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NACA BM No. LT7E29
NATTONAL ADVISORY COMMLITIEE FOR AERONAUTICS

RESEARCH MEMORANDUM

ESTIMATION OF RANGE OF STABILITY DERIVATIVES FOR
COPRENT AND FUTURE PIIOTIESS AYRCRAFT

By Marrin Pitkin and Hexrman 0. Ankerbruck
SUMARY

Becanse of the interest in the use of mechanicel~slectrical
devices for camputing the stebllity cuerascteristics of pllotless
aircraft and gurided missiles, an analysis was made of the probable
renge of the stability parameters of present and fubture missiles.

Included is a short review of the dymamic theory end soms of
the factors and assumptigns influencing the stability deriva.’cives
and equetions of motion.

In perusing this paper, one must remember that the derivatives
are referrsd to the wing dimensions for conversion from forces aend
moments. DBecause some missiles may have very small wings gompared
to their bodies, the relative megnitudes of the derivatives (for &
specific aircraft) with respect to each other are of more significance
than ‘thelr absolute magnitudes.

INTRODUCTION

The mathematical solution of the stebility of ean automatically
gulded and stebilized missile involves & number of assumptions ccn=
cerning the autcnatic pilot and -is tedlove smd complex and requires
mathematical skill not ov*ahla.r...ly availe'bls. Interesst has, there-
fore, centered upm *the use of "analogue” devices which duplicate
the stab;..:_ity of the missile under investigation by mechenical,
electricel, elosotrenic, or other physival meaas. These devices are
usually sc arranged as tc- obtain lmot-rlerlgs of a missile's motions
following a dlisturbance by dlrect measursaent.

One such device is celled a 'flight table" and is & mechasnicel
and electrical errangemont which incluice the automatic pillot of the
missile under investigntiom asg part of its mec,nanism In order to
duplicate propezuy 'bhe sta lj;l;;g ,_W 8 g
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such a device, it 1s also necessary to provide for duplicablon of
the aerodynemic and mass characteristice of the missile. The
remainder of the text presents the results of a suwrvey made to
estimate the probable range of the gtability parameters of existing
and future missiles 3n a form suitable for the design of a flight
+table.

®h = B

<
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SYMBOLS

mass, slugs (W/g)

welght, pounds

acceleration of gravi*cy, feet per second per second {32.2)
sidewlse veloéity, feet per second (positive to the left)
forwvard velocity, f‘eet per second

wing area, square feet

wing spen, feet

time, seconds

tail length, feet (dlstance from center of gravity to center
of pressure of tail)

mean aerodynamic chord; feet

incremental veloclty, feet per second (AV)

dynamlic pressure, pounds per square foot (é‘pVE)

lift force, pounds
drag force, pounds
pitching moment, foot-pounds (positive nose up)

1ift coefficient (L l‘qos) and (w cos ¥ cos @ /QOS)

L s
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Y

drag coefficient (ZD /q,os)

ffective thrust)

B
effective thrust coefficlent ( <8
fe}

pitching-moment coefficient (M [qoSc)

normal force, pounds (positive downward)
longitudinal force, pounds (positive forward)

normal-force coeffic_ient (Z fqos>

 longitudinal-force coefficient (X [qoS>

lateral-force coefficilent (Iateral force>

QOS
- Rol moment
rolling-moment coefficient olling .
QOS'b
yavwing-moment coefficlent (Ya“"-_‘-zs Sltl}lomen...)
. oSt

" mass density of air, sluge per cubic foot

angle of atbtack of alrcraft reference line to flight path

inclination of aircraft refersnce axls firom horizontal plans
(fig. 1) :

angle of sldeslip (;_-:)

angle of yaw
angle of bank

pitching angular velocity (@)
at

yaving angular velocity (—3%)

GO
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a
rolling angular veloclity (d_%

Inclination of longltudinel principal exis from elrcraft
reference line {(fig. 1)

inclination of flight path from horizontal

inclination of longitudinal principal axis from longltudlnal
stabllity axie (n =06 =y = €}

control surface deflection,l poelitive when tralling edge moves
downward or to left

redius of gyration aboubt principal longltudinal exis, feet
radivs of gyratlon about principal normal axis, feet

redive of gyration about Y-axis, feet

relative density of eirplane (m/pSb)

relative density of airplane (m/pSc)

nondimensicnal time paramster C

b
nondimensional time parameter (-EY-
differential operator (%-)

B

differential operator (L)
a'BG

0 Xy %
= -a—u_;: Doyt = S—u-?: OXu -
Gy o0y, s
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Subscyripts:

a alleron
r rudder
w wing

THEORY

The dynamics of mechanicsl flight ere assuued amenable to
analysis on the bagils of tle theory of small csclllaticns. On this
asgsumption then, one equation is written for each degree of freedom
of the motion. Simultaneous solution of the equations permits cal-
culation of the motion of the sirplane after a disturbance. The
terms defining the changes in serod;namic forces and moments due to
a deviation are referred to as "stability derivatives” and are
partial derivatives.

Assumptions.~ In the application of the theory the f§llowing
assumptions are made!

(1) The combined merodynemic sffect of two or more components
of motion is sssumed equal to the algebraic sum of the separate
effects of the individual compounente.

(2) The changes in aerodynamic forces and moments due to a
deviation are assumed directly proportional to the deviaticn (that
is, the stability derivatives are constants).

(3) Secondary effects such as those involving the products of
two or more second-order quantities are neglected.

(4) The values of the aerodynamic factors are assumed tc be
unaffected by the linear and angulexr accelerations.,

(5} The lateral motion is assumed to be independent from the
lonzitudinal motion.
Equations of Lateral Motion
The nondimensional eguations for laterel motion can be written

for the azimuth oriented flight-path axes (stability axes) shown in
Flgure 2.

OO,
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These take the form of

.(a)- Z (.31

Cu, B + (Clsa * Cipg_ D) B + O7gB + %Czp DY + 307 D

= 2u [(Kxa cos®n + KZE sinen)])zgd + (KZE - %2) cos n s8in q szy] (1)

() > o

1 1y o, 4
(Cnar + §Cnbsr D) 8, + C’—SOG B, + cnﬁs. + 50y, ¢ + SCn,. ¥

= Ep[(KZE 00521| + KX2 s:inen) 1)21{4' + {KZQ - Kxa) coB n sin g D2¢-l (2)

0 Yo
1 . L +
(CYar . ECY:Dar D) Sp + CYSG B¢ + CYaB + ECYP s %'CYI. Dy + Crf

+ Cry tan 7 = 24 (DB + DY) ‘ . (3)

wvhere &, <he control movement ceuged by the gyro, is usually a
function of ¢ and V. Simultaneous solution of the differential
equations (1), (2), and (3), will define the lsteral motion of an airplane
after disturbances in terms of the variables q,‘, ¥, and B pro-
vided that the stabllity derivatives Cnﬁ: Czp, and so forth and

the mess and dimensional characteristice of the misgile under investi-
gation are knowm.
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Equationg of Longitudinal Motion

The equations of motion of a flying body about its longltudinal
£light axes may be wriltten in the form

@ ) o

(CXS & %-CXDS DC) ®

4.

Cxu,u9 _-:. (me + %CXDm- ‘?c)d‘

1
+ (Cxe + Equ Dc)e 2u, Du’ (L)

(® > o

1 . | 1
(-CZB -+ -E-CZDa Dc) 8 + Gy’ + (CZG,, + T’écz@m Dc) L

+ (Cz9 + %Czq 'Dc>9 2u, D, (o - 8) (5)

(e) Zcm
oo Do) 5 I G )
(ne = Foumg %)+ Cayn’ + (g * o, 20)
 (ong + 01y 2o)9 = 2 0B | @

As in the case of the lateral motioms - 8, the control deflection

induced by the automatic system, is some function of the misasile

variables u', o, and 6. Note that u''= &

v
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ESTTMATION OF RANGE OF STABILITY DERIVATIVES
Lateral-Stability Derivatives

A sumary of the lateral-stability derivatives for several
specific .subsonlc misslle designs is glven es table T. All angles
herein discussed are beged on redlsn meaguro.

Side-force derivatives (equation (3)).~ (a) Cyg: Velues of - Cyg,

moasure of the lateral force created by sldeslip, for typical missile
designe are given in table Y. These datan show that misgsiles designed
along proportions of pursult-type g.irplanes have CYB values of the

order of -O.4t. In general, however, missiles have relatively large
fuselages with respect tc thelr wings and hence have greater gilds
aree to resist sideslipping and also a smaller wing area on which to
base the coefflcient. Misslle no. 7 of table T fCYﬁ =2 =5,15

missile noe 3 of table I (Cy, = -1.58}) 11lustrate modern trends in

this direction. In order allow for future deslgns, therefore, 1t
18 recommended thet provisilon be made to allow for a CYB range of

* ‘10 00 < CYB < 0
(‘b) CY:D s CY , and Cy,.: These derivatives are usually very -

small relative to {,he other lateral derivatives and. axre generelly
disregarded.

Side force due to_smtomatic control .- (c) Cygt The side forces

created by automatic control can be representod by -B—B— or 801-5

vhere © cen be & funchion of g or ¥ or 'both. ' No provision
need be made to simmlate 8 since this 1s automatically taken care
of by mounting the autocontrol onm the flight table in the proper
manmer. However, 1t 1s necessary to duplicate CY This parameter

depends on the type and size of control surface or unit used on ‘the
missile. Generally speaking, allsron doflection causes no side-
force change. - Application of rudder control will, howsver, intro-
duce side forces. At lesst two gulded missiles ha:ve utilized an
autocontrol providing side-force changes with control deflection.
The values for these two missiles are

TONTIII
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0.516 Missile no. 3, table I

CYS

Cyg = 1.60 Miesile no. T, table I

The larpger valus represents the side force created by deflection of
an all-rovable tail surface, the other the side force created by &
typlcal trailing-edge control. In gauging the range that this
derivative cen cover, it appears that the maximum will be reachsd by
an all-movable wing. The slde-force derivative will therefore be
squal to the lift-cwrve slops of the wing. The maximum value of
lift-curve slope is obtained on wings of iInfinite agpect ratio and
is theoretlcally equal, to 2x per radlan. Near Mach number = 1.0,
the lLift.curve slopss of lower aspact ratio winas incrcase con-
g82dei-ably, but probably none would have a lift-curve slope greater
than 6.0. Consequently, the ranze of Oyg ocovered by the Ilight

table snould Ye

-6.0 < Gy, < 6.0

It appears that this rangs will also cover the side forces creatsed

b a swiveling Jet nozzle, or deflscted Jet. The side force developsd
by & nozzle delivering & thrust T and deflected L radian ls approxi-
mately equal to the Thrust which ls the same order as the drag at

top speed. In coefficient form then GYS = Tn' = Cp, appreximately.

On misgiles deslgned for high speed the drag coefficient should not
exceed 0.1 and hence the rangs of GYB previously ncted should

readlly encompass ﬁhe awlveling-nozzle-type ccntrol.

Yawing-moment derivatives (equation(2).~ (a) CnB: This parameter

determines the weathercock stablility of the missile. The values pre-
sented in table I show that fighter-type missiles have & value of Cp

o? about 0.075. Misslles heving larger fuselage lengths relative “to
thelr wings have larger values of 5CnB ranging up to 0.5. DPresent

trends in missile design indicate that the wing.aspect ratio of smme
missiles is llkely to decreese In ths fvture. The espect ratio A 1s

sgual to spangfwing area and can be reduced by a decresgse in spean or

&n Incresse in wing srea. A decreass in span is more probable than -
an increass in ares inssmuch as wing sreas are llkely to be decreassd
to permit higher speeds at low altitudes. Bec°use C is dependent

on wing dimensions for its magnitude C (V qu it ls not unlikely

Gl
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thet CJnB For designs of the future will be from two to four times

as large es present-day values. The recommended range of cﬂa is
therefors

2.0 < CnB < 2.0

(B) Cn,t Values of this derivative are shown in table I. These

data show that the Cnr of a fighter-type missile is about -0.2 but
that the average is considerably larger. Values of Cp, equal

to -0.66 and -0.55 were obtained for the large fuselage designs
(missile no. 3 and missile no. 5 of table I). It is possible to
eatimate the probable renge of Cnr from the previously estimated

range of CnB as follows:

The contribution of the w.ngsénd..fuselage to Gnr is generally
negligible and the tail contribubions can be expressed as

bnr B -2%-@011&)%11

Beoause (Mnﬁ)'l'ail is generally about g'cnﬂ and assuming e teil ’
length equal to two times the wing s_pan,

The range of Cnr would therefore be of the order of 12.0. It is

concelveble that some migsiles wlll be sguipped wlth fore as well
as aft fins. In such cases Cnﬁ will not be so large. The
recoamended range is therefore

-12.0 < G, <0

It should be pointed out that positive values of Cnr cannot be
obtained asrodynamically-below the stall.

(c) Cn,t Values of Cp, are presemted in table I for present-
dey designs. These data show that Cn, 18 quite swall with respect
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to the other derivétives previously discussed. Even when & missile
“is operating at high 1ift coefficient in a turn, it sppears unlikely
that values of Cn, greater than 0.k could be reachned. It is

possible thet in some unusual cases positive values of Cpy, could

be obtained. This could happen on highly sweptback wings or at high
1ift coefficients ir a.symmetric stall.mg takes place. .Reccumended
range for Cp P .

"'O-h' < Cnp <l 0.’4- -

-{a) Cn:a‘ Yewing moments cen ariee through use of either the

aileron or rudder control. The aileron moments, however, are small
compared to those created. by rudder:. Typical values of Cnar for

modern missiles are of the.order .of ~0.1. The previocusly estimated
range of CYS mey be used to estimate the range Cnar from the

relationship Cnﬁr —"CYE,' Assuming the maximum tail length to be
egqual to two times 'bhe wing gpan, Cnﬁr has a range of values twice )
as large as Cyg« Hence, 1% 18 recommended that

212.0 < Ong,. < 12.0

Rolling-moment derivatives (equation(l}.- (a) C;B: This deriva-

tive 18 the asrodynamic equivalent of wing dihedral. The values
of CZB shown in teble I show thatb Czﬁ ranges up to -0.1h43 for

modern designs. However, 1t 1g entirely probable that higher values
then -0.14 may be cbialned in the future, particularly with highly
sweptbock wings on high altitude, long range mlsslles operating at
Palrly high 1ift coefficients. Therefore, the recomiended range

of Czﬁ is

0.5 < Gy < 0.5

(b) Cy,¢ Values of Cp, ave shown in tablé I. This informa- -
tion shows that CIP is of the order -O.4. CI’P is glmeost always
nesative bslow the stall and 1s primarily determined by the aspect
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ratio of the wing. Since the present trend is to decrease aspect
ratio, CT’P ghould also decrease; hence, the followlng range should

cover fubure deglgnsi

-0.7 < Gy < 0.2

(e) Oyt Values of €3, are shown in table I, These date show
that Oy, raunges up to about 0.2. Cy,- is always positive below the

stqll and is approximately equal to Crf3. It appears that a satis-
factory range of clr is=

»

-0.1<Cy, <0.8

(a) 15 The aileron control is the chief source of rolling

moments cn conventional designs. Typical values for the rolling
moments created by such controls on the aircraft in table I are of
the order of -0.1lhk. In general, automatlicelly controlled missiles
do not require a large emount of aileron control for stabilization
or maneuverability. However, fubture designs mey require large
amounts of lateral control. In order to be conservative, therefore,
provision should be made to cover & range of

“1.5 < G, <1

'l.am 5
This estimate includes the extreme case of two wings of infinite
agpect ratio deflected dlfferentially to produce lateral control.

Miscellaneous information.- (a) Ky: The radius of gyration (in
gpan lengths) about the X-axis will never exceed 1.0. Therefore,

0< Ky < 1.0

KZ: This factor is moderately gmall for missliles compared to alr-

Planss owlng to the fact that most of the missile mass is concen~
trated near its cenber of gravity. However, this may not be txrue in
the fubtuwre as present trends are to instsll heavy power plants in
the rear of the missile. The recommended rangs 1ls therefore

0<Ky<5.0

TN
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(b) p, relative density parameter: A convenient nondimensional
nees parameter scmetimes employed in theoretical caleculations is the

relative density ratio p = -——-Isnb. As missile welights and gltitudes
D

are increased, and wing areas and spens lessened, this parameter

increases.

& normel valuve of u for a conventional airplane is about 10.0.
For missiles, the average is about 100 and hzs been as largs as 200.
It appears that up veluss as large as 500 are not wnlikely In the
future. At high values of u, above 500, large increases in this
perameter cause negligible changee in the conditions for neutral
stablillty in the oscillatory mode.

Lorngltudlnal Derivetives

Longitudinal force derivatives (eguation(4)).- (a) Cx, ¢ This

derivetive 1 a function of drag coefficient and thrust ccefficient
and will be of & mamitude of about twice these parameters. A
typical value is about -0.056 for the JB-2 in level flight. In
order to provide a safe margin for future designs the recommended
range of Cxu. is

‘i.O <Cxul' < l-O

(b) Cxy® This derivative is approximately egual to _cDo:.'

Miseiles may fly for short periods of time at fairly high values
of Cr, and hence rathier high values of OCp o, 18Y be cbtained. It

therefore seems desirable to cover a range of Cxu, of
2.0 <« me < 1.0

(e) Cxyt This derivative reaches a maximm in horizontal flight
when it is equal to Op, but opposite in sign. It will always be
smaller then CXa'

Recommended range for CX6 is
"l-O < CXG < 0-5

SN,
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(a) Cyg: In general, the longltudinal force change caused by & .

control deflection is negligible compared to the longltudinal forces
created by airplane motion. However, if the wings themselves are
used for control this factor could be of the arder of Cp,. Hence,

recommended range for CX& is
~2.0 < st < 2.0

e o; Cy : These derivatives are usua emall in
(e) Cxp o’ XDS’ Xq 1y

comparison to the others and aré generally neglected. However, it
is possible that they may become large enough to he considered and
are Iincluded in the equatlions for completeness. -

Normal-force derivatives (equation(5).- (&) czu,: This deriva-

tive is approximately equal to -2Cy. Hence, the recommended range
for Czu'is

’2-’-‘- < czur < 2011'

(p) Czyt Oz, 18 approximately equal to -Cr,. Op, is e
maximum at 2n for wings. However, as in the.case of CYB’ the

fuselage 1lift should be.considered. Hence, the recommended range
for CZ& 1s

-10 < Gz, <0

(c) Czy: This derivative is a maximm in level £light when it
is approximately equal to Cf, o but opposite in sign, hence its rangs
is ' o

~10.0 < CZQ <0

(8) Czet Czgy like Cxg, 1s gemerally small with relation bo

the forces caused by airplane motions. However, certain missile

designs have utilized their wings for longitudinal control and, under
certain circumstances, thils Pactor could become appreciable. The ;
extreme valus of Czg would be reached in the case of an all-movable

ConT———
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wing, where CZg, would be of the order of the lift-curve slope of
the wings. Hence the recommended rangs of Oy, 1s

(o) C?»Dm’ CZDa’ ch: These derivatives are usually amall and

are generally neglected.

Pitching-moment derivatives (equation (6)).- (a) Cp,.! This

derivative is largely a function of the thrust and its moment arm.
A value of Cmy: of -0.038 has been estimatad for missile no. 2

of table I.

' Recommended range of O, . is
-015 < %l < 015

aCp  d0p
(b) Cpmg: Cmg i1 approximately equal to CLG-&E—I-' T

resent-day desiém can be as large as 0.25 and may become positive
unsieble). Typical values of Cp_ for several modern missiles

range from ~0.40 to ~-0.80.

Recommended range of Cmm 1s
"',-l--o < Cma < 2-0
c t The derivéfive C arises because of the la
{c) qud. 1Dy, g

between the change in angle of atback at the wing and the corre-
sponding downwash at the tall. Following are values of CmDm:

Mlsslle no.

(see table I) CmDa,
l "6'-0
2 "'6-25
5 "'5 -62
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A satisfactory range for Cpp {rould. be
<« .
“20.0 < < 0
Cup

(a) Cung * This derivative denotes the rotary demping in pitch.

A summary of existing cmq data indicates thet this paremeter is.

rerely greater than -15.0 far conventional aircraft. For misgsiles
with large horizontal tails with respect to their wing ares, larger
values of (','mq could be expected. Hence, the recommended rangs.

of Cmq is: . E . . -

(o) Cpy: This derivative is a function of the elevator effec-

= tiveness and its linkage to the aubtomatic control. On normal type
elevator controls a velus of Cmg_~ of the order of -1.0 ls not
=)

S unccrmon. The extreme case would arise where an all-moving wing or
’ tail l1s used for comtrol. For this case, '

N
Cmg = CLg%s

Assuming & taill length of 2-¢hord lengths the recammsnded renge
of C is, ' ' o

-12.0 < Cpg < O .

(£) CmDS: -This derivaetive could become nearly as large as Cme
on a tallless missile with all-movable wings. The recommended range

is
i -15.0 < < 0
CmDa
i Miscellaneous information.- (&) -:g‘?-: This factor is & measwre

of the mass characteristics of the missile and is about 2.0 —~> 4.0

OISR
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for the average missile. Provision should be made to allow a
rangs of '

m
psV E

to provide a safe margin for future designs which mey operate at
very high altitudes.

(b) Ky: This factor should be of the same order of magnitude
as Ky. The recommended range 1s therefore

(c) Bod Mg = Bisli-. Values of this parameter as high as 40O
; o . g
have been obtained. It ls belleved that velues of u, -up to 1000

should be considered.

If it is considered necessary to lnclude the cross derivatives;
that is, those parameters normally associated with the longltudinal
equations which are affected by lateral displacements and vice-versa
(Cmp; Czq, CDB’ etc.), these values cen be easily determined and

substituted into the equations Iin the syppropriate places. In order
to acoownt properly for these cross derivatives, however, the right
members of equations () to(6)must be generalized by including the .
terms depending upon combined longliudinal and lateral motlon.
Including these terms 1s equivalent to eliminating assumption 5,
page 6. Two of the most important of the cross derivatives are Cm._p:

which at & maximum would equal -Cnp, and CDB ;s which would
equal GDa, for & cruciform alrcraft configuration. Other cross
derivatives can be estimated from simllsr considerations.

CONCLUDINNG REMARKS

The values of the parameters glven here are only approximate
and cover & much wider range than most missiles and pilotless air-
craf't will obtein. However, some of the parameters may increéase to
a value of infinity under certain conditions. Under these conditions,
rarticularly at very high altitudes in tenuous air, the concept of
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dynemic airplene steblillity as it 1s seen today is altered somevhat,
and the aerodynamic forces arising fram the inherent steblliity of
the eircreft became socondary to the mass forces and moments and to
the manen'bs end forces caused by control deflection.

Langley Memorlal Aerona.utica.l Ieboratery
National. Advisory Comnlties for Aeronantics
Isngloy Field, Va., May 22, 10kT



TABLE I

Summary of Lateral Stsbility Derivatives for Various Mlsziles

alSlihdbbidnily
Minsile Number 1 2 3 h 5 6 T 8
D <%=ﬂ= C:‘gjé cél:g c c%:ﬁ
Weight 2LbY 262 600 980 1500 1500 . 883
Ares
(nq £%) 33.0 58,7 5.8 19.9 18.1 39.0 8.5
m?na?m 12.0 17.0 5.0 11.0 8.5 1.2 5.5
U!-’ -O-al -0-35 "hlsa -0-63 -o-” -0-10 “'5-15 -1-36
0,183 0.085 ot.ga 0.126 0.036 0,075 q'._'gw 0.0
cn’ . - 0‘ » - o Q.M A 3
Cor -0.310 =0, 204 0,665 -0.337 ~0.550 -0.2l5 0,007
c,,p -0.026 =0,010 -.0042 «,0256 - 0022 " - 0190
Clg -0.069 -0.034 -0.109 0.143 -0.060 -0,022
Gl ~0.h3 =016 =0.L2 =0.43 ~0.37 ~0.40
C1e 0.147 0.058 0,017 0.165 0,019 0.076
NATIONAL ADVISORY
FaTali-F o8 CONMITTEE FOR AERONAUTICS
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Note :
Longitudinal principal axrs 13 axis of [east inerfia.

x\f\"'\
D '

Horizonta/ plane

zZ NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS
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Figure I .= Longrtudinal axes of awrcraft
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Wino' osrectron

Wind direction ~——

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

CUNTTE——

Figure . . — System or srabl/lity axes.Arrows ndicare
positive directions orf moments, rorces, and conitrol/

surface der/ecrions.
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