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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

ADVANCE RESTRICTED REPORT 

CHARTS OP PRESSURE,  DENSITY,   AND TEMPERATURE CHANGES 

AT AN ABRUPT INCREASE   IN CROSS-SECTIONAL AREA 

OP PLOW OP COMPRESSIBLE AIR 

By Upshur T.  Joyner 

SUMMARY 

Equations have been derived for the change In the 
quantities that define the thermodynamic state of air - 
pressure, density, and temperature - at an abrupt 
increase in cross-sectional area of flow of compressible 
air. Results calculated from these equations are given 
in a table and are plotted as curves showing the 
variation of the calculated quantities with the area 
expansion ratio in terms of the initial Mach number 
as parameter. Only the subsonic region of flow is 
considered. 

INTRODUCTION 

The well-known Borda-Carnot expression for change 
In pressure when an Incompressible fluid passes an 
abrupt area expansion has long been used for estimating 
the pressure changes in compressible air flow at an 
abrupt expansion. This method is simple but not exact. 

The expressions for pressure, density, and 
temperature ratios given herein are for subsonic flow 
and are in precise agraement with the exact expression 
for the velocity ratio in a compressible flow at an 
abrupt area expansion developed In reference 1. In. 
the present report, Mach number, or the ratio of air- 
flow velocity to existing sound velocity, is used as 
a parameter; whereas in reference 1 the parameter was 
the ratio of existing air-flow velocity to the velocity 
that the air would possess if accelerated isentropically 
until Its velocity was equal to the then existing local 
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sound velocity. This difference In parameters must be 
considered when equations from the two papers are 
compared. 

By use of the same three fundamental equations 
used herein, a somewhat similar equation showing 
pressure and density changes across a shock loss in a 
pipe of uniform cross section was developed.by Hugoniot 
and is given in reference 2. 

The expressions obtained herein for pressure, 
density, and temperature changes in a compressible 
flow at an abrupt expansion are too involved to be of 
practical use. The present computations have therefore 
been made and are presented In tabular and graphical 
form. 

SYMBOLS 

A cross-sectional area of flow, square feet 

a velocity of sound, feet per second 

f area ratio (Ai/Ag) 

M Mach number  (v/a) 

p static pressure, pounds per square foot 

V velocity of flow, feet per second 

Y ratio of specific heat at constant pressure to 
specific heat at constant volume, dimensionless 

R     universal gas constant, Btu per slug per °F 

T     absolute temperature, l|.6o + °p 

p     density of air, slug per cubic foot 

Subscripts: 

1 before abrupt expansion 

2 after abrupt expansion 

•yr-rsr--7-r.:-..^..  '. '- f;i • \ • 
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ANALYSIS 

Prom the fundamental equations for the -conservation 
of energy, of continuity, and for the conservation of 
momentum, equations are obtained that give the variation 
of the pressure, density, and temperature ratios with 
the area expansion ratio f in terms of the initial 
Mach number as parameter. 

Figure 1 shows the conditions of flow assumed for 
the present calculations.  The static pressure at a 
(fig. 1) is taken to be the same as at b for subsonic 
flow, as has been proved experimentally by Nusselt 
(reference 3).  Uniform velocity distribution before 
and after the expansion is assumed.  The ratio of 
specific heats y I3 taken as I.J4.05. 

The fundamental equations are the equation for 
the conservation of energy 

(1) 

(2) 

and the equation  for  the  conservation of momentum 

p2A2V2
2-  P^Vj2 =  -A2(p2  - Pi) (3) 

Prom equation  (1) 

V1, Y  pl _ 
2    Y 

Y 
1 
£2 

2  ' Y - 1 Px P2 

n of continuity, 

?1A1V1 = P2A2V2 

or 

2 ^+*=^©^+a a    *> 
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Pram equation  (3) 

p2 2 -= =  1  + Y«I 
Pi 1 

4 - S*) = 1  + YfM^fl  - ^f ) (5) 

Prom equation  (2) 

V2       PX  A-L       px 

v     *•      nf (6) vl       P2 *2       P2 

When equations   (5)  «.nd   (£)  ax*G  s\ibjtituted in equation  (ij.), 

2 2   W Pa     Pa W 

or 

/Pl\2^2     2 Y  +  1       Pi / ,     2\     Y^i2  -  ^i2  + 2 
\rj Ai ~2~ • piC1 + Yf^)+ Li-r2—= ° (7) 

When equation  (7)  is  solved for    p^/pg    an& the  resulting 
equation is  inverted, 

p2 f2%2(Y  +  1) 

Pl       1  + YfKl2  -y/2Yf%2(l  -  f)  + 1  -  2f2Mi2 + f2«^ 

In order to obtain an expression for the pressure 
ratio, equation (8) is substituted in equation (5) and 
the  fo]lowing equation results: 

Pp       1 + Y*"%
2
 + Y\/2YfMl2(1  - f)  + 1  - 2f2I,:1

2  + f2^ 
— = 2   (9) 
Pl Y  + 1 
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By differentiating P2/P1 with respect to f, It can 
be shown that the maximum static-pressure recovery for 
any value of    1^    ia obtained' when 

Y +y 
£(Y + 1)  - M~2 

M^2 + 1 
(10) 

nl 

The locus of maximum. pweftfure  ratio is shown in figure 2, 

In equations  (8),  (9),  and  (10),   the  sign of the 
radical has been choseft so that  the  results  obtained 
are  in the  region wliere  the assumptions are  valid. 

The temperature  ratio is obtained by use  of the 
general gas law and the   computed values  of pressure  and 
density ratio as 

pl - 
pl 

STX 

p2 _ 

P2 " 
RT2 

T2 P2/P1 
Tl P2/Pl 

(11) 

Figures 3 and lj. show the variation of density ratio and 
temperature ratio with area expansion ratio. 

In order to make the results shown in figures 2 
to l\.  usable In cases for which only the conditions after 
the expansion are known, the value of M2 in terms 
of Mi and f Is given in figure 5.  If M2 
and f are known,  Mi can be determined from this 
figure. The relation plotted in figure 5 is developed 
as follows: 
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OS 
a ^f = (V«g) 

V22 

By use of equation (6), 

. YP2/P2. 

Vl2 

rypx 

\Vl/P2 Pi 

,2 

2 r2 

Pl Pl 

or 

RESULTS AND DISCUSSION 

The calculated values of pressure ratio, density 
ratio, and temperature ratio are Riven In table I. 
The values have been computed to 8 decimal places 
because of the form of the equations,In which small 
differences in large quantities are involved.  In the 
region where M and f were both small, that is, 
0.1 or 0.2, it was necessary to carry some of the 
calculations to 12 decimal places in order to obtain 
smooth curves for the quantities calculated. 
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As In the case of incompressible flow, the calcu- 
lated changes occur gradually after the abrupt Increase 
In cross-sectional area of flow, and the calculated 
and measured results are in best agreement at a distance 
the order of 6 to 10 diameters of the large cross 
section downstream from the abrupt area Increase. 

The comparison of pressure ratios for compressible 
and incompressible flow is shown in figure 2, in which a 
long-dash line gives the pressure ratio calculated on 
the basis of incompressible flow for the same Initial 
conditions that are assumed for compressible flow at 
an initial Mach' number of unity.  It is evident that 
the effect of compressibility is van!shingly - small 
for values of the area ratio of expansion below about 0.25. 
The short-dash line in figure 2 shows the pressure ratio 
to be obtained with isentropic expansion and an Initial 
Mach number of unity. 

The experimental points from reference 3 shown in 
figure 2 were obtained from the only experiments known 
to the author in which pressure ratio has been measured 
at an abrupt expansion with compressible gas flow at 
high Mach number. These data were obtained for an 
area expansion ratio of 0.2l\.6,  however, for which the 
difference between compressible and incompressible flow 
is insignificant. These experimental results agree 
well with the calculated results but are by no means 
conclusive. Agreement of experimental with calculated 
values at an area expansion ratio of 0.7 or 0.8 would 
be conclusive evidenoe of the difference in pressure 
ratio obtained with compressible flow from that 
calculated by the Borda-Camot formula for incompressible 
flow. 

An experimental investigation of the changes in 
pressure, density, and temperature at an abrupt increase 
in cross-sectional area with compressible flow would 
serve to determine corrections for the effect of 
nonuniform velocity distribution and friction on the 
idealized results obtained from the present calculations. 

Langley Memorial Aeronautical Laboratory 
National Advisory Committee for Aeronautics 

Langley Field, Va. 
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TABLE  I.- PRESSURE RATIO,  DENSITY RATIO,   AND ABSOLUTE-TEMPERATURE RATIO FOR VARIOUS VALUES 

OP  INITIAL MACH NUMBER AND AREA  EXPANSION RATIO 

> 
o 
> 
> 

z 
o 

*> 
tr 
\-> 
lO 

0.1 0.2 0.3 O.U o.5 0.6 0.7 0.8 0.9 1.0 

Pjj/Pj 
• a 

.1 

.2 

.9 
1.0 

1.001264.39 
1.00505636 
1.0113721? 
1.02020584 
1.03154961 
1.04543323 
1.06172422 
1.08053144 
1.10160063 
1.12551775 

1.002214.817 
1.00505636 
1.02024561 
1.03601048 
1.05624622 
1.08113557 
1.11052805 
1.14449750 
1.18306256 
1.22624052 

1.00295190 
1.01182432 
1.02666591 
1.04755507 
1.07459475 
1.10790631 
1.14762338 
1.19389283 
1.24682673 
1.30657959 

1.00337575 
1.01354770 
1.03064746 
1.054.90899 
I.08654401 
I.12595163 
1.17347305 
I.2294Ö329 

•J i.2943474 
1.36Ö401Ö 

1.00351948 
1.01416152 
1.03217434 
1.05798385 
1.09206623 
1.13514433 
1.18792807 
1.25117950 
1.32563900 
1.41197583 

1.00338250 
1.01365613 
1.03119965 
1.05664372 
1.09066329 
1.13495441 
1.19018519 
1.25791464 
1.33948264 
1.43608912 

I.OO296373 
1.01201467 
1.02764199 
I.05068603 
I.06237032 
I.12451869 
I.17966963 
1.24727908 
1.33289501 
1.43746166 

I.00226171 
I.00921419 
I.02138014 
1.03970071 
1.06564042 
1.10132226 
i.i4?64704 
1.21428610 

i 14^0987 

1.00127458 
1.00522267 
1.01224395 
1.02310190 
1.03910162 
1.06240899 
1.09656476 
1.14715606 
1.22206512 
1.33036914 

p2/pi 

.1 

.2 

.9 
1.0 

.99797909 

.99196508 

.98210121 

.96861682 

.95181440 

.93205331 

.30973166 

.68526912 

.85908608 

.83160083 

.99926105 
.99708680 
.9934431 
.98849859 
.98241931 
.97505678 
.96681714 
.95776126 
.94602960 
.93777649 

00030258 
00120830 
0026o8l|4 
00474651 
00731349 
01036557 
01364469 
01769Ö29 
02187692 
02630629 

00110672 

00986628 
01745422 
02703842 
03Ö51628 
05175342 
06670364 
08264570 
1003261 

1.00167088 
1.00667901 
1.01511640 
1.02733396 
1.04156974 
1.05970572 
1„06090755 
1.10503550 
1.13187728 
1.16116816 

00199105 
00800080 
01805428 
03276162 
05090698 
07383357 
10118915 
13294741 
16897634 
20902157 

1.00208043 
1.0083802k 
1.01906526 
1.0344,0503 
1.05474573 
1.06061923 
1.11197350 
1.14952359 
1.19324636 
1.24302399 

00192483 
00779062 
01766526 
03260480 
05264609 
07876775 
11192689 
15293896 
20249440 
26065565 

1.00152701 
1.00621577 
1.01459136 
1.02663573 
1.0438556-0 
1.06723726 
1.09646363 
1.13941346 
1.1919389? 
1.25728804 

1.00088642 
1.00363511 
1.00850658 
1.01601861 
1.02704072 
I.0IJ299667 
l.O6616?62 
1.10003552 
I.14918560 
I.21829825 

T2/TX 

.1 

.2 

• 9 
1.0 

1.00202500 
1.00810000 
I.OI8225OO 
I.03240OOO 
I.O50625OO 
li07290000 
I.O99225OO 
I.I296OOOO 
I.164025OO 
1.20250000 

I.OO2OO483 
1.00799284 
I.OI606662 
I.O32O7618 
I.O5OOI9I2 
I.O7217677 
I.O9816336 
1.12818453 
I.I622OO66 
1.20019830 

00194500 
00777701 
01749995 
O3III627 
04857745 
O7OOI1395 
O9536306 
12459410 
I5773488 
I948095I 

1.OOI84313 
1.00735954 
I.OI66I556 
1.02958448 

1!06681650 
1.09115250 
1.11923554 
1.15143526 
1.16744697 

I.00170202 
I.00662312 
I.01529978 
1.02684134 
1.0L315929 
1.06251549 
1.085636Ö3 
1.11261881 
1.14354044 
I.17847001 

1.00152539 
1.00611182 
1.01382982 
1.02440228 
1.03916545 
1.05709521 
1.07876841 
1.10435797 
1.13401695 
1.16786653 

1.00129936 
1.00523204 
1.01190735 
1.02149901 
1.0542L291 
1.05008717 
1.07033592 
1.09429215 
1.12255329 
1.15531890 

I.00103690 
I.00419159 

,00960513 
01751031 

.02623763 

.04220565 
,06092373 
,08182576 

1.10844175 
1.14008424 

1.00073357 
1.00297969 
1.00688963 
1.01272607 
1.020Ö8913 

"195760 
653544 
571156 

I.09D15563 
1.12051481 

00038781 
00158180 
00370584 
00697161 
01174354 
OI861206 
02851065 
04265755 
06343580 
0919896? 
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Figure 1.- Flow conditions assumed for calculations. 
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Figure 2.- Variation of pressure ratio with area ratio and initial Mach 
number at an abrupt expansion of compressible air flow.  (Experimental 
points from reference 3«) 
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Figure 3.- Variation of density ratio with area ratio  and initial  Mach number 
at  an abrupt expansion of compressible  air  flow. 
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Figure 5*" Initial Mach number in terms of area ratio and final Mach number at 

an abrupt expansion of compressible air flow. 
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