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SUMMARY

L comparison is wmade of the results of calculations
of the critical flutter speeds c¢f nine uniform rectangular
wings without ailerons oy two mnethode, as fecllows:

le The method in which the effect of the wing flutter
cshape is introduced indirectly by choosing ean values for
the wing parauneters

2. A method that introduces an additional desree of
freedon in the wing—bending flutter node

ase of neormal

Tlese exaiiples show that, for the c
winge and even for wings of higher aspect ratio, the dif-
ference in the vaelues obtained with these twos metholds is
inconsegquential and the effect of including a second de—
gree of freedom in the bending mode is usually swmall,
IFTRODUCTION
- - > -

f the shane of a fluttering airfoil is
equations of nmotion and a comparison

L)

The effect
intrcluced into
is wade of the predicted critical flutter sweeds cbtained
ty the several wmethods that have booen devsesloped for solv—
ing the flutter probvleu:.
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Iagrange's equaticns, applied to the flutver provlen,
provide o means of solving for the critical flutter speed
and freguency andé, in principle, for the wing flutter shape.
In the nresent paper, flutter speeds predicted by the use
of this method for uniferm wings of rectangular plan form
are conpared with the resulte obtained by the standard two-—
dimensional method (referorce 1) in which the effect of
wing flutter shape is only indirectly introduced. ZBoth



vslurs are compered wigﬁ.ﬁi.‘ig,rspeeds obtained from
expariments made in the 8-~foot high—spred tunnel at LMAL,
Thig comparison is used to judge the importance of intro-—
dvcing considnretions of wing flutter shape into the
fluttsr problem.

A solution of the flutter problem wss given by
Th~odorsen (raference 2) and its application and implica—
tions were amplified by Theodorsen and Garrick in a sub-—-
scquent paper (reference 2)., Tha formal solution of the
flutter probdlem was carried out on a uniform infinite wing
asbout which the air flow is two—dimensional. The struc-—
tural stiffnees of the wing in bending and torsion is
represantaed by caguivalent springs. The sileron is assuwmed
te ~xtend the entire length of the wing =nd is supported
at its hinge by & spring reproesonting the elastic proper-
tiss of thr aileron—-ccntrol system. The wing hes three
distinct typ~s of vidvbratory motion: Dbending motion per-
rondicular to thn plen~ of the wing, torsion motion =~bout
the static torsion axis, z2nd ailecron moti¢n adout the
ail~ron hinge. Flutter is = sustoined oscillation involv-
ing two or more couplrd vitration modes. Four types of
flutter are thus recognized: (1) bending—torsion;

(2) vending—aiirron; (3) torsion—sileron; and (4) bending—
torsion—sileron. The primary paramoters detormining tho
critical flutter spo2d are found to be: the wing chord,
the =zess of th» wing per unit span length, the chordwisa
position of tho static torsion =zxis and center of gravity,
th? momont of inertiz of the wing atout the static tersion
axis, the nir density, the torsion and bonding stiffness,
th» ailerron conter—of—-gsravity pocsition with rosprct to the
aileron hinge, the ailsron hinge position on the wing chourd,
the aileron wmnss prr unit leangth, and the stiffnese of the
nileron—cuntrcl system, The mass and stiffness parauacters
ar> cowmbined in ths eqgusticns of motion of the wing to give
nondinensional coefficiernts that Aefine the bencing, tor-
sion, ~nd aileron netural vidbration frequencies,

APPLICATION OF THE TWO-DIHZINSICH:LL FLUTTzR THEORY
TO FPIFITE WINGS
When the two—dinensional flutter thecory is sppliecd to
a wing that i4s a finita continucus structure with section

paraucters varisble alcng the span, scveral questions sre
raiged:
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1. Wnat are the air forces assignable to a wing
vivrating with amplitude variable along the
span? '

2. Yhich section parametcrs of the wing are to bde
used in solving for ths critical flutter
spand? '

3. Whnt values are to b~ givean to the fraquency
terms occurring in the theoory?

The pr-sent practice in applying the two=dimensional
flutter theory is to pick a position along the wing span
that 1s considered representative of the averrgs proper-—
tiss of th~ wing with regard to section parzmaters and
wing flutter motion. Thr threa—-guarter senmispan s~ction
is normally considered to be this chearasctroristic wing:
srction, The lowest natural vibration fregqurncies in
wing bending, torsion, and aileron oscillation are
assignnd., The solution for the critical flutter speed
ig then assumed to be that of a uniform infinite wing
having the drscribed properties, The eir forces usad ars
thos» obt=insd by a two—diurcnsional wing trestment., Good
Judgment in selecting the representetive wing scection
gives calculated critical flutter spe~ds thot come closn
t¢ exvrrimentel veluns.

When ons or both of the ccupled modes of vibration
making up the flutter vary in magnitude zlong the span or
do not involve the antire wing, the cffect of ths wing
shap~ in flutt-or is introduced into the problenm by apply-—
ing wrighting factors to ths coupling terms present in
the ~cguation of motion of the fluttering wing. For two-
dimensionsl-flutter cascs of an infinite wing involving
the aileron, the weighting factor to Ye applisd to the
2ileron—-tending and aileron—torsion coupling terms would
be thoe ratic of ailaron spsn to wing span. For an actual
wing in the cas~ of bending—torsion flutter, the welghting
factor ¢ would depend on the wing bending and wing tor—
sion shapers in the flutter vibration,

If the displaceunsnt of 2ny point of th=s wing due to
the bending mode of vibration is given by h(x)ei(wt+¢1)
and ths displocemsnt dur to torsional vibration is written
s a(x)eliwt+¢1/

wheres

X span coordinstas neasured frow wing root




h(x) amplitude of bending vibration at x

a(x) amplitude of torsionsl vidbration at x
w flutter frequency
t time

®1,¥, phase angles of the resprctive vidrations

Then, for the crse of a rectangular wing with section
paraancters constant nlong the span, the corfficicnt of

]
coupling is obtaincd by tho integral ¢ =jr h(x) a(x) dx
7o

whora 1 is tho wing seulepan length,
THE USE OF LAGRANGE 'S BQUATIONS IN THe FLUTTER PROBLEM

application of Lagrange's eguations and general-
rdinates to the flutter prodlem provides a means
ing the wing as a conbvlnuous structure capable of
vibrating in its various modes with anplitude variadle
nlong the span, The characteristic determinant developed
in the cecurse of the solution of a fluvutiter problem yields
upon the soluticn of the equations derived therefrom an
estinate of the shape assured by the fluttering wing as
well as the critical flutter speed and vibration fregquency.
Cne weakness of this method at present is the practical
neccssity for assigning to each wing section the air forces
that would exist on a two-dimensional wing vidbrating in a
manner identical with the section, This assumption leaves
out the effect of aspect ratio. For the higher reduced
flutter frequencies the error introduced by neglecting the
effect of aspect ratio is not liarge.

In applying Lagrange's equations it is considered that
the function which gives the flutter vibration shape along
the span for a given case can be made up of a sum of ele—
mental span functions, each multiplied by & factor. These
niltiplying factors are taken as the generalized coordi-
nates of the problem and their evaluasxtion gives the func—
tion expressing the variation of vibration amplitude alcng
the wing swan For each vibration mode. If H(x) is the
amplitude span function of the bvending vibration and a(x)
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the corrasponding function for the tersion vidbration,
then ' ‘ 5

o : : i(wt+w, )
H(x) = Zqgue ¥n hy (x)
znd
, wi+ "
aix) = Epnel(”t Yalg (x)
whare
ins Pn -~ generalized coordihatos

hy(x),a,(x) elesental asplitude functions for bending
and torsion vibrations o

Pn, Vg phase angles of brnding and torsion vidbration
modes

If the wing bending shape in flutter is assuund to
be some coubinstion of the wing shapos in th~ first and
socond natural vibration modes of thr wing, ths use of
two ele~ntal functions: h,(x) and hg(x), roprosenting

the first and e~cond nestural vidbration vending modes, is

sufificicent for the scrics exprossging the flutter bronding

shapa H(x). Baecause the lowest naturcl torsion fre—
qurncy of :the winz is so. meny tiues higher thon the bend-—
ing frequency, the first natursl torsion uode of the wing
is sssunmd to be & good cpproxisation to T(x), the tor-
sion flutter shene, Th» Terding and torsion flutter aw-—
plitude functions ~uployed are

o o0 . ' RE
i(¢t+¢i)hl(x) . qzci(ut @E)hg(x)

a(x) :‘plci(wt'{-*‘bl)a‘l(x)

For the case or rectenguler wing with constant
section pnrauecters, the various bandirg =2nd toresion zat-—
ural vivbretion modes are well known nnd csn be sporeximated
Ly siuple polynominals in x. There is then for hl(x).
nz(x), and o, (x)

A
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ho(x) = (1.6276 %% — 4.1621 T2 + B.34684 ¥* - 0.9231 X 5)N;
a({x) = (8 % - %2) ¥,

whore X = %, 1 Yeing the wing s~mispan length, and W

with subsgeripts ropresents normallizing factors so chosen
& hn2 g 2 -
that t/ —-(x)ax = 1 - ay® (x)dx. The volues of X
(o) b o -
thus datrrxinsd arn

1.97b

i

s = 19.80b

N 1.37

1}

whrre b is the wing seumichord length, Th~ sheapes of
theg» functions ars illustretcd in figur- 1,

For the bonding~torgion flutter c¢se~ for the uniforn
regtanguler wing, the applicstion of Lagrange's eguations
giveg for the gzenerslized equations of wmotion:

- ! 4

. N . 2
L 1 GJ [ [da(x)\° _ .
!“aay a;e(x)dx + ——:-/- -2~ ax | p,
Lo Kwe Ht = dx  / A

~ ’ ‘L - ’
fz’c}l . . ‘xe ki ,
+) —7=/ hy(x) al(x)dx‘ g, + !~—=/ hg(x) a;(x)dx | qp = 0
b : fo) __i [, b jo __|
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'Acgj hl(x)al(x)dx‘ P
[ fo -
|3} - L L = e -
~ & 2 ) 73%n ()
< + ~£B/ h, (x)dx + —l; 21 ] Ké—fii¥l j dx! a,
' L by Kw< Ub Ax= / 4
e
- l !
;A 0’ EI o 2.
+E-E%y ny (x)ha(x)dx + _1_774 d ?1(1) 3%n, (x) ’qz = 0
Db o K ‘4’1)/ Ox=< dx=° ,}
- R
fncﬁ/ hc(x)aﬁx)dyinl
- ~o LT
r F 2% ) 2 ]
"ch 1 xIf 0°n,(x) 2%hao(x) l
t~==/ hy(x) hg(x) dx + —== 21 = 2 dx
L b / @ ww< b} 0x= 0x=2 ifql
~ 0
-, 1 1 al
z:x hlf‘_ 1 E /égh (x N
+?‘:‘c”"/ hz®(x) ¢x + —— ,—-"/ ***** ) , &xjqz = 0
“ OJO K = 'Ib' \ o0x® / -

The syuzbols used ore consistent with those employed

in refersncers 1 =nd 2. Yor refercnce, the terme 2re
listed as

M wing wmess per unit l-ngth

b wing senmichord

21 wing bending stiffness; product of Young's modulus

and nmoment of inertia of wing cross s=sction
GJg wing torsion stiffnn~ss
A A py °tc. coumplex terms definsd in references 1 and 2

Perforuing the integrations indicated for the terus
containing wing structural stiffness terms yislds:



whore

w

and

2 2
I /3%h, ()N

- ——cm——— s Ax = W) l':
ith N cx* / 13
0
R
'E._:.[. .c._éi£+2:4 'dx = Wy 2 1y
Mo Jd N &x*  / 2
o
Z /- 2
J (éa(:)\° 2 2
——— | ———=" ] dx = w [
Wi, 2 N 07 @
ke \ ox /
o
Tho reasining integrals yicld
1
J/ Eolyr) ng{x) éx = =0,126 1 ©°
o
Al
/ ny(x) a,(x) ¢x = 0,85 i%
0
l
r. .
/ ho(x) w,i¥) dx = 0,172 I%b
J
)
.-L N\ 2 \ B . A o~ 2
j 0 hi(x, o] _lg(':') L 5.498 Y
] ( (x) oy - 82888 %7
A SE* cx*® l

firet natural wing b-~ndings

frequency
srcon® natursl wing bending fregusoncy

first natursl wing torsion freaequency

critical flutter speced

criticel flutter freguency
wb

———

-

reduec~d flutter fregquency

redius of gyration of wing wass adbout static torsion
£xis

2ir density
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. The genosrslized eguations of mction breocas, after
soi® raduection,

(& + X)py + (0.95 Aanday + (C.172 A,p)az = C

(G,95 & o dny + (AL, + D3X)a, + (=0.126 4. + 0,010957;X)qs =

(6,172 &__)py + (=0.1286 4+ 0,42650X)a, +\K,-ach + sz>q2 = 0

~

he eriticnal values of X =and k ars obtained by the
simultanecous solution of ths roal rand inosginary aquations
in ¥ and k resgulting frow ths expansion of ths chnrac-—
teristic detercinant foraed Irom tha corfficients of the
generalized coordinates of this s~t of equations. The
flutter sperad is then obtrined from the definitions of these
terig

KB JX
With v anpd kX known, the flutter freguency w is
obtained from tho exprossion defining k.

When the values of the vsriocus criticsl flutter con-
stants are substituted in the eguations of wmotion, the
generanlized coordinntes are epvnluatad and the s2pproximation
to the wing flutter showne is obtained, '

0
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CCHPARATIVE CALCULATIONS OF CRITICaL FLUTTER SPEEDS

Critical flutter speeds have becn determined for nine
rectangular wings in the FWACA 8-foot high—speed wind tun-
nel at LMAL, For each of these wings six theoretical crit—
ical specd determirnations were made:

1. Lagrange's eguation method fer one bending and
one torsior mode

2. Lagrange's eyuation method for two bending and

l
one torsion mode, with /; ( %) na(x) dx = —-0.,1256 1 = ¢
Ge Lagranse's equation movhod for two bending and one

q
v
/o
torsion mcde, wi h,a(xz) ho(s) dx ardbitrarily set
i

© I 2 ( 2

equal to zoro (€ = U)., Tue coefficiont —0,126 conmes
i

from the tern R hl(x) na(x) dx which would be mero if

hy(x) anrnd hpy(x) were a pair of strictly orthogonal
functions,

4, Lagrange's equation method when one torsion mode
and tyo bending modes are used; the second mode is a btip
deflection made up of that porticn of hz(x) beyond the
node oceurring about C,7?F aloags the semispan., Thesc com—
putations are given for plastic wings, which showed a tip-—
deflection tendency in the wind—-tunnel tests,

5 Theodorsen's method when the first naturel bending
frequency is used
6e Theodorsen's mwethod when thas second natural bend-
ing frequency is used

The Jjustification for making calculations with 4
equa1 to zero (group 3) is tased on the argument that the

-

21l change in the shaps of tne sescond bending mode nec-—
Cssary te make it orthogonal with the first bending mode
is so sﬁwlT that the other coupling torms involving the
second bending wmode are not changed appreciadly. Previous
computat Lons have shown that smnll changes in these coup—
ling terms do not produce an appreciable effcct on the con—
puted critical flutter specd.

The criticnl-flutter—speed computations with
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Theodorsen's method using the second bvending frequency
were made to show that the experimental critical flutter
gpeced usually lies between the computed values obtained
with the first and second wing—bending frequencies. This
point isg discussed in detail in reference 2.

The values of the wing paramcters used in these

mputations are given in tadble I, The results of these
tiong, as well os tho exverimental critlical flutter

eeds Tor the corresponding wings, are given in tadble II

<

—

From a comprrison of the values obtained for ¢

E ha
critical Tiutter spieds computed by Theodorsen's method
and DLaozraage's eouation method, it apnmars t?at conslieran
tions invclving the effect of » Tlutter shape in the

cenputation of eriticel flutter speeds may not be neces—
gary in wview oF the suwll and inconsistenty differences in
the volues cbitained and the increaszed amount of work in-

troduced,.

witn & 10
i 4- 4 PR BAS - - T s
nto viae g.-.'.\'ope s Tl " S
Lagrangels equati ts that do not rep—
renocat o radicted criticol
wes cbtaingd Tty

o
flutter spo
Theodvrsen

For wings 18 to L8, which were oi pla ol
congiruched more iike aetual wings, the va
critical iluttor specds obtaincd with lagran tion
metlod using btwo Tending moles, 1in gencral hor
from the oxperimental og thoan do Theod nr
i winzs, thoe sccon _ introd the
ronilom aopears to effeect on the c¢ rit—
ical fluttecr specd. ¢ thposo wings & bend—
ing = the tip, ch the second bend a
tin deflecticon teads ng Lagraxgc's e 1nes
a 1ittle closer to i rimantael flutte The
vip-~deificeticon fudction was taken by using sion
hg(ﬁ) and fixing it me as zoro un to n of
the ot sceurs 0.7 alon;s the the
e effoct ooéint that ing
: nguation 221t number of elemental
}m 2 grext deool d g preper chuoice of theso

Wien one bending and one torsion mode are uwsed in
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Lagrange's cquation method, the results are, in general,
less accurate than wihen 2 s~conﬂ bending mode is intro-

1
ducods Arbitrarily setting [‘ hy(x) ho(x)dx equal to

zery reduces the ﬂccuracyiof thg results.

The application of Lagrange's equations to the fliut—
ter problen descrived in this report is similar to that
dgveloped in reference & dy 8§, J. Loring. In carrying
out the computations descrited in this section of the
report the values substitvted for the frequzncey ternmg in
some of the flutter calculatilons were shinined froea wing—
vibration memsuremonits wi ch =2ve coumnied freguencines
that mny differ frowm the true mode Ireguency byry.as nuch

4

as 1% porcent., In this respect tho compuiationg with
5

Lagrongets eyuations Lo in this report ciffer somewhat
the mebtnod csutlined by Loring wiich uncoupled val—
he wing fre cies =zrao s fied. In comparison
ho errors int cat by unc intics ragarding the
locaticn of thaa ste tersion axis rad poarticulariy by
GJLQCt.Vg vibration damping, the error in cowmputad crit-
icaldl fluts ga1liing Troem the uwse of coupled
vibraticon is net iargs.

NET LT T e T oaT o
CONCLYSICHS

Te vy Ld sicenl

use of vuoe Lend tiovne, X aa

Sives opredictoed tter spends that arec close to
the walucs obtal vy anplicniilon of Theodersen's flut—
ter theory. Tho is n: dication fromn the vaiusg 2h—
tainced by cither wethod in thisz study that one method
will consigtently give predicted Tiuttor spoods closer %o
the cxcerimentnl valusg than will the osther,

2e Tor wings of norznl aspecet ratisc, the iatroduction

-f A sccond bonding nmoede in Lagrangc's eguntion systemn
appenrs to have little offect nn %lhc critical fiutter
speeds <ohbioiaed, OGood judgmornt must Te used in selscting
the elowmentnl fugooticn represernting tho second tending

flutter wode if an opprecindliae effect is Yo Do made on
the calculated critical flutter speoed with & sccond bend-
ing mede Introduced ints the nreblon.
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TABLE I.- WING PARAMETERS USED IN FLUTTER COMPUTATIONS

Wing Wg %flﬁ Wh,, k] ” N Xg ra?
(cpm) Wy War, (£¢)

2 1085 0.C69% 0.425 0.500 ' 1/90  ~0.4OO 0.25.  0.3125

& 1150 .120 570 .5012 0.1170 -.1762 .08 .272
10 1470 L0654 L2y ,5025  L,01138  ~.L40O .25 .300
11 1790 L0659 JhMO5 500 .010%2  -,400 254 . 3045
12 1925 L0675 411 502 00972 -.251 .08 .2ug

13 2250 062 400,500 L0073  -.h00 .2316  .2885
1l . 2155 0659 .39 .5013  .00772  -.378 234 .2897
16 74 .1192  .833  .500 L0740 -6350 .098 . 360
168 795 .132 906  .500 .0743 -.450 .098 . 360
17 1600 247 1,50 .500 .03k9 -.104 <052 .345
13 1650 252 1,012 K07 .0796 - 450 .098 360
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plished by two methods. One mcthod Introduced the wing flutter shape Indirectly by
chooslng mean values for wing parameters. The other method introduced an additional
degree of freedom in the wing-bending fiutter mode. A comparison indicated that both
methods were equally accurate and effect of additional bending-mode degres of free-
dom 1s usually smali.
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