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4 METHOD OF DETERMINING THE EQUILIBRIUM PERFORMANCE 7
AND THE STABILITY OF AN ENGINE EQUIPPED WITH
A EXHAUST TURBOSUPERCHARGER*

By James Buchanan Res - T
SUMMARY R

The performance of an exhaust turbine driving a super- . __
charger is investigated by means of a sample calculation ~—~
based on reasonable assumptions for the purpose of determin~
ing vhether the assumed installation is stable with respect
to changes in the mass of gas handled, boost pressure, etec,
The arrangement was found to be stable throughout the em- "~
tire range of operation. The method developed can be gener;_f_'
ally applied. e

l {

IXTRODUCTION : ' T sk

This paper presents a method of determining tho equi-
librium performance and the stability of an ongine equipped
with an exhaust-turbine supercharger. _ -

—_——— Tl e b ¢ e

The exhaust-turbine supercharging mechanism is ocsson~
tlally composed of five parts: the engine, the nozzle box
with nozzles, the turbinc, the blower, and the intercooler.
The seguonce of evonts is shown schematically in figurc 1.

— e —— e

The author wishos to express his appreciation to
Professors C. Fayoctte Taylor and Edward S. Taylor for thoir
guldance and suporvision; and to Professor Josoph Keonan_ﬁ_ _
for his helpful suggestions, ) . . TE T

2 . - .

*Thesis submitbtod in partial fulfillment of the require—_
monts for the degrees.-of Bach8lor of Science and Hastor
of Science, Massachusetts In-titute of Technology.
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CHARACTERISTICS OF COMPONENTS
Symbols
The following 1list of symbols has Dbocn used in the
analysis and charts of tho present study.
W weight - T

F/A fueleair ratio by woight _ : —_— —

< = =H 9

A area
pressure
energy h
total enthalpy
volume -
v gspecific volume .
S total entropy _ ' N
T absolute temperature (460 + OF) .
Eg internal energy -
R universal gas constant
U velocity (speed)
g acceleration of gravity

hp horsepower

J mechanlical eguivalent of heat

D diameter ’

B pressure coefficient

N revolution speed, revolutions per minute

n revolution speed, revolutions por soccond _

[



g =

e

‘spocific loeat at .constant pressurc

o1

ACL Technical YNote Hos 831

spocific ho;t éfpébnstant volunme

ratio of specific hoats

moment of inortiﬁ.

efficiency

angular velocity of rotating parts

rate of change of angular velocity (dw/d%)

torque

P 0.2872
§L> . - 1
a
radius of dlower to blade tip, foet o _ -

density

Subscripts:

(3]

i

th

ad
av

rog

.

oxhaust gas (nozzlc box) o _ T
intake (boforc throtile)
through nozzle

thfoat

Plower

alr

waste gato - ) _ o o
turbine

adlabatic

available

required
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Before the equilibrium performance of the complcoto su~
percharging operation can be dctermined, 1t 1ls nocessary
to know the performance of ecach of the component parts of
the supocrchargirg mochanism,

The nothod of analysis will be illustratod by glving
the analysis of a specific instgllatlion using tho United
States standard atmosphero as a basis for variations in at-
mosphoric conditions with changes in altitude,

Engine Data
Lssumo the following tost conditions:
(a) Wright G-102-A engine _ L

(b) Engine spcod hold constant at 1900 rpn by pro-
pcllor governor

(c) The tempcraturo of the air entering tho ongino
is that of the standard atmosphore corrc-—.
sponding to the entoring prossure

(d) Tho ecenginc will be run at full throttle

(¢) Air coasumption: 0,11 pounéd per brake-
horsopower por ninute

(£) Fucl/air_ratio of 0,0782

In figuro 2, tho fullethrottle brake horsopower is
plotted against standard-density altitude for various on-
gine speods.

From figuro 2 and roforaencc 1, a curve of full-
throttle brake horsepower against pressurc before throttlo
was constructed and is givon in figure 3. A curve of ex-
haust gas welght por socond againat brako bor50power is
also plotted in figurec 3.

dozzle Data
Based upon the standard and accopted methods of nogz-—

zlo design, the following fundamentgl nozzle daoto were usod
(critical condltions at nozzle throat):
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(a) Simple convorging nozzlos of squarc cross soction
(b} Tobtal nunbér of nozzles, 9

(e¢) Total nozzlo throat arcn, 7.37 squarc inchos

(4) ¥Yozzle angle, 20°

Tho calculation of the nozzle performancc curves will
boe treated in three parts:

(a) The effoective ideal jet volocity.- It is assinod
that the veloclty of the gas as 1t hits the turbinc wheel
is the fully oxpanded volocity even though the veloclty at
the nozzle throat 1s not greator than the volocity of
sound., This assinption, although not . strlctly corrsct for
large changes 1n pressure across the nozzle, should bo good
in this analysis becausc ¢6f tho conparatively large 2is-—
tance betweon the nozxlec throat and the closest turbine
blade, Above 30,000 feot this assunption should bec used
with caution becauso the highor the altitude the more the
assunption is in error, : .

The volocity of the exhaust gas'at“tho turbine blados
car bo calculated by the following fornula:

2g J = 215,5 A Hg - (1)

wvhere
U wvelocity of exhaust gas hitting turbine blades,
feet per second
A Eg change in enthkalpy for (1 + F/A) pounds of the
exhaust gas as found from figure 4 by expand—
ing adiabatically from the nozzle- box pressure
and temperature to the atmosphere pressure out-
side. the nozgle. box
(Sufficiently accurate values of A H mnay be calculated

from the perfect gas law provided that consistent values

of Y, Cps and B are used and that the correct value of R
is also used, The data for figure 5 werse calculated from
equation (1) and from figure 4.,)
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(b) Weipht rato of flow of exhaust zas through nog-

zlog,~ Tho woight rate of flow through tho nozzles nay be
calculatod by the following fornmulat

Wy = Ten den (1 + -F> (2)
Vih A

wherae

WW welght rate of flow through nozzles,
B pounds per second .

Usp vVelocity at nozzle throat, feet per second,’
calculated by using equation (1). 1In this
case AH, is the change in enthalpy ob-
tained by nerely expanding adiabatically to
the throat pressure and not the etnospheric
Pregsure

Aip  throat area, total, square feet

b [t

Yin specific.volune, found in figure 4 of 1 +
pounds of oxhasust gas at the throat con-
ditions )

Results of salculstions for WN are plotted in figure 6.
(c) XNozzlo horsepower.- The 1ozzlo horsepowor may bo

calculated by the following formula, where J 1s taken as
778 foot-pounds per Biu,

AHg 778
(l + ) 550

In this case, [xHe is the change in enthalpy for complete
expansion of the exhaust gas to the pressure P, because 1%

is the horsepower of the exhaust gas as it contacts the tur-
bine blades, which is the wvalue desired. Tho results of
the calculations are plotted in figure 7.

hpy = Wy = 1,312 AHg Wy (3)

Turbine Data

A single-stage ilmpulse turbine of.1l.l ‘inchos in diam-

.
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eter was chosen, This turbine was assumed to have an effi-
ciency curve as shown 1n Ffigure 8, corresponding to a noz-
zle angle of 20° This cfficloncy curvo was takecn Irom
data in roforonce 3 (fig., 218, p. 234).

Blower Data

A single-stage, straight radial-blado, centrifugal
blower 11.1 inches in diameter was used, The turblne and
blower wore dircctly connectod. Tho details of the design
of this blower have been omitted in thkis paper, but cxpori-
mental curves for a bPlowor of the samec dlimonsions and dow-
sign are given in figure 9. : . S

Intercooloar Data

It will be assumcd that an intoercooler 1s providod
and regulated so that the temporaturc of the ailr entoring
the ongine is the standard United Statos ﬁtmosphoric tenper-
ature (roference 1), corrcsponding to tho pressure of the
entering alr, The prossurce 4drop of the charge =zir has been
neglected but, in general, as pointed out in roeferencs 4,
it should be taken into account. : : e

DETERHINATIOHN OF EQUILIBRIUH PERFORHANCE

Now that the performance curves for ocach component
rart of the supercharging mechanisn have been determined,
the over-all performance will be ebtained for the equilib-
riun conditions, o

First, curves of roguirecd prossurc coefficient against
rovolution speed at various altitudos and for various full-~
throttle brake horsopowers aro determinsd by the wusc of the
following cquation, which ianvolves fthe doflnitlon of B '
the pressure coefficiont.

Up2 . i
55 =Jcp Ty ¥, _ (4)

where the significance of the subscripts and the units
used-in the calculations arc as FTollows:



8 HACA Technicnl Noto No, 831

Up tlp spocd of. the blower, foot por socond

T, outgido-air tomporature, °F abesolute
Y-l
A _
Py
Y -1 .
a = P ) .

Py intako manifold prossuro,.pounds por squarc-inch
P, standord atwosphoric prossurc, pounds por squarc inch
ratio of specific heats cPa/cva; for air
(Yo - 1)/Y, = 0.2872
Dy, blower diametor, foot

Ny rovolution spoed of blower, rovolutions por minuto

Thus
P Q.2872
L[]
a |\ P
B = - 2 -
<‘1T D'b Yy
But
J op & (778) (0.2397) (32.2) (3600) e
2~ T o2 (1l.1 T 88,6 %10
™ Dp Y\ - (3.142) (——L—
( 60 12
g0
B = 25,6 x 105 1o E&
g
or
T, Y
B = 2,56 —2 "2 (5)

1000
A curve of Y, for various valuos of Pi/P,1 ig given in

figure 10, Tho regulred pressuro cogfficients have boon
computed anft the results are plotted ag solid-line curves
in figure 1ll. .
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Second, curves of avallable pressure coefficient
agalnst btlower speeod, at various altitudes and for various
full-throttle brake horsepowers are determined from the
formula T

A
Vreq = ‘V'a_ C —IT bhp i (6)

where v, 1is specific volume and ¢ is specific fuel
consumption. At 2 given altitude and brake horsepower,

T —
velues of E_E%gg can be calculated from equation (6) for

b Yo
various values of ¥Ny. From figure 9 valucs of aveilable

v

pressure coefficlents corresponding to values of;_;—E%%; S
*b +b

are determined., The calculated available pressure coefii-

cients are plotted as dotted-line curves in figures 11,

The intersection of corresponding curves of availatle
and required pressurc cocfficionts gives data for_curves
of blowor spccd roquired against altitude for various bdbrake
horscpowers. Sinco the blower and the turbine are dircetly
connccted, it is mossible to calculate curves of twvrbinc
tip spocd required against altitude for various brake
horsepowers, Thesc curves are shown in figure 12; the fol-
lowing formula was used as the basis of calculation:

Turbo. tip-specd = ( (D:.) ¥y, = 0.04842 Hbreq (7)

Third, blower shaft horsepower regulred against alti-
tude was determined for various brakec horsepowors as fol-
lows: Sinco values of required blowoer specds agalnst alti-
tude at various brake horsépowers are known and since val-
nes of Vypg against altitude at variocus brake rnorsapowers
can bo foun& from equation (6), it follows that values of

¥
—-r°a can be calculatcd for different altitudes and at

; = :
dreq Pb . S

various brake horscpowers. Thus, from figurc 9, valucs of
atiabatic officicncy Wgzg can be doterminod for corrospond-

ing values of ———LQQ—— The value of nad -used wos token
= I‘eq_ D'b
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from figurc 9(a) or 9(b) doponding on which rpm rangoc moro
closcly corresponded to tho rpm uscd in tho oxample, It

T
1s assumod horc that MNgg 1s a function only of -——JﬁﬂL?r
and is indopoendent of Nroqs which i1s vory nearly true as

can be gcon from figure 9. Values of roguirod adiabatic
Zorsepowor for various altitudcs and engino brake horsce-
powors are ocaslily calculated by the formula bolow:

ad) Tea = Y = 070005215 (bhp) (T, Y,) (8)

(hyp

whoro W:

i 1is the air consumption, pounds por ninuntec,

Finally, correswponding valuce of adizbatic officicency
and adiabatic horsepower recauired boing known, curves of
blowbr-shaft horsepower required against altitude, for var-
ious brake horsepowers, may be plottod as shown in figurec
13, using the following relation:

adiabatic hProg

9
_nad (2)

Blowor~5haft,hproq =

Fourth, curveos of nozzlo-box prossurs roquirod against
altitude arc determinecd for various brake horsepowors by
the use of figures 5, 7, 8, 12, and 13, as follows: TDecide
upon a constant brake-horsepower,_mAn_altitude should then
be chosen and the turbine tip speed required obtained from
figure 12. A value of the required nozzle~box pressure
should be chosen and the nozzle gas velocity and the nozzlo
horsepower at the assumed altitude should be obtained from
figurcs 5 and 7, regpoctively, With the nozzle. voelocity
and the reoquired turbine tip speed, the turbinc adiabatic
efficicncy may be obtained from figurc 8. Then the blowor-—
shaft horscpowor is obtained by multiplying the cfficioncy
by theo nozzloc horscevower.,  With this bdlowor-shaft horse-
power, an altitude is obtainod from figure 13 ot tho cone-
stant brako horsepowor first decided uvon., If this alti-
tude does not agree wilth the altitude choson at the bogin-
ning, then a different value of the roquircd nozzlo-box
pressure is taken and succossive offorts are made until the
seguonceo 1s in consisgbent cquilibrium,

This process may scem very long and todious, bub CXDO -~
ricnce Lhas shown that tho oeguilibrium valuc of tho turbino
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efficiency varies by only a slight amount with changes in
altitude at constant brake horsepower, Thus, the number of
trials necessdry is seldonm more than two i1f a turbine effi.
ciency is first estimated and later substantiated dy using
the foregoing curves.

Figure 14 shows the results of the foregoing ncthqd.

From figures 14 and 6, curves of required nozzle welght
ragte of flow against altitude for various brake horsepowers
may be determined they are shown in figure 15,

Fifth, curves of requlired "nogzle-eguivalent" waste-
gate area against altitude are determined for wvarious
brake horsepoweors, as follows: At any given altitude, the
woelght rate required through the nozzles in -order to main-
tain a given ‘Ir ake horsepowser- is found froem figure 15,
The exhaust-gas welght -rate available is determined from
figure. 3,  and the difference between these two rates repre-
sents the welght rate "tha®t must pass through the waste
gate. ~-Now, "gince the pressure required and the assumed
constant -temperature of the gas in 'the nozzle box are known,
figure 4 may: be - used fto: £find the change -in ‘enthalpy of the
gas leaving the nozzle box. Also, figure. 4 may.he used to
find v, the chart volume of the gas as it leaves the waste
gate. These valuos being known, the required "nozzle-
equivalent® waste-gate area may be found by the condition
of continuity, as ropresontocd by the following ocquation:

W

cxhaustv - (10)

—,V/A Ho v/778 X 2g (1 + %J

4 much simpler mothod of calculating tho "nozzle cquivalent®
waste-gate area is shown in the following equation:

WeEe

Voo
Aw.g. = Ay exhaqst N (ll)
Wreq .

Figure. 16 shows the curves resulting from eguation

(12) for required "nozzle-cquivalcnit! wasto- gate aréa
agalnst altitude, at various brake horsopowers, L=

Discussion

The curves of required pressure shown in figurc 14 in-
dicate a definite minimum., This fact is substantiated dy
cxperimental curves of Bergoer and Ghonoweth (refcroncv 4},
roproducced in figure 17.
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It should be remembered that the analysis thus far ia
only valid for determining the ggullibrium conditions of
the supercharging cycle., But once these .conditions have
been determined, the static and the dynamic stabllity of
the system may be easily found by assuming a small change
in one of the variables and following this effoct complete-
ly through the cycle. Equllibrium conditlions cannot occcur
2t altitudes above that at which the curve of weight rate
requirocd is 1lntersected by the curve of wolght rate avagil-
ablo, for constant brake horsepower. (See fig. 15.) 1In
this partitéular oxample, thesc curves do not intersoct
within the ranges linvestigatoed, but they night interscct
if oxperimental data rather than theoretically calculated
data, were used throughout .the aralysis.

It 1is possible for the syston to be in equilibriunm
even though 1% is statically unstable. In other words, a
glight change in one of tho variablos from its oquilibriun
value night not be followed by a tendency for the systen
to return to its original state, It may also be possible
for the systen to be statically stable dbut dynanically un—
stable, that is, a slight changeo in one of the varlables
from its equilibrium value might result in an undanmped and
cunulating oscillation,

DETERMINATION COF STATIC STABILITY
Development of Forrnulas Used in

Statlc-Stability Calcoculations

The fundanental expression'used in determining the
stabllity of the exhaust-turbine supercharging cycle 1s
based upon Newton's second law of motion, and is as follows:

a (Ty = Typ)
dw ™

< 0 (12)

where

w angular velocity of rotating parts,
radians/second’

Ty turbine torque, foot-pounds

Ty Dblower torgque, foét—pounds
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An expression for the turbine torque T, 1s derived
from the baslc equation for horsepower:

Turbine hp = (13)

also

Turbine hp = hpy TNy (14)”__
where .

hpw horsepower of exhaust gas from nozzles as
B it comes in contact with turbine blades

My turbine efficlency (Seoc fig. 8.)

If equations (13) and (14) are combined, there is obtained
for turbine torque .

hpy MNg 550
w

(15)

T
An expression for the blower torque may also be found
by using the basic eguation for horsepowcr: _ e

_ Tpw
~ BBO

Blower-shaft hp (16)

also,

Adiabatic h
Ny = - > .an

" Blower-—shaft hp

where TNy 1is the adisbatic efficioncy of the blower and
is dofined by equation (17)., Tho adiabatic horsepower can
be obtained from cquation (8). :

J cpa Wy T, Y, -
Adiabatic hp = 23000 o : -

By the introduction of equation (4) and the equality
Uy = wr, an exprossion may be developed as follows: ’ )

g Jd c T, Y . _
P a *ta
Bw® = aa i '--"(18)
r o
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Equations (16), (1%7), and (18) nay be comdinoed to givo
a final cxprossion for tho UHlower torque,

i
i
wr (19)
<'ﬂb> 60 >4
Additional equations, such ag_
Wy = (vhp) (0.11) - (20)

are needed for the stabllity calculations.

Since ¥y = _5__ and since Wy =V p,, an expression
for the. dimensionless blower coefficient ——E—; is easlly
developed: NpDp

<Wi\ il ) - (21)
Nb Db 80 pg Dp°
also
Wo.= Wy + Woxhaust (22)
and 2
Wela
Woxhaust = WN( > (23)
thus, w
vy = (—Fe ) (24)
a A'W 2 .
1 + —=B .
Ay

Procedure for Determining Static Stabllity

Select an altitude at which the stability 1s to be in-
vegtigated. Thig altitude will deternine the pressure,
the tenmperature, and the density of the air as consisten?t
with the standard atnosphere., Colunns 22, 23, 24, and 25 of
table I may be fillled in innediately. Then, declide upon an
equilibriun value of the brake horsepower (column 1) at this
altitude and from the egquilibriun-perfornance calculations,
determnine the corresponding value of the waste-gate arca
(nozmle oquivalcnt) for columnn 13, The value of Wg (col-
unn 2) nay bo found from figure 3; P; (colunn 3) nay be
found by using figure 3; and Wy (colunn 4) may be found

column 3 , goyunp 6 ia
colunn 23

'

by using cquation (20), Column 5=
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obtalned by using column 5 and figure 10, Colunn 7 may be
found using equation (18).

Next, ostinmate a value of w and use equation (21) to

get —T Then, got the corrosponding value of B

Ny Dy°

fron figure 9 and calculate Bw® When this value agroes
wlth thevalue in coluunn 7, the w is correct, and the LES
nay then be dobtermined from figure 9 corresponding - to the

v
Hp Dy
nay be filled in once .this equilibrium value of '@ has
been obtainsd.. Column 12 nay be calculated using equation
(19). OColumn 13 is deternined from the eéquilibriun—
perfornance calcuilations, and colunn 14 nmay therefore be
obtained fron- equation (24), With the value in colunn 14
.enter figure 6 at the proper altitude ‘and get Py for colw~

unn 15. Then, with this value of P,, " get hpy (colunn
16) fron figure 7 at the correct altitude. Also get Ug
(cplunn 17) fror- figure 5, using the. foregoing value of Pe

correct valuc of Thus, colunns 8,79, 10, and 11

' colunn 8 r
and the same .gltitude,., Colunn 18 = - , and this
. - . colunn 17 A
value nay be used to obtain Ty (column'19) from figure 8.
ow, T4 (column 20) may be calculated using equation (15).

Colunn 21 is found by subtracting column 12 from colunn 20.

Finally, a plot of 1M againsty W - nay bs nade zas
shown in figure 18, XEach line in this figurs represents
the stability at a constant altitude, for a fixed waste-
gate position and for the equlllbriun korsepower corre—~ _
sponding to this fixed wasto-gate position. The systen ig
stable for any altitude and waste—-gate position only when 7
the slope of the corresvponding line is negative, that is,
a decrcase in W .from ibts oguilibrium value ‘causes gn:in-

crease in T - Ty, . thus .causing the systen to roturn to

1ts equilibriun conditions. On the other hand, an incroase
in W wouléd causc a Zeersase in T, - Ty for a stable

systen., L

Figure 18 scens to indicatc that, for a constant value
of the cquilibriun horsepower, thae stabilltv decreases wifth

increase in altitude as shown by the 600-horscpower CUPRVCS
at 20,000 and 25,000 feot. An incrcease in horsepower at the
sanc altitude scens to affect the stability very little,
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DISCUSSION

It should be remsmbered that the shape of the actual
curves as obtalned by the squilidbrium performance and the
stabllity calculations made 1n thls analysis depend upon
the original characteristics of each component part of the
supercharging cycle., The analysis of a particular thoo-
roetlcally calculated cycle was made in this case morcly to
outline a general procedure that could be used in dotormin-
ing the over—all characteristics and stability of any ex-
hgust turbine supcrcharger installation.

Turbosupercharger installations are apparently statlc-
ally unstable in the region of low V/nD5 whoere the supor-—
chargor stalls and the curve of B (or q) plottod against

V/nDs ig discontinuous. Dynamic instadbility is froguent
but is caused principally by control difficultics, and con-
glderation of it has thoreforse beon avoidod 1an this paper.

It is generally known that in the past many actual
exhaust-turdbine installations have been unstablo undor cer-
taln critlecal conditions. Becauso of the socrecy at the
present timo in connection with the general subjcct of ex-
haust turbilnes, the author hos found it impossidble to ob-
taln data necessary for an ananlysls of any actual installa-
tion, . '

It is suggested that, if an analysis of this type werse
made prior to the installing of any exhaust-turbine sys-~
tem, information might be discovered which would help to
eliminate causes for unstability and thus enable the de—~
signer to obtain o reasonadle estimate of the performance
of the entire supercharging cycle.

Massachusetts Institute of Technology,
Combridge, lass., May 15, 1941,
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Figure 18.- Varistion of I with w, I = Ty - Ty.
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