between the- roctangular cartes co-ordinates x', y', =!
and the special system to be introduced, r,# ,v , will be given by

(7) x|=r$' y'=r~/“2-h2 Jvz..h2; ju2_k2;lk2

— z! -7
hv k% - he kVk2 « h?

where k and h are positive constants, k > h, Tke intervals of
variation cf r, 1, v will be taken as :

vEr<o , kapuceo , hecvck

Eliminating # and v from (7) we obtain a family of surfaces

(8) xt2_yt2_zl2=,r2

Similarly, eliminating r andv, and r and #, respectively, we
obtain two more familiecs of surfaces,

2 2 2
1 ' t
(9) R g =0
T
and
2 ] 2
] 1] ]
(10) P RS =0
11_2— v2 - h2 k2 -v2

(8) represcnts a family of hyperboloids of two sheets while (9)
and (10) are families of cones, This Justifics the name "hyperbtoloido-
conal co~ordinates® for the system under considerntion. They ars the
pseudo~orthogonnl counterpart of the system of orthogonal co-~ordinates
known as "sphero-conal co-ordinates" (ref.l).




Report No, Aero,2151

Equation (7) shows that for the specified interval of variation,
the co-ordinates r, u,v can onlg represent points inside the positive
half of the cone x'2 = y'2 = 3¢ = 0 (i.e. x' > 0, x*2 = y*Z = 3125 0),
By sclving (7) for r, u,y it is found that tc every point satisfying
x' >0, x*2 = y12 = 312'3 0 there corresponds exactly one triplet
r, i, v inside the domain of variation of these variables. On the £
other hand, to each triplet r, u#, v there correspond four points
x', y', ', according to the determination of the square rocts in (7).
The ambiguity can be avoided by writing u and v as c¢lliptic functions s
of new variables, but this procedure will not be required in the
present report.

Fgr B~>o00, cones of the family (9) tend tc approximate the |
cone - ¥'2 = 3'¢ = 0, while for 43k they tend to become equal |
tc the (twg—sided) angular region in the x!', y' planc given by

_x_:'!_ - : > 0, On the cther hand, the cones of (10) approximate
k kK =h

2 2
the complementary angular region in the x', y' plane LL-1¥'_2<0>
; k kc = h
as V—)k, and the y-axis (x' =0, 2* = 0) asv—3h, Thus, the
intersecticns of the u-oones.!ith tge plane x* = 1 are ellipses,
varying bct'geen the circle y'€ + 2'< = 1 and the slit ' =0,
y'2<-1 -ﬁz . The intersections of the v -=cones with the same plane
X :
are hyperbolae (Fig.7).

We shall now calculate the quantities h1 » by h5, h1 29 h1 30 h25
defined in para.2.1 above, We have

= ==

(11) :
ix—'- nﬂ gl'- = r-u— -aL'.s -u—
or hk du hk By hk

' : [ 2,2
ay' njllz-hz Jv2p? a3y u v2n? 3y . _v u“=h

ar Wy i nk2n2 9 % wen? Jvin?

a—’.'.:“‘z-kz"kz-v g“—:r—-‘-‘-f,:n@ E-’='--'!‘. L4 c\jw..-.;_
or Kkik2ah2 cu kik2n2 P2 v hZh? Py
Hence
|
&
(12)/ '
Oy 19
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oy <-°=-> <a*->
wt -5 (&) &Y - 7—_-,‘;7,7—’7
=3 '\a> (B -y
L e (B E-EE-EE) -
GG REIOEIER
()(a) CAICORC O

The last three equations show that the system of co-ordinates r, L, V
is in fact pseudo-orthogoral, as aoserted,

Let & be an arbitrary scalar function. Then, by (6),

afs, a._’w,z_ 5 J0PaR) 622020 |

. x! [ az| r2 (uz_vz) .
2 r2 (u?-y?) 6\ - 2 [ |30 (%x?) o9
[ar< PENCYERCIY N r> 3"((11 TN

V1202) o 2-n?) (1 24%) (k2w 2) 2

v (u2-h2)(u2-k2) v

or
(43)
2% _2% _2% .

5 [(u?--v?-) ) 2 (Juraduman) )

- Jo 202 (2w ?) %(W) %)] o

A soalar function ¢ which satisfies the equation

(14) 9.29_--.3_&_ .23 _=o0

axt2 ayt? ‘agre

- will be called a hyperbolic potential function (or, altermatively, a
psevdo-harmonic). Equation (14) is equivalent to - -




P
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(15)
(P & (5 28) - JoPa) ) 2 (Juzar o2y 2)
- Jo2ndaie?) 2 (J(v 212) (k202) %) o

in hyperboloido~conal co-ordirates,

2.5 [The triangular acrofoil

Conaider a trio.ngular' aerofoil of s'pan b and maximum chord
length ¢ in a uniform supersonic airstream (Fig.5). The linearised
equation of stationary supersonic flow is (e.g. ref.7)

i 0
(16) nza—?-—b_ﬁ—-a—zp:o ’

ax° ay2 2

where n? = M2 - 1, M = & , K being the kiach number, V the free stream
velocity, and a the velocity of sound; x is the longitudinal
co-ordinate, measured from the apex of the aerofoll against the
direction of flow, y the lateral co-ordinate, positive to etarboard
and negative to port, and z the vertical co-ordinate, positive
dovnward. & 1s the induced velocity potential so that the three
velocity components are gilven by

3 8 b
3x ' 3y ’ an 1 respectively.

In accordance with the conventions of linearised theory, the
incidence of the atrcam=lines at the acrofoil is estimated at the
vertical projection of the aerofoil into the x, y plane, thus

() S OW

where 8 is the slope of the¢ acrofoll at the point in question, on the
upper or lower surfauce, as thec case may be,

% must be continuous everywhere except possibly across the wake of the
aerofoil. In the present annlysis we assume that the acrofoil is
completely inside the lMach cone 1issuing from the apex, so that &
must be e constant, and may be assumed to vanish, outside the cone.

In particular, this yields the condition
(18) ® »nO0 for 2 - 2(y2 + ?.2) =0

The assumption that the aerofoil is inside the Mach cone issuing
from the apex means, in symbols,

e
(19) n=cotu<r=cot‘r

vhere Y is the.npex semi~angle of the aerofoil, and’ u# is thoe Mach
angle. k

The longitudinal component pf induced velocity is g'?-c » hence,
by the linearised Bernoulli equation,

23
(20) Sk VRS

&
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whexre p is the pressure ot the point in question, p.,the free stream

pressure, and p the air density, The excess pressure Lp is therefore f
given by’ :

(21) i Bp = -pv'% .

2,4 Tronsformetion into hyperboloido-conal -co-ordinates

Put x ==nx', y =y', 2z = 2*, Express equation (10) in
terms of x', y', 2z', we then obtain equation (14)., The span of the
triengle remains unaltercd in the transformation, whiie thg cgord'
is magnificd in the ratio of 1 : n, The iiach cone -n®(y¢ +22) -0
is transformed into x'2 = y'2 = 22 = O,

Next, transform into hyperboloido-conal co-ordinates, as by (7),
with k = cot ¥, h =V cot¥ - cot2u., For these constants, the
leading edges of the acrofoil determine the ar region in the

x', y' plans to which the cones of the family (9) approximate as
#~rk. The triangle itsclf becomes part of that region,

In order to express the derivatives g; and 2L of an arbitrary

function £ in terms of hyperboloido-conal oo-ordimzltes , we firat have

to calculate the derivatives of r, 4, v with respact to x' and z' in
terms of r, 4, and v, The calculation of these quantities is simpli-
fied by the fact thot we are dealing with psecudo~orthogonal co-ordinates
(see Appendix II). Using equations (11) and (12) we find

(22) & . BY e e v(n®) (P |
s ox! hier (#2?) i
o ) PR
: ax' hkr (u%e1?) |
o _ it NP au | p(Pa?) NP JiP? i
28 kVk2n? . % x V22 r(12w?) |
: 1
- PP "(02-7!%‘\/ 12ek? V k2w? .
B kv k&h2 r(12w2) |
Henece ) ‘
(23) 28 ozt [, 28 Sv(P®)(Pad) e pEPn®)aPw?) | ae
% mk |“Y3r r (12v2) o r (2w?)
and

B i . e

(24) 28 Pl Vi [-?_1';+""2-h2 3 T ) if;]
on Va2 o r(Ae?) F rw?) ¥

kV k“=h
If the induced velocity potential is given as a function of
r, #, and v, then thc excess pressure at any point will be found
from (21) and (23)., Also, the corresponding shapc'of the acrofoil
will be found from (17) and (24). It is to be noted that the
differentintion, as by (24), has to preccde the passage to the limit
#->k. The induced velocity potcntial, apart from being continuous except

possibly acroas the wake -of the acrofdil nle=o hus to satiasfy equation (15),

=10 -
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In order to ensure that -0 as u—>o for a.ny given r and v,
utomﬂmdbycont:l.nuity,nebnvatotakeu Hence

28 - at T
- . g(u)_' cj: (+2%2) J/ (£2-n2) (+242)

an
() &=

c er 2 \/_—— f at
k\[_-:h U tz_kz)‘/(tz_hz)(tz_kz)

/ 24,2
At the aerofoil (i.e, for # = k) we have, x' = , y' = _r__i_-_h_

xt2 . y12 2 r2, and 80 r»/kz 2 =.~/x'2(k2-h2) - y'%2, Also, by
partial integration

S )

’ () (D) (D))
n ./nz_kz{[ 1 > ["_«_1_ 1 at
T Mk JZ2 . ik o ® (t ﬁm)w
lim Jita? -

k . -
V22 | ufiPp? 2
Hence, at the aerofoil (but not elsewhere in the x, y plane)

j on? 2 K2
. $=C nzr
(30) EorD)

The value of the constant C can be detem:l.hed by means of
~ equation (25). We have, using (2,)

B -2 (2()) = 8(u) + 2 8

Ju -k2 h2- 2 u(uz-hz) NERIEn %

2 r(w??)  klk 252 au

= g(¥) +

_c[ro at o u ERw? u2h2:’
b (2a?) [P () KA0ERD) TP T P

1]

e ]°° tat / ~h +u/u2-k2\/u
e (12a2) (2nd) (12a?) K0P | 2R (k) (PP
As u tends to k, Ez—z—z—z—rw Yu2eh?  tonds to 0, so that 2. 15 in fact
k“(k%=h) (ue-v <)

independent of v and r at the aerofoil, as required. Also, as before,
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The total 1ift L gn the scrofoil is gbtained by integrating 2(y)
along ths span, fron-T--c tunYto.z.co tan Y,

(34) e BN WY
2'(cot ¢ . tan¥)

The 1ift cocfficient Cp, bused on surface area, is given by
Cp = L 5 8 =c%tan?, or
1 pv3s
(35) C = 2 ®atan Y
E'(cot u, tan¥)

The longitudinal component of the pressure integral is given by

236) : D, & La = = pv%ube?ton®r
‘. E'(cot . tanY) -

However, the induced érug Dy (defined s the total drag associated
with the 1ift, parc.1.3) will not™in general be equal to Dp but will
be rather smaller than that quantity. In fnet, by Equations (31) and
(32), the longitudinal component of induced velocity, and hence the
pressure differcnce, both tend to infinity ot the leading edge. As
in subsonic .flow, (comparc ref.5), this indicates the prescnce of a
suction force whose longitudinal component Dg acts in o direction
oppositc to that of the longitudinal eomponent of the pressure
integrel, D,,. 1t follows from the nature.of this force that the
contribution to it of any particular element of the lcading edge
depends only on the local conditions '(e.g. the locel trend to infinity

of 32) and not on conditions olsewhero in the field.

Let A€ be an element of the leading edge of the ncrofoil, and
assume d¢ to be yawed at an angle B, (Fig.6). Let x4, yo be the
co-ordinates of th¢ nidpoint of d¢ , and dy the length of its
lateral projection, Assume that on approaching d< longlitudinally
against the direction of flow, gg 4s given by

8

+ eveeessss (finite terms)

- ’

2 ,._C
ax [xo =~ x
on the upper surface, It is then shown in Appendix IV that the

longitudinal component d Dg of the suction force contributed by dé
equals

(37) aDg = % p\/tanzﬂ - ooty Ay

where p is the Mach angle, as-before. The totzl suction force is then
obtained by intcgrating d Dg across thc span of the acrofoil, For the

Delto Td.ng,E: Va Jyan . G::("n "?)‘

Y2 5'(cot 4. tin¥) 2 y
Hence e R R
(38) Dg <X &V2a202 tandyY \/coth - ootzy

2 [E'(cotu. tany) ]°

and

P
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(39) by ='DP-DS=KPV%1°tm Y_“PvzactanYJcot Y - cotu

E'(cot# ., tanY) 2 [E'(cot u. tan¥) ]2

Let Cp; bg the induced drag coefficient based on surface area,
Then

Dy “OD_-L e TPV
2

(40) cDi" X atanY

[E* (cotnu .

tany) ) ©

and, obscrving that the aspect ratio A equals 4 tean Y ,

%))
(11) _2_1_ = 2 E'(coty . tany) - tarifoot? - cotu .

Ry

This completes the justification of the data given in para.1,3 in
relation to Delta wings whose apex semi-angle is smaller than the

given Mach angle,
No. Author
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Appendix I

The seoond differentinl parameter in a
' pseudo~orthogonal system. ’

In this appendix we shall use the notation of the tensor
otlgoulus, mclud:l.ng Einstein's convention, nccordingly, wc have

toru?lac » Xp» X3 and ¥, ¥p, ¥5 88 used in para.2. 1y at, 22, o,
ye, y3 respectively

Let 84y be the fundamental covardant tensor of the quedratic
differential form (dx')? - (ax2)2 - (ax5)2, i.e.

1.¢0
8] = [o-g o] ) 80 that g = |g, | =1 .
-1

If the xJ are rectangular cartesian co-ordinates, and the yJ
form a pscudo-orthozounal system, then by .(5), the above tensor is
given by

hy2 0, o |
[Ew]= o - 02 » T = [g,] =h2n2n2 ,
o ~hs

in the yj co=ordinates,

The corresponding contravariant tensors are

S 1/,‘_12 0 0
[e¥] = |:o -c1> _C1>:l end [Ev] - g ‘1/1:22 0

The expression A .?: Qg giv i) is called the second

V8 .
differential paramectcr wof the (arbitrary) scalar functions ¢, This
expression is known to be an absolute scalar, i.e.

2 (v Y 1 3 V= 28
—_— = s Vg 5
Vg o <8giv5?> Vg oyt ?5;‘7

In the perticular case here undser consideration, this equation
becomes

2% _ 2% _ 2%
(3x')?  (3x%)2 (2x7)2

[ ( .2 (Mbs ae _ 3 (Mb2
h1h2h} ay hy ay1 ayz h2 ayz 9y3 h}

which is equivalent to equation (6).

=)
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kppendix II
Calculation of some partial derivatives.

———

Using the notation of pern.2.1 W require expressions for
]
;ﬂ, J=1,2, 3 k=1 2, 3, in torms of ¥y Yoo V3 - We have
X

ax, = on AW
3 k=1 ¥ k

) 4
wheye & -._1. golving for dyy »
X k

443

3

=i
. where [l‘kd] is the inverse matrigg;f [a;)k] ’ [Aka] = [a.#] . On
. the other hand, evidently ‘."kj = e
813
Now let the x4 De rectangular cortesian co-ordinates, and the ¥3

any system of pseudo-orthogoxml co=ordinates. Using the rolations of -
paeudo-orthogon&lity we £ind, by direct (matrix) multiplication that

of af, ae. ) [ey 2fq 2 -
e 12 - _.é/h12 - —-17/}112 '| 405 T e & e B 4+ 0 0—1
3y, oy, 8y, Ay ayo ays .

of ot af af af af
——J/Mf —iyh;! gikhf! —2 — -—3\=\0 1 0‘
2

i
.

9yz ay2 3y, 9oy2 273 |
of of of af of af

- _1/};32 ._2./1-.32 -—2/1132 | ek 08y =3 o o0 14 .
8375 9ys3 By3 —‘ !_ay1 3y, Bya_: ) N

The second of the above matrices is identical with [adk'] 80
that the first must be ["k 3] . Hence

) of ) of 2g af

-51—5.—1-/1112 -—8-1-=-——g/h12 -—1—=——2/h12

axq N 9xo 9y 9x3 ayy

98y M1y 2 %% 3_1‘2/},22 2% ?_f},/hzz

Bx, 0¥p | axp Y2 axy %2

dgx  9f 3 g 3 o<, 2 i
x 93 x, 993 0%y V3

These are the required exproasions.
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" Svaluation of o definite integrol. - .
o —————— . - .

The integral to be evalunted is

r”d( 1\ _at -

J=| = L
J“ A \e t2-h2) 22
at = - j1 - 32 » w ’

_ oo~
_ 3 . 1 _
_ L \_tz\/ 202 (t2n?) j;?_hz-‘ J 122,

where 11=L dt e 0nd jZ"J\ at
tzmz-hz)(tz-kz) k (t-"-h2)J (£2-n2) (£2-%2)

¢ function sn u being token with modulus

Put t = —S— the ellipti
sn u

k
2

'l'han.
2
42 - n2 wt2(1 - b kY Ve X an u=x? sl u
k t sn u

aoe.e(-G) -G

apwokopudnlgy s-kosudsudu

mzuakz_oszu

- —— rr e

sn® u .
o
nos K 2 K 2 :
- en “u . sd” u
Ja ® j - du J,= L auw
1 o k ’ 2 ;3

where K is the quarter-period, (the complete elliptic integral of the

*/ 2
first kind) K = f f,,éL_-g. . Integrating, we obtain
o J1-nof sin®s

Y -J—E[u-J anzuay]t=].‘.3.1? [x-ra =;—:§[K-E] ’

=
1 k3|n

where E is the complete elliptic integral of the seoond kind,

r/z- T2
E= { = m© sin“¢ d¢ . Similarly

[+]
K
4 1 2 1 u] 1 [ B
an u du = ———— 80 u cd ue- =
J. 3 (1-a2) o e 2
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Appendix IV
Calculation of the luct:!.gn force,

48 in parn.2.6, let d¢ be an element of the leading cdge of the

acrofoil, yawed at an angle B, Let x,, yo be the co-ordinates of the

4 midpoint of d¢, and dy the.length of i o lctaral projection. is. the
luctionforoedope:ﬁaonlyonlocal conditions, we may modify the
boundary conditions elsewhere at pleasure, Accordingly, we may assume
that 4¢ forms part of an infinits straight lecding edge tFig.G) It
is thereforc sufficient for our purposes to calculate the suction
force at ‘the ledding edge of a yawed infinite flat plate. . The type
of flow is agnin assuped to be such that

F ; . 3 +-.;'..'.S;:- (finite terms)

C
ax ,/xo-x ¥ -

The free stream veclocity is -V.

l\coording 0 u now well-established argument (e.g. ref. 6) the
flow round an infinite aecrofoil yawed at an angle p to the frce strean
direction is the resultant of (i) o uniform field of flow parallel to
the leading edge at o velocity =V sin g and (ii) a two dimensional
field of flow at a free stream velocity -V cos g in planes normal to
the leading edge. Field (i) docs not affect the dynamic reactions at
the aerofoil, so that we may confine our attention to Field (i1).
: Since Field zii) éan produce no reactions in:a direction parallel to
2 the leading edge, it follows that

(82) . . aDg =cospaADlg

vwhere 4 D! s is the suction furce produced by d¢ against the. direction
of the free stream of Field (:L:l)

Let x', y', z' be a new system of co-ord:l.nn.tes, obtained by
turning the x, y, z systen rounid the z-axis’ thmugh an angle B, .e.

bl i A Ww

x! =xco8p <y sinp :

¥ 3 sinf +y 'oos_.B' =t K s sk ’

z.' = z. e ‘ Eoud ' L

The linearised equation for tho velocity potential is = ° : ‘
2 2

2, 2% _2% _o% !
cot™ u =0 REAA
a2 oy? 0z |

For the. primed co-ozjdirmtes', this equation is carried into
2
2 - ain?p) 28 + (cot?u sin%s’ - cos x.
(cotPuccdB sixrﬂ)a??- (cot?y sin% 25)%!}.

! +2(cot -1) com3 sina 2% 2 _=0
- dx1dyt az'z

Now in Field (ii) both the total velocity potential, and the

induced velocity potentisl satisfy al’.. = 0 so that the  above equation
yl
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2
2 azo 9%
(0]
where .
qzssinap-ootzuognzﬁ 3 0 J.
(43) is in fact the linecrised corpressible flow equation: .|
corresponding tc the component free stream velocity in.the direction )

of tt;e'x'eaﬂs (lhch'nimbef f-f1 - q2'= N cos B)e

It wns assuned above that the total velocity in lmgi,tdd:l.mllr
dirgction is of the form : :

-;—-.E.—"' eecnsens (finite - 1.0, med-tel.tlﬂ) n

This is the resultant of the longltudinal component of Field
(1), vhich is bounded, and cof Field (ii). Hence the compoment
velccity of Field (i4) in the direction of the x'~axis is of the form

- .
.

B - + on;.o_nn'q(,p‘- \(bomidled ,tems)
wSBJ x° o o 5 LR,
- + '...,.......;.. (mmd tem):"-
x ext” " 5 : ; .
4 a8
where x!, is the x'-co-ordinate of the midpoint of d¢ (see Fig.6) PN
md §w S,

veesfp AR A A
Again, it fcllows from the character of the suc.t:lon' ferce as
depending only cn a loctal singularity,:that the suction forcé per
unit length in the direction of .the x'-axis (o, say).depgnds only on
py C, and the parameter q (representing the Mach number M = M cos 3 ).
To calculate it, we consider the specinlicase &f an infinite flat plate
of constant chord width T at an incidence a in g unifemm stream of
velocity V, the corresponding Mach-numbér being ¥ < 1. It is known
that =~ by linearised thecry - the lengitudinal induced velcecity at the
iia ' TR
plate is given by v u%VJ L6 s where the leading edge cf the plate
G O i A e
is at x* = 0, and its trailing edge at x' = = &, Honce, in the
notation used abeve, En% v ’[5 . Also, the tct'ai"presaum per unit
| length of the span is given by T = ®pd VZ% . Now the pressure acts
in a direction normal to the surfacé 89 that there is o backwerd
i component cf magnitude L w 'Jcpgvz% -xqpa'?' per unit length. As

i there can be no resultant drag in two-dimensional pctential flow (see
ref.9, for compressibie fluid fluw), it focllows that the sucticn force
exactly balances the above bockward cemponent, or .

(u) g o= xq pG2 .
For q = 1, this formule was first given by Grammel (compare ref.5).

| It fellows from the charncter of the suction force that (44) helds
nct cnly for the case for which it has been established, but alsc for

e e | - A -

3 sy
N _— _.__- =X . e _"‘f’:‘ (%3 ‘;’, v _‘,-..:_‘. ‘_: X -
Y e - g — & o 5 ‘&‘-:‘,;g.‘_:'w;;,._yg -
o N ‘ ] R e i i SN 4«
" oy Ra L =T T

Mgt :.‘_z._b—‘-t;.'m... & =
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‘any other case with equal q, p, C. In the particular circumstances in

which we are muustoavaiuﬁ., q = sin% - ootZu cos%p, and mo
co

(a5) o = xpT2Jtan%s - cot?y . _ ]

This is the result stoted in pare.2.6.
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Appendix V
vee 77 .+ " Solutions in terms vf Iame functions.

The differential equation of a pseudo~-harmonic in hyperbcloido-
oconal co-ordinates is (compare parz.2,2, equation (15)),

0% & (2 3)-Sorateid g ([uadyorad )
= Vv 20?) (k%-rP) 5%( v %n?) (- A) 3%) =0

We try to find solutions of thc formd =" ¥, where Yis a
function of 4 and v only, On sutstitution in the above eguation we
have .

J (122 2.2 0 ( 2 2v,2 .2y AY
(6) n(aet) (WPrP)t =V (1Pe?)(2%) 2 (J(2en)(12i?) 2
- J(vz-hz) (kz-vz) a%}-C](uz-hz)(kz-uz) g_::> =0

Next, we cssume ¥ to bec of the form ¥ = G(u) H(v). The
differentinl equation (46) now becomes :

H(v) [n(n+1)u2 a(r) ~ 2u(26P-hn%>) f—“:- - (Pad) (PP g;g]

- &(H) [n(n+1)02 H(v) - a)(a)Z_hz_kz) %{_ - (92_}12)(02_]‘2) %2%]-0

In order that this equation should be satisfied it is required
that

G_(1:3 [n(n+1)u2 6(u) = 2u(2°n24?) %‘:‘ - (%)) :“_2%]

- —tan [n(n+1 w2 Hy) - w(@2n24?) E - (v2n?)@p2%?) l’ﬂ]
H(v) . & a2
. ;onst. = P(hz*‘kz)v say,

where p is an arbitrary constant, It follows that G(u) has to
satisfy the differcntisl equation )

(&7) .
[tne1)s® - p(h2+k2)] G(n) = 2u(22n2x?) L. (12-n2) (u%x?) iz.g =0
with an exactly similar equation for H(v).

Equation (47) is Lamé's equation (compare ref,7). For given

n, p can be determined in (2n + 1) different ways, so that G(u) is of
one of the following four forms

K(n) = (aou“mg*‘% ves )
L( k) =V |iPn2| (aoun’1-|a1u“"3+ o)
X(p) = P2 (apP1ea ™34 ... )

8(u) = V1202 | J[Pk?] (agiP~Zaguibs ... )
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where the expressions aoll"+a.1u“"2, ;.O:_P‘1+a1:!"3, aolln""'n1lp'3+ cee s
a2y .., ore a1l polynomials in a.

Thus, for n = 9, the only solution of the above mentioned type
is (except for a comstant factor)

1, 4
Eo(u) = 1
Fornm1, there are three independent solutions,

. E (1) = 4, E2(k) =V P2, E(#) = J P4

hssume that EN(u) has already been determined for given n and for

‘an appropriate p. Then & second solution of Lame's cquation is
given by

Flu) = B (n) ot
: f“ [ V2 (2]

Fol#) = J‘“ St R TS
’ ’ \/—(_;2—:12)—(—1:2—-1:2) IR ! { e .
W) = u Jm at

B 42 (t2-1.12)(t2-k2)

e ) it [ 2 TR
. H (tz_h2) 2 ,tz-kz 5
Fi(u) = r——-—u2-k2 Jvo aw Y

T

From the above particular solutions of lame's equation we then:
obtain "normal® pseudo-harmonics of the form r® G(#) H(V). PFor
inatance,

C

KV k°n?

1s the solutdion used in the body of the report.

r #3(1) B3(v)




The position of the centre of presaure,

The spanwise position of the centre of pressure is y =0, for .
reagons of symetry. In order to find the chordwise (lonfitudinal)
position of the centre of pressure, let A(x) be the pressure integral
over the span of the aerofoll for given x, O > x » -c. Then the
longitudinal position of the centre of pressure is given by

e
jo x A(x)dx
’o = [=c =
Jo A(x)ax

Now A(x) is independent of the magnitude of the wing chord, o
compare para,2.5). By dz‘nenaional analysis it therefore must be
of the form \(z) a f(a)p Vx, where £(a) is a function of the incidence
@ only. Substituting this value of A(x) in the above integrel, we
obtain

/; ™ () o V2xPax fﬂc x2dx

) __ 20 .
- 2 -C L
f £(a) p Voxix f xdx
o )

m “ tm nﬂ“lt Btﬁted 111 m.1 .3.

xol
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