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A   SIMPLIFIED   METHOD   FOR  DETERMINING   FROM   FLIGHT   DATA 

"•HE   RATE   OF   CHANGE   OF  YAlvING-MOMENT   COEFFICIENT 

WITH   SIDESLIP 

By  Robert   C.   Bishop   and   Harvard   Lomax 

SUMMARY 

A method is presented by which the directional stability 
derivative  Cn   the rate of change of yawing—moment coeffi- 

cient with sideslip angle, can be evaluated for a conventional 
airplane from flight records of a lateral or directional 
oscillation.  For the method shown, the calculation of  Cn 
for a particular high—speed—flight condition reduces to the 
determination of- only the moment of inertia about the Z—axis 
and the period of a sideslipping, yawing  or rolling Oscilla- 
tion. 

When applied to conventional airplanes flying at low to 
moderate lift coefficients, the assumptions involved in this 
simplified method produce negligible error.  A comparison of  
Cn_  as determined in flight and in the wind tunnel shows good 
agreement for the four conventional airplanes considered,      
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method has been developed for measuring in flight values of 
Cn which may he used to verify or correct the design com- 

putations . 

The derivation and application of equations and the 
correlation of flight results with wind—tunnel data for the 
four airplanes shown in figure 1 are presented in this report. 

COEFFICIENTS AND SYMBOLS 

Coefficients and symbols defined herein are referred to 
the wind system of coordinates in which the origin is fixed 
at the center of gravity of the airplane, the Z-axis is in 
the plane of symmetry and perpendicular, to the relative air 
stream, the X—axis is in the plane of symmetry and parallel 
to the relative air stream, and the Y—axis is perpendicular 
to the Z— and X—axes. 

b     wing span, feet 

S     wing area, square feet 

m     mass of airplane, slugs 

I     distance from center of gravity to rudder hinge line, 
feet 

g     acceleration due to gravityf feet per second per second 

I]C    moment of inertia about X— axis, slug—feet square 

Ig    moment of inertia about Z—axis, slug—feet square 

p     air density, slugs per cubic foot   

V     velocity of airplane along flight path, feet per second 

q     free—stream dynamic pressure (hpVs),   pounds per square 
foot 

s     operator 

\1    root -of the stability quart ic —- 

ß     angle of sideslip (positive when right wing is forward), 
radians 
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ß° 180 ß/ir, degrees 

P period of oscillation, seconds 

p rate of roll, radians per second  

r rate of yaw, radians per second 

v component of flight velocity along the Y-axis, feet per 
second 

Y force along Y—axis, pounds 

L moment about X—axis, foot—pounds 

U moment about 2—axis, foot—pounds 

Cy lateral-force coefficient (Y/qS) 

C^ rol ling—moment coefficient  (L/qSb) 

On yawing—moment coefficient  (N/qSb) 

0T (ÖCy/oß) 
p 

<hß (bC^öß) 

°nß CöCjhß) 
clr [bC^bCrb/SV)] 

Cnr [bCn/ö(rb/2T)3 

Cx [bCl/b(pb/2Y)] 

°nri [öCn/ö(pb/SV)] 

Yv (qS/mV)0Yg 

Lß USb/lx)Clf3  — 

Nß (qSb/lz)Cnß 
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Np   (qSD/lz) (D/2V) C 

Nr   (qSb/lZ)(b/2V)Cnr 

Lp   (qSD/lx) (b/27)Ol   _ 

Lr   («lSb/lI)(b/27)Olr 

THEORY 

The stability quartic arising from the consideration of 
small lateral disturbances from steady horizontal flight can 
be written (reference 1) 

s4 + Aj, s3 + Ag ss + Ax s + A0  =0 
where . .  

A = -L^   -?rr   ~N„ 3                 p        v        r 

Afe   =   Lp   (Tv  +   Nr)      +Nr   Tv  +Nß-Lr   Np '   

Ax      =  -Yv   (Nr   Lp  -Lr   Np)  -   Lp   Nß   +   Lß   [ *p  -   (g/V)] _^_ 

A0   =    (g/V)    (lp   Nr   -   Lr   Nß) 

The real roots and the real parts of the complex roots of 
the preceding quartic determine the dapping or divergence of 
the airplane motion, and the imaginary parts determine the 
period of oscillation.  Normally one of the real roots is 
small enough so that it can be approximated by neglecting 
terms in the quartic of higher order than the first.  Denoting 
this root by K^, it follows that 

Xx ~ -Ua/\) 

By   factoring   this   root   out   of   the   quartic   the   following   cubic 
is   obtained: 

s"   +   (A3  +   \1)    s2   +   (Ajg  +   A3   \x   +   A^8   )  s 

+   (A1   +   A£   \1   +   A3    \12      +   xi3 )      =0 

For   conventional   airplanes   traveling   at   relatively  high 
speeds,    the   values   of   \x,   N       1 (Yv -H"r)S,    and   g/V  are 



NACA TIT So. 1076 

small enough to "be neglected in comparison with the terms 
L   and  No.  By these assumptions the cubic may he factored 

giving 
1   1 f  

(s-Lp)       [s  --z<Yv  +   ¥P)   -i/^STjT]   [s  -   2.{YY  +   Nr)   +  V^NßTj  =  0 

Since  Ng  is positive, JS~o     is the magnitude of the 
imaginary part of the complex roots ?nd therefore the fre- 
quency of oscillation.  It follows that the period of oscil- 
lation of the laterally or directionally disturbed airplane 
is given by the formula 

P = _.2TT 

Hence 

JW 

no-       4TTS
   

rZ _   0  fiofl IZ 
%     "   5.7.3   qSb 'P2     "   °*688   qSb   PS 

Iht -.ie magnitude of the error in the period introduced by 
the assumption that the period of oscillation equals  2TT 

divided by -/Nß  depends upon both the relative and the 
absolute magnitude of the neglected stability derivatives 
of the airplane.  Therefore, caution should be used when 
the assumption is applied to an unconventional design, such 
as a tailless airplane, where the relative magnitudes of 
the derivatives may differ considerably from those of the 
airplanes of this report. 

In order to illustrate the accuracy of the approximation 
P = 2Tr/-v/STß,  the variations with indicated airspeed of the 
period as computed by three methods are shown in figure 2 
for a representative modern airplane.  The three methods used 
are:  (1)  the method of reference 1 in which (within the 

limitations of the initial assumptions) the theoretically 
true period is given as  2fr  divided by the magnitude of the 
complex part of an imaginary root of the stability quartic, 
(2)  the method of the present report in which the period 
is equal to     2n//JW^)>      and (3) the method of reference 2 in 
which an alternative simplification and factorization of the 
quartic gives a period equal to 

2-rr 
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The comparisons of figure 3 indicate that, for the airplane 
considered, the approximation of this report (method (2)) 
gives results that agree within 5 percent with those obtained 
using the theoretically true method (method (1)), and are 
closer than those of method (3).  At low speeds (and high 
lift coefficients), where the neglected stability deriva— 
tives assume larger values relative to  Cng,  the approxi- 
mation presented herein tends to "become less reliable and 
others should be used. 

FLIGHT PROCEDURE 

The period of motion necessary for calculation of  0nß 
may be obtained by placing the airplane in a steady sideslip 
while trimmed for strpight and zero—sideslip flight, then 
abruptly returning the control to trim and recording the 
resulting motion.  A typical time history of the yawing and 
rolling oscillation that follows such a disturbance is shown 
in figure 3.  From records similar to those shown in figure 3 
the period of the oscillations may be determined and inserted 
in the equation given for  Cnß. However, it is ncl essential 
in the evaluation of  CnQ  to obtain time histories of the P 
airplane motions; any accurate means of measuring the period_ 
alone would be sufficient. 

The value of  Cup  obtained by this method actually 
represents an average value for the range of sid.eslip angles 
covered.  If it is desired to establish a curve of  Cne 
against  ß,  runs can be made with varying amounts of applied 
disturbance or with different initial trim positions. 

The procedure m^y be used for either a control—fixed or 
a control—free configuration.  In the interpretation cf 
control—free results consideration should be given to the  
control—system friction, which is sometimes sufficient to 
hold the rubier fixed in a rudder—free maneuver. 

PRECISION 

The accuracy with which  Cn   cr-n bo evaluated from 
flight tests depends largely cn the precision with which the 
period can be mepsured pnd the moment of inertia  Ig  can be 
estimated.  If  c  represents the error in the flight—measured 

6 
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period, the percent error in  0n8  resulting from the error 

e  is given by . _ 

Percent error in  Cnß  = ±100 * 2e/P 

It is estimated on the basis of available flight data that 
the value of e  is of the order of 0.10 second.  In order 
to reduce the percentage error from this source to less than 
6 percent in any given reading, a period greater than about 
3.5 seconds would be required.  Since the period is inversely 
proportional to the speed, the experimental error is reduced 
for lower speeds.  The error likely to be incurred in the 
computation of I„     is greatly dependent upon the method used 
for its determination and with care may be held within 1 
percent,   

The gain in experimental accuracy at lower speeds tends 
to be offset by the decreased accuracy in the theory due to 
the approximations.  It is expected that the greatest over—all 
accuracy will be obtained between 200 and 300 miles per hour, 

COMPARISON OP PLIGHT DATA WITH WIND-TUNNEL DATA 

To TO check the validity of the simplified method developed 
-n this report a comparison has been made of the values of 
Cng  obtained from wind—tunnel and flight tests.  Pour air- 
planes were chosen (fig. 1) which exhibited a wide range of 
directional stability and for which there existed the 
necessary wind—tunnel and flight data. 

The value of CnD  was obtained from flight data using 

/C I 
Cnßo = 0.6.88 "s^p2 

The moments of inertia were obtained from reports of the 
Langley Spin  Tunnel, and the values of  P  were determined 
from directional oscillations where the amplitude of the side- 
slip oscillations was ±5°.  The flight snd wind—tunnel results 
in the form of  Cn  against  ß°  are compared in figure 4. 
Since no values of intercept can be assigned to this curve, 
the flight curves were arbitrarily placed so that zero inter- 
cepts coincided with those of the wind—tunnel data.  Good 
agreement between wind—tunnel find flight—test results for all_. 
four airplanes indicates that results at least as accurate as 
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those obtainable in a wind tunnel may "be anticipated if the 
approximate method of this report is used. _   

CONCLUDING REMARKS 

The simplified method for the determination of Cn 
P by flight te.st requires the measurement of only the period 

of oscillation of the airplane when disturbed laterally or 
directionally.  For conventional airplanes flying at low to 
moderate lift coefficients, the assumptions involved in this 
simplified method produce negligible error; hence the method 
gives results which are more accurate than those obtained 
using the approximate method of reference 2 and which are in 
good agreement with wind—tunnel results.  For unconventional 
airplanes (such as tailless) or for airplanes flying at high 
lift coefficients the error may become appreciable and the 
method should be used with cf.ution. 

Ames Aeronautical Laboratory, 
National Advisory Committee for Aeronautics, 

Hoffett Field, Calif., March 1946. 
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Airplane 1 

iW 

Fig.   1 

Airplane 2 

werw 
.iF?f 

Wing area, 334 sq ft 
Wing span, 42.83 ft 
Weight, 11,500 lb 
Length, 33.83 ft 

Airplane 3 

Wing area,  540.5 sq ft 
Wing span,   70.0 ft 
Weight,  30,000 lb 
Length,   50.75 ft 

Wing area,  455.0 sq ft 
Wing span,   51.5 ft 
Weight,   20,000 lb 
Length,   45.38  ft 

Airplane 4 

yftrl 

NATIONAL ADVISORY COMMITTEE 
FOR ÄERÖNAUTTÜS" 

Wing area, 275.0 sq ft 
Wing span, 40.0 ft 
Weight, 9,000 lb 
Length, 32.1 ft 

Figure 1.- Two-view drawings and pertinent specifications of 
the airplanes tested in flight. 
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Lß(^Vg/V)-NßLp 

-Nr-Lp 

Dimensions and 
derivatives 
for typical 
airplane   

b 40 
S  275   
m 260 
I 19 
Ix 4580 
Iz 14,600 
p .001756" 
CYß° -.0105 
C^pe -.0010 
Onß° :.0010 
Oir .0244 
Onr    -.136 

'np 
-.452 
-.0058 

100      200      300      400 
Indicated airspeed, mph 

500 

Figure 2.- Comparison of the true and approximate methods for 
determining the theoretical period of a representa- 

tive airplane. Stability derivatives were computed for a lift 
coefficient of 0.132. 
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Figure 3.- Time history of a typical rudder-fixed lateral 
osoillation from which a value of Cng may he 

determined. 
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Figure 4.- Comparison of flight and wind-tunnel values 
of rate of change of yawing-moment coeffic- 

ient with sideslip angle for four airplanes. 
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