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CRITIOAL STRESS FOR AN IFFINITELY LONG FIAT PLATE
WITH BLASTICALLY RESTRAINED EDGES UNDIR
COMBINED SHEAR AND DIRECT STRESS

By Blbridge Z. Statwaell and Fdward B, Schwarte
SUMMARY

A gimple interaction curve is presented for svaluat-
ing the conditions of zcombined shear and direct astreess
under which an infinitely long, flat plate with equal
elastioc restraints against rotetion along the edges will
become unetable. The theoretical work that led to the
interacf{ion curve is presented in the form of appendixes.

I¥TRODUCTION .

In the deelgn of stresesed-skin etructures, considera-
tion must soretimes be given to.the critical stresses for
a sheet under & combinetion of shear and direct stress.
The upper surface of a wing in flight,. for example, may
be sudjJected to combined skhear and compreselve stress and
the lowver surface to combined ghear and tensile stress
sinultaneously., Under this condition the upper surface
may buckle at a lower compressive stress than if the shear
were -not present and the critical shear ctreas for the
lower gurface will be increased by the presence of the
tenglle streer., The purpose of the present report 1s to
speclfy the combination of shear and direct stress under
wvhich guch surfacea may be expected to duckle.

INTERACTION CURVE

-
’

For the case of flat sheet betwesn ldentical stiff-
eners, the comhination of shear stress T and compres-
give atress -~ o4 “that will cause buckles tc appear in the
sheet has been exactly solved in appendix A, The values




of Ox and T

may be given in the form (reference 1,
pp, 3656 and 389) '

oy = ko D
' b3t
kewaD
T =
b3t
vhere
D flexural etiffness of sheet per unit length
. TN
13(1-p?)
X modulus of elaseticity
" Poisason's ratio
b width of eheet betveen stiffeners
t thickness of gheet
kc,k8 coefficlents dependent upon the restraint supplled

by the stiffeners

Appendix A describes the
existe between k, and ks.

iutions 6f buckling problems,

intricate relationship that
As 1a usual with exact so-

this solution 18 very labo-~

rious to apply.

The possibility of great eimplification in the ocom-
putation of the critical streesses 18 indicated by the re-
sulte of the application of an erergy method presented 1in
appendix B, In this appendix it is shown that i1f the re-
straint supplied to the sheet by the stiffeners is inde-
pendent of the wave length of the buckles, the following
relation exliets:

By + Rsa =1 (1)

where
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B, ratio of shear stress when Duokling ocours in sombined
shear and direct stress to shear stress when bduck-
ling ocoours in pure shear

BR_ ' ratio of compressive stress when buokling oocurs in
oombined shear and direct stress to oompressive
stress when buckling ocours in pure oompression

‘Inasmuch as design charts for determining the critioal

stresses under pure shear and pure compression for flat
shest with egqual elastic edge restraints have been pre-
sented in references 2 and 3, equation (1) may be easily
applied to the combined loading of such sheet. In an ac-— -
tual structure, however, the restraint i1s usually depend-
ent upon the wave length of the duckles, and the formula
must therefore be shown to hold with sufficlient accuracy
in this case also,

Bquation (1) was tested as described in appendix 0O,
by use of exact values of the critical stresses obtained
by the method of appendix A, The results are shown in
figure 1, in which the curve represents the values ob-
tained by the combined loading formula of egquation (1)
and the plotted points are for the exact values computed
by the method of appendix A and listed in tadble 1. In
some cases, the .restraint was assumed to be independent
of the wave length; whereas, in others, a relationship be-
tween restraint and wave length typical of a sturdy stiff-
ener (referenoce 4) was assumed, Some values were also
computed for tension in the sheet (k, negative). . 411

values are seen to lls on the curve or close.to it, indi-
cating that equation (1) holds with suffiolent aocnracy
for onginoor;ng purposes  in all oases,

OONOLUS IONS

It 1s ooncluded that the values of combined shear and
direct stress at which an infinitely long, flat plate sup-
ported along the sdges with equal elastio restraints

‘against .rotation will become unstable may be dete¥mined

for practical ongineoring purposea by the equation

n + n = 1



where

R, ratio of direct streses when buckling occurs in com-
bined shear and direct etress to compressive stress
when bucklihg ocdurs in pure compression., Tenslon
18 regarded as negative compression.

Re ratlo of shear stress when buckling occurs in com-
"bined shear and direct stresgs to shear strecs when
buokling ocours in pure shear

" Langley Memoriasl Aeronsutical Leboratory.,
National Adviaory Committee for Aeronsutics,
Langley Field, Va.

APPENDIX A
SOLUTION BY DIFFERENTIAL EQUATION

The exact solution for the critical stress at which
buckling oeccurs in a flat rectangular plate subjJected to
.combined shear end compression forces in its own plane
may be obtained by solving the differential equation that
expressaes the equilibrium of the buckled plate. The plate
lg aseumed to be irfinitely long, and squal elastlc re-
stralnte against rotation ars aseumed to be present along
the two edges of the plate,

Tigure 2 shows the coordinate syetem used. The 4dif-
ferential equation for equilibrium of a flat plate under
rhear and direct stress in the direction of one axis is
(reference 1, p. 30B)

: . s ' 3 .a
(a w ,,' 0 w + 0w + 3T d w + axt-a-—!- = 0 (Al)
L?x axabya dy* 3xdy ax*

where

. Et3
by
D flexural stiffness of plate per_unit length [;z(l—ua)]

3 modulue of elagstlcity
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rren T

t thickness of plate
w deflection of plate at (x,¥y) from unstressed position
T uniformly distributed shear gtress

Ox uniformly distriduted compressive stress in the direo-
tion of x

It 18 known that the criticel streases are of the form
(reference 1, pp. 356 and B3659)

koﬂ D

a
bt ! (13)
2

kgﬂ D

v34%

/

where b 1s the width of the plate and k; and kg are

constants which, for an infinitely long plate, depend only
upon the elastic restraints along the edgzes of the plate.
Substitution of expressions (A2) in equation (A1) gives

4 4 4 a 8 a 8
o"w 3 o'w + 9 : + an;gi dw . w :cfb : = 0 (43)
ax* dx%ay® oy L] 0xdy 2 ox

If the plate is infinitely long in the x-directlion,
all dieplacements must be periodio in x, and the defleo-
tion surface may be taken in the form

17X
A
w = Ye (a4)

vhere Y 1 a function of y  oply and A 1s the half
wave lengtk of the buokles in the x-direction,

Substitution of expression (A4) into the differential
equation (A3) gives as the scuation which determines Y



a'y 2n° °t @ 2n’ik, AY w'k,
- - + — T — .

dy A8 dy

Y=0 (46)

aY p2A  dy 1peAP

wvhen m 18 a root of the characterlistic equation

8 4 B
b\ = b b af m
n* + 2(7) m - 2119(1-15‘—>ksm + (%—) -7 (ITX- k, = 0 (a6)
By O\ N
Except for the substitution of (%—) - m® ("T>kc for ("—;)

equation (A6) 1s ldentical with equation (A6) of reference
3, in whioh equation (Al) of this appendix was solved with

k, = O, VWith this ohange, all the results ottained in

that appendix are applicable here. The stabllity crlte-
rion for combined compression and shear is therefore for-
mally the same as for shear alone as glven by equation
(819) of reference 3, This oriterion is

-]
2ap 4Y2— %‘><§05h 2a cog 2B -~ cos 4Y>
. . . .
--[4'Y2 <B= - a.a>—(ﬂa + a.a> - (4'Y2 ~- Ba + (za)% ]sinh 3a sin 29
2 -] 2
+ € [a(}Y + o + B > cosh 2c ain 28

+ B ay® - ma - B%) sinh 8a cos 3B ~ 4apfY gin 4Y] = 0 (A7)

where the relation between k, and «, B, and Y 1ig
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7
the same as in reference 2, squation (A33)
c 8?1@3 + B’) (48)
8 a ﬂb)
LAWY
but in the present reporst
/ : j
3 2 \ 2
2 1/md 4 nd 3 n3(nd
a = Y +-Z<;g> +V/£Y + (75) Y o+ EE<577 k,
F(49)
/8 L bB /‘ 3 2 3 3 v <
- ™ hid b
B=/<Y = ZG%—) + /4Y + (-—}-‘—> Y + i-s—(—x—) ko
-t

The restraint coefficient € 1s a measure of the relative
reslgtance to rotation of the restraining element at the

edge of the plate; it 1s discussed more fully in refer-
ence 2,

The procedure for evaluating ky, after values of
ks and an expression for € have been chogsen, is as

followg: A value of b/A 1is assumed; a series of values
of Y are taken until one 1s found which, together with
the corregponding values of o and B as computed from
equations (A9), satisfies equation (A7); ks is then oom~
puted from equation (A8), Another value of b/A 4is as~-
sumed, a new get of values of Y, @, and P are found
that satisfy the stabllity oriterion, and a new value of
kg 18 computed. The entire process 1s repeated until dy

plotting kg against bB/AN the minimum value of k, is

found. In the case where ¢ 48 a function of b/A, €
must be re~evaluated each time a different value of b/A
is assumed. Thie minimum value of kg and the chosen

value of kg, when inserted in equations (A3), give a
critlocal combination of ghear and direct stress,




APPENDIX B
SOLUTION BY ENERGY METHOD FOR OONSTANT =«

In appendix B of reference 23, an energy solution was
glven for the etabllity of a plate under pure shear bdy
use o0f oblique coordinates. This solution may de extended
to cover the case 0f combined shear and compresslon load-
lng by elmply adding to tbhe work done by the shear force
an addltlonal term expressing the work done by the compres-
slve force.

Flgure 3 shows the coordinate eystem and the plate
dlmeneions. The procedure 1s t0 evaluate the terme in the
equatlion

To + Ty =V, + Vg (81)

where

Te work done by the compressive force per half wave length

Tg work done by the shear force per half wave length

V, s8train energy in the plate per half wave length

Vo &train energy per half wave langth in the elastic
restralning members assumed to be present along the

edges of the 1lnfinitely long plate

The deflection surface 1s iaken to be the same as 1ln
reference 2, equation (¥2); that is,

- mefv? 1 Neos L nx -
W= W [2 ;:; - é) + (} + 2>cos b1] 608 (82)

where € 1g the restraint coefficlent defined as in ref-
erence 2, The values of T,, V,, and V3 may be taken

directly from eauations (B3), (B4), and (BE) of reference
2: : .

8
b,t ein ¢ 8 1
Ty = w3 ooy etm [(" +5--. 3—>ea+ (5-_ —4—>e+—] T (B3)
2A 120 8 m*® 2 ne 2
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R G Gl RS
4b1A cos ¢ 13 8 2 3 w3

+

@ (G- @2

1

q

3

b 3 -] /1 4 1
+ 301 + 2 ein3 &) [ 5 _ -—)e e —-—)e+ —]} (34)
24 n= \3 n=° 2
3
DA
2b1 cos ¢
The work T, done by the compressive stress o0, 1s given

by
b A
8 3T, N\
——-—f f (—1 dx dy ocos ¢
bl A ax/ .
3 T3
By use of the assumed expression (B3) for w, T, is

found to be

T o=y 3 b, t cos [/ n2 1

a\e /1 4 1
12 o2\l B
c= %o PPy \azot s "m/¢ ¥ (a n=>“' a]"x (26)

¥hen eauations (B3), (B4), (B6), and (B6) are sub-
stituted in ecuation (315, the result 1is

3
ox = %o D _ 2r tan ¢ (37)
b3t

where
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(4) o 1-+ 2 slndy
cos“(‘k ( ) va cos? ¢

_5___2_>€s+ ;.-.L)H 1
24 n® 2 n? 3
"a

I+ 1BV el 4\es L
120 8 ™ 2 1] 2

The angle of inclination ¢ eand the ratio bBH/A will
adJuet themeelvea to make O, =& nininmum; that 1is,

do, (38)
(};\

Y

S0 - 0 (B9)

If the shear stress T 18 congldered as & given constant,
and the restraint coefficlent ¢ 1e independent of ©b/A,
the valuees 0f bd/A &and ¢ resulting from the operations
indicated by eauations (B8) and (39) are:

(g) = */c, cos @ (310)
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Inasmuch as the value of b/A given by equation (B1l0O)
and the value of ¢ given by equation (Bll) are the val~
ues which make the stress oy a minimum, it 1s necessary

to substitute them in ecuation (B?) to obtain the oritical
compressive stresa. When this substlitution 1s made and
the result expressed in nondimensional form, it 1s found
that : . .

B13)

- S — L . . (
(D e e

In order to identify the denominators in eguation
(B12), 1%t is necessary to refer to the energy solutions
for pure compression and for pure shear. "From equation
(B14) of referencs 3, -1t 1s found that

-]
b C,
®

where kpo 1s the value of ko for pure ocompressgion; or,
€ YbYeing messumed constant and kp° min}mized with respeot
to b/A,

i kpe' = 2 /0y + Ca (313)

From equation (B6) in reference 2, it 1s found that

ey
2 I\X)_, o, cosse
“pe sin =¢ !cosa¢ (;)a
i Q.

L

+ 053(1 + 2 ein3d)
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wvhere kpa 1s the value of k, for pure shear. If the
value of ¢ 1e¢ assumed conmatant and kps is minimized
with respect to b/A and ¢, ky, becomes

3
kpg = 2 ¢/¢; +3 /6y 05 + 7 Cg°

or
kpeﬂ= 4(014- QE ca"'.% ca=> = <3JE;+ 3°a)<3 /c-1+ G‘a) (B14)

Substitution of relationa (B13) and (Bl4) in equation
(B12) gives the combined loading formula

Oy ( T :f
/v, _ ;. \r’D/b7s
. kpc kpéa
or
k k
[+] 8
rhs ;—%) = 1 (B15)
pc Ps
Cx

and

where k, and kg are written for
m3D /b3t

— T reepectively. Equation (Bl6) may also be writ-

3D /3%

ten 1in the form

Rg + B = 1 (see equation (1))
where
k
R°=——Q-
k5o
kg
Re = -

ohE—~1
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‘These definitions of - R; and- R, -are equivalent %o

the definitions given in terms of stresses under seotions
Intsraotion Curve and Oonolusions in the body of this re-~

‘port.

APPERDIX ©

TEST OF INTERACTIONK FORMKULA

The theory of appendix B, although based upon an ap-
proximate deflection surface for the buoklsd plate, 1ndi-

~cates a simple algebralc relationsghip bstween k, and

ks' vhen the restraint coefficient € 1e indepsendent of
the wave length A, of the form

oI TS . (c1)
“a  \pa)
whers '

kye value of Xk, when k, = O (pure compreesion)

kpg value of kg when ko = O (pure shear)

The exact solution found in appendix A provides the
means by whioh equation (Cl) may be tested, An exact nu-
merlioal obeck could not be expected bscauss some error
vould be introduced in reading the charts for Ik, and

kPs and in the graphioal work involved in obtaining ki

the test chould reveal, however, whether the formula is
suffiolently acourate for engineering computations.

Bquation (Cl) was tested for the follewing values of
€
¢ = 0
€ = 10

€ == oo

£ = +

o' 1>
o >
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. The first three values of ¢ are independent of the
vave length, and are therefore representative of the wval-
use of & upon whioh equatinon (Cl) ie based. The final
value of € wvaries with the wave length in a manner typ-
1cal of a sturdy stiffener (reference 4), and this varia-
tion 1s therefore representative of a practical case.

Tor each value ¢cf € a value of Lk, was chssen,
and the associated value of k, requlired to cause the

plate to buokle was computed as derorided in appendix A,
Four omses were computed with tension on the plate (k,

negative). The values of kpo and k,, were then read

from thelr respective charts in references 3 and 3. TFor
the case of constant ¢, the values of kpg and kpg

were read at the minilmums of thelr approprlate e-~ocurves.
(The values of b/A at whioh the plate buckles under pure
compression, pure shear, and under the ocombined loading
are, of course, all different.) ¥or the case of varilable
€, 1t 1s necessary to ghift from one €~curve to another,
ln conformity with the assumed reletlonshlp between ¢

and ), until zinimum values of kpc and kps are found.

The results of the numerioal test of the interaction
formula are shown in table I and in figure l. The final
column of table I indicates the value of the left-hand nmem-
bers of eguation (Cl). TFor the camses in which ¢ 1g in-
dependent of A the difference in this value from unity
1s only a fraction of a percent, except when R, has a

large negative value, in which case the difference 1s 23 to

5 peroent; the values in the last column of table I will be
more 1in error for these values of HRg; becsuse thelr oom-.

putation involves subtracting quantities of the same order

of ragnitude. For the case in which ¢ varies with A

the differenoce from unity is 1 or 2 percent. The valldity

of the interaction formula is therefore established for all
engineering purposes.
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ABLE I

TEST OF ACCURACY OF INfﬁRAGTION FORMULA

[Values computed by the method of appendix A]
ko kpc Rc- = i’_ ke kps Rs = _1_:.5_ Rc + Rsa
Ko Kpe
€ = 0

4,00 1.0000{ © ioo 1.0000
3,00 .7500 | 2.682 .5027 | 1.0037
2.10 | a4.00 .5250 | 3.690 | 6.335 .6917 | 1.0034
1.00 .2500 | 4.623 .86656 | 1.0008.
0 0 6.235 1.0000 | 1.0000

-30.00 ~5.0000 | 13.997 2.4362 .9468
€ = 10

6,606 1.0000| © 0 1.0000
6.00 .8921 | 2.380 3274 .9993
2.80 .4996 | 6.115 .7073 .9999
1.30 | 5.605 .2319 | 6.357 | 7.270 .8744 . 9966
0 0 7.270 1.0000 | 1.0000

-1.30 -.2315 | 8.053 1.1076 .9949

-6.00 -1.0706 | 10.418 1.4330 . 9830

€ v B
6.98 1.0000; O 0 1.0000
3.49 .5000 | 6,347 .7068 /9996
1.80 | 6.98 .2579 1 7.737 | 8.98 .8616 | 1,0002
0 0 | 8.980 1.0000 | =.0000
-18.00 —a.svasl 15.953 1.8879 . 9864
] 5 , 5
=
(z; (ﬂ‘
b b/ _

1 6.119 1,0000| © 0 1.0Q00
5.50 .8988 | 2.315 .2363 | 1.0119
3.00 | 6.119 .4903 | 5,018 | 6.883 .7290 | 1.0817
1.00 .1634 | 6.338 .9194 | 1.0087
0 0 6.883 1.0000 | 1.0000
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