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SUMMARY

The cbject of this investigation was to determine the yield
gtrength, ultimate strength, ductility, and plestic atress-strain
relations for 24S-T aluminum alloy when gubjected to blaxial stresses. -
Both biaxial stresses considered were tensile and the influence of various
biaxial stress ratiocs on the mechanical properties was determinsd.
Blaxiel tenagile gtresses were produced in & tubular specimen by a
specially designed testing machine. This testing machine applies both
an axiel tensile load and intermal pressure to the tubular specimen,
thereby producing blaxial tenasile stresses in the tube wall. Strains
wore measured in the plastic range up to rupture by means of spscial
electric SR-k clip gages. Nominal stress-straln dlagrams for the elastic
range and true stress-straln dlagrems for the plastic rangs were plotted
for varlous blaxdal stress ratios. T

The data were lnterpreted by a generalized St. Venant theory in an
attempt to predlect the biexial stress-strain relations in terms of the
uniaxisl tenslile streas-strein relations. The stress-strain relations,
ag predicted for combined stresses by this theory sgree approximately
with the test results. Ths yield-strength values, as determined by
tests, agree guite well with the distortion energy theory, and the
ultimate and fracture strengths agree well with the maximum stress theory.

Stress-strain data were cbtained from flat control speclmens cut
from the tubular specimene and compared with tension test date obtained
from tubular specimens. Except for ductility values, the results show
that the tension test results for these control specimens agree with the
veluss for the longitudinal tenmion tegts on the tubuler apeclimens.

IRTRODUCTION

Aircreft members may be subJjected to stresses beyond the yield
strength of the material. In many cases the stresses are not simple
stresaes acting in one direction, but the stressmes act in several
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directione; that la, ths blaxlal stresses often cccur in place of
uniaxial stresses. It im of importance, therefore, to dstermine the
plagtic stress-strain relations and the mechanical propertiss in air-
creft materials subJjected tO'CGMbian gtresses.

During World War II, blaxlal etress plasticlity etudies were mads
on sgheet aluminum alloys for the purpose of obtalning bamic information
which could be used to improve forming cperations. It 1g hoped that
the resulis given In thils report also may be of value in forming problems.

In obtaining the plastlc stress-strain relaticns to rupture for varl-
ous blaxial stress ratios, Information ls cbtained to show the influence
of the blaxisl siress ratlic on the yileld strength, ultimalte strenghh,
true fracture strength, and ductllity. It 1s of great importance to know
the 1nfluence of blaxlal stresses on etrength and ductllity, since the
factor of safety and resulting deslgn stresses aselected may be apprsclably
modified by consldasring the cowbined stress effect.

In this investlgation strese-strain data and mechanical propertles
for varlious ratios of biaxial tenelle stresses were determined for
245 -T aluminum alloy by subjecting a tubular specimen to axial tension
and internal pressure. Professor K. J. DeJuhasz gave valuable suggsstions
on the design of the testing machine. The speclal testing machine and
gbrain-measuring equipment-were bullt by Mesers. 5. S. Eckley, E. Grove,
and H. Johneon. Messrs. J. H. Faupel, V. L. Dutton, and M. W. Brossman,
performed the tests and computed and plotted the test data. The techni-
cal assletance glven by the foregoing individuwals in making possible
thies Investigation is greatly appreciated. The testing machine wasm
desligned by Jomeph Marin, who directed the project and prepared this
report.

This work was ccnducted at The Pennsylvania State College under the
gponsorshlp and with the financial agslgtance of the Natlonal Advisory
Committee for Aeronsuticse.

SYMBOLS
A creogg-goctional area, square inches
Ag original cross-sectiocnal area of tension gpecimen,
square inches
d original Intermal diameter of tubular specimen, inches

internal diamester of tubular specimen in plastlc range,
inches
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external diameter of tubular specimsn in plastic
range, lnches

percent error in meagured streins in plastic rangs,
inches

Young's modulus of elasticity, pei

equivalent-offset straln for combined stresses,
inches pser inch

offset stradn for tension, inches per inch
nominal uniaxlal unit sitrain, inches per inch

longitudinal and lateral nominal gtraine in elagtic
range, respectively, inches per inch

longitudinal and lateral nominal strainsg in plestic
range, respectively, inches per inch

total axial forcs, pounds

efperimental congtant for gimple teneion
transverse mensitivity constant of SR-4 grmes
plasgticity modulius ('g— -ce?)

gage length of tension specimen in plastic range,
inches

original gage length of tension specimen, inches
Poigson's ratio

strain-hardening ccoefficlient for simple tension
internal pressure, pei

axial tension load, pounds

nominal reduction in area of tension specimen
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true reduction in arse of tenslon specimen
original wall thicknsss of tubular spsclumen, Inchss

wall thickness of tubular gpsclmen 1ln plastic renge,
inches

princlpal stress ratios
true stress 1ln slmple tenslon, psl

squlvalsnt unlexlal yleld stress as dsfinad by
distortion snergy theory, psl

¥yisld stress In simpls tsﬁsion, pel
nominal ultimate stress in slmple tenslon, psl
true rupturs stress In slmpls tenslon, psi

true longltudinal and lateral principal astresses,
respectivaly, psl

alastlc longltudlnal and latsrel princlpal stresses,
respactlvely, pel

yisld longltudinal and lateral principal stresses,
reapsctlvely, pai

nominal ultimate longitudinal and lateral principal
stresses, respectlvely, psl

true-rupture longltudinsl and laterael principal stressss,
regpectlvely, pal .

atress components, pel’

glgnificant stress, psl

shear strese componsnt, pel

principal shesar streassss, psl

trus rupturs strsss In shsar, psl

principal shear strains, inches per inch
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€ true strain in simple tenalon, Inches per inch
el, € ar € 3 true principal stralna, inches per inch

€ significant strain, inches per inch

81 o 82 . apparent recorded measured straing in longitudinel

and. lateral directions, respectively, inchee per inch

a atress ratio (UQ e/cle or 02/01)
p gtress ratlo (0'3/0‘1)

DESCRIPTION OF MATERTAT,

The materlal tested 1n thle investligation was a fully heat-treated
aluminum elloy designated 2LS-T. The material was supplied in tubular
extruded Fform in lengths of 16 feet with an intasrmal diamster of 2 1inches
and & wall thickness of 1/4 inch. "The nominal chemical composition, in
addition to eluminum and normal impurities, consiste of 4.4 percent .
copper, 1.5 percent magnesium, and 0.6 percent manganese. The mechanical
properties, as furnished by the manufacturer, are: tenslle etrength,
68,000 pel; yisld strgngth (0.2-percent offset), 44,000 psl; modulus of
elasticity, 10.6 X 10° pai; percent elongaticn {in 2 in.), 1k percent;
and Polgson's ratio, 0.33. L

Tenslle control teste were made on flat specimena machined from the
walls of the tubular extrusions. Theee teete were made to obtaln more
accurate values of the tensile properties and to make posslble the
correlation of the comblined-stress test results with tenslie tests on
speclmens of the usual type. The dimensions of thsse control specimens
are ghown in flgure 1. The longitudinal directlon of theee specimens
colnclded with the longttudinal directlion of tha tubuler extrusions
from which they were cut. The tension tests were mede on a 60,000~pound
hydraulic machine, and gtraina were measured to rupture. Elastlic strains
were measured with SR-4 electric strain gages and plastic straina were
meagured by using ollp goagee as described for the combined-stress tests.
Four specimens were selected from each of the three 16-foot tube lengths
used for the combined-stress testa. Figure 2 gshows the nominal gtress-
strein diagrams for the 12 gpecimena tested. The values of moduli of
elagticity and tensile yleld gtrongths based om 0.2-percent offsmet, as
cbtalned from figure 2, &re glven in table 1. The nominal values of
tensile ultimate strength and psrcent slongetion besad on the orlginal
specimen dimenalone are also glven in table 1.
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Flgure 3 shows the true stress-strain dlagrams for the tension con-
trol spscimens based on the ohanging dimensions; the values of stress
and strain used are defimed by equations (A10) and (A8) in appendix A.
Tension tests on many metals (references 1 and 2) show that In the plastic
range there is an approximate linear relation betwean the true stress o
and true atraln ¢ when thsy are plotted on logarithmic papsri that is,
the relation o = ke® is a good approximation. In order to determine the
congtante k and n in this egquation, the true stress-gtrain data
shown in figure 3 were plotted om logaritbmic graph paper, as shown In
figure 4. The values of the material constante k and n, as obtained
from figure 4, are given in table 1. The values of these constants were
obtained in order.to correlate the plastic stresgs-strain data on tension
gpeclmens of usgual dimenslons with the simple tension test data of
tubular specimens, .

TEST PROCEDURE

Teat Specimen

The biaxial-gtress test specimens were machined from tubular
gectlons having an Inglde dlameter of 2 inches and wall thickness
of 1/4 inch. The dimensions of the mechined specimen are shown in
figure 5. The specimen used had an over-all length of 16 inches, with
an Intermesdiate length of 11 inches of reduced wall thickmess equal to
0.100 £ 0.002 inch. The intermal surface was left in the extruded form.
The wall thickmness of the tubular specimens wasg measured with the
apparatus shown in figurs 6. This apparatus 1s similar to a device
developed by the National Bureau of Standards for this purbose. With this
equipment the reading on a 0.0001-inch dial is recorded when the dial
plunger is in contact with the protrusion P on the rod, as shown in
figure 6. The tubular specimen is then supportesd on the rod protrusion
by placing the specimen ovar the rod. With the specimen in this poaition
a raading on the dial indicator is recordasd. The difference in ths dial
readings la then a measure of the wall thickmeass. Wagll-thiclkness values
were in thils way measured for six positions around the circumference
and at five equal intervals along the tube length. The ratio of wall
thickness to diameter of the specimen was 0.05, so that the biaxial
stresses throughout the wall were essentially uniform. The dlameter-
length ratio of the specimen wes about 0,18, thereby providing a
sufficiently long section of the specimen free from the bending stresses
profuced by end restraints.
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Teeting Machine

A special teeting machine was deeigned and built for epplying
internal preseures and axlal tensile loads to the tubuler speclmens.
Flgure T shows a schematic drawing of the testing machine, and figures 8
and 9 are photographs ehowing, reepectlvely, the equipmsnt Tor applying
the exial locad and the internal preeeure. The axlal tenelle load 1=
epplied to the epecimen 8 by means of a direct-current motor M, a
gpeed-reducing unit U, & vertical pulling rod R, and a lever L.

The axial load is meesured by & dynamometer D. The lever L transmits
the load to the specimen through spherical seate 8' +to insure axielity
of loading. The fulcrum F of the lever and the ends of the lever are

provided with bearings. The pulling rod R was provided with & spherd-
cal geat and a unlvereal Joint to eliminate bending.

The internal preeeure wae applied by an injection pump urndt P
(figs T and 9). The oll used to epply the internal preeeure vas a
hydraullic preesurizing ol of 154 §.8.U. viscoslty at 100° ¥ and
had a pour point below -40~ F. The oil was supplled by the pump P
through a high-pressure pilpse line to the lower pulling head H and into
the specimen &. The rate of preesure applicetion wee controlled by the
rheostat of a motor-gensrator gset and by means of a release wvalve which
discharged eurplus oll 1nto the oil eupply reservolr. The oll preeeure
wag measured by 10,000-psi, 5000-pel, and 2000-pel U. S. Bourdon gagee G.
Three pressure gages were uged to obtain the necessary accuracy of
Preesure measurement during varloue stagee of loading. The low-pressure
gege was located at the end of the pressure line eo that it could be shut
off by & check valve when the preesure exceeded 2000 psi. A check wvalve
wee also provided between the 5000- and 10,000-psl gages to shut off the
5000-psl gage when preassuree exceedlng 5000 psl were applied.

The axlality of the loed was checked by using three SR-4 electric
etrain gages cemented at 120° intervals around the circumference of a
tubular epecimen. The plate eupporting the upper spherical geat was
then ehifted until the etrain readings on the three strain gagee were
equal. The machine wes calibrated for axial loading by inserting e cali-
brated rod with SR-U4 gagee in place of the smpecimen S and recording
the readinge on the dynamometer D. The axlal load on the speclmen wasg
megeured within 100 pounds. The presssurs gages were calibrated before
testing and were found to have g mayimum error of ebout 2 percent.

Msthod of Msasuring Strains

The elastic streins were measured over a gage length of 13/16 inch
by means of SR-4 electric straln gages. Three longitudinal and three
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trensverse elastic gages (elastic gages refer to gages used to measure
elagtic strains) were located at lntervals of 120° arcund the circumference
and at three locations along the length of the speclmen, as shown by the
developed view of the specimen in figure 10. The strain gages were
cemented to the specimena in accordance with the procedure prescribed by
thelr manufacturer. Flgure 1l 1s & photograph of a tubular specimen
with the elastic SR-4 gages. In order to compensate for changea in
gpecimen dimensionsg due to temperature changes, the elegtlc gages wers
connected to an unstressed dummy speclmen of the same material as the
gpecimen. The wiring diagram used for measuring the strains is glven
in figure 12, and figure 13 shows the strein-msaspurlng apparatus. The
gages are connected through a switch box B 80 that each gage can be
succespively switched into the circuit connscted with the strein indil-
cator I, which in turn records the straln directly in microinches per
inch.

The SR-4 gages havs a maximum range of about 0.015 inch per inch so
that they could not be used to measure the plastic strains covering the
entire plestic range of the materlal. It was nscessary, therefors, to
develop special plastic straln-measurilng equipment for thls purpose.
Clip-type gages vwere used to measure the longltudinal and lateral plastic
gtraing, as shown in figures 1k and I5. A clip gage consists of a channel-
shaped phosphor-bronze strip to which SR-4 electric strain gages are
cemented on the upper and lower surfaces of the clip-gage bridge (fig. 1k4).
By means of thls arrangement an edditional temperature-compensating gage
ia not required and increasged sensitivity 1s obteined. By means of these
clip gages & large strain at the plvot points of the clip is reduced to
& small measurable strain at the bridge of the ¢lip. The attachment of
the ¢lip gages to the tubular specimen introduced a problem, since 1t
vey congldered inadvisable to smolder lugs ontc the speclmens for attaching
the c¢lip gages. For this reason, speclal clip-gage attachments were
deviged, as shown in figures 1i4 and 13. The longitudinal and lateral clip

gages were capable of measuring strains to 0.00005 1nch per inch. The
longltudinal cllp gagss wers calibrated by using a vernier scale, as
ghown in figure 16, The celibration wag made by taking simultaneous
reedings on the micrometer and the SK-4 gtrain indicator. Ths longl~
tudinal ¢lip gages kad & gage length of about 2 inches. The lateral
clip gages were calibrated by the stepped-tube device shown in figure 1T.
The stepped tube coneists of an asccurately mechined tube with lengtha of
various diemsters. By recording the reading of the SR-4 Indicator for
correapondiing accurately kmown dlamsters of the tube, the calibration of
the lateral strain gages was made possible.

The lengltudinal clip gages were applied to the specimen in a pre-
gtrained condition, gince tensile stresses In the specimen reduced the
strain on the gage. The lateral clip gages were applied with various
amounts of prestrain, the amount depending upon the biaxial state of
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stress under teet; that is, various amounts of prestrain were neceseary

because In soms tests the specimene reduced in dlameter, vhereas in othere

there was an increase in dlameter. Final stralns at rupture were meagured

to 0.0l inch by means of dividers and a ecals. T

Method of Testing

The elastic SR-b clip gages were first attached to & tubular specimen
and connected to ths swlitching box and strain indicator, as shown in
figure 13. 011 wae then pumped through the specimen to remove any air
that might be trapped in the specimen. The dlscharge outlet in the
pulling head of the testing machine was then sealed and a protectlon
shleld was placed over the speclmen end of the testing machine. Straln
readings for ths six elastlc and eix plastic straln gages corresponding T
to zero loesding were then recorded. The speclmen was loadsd to pre-
determined values of exlal lcad end internsl pressure to produce a given
principal etrees ratio in the specimen. Strain readings were recorded
for selected load Intervals to rupture, with the strees ratioc maintained
essentlally conatant. Fracture loade were recorded alec, but bscause of
the high rate of deformation it wae impossibls to cbtalin strain readings
immediately preceding fracture. Strain readings for sach load increment

required less than 1 minate, and the time of teeting averaged about
1 hour. o

TEST RESULTS

Conventional Stress-Strain Results

The conventlonal strese-sirain diagrams are shown in figures 18
and 19. Thees dlagrams represent the nominal etrees-stralin date and are
baged on the origlnal dimensions and gage length. The straln values
were obtained from the SR-h gages cemented to the specimens. Tn -

figure 18, o« vefers to the strese ratlo o, a/cle , vhere @, = 1s the

longltudinal etress and %o is theo_la.teral, transverse, or clrcumfer-
2o

entlal stress; that 1s, a value of F1g 0 repreeents a tubular

specimen subjected only to axlal tension wlthout Intermal pressure. T
Strain values in figures 18 and 19 are plotted for only the straine

nearest the point of rupture of the specimen. At lsast three speclmens

were tested for each principal streme ratlc. The equatlion for the nominal
longitudinal etresses plotted in figure 18 ile
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vt _pa® + WPk

“lo f{-[(d. + 2‘1:.)2 - dé]— ht(da + t)

(1)

The values of the nominel leteral stresses plotted in Tigure 19 were
determined by the equation for a thick.walled tube, sinoe the use of the
formulas for a thin-walled tube produces an error of about 5 percent in

the etresses; that 1a, the maximum value of the leteral principal streesee
ie {reference 3)

+

& & 9]
\ l 2— —
_ g-% + a + 2(d) (2)
L.t
2 ]
t

The value of 3 = 0.05 for the tubee tested, so that the clrcumfer-
ential stress 1s defined approximately by

Ope = 1.05 B (3)

Since dp, = pd/2t 1s the lateral strees for a thin-walled tube, the

error produced by neglecting the variatiop in stress throughout the wall
is 5 percent.- ST 5 >

The nominal conventional strains were determined from the readinge
from the SR-4 indicator and the original gage length of the aspecimen. TFor
eoms straln readings it wae neceesary to correct the readings for the
lateral sensitivity and for the "combined-etress effect,” since the cali-
bration constant supplied by the menufacturer is based on a simple tension
calibration on a steel specimen with a Poiseon'e ratio of 0.285. Eguations
for calculating the strains in terms of the apparent measured straine
corrected for the combined-stress sffeot and Polsson's retio were
developed by Baumberger (reference 4). The application of these equations
is given in appendix B, The straight dashed linee in figuree 18 end 19

|



NACA TN No. 1536 1

corregpond to the sgtress-strain relations hasmed on the elastig equations
for biaxial stresses, if & modulus of slasticity of 10.3 X 10° pel is
used. .

The yield-strength values for axizl temsion (& = 0) were determined
by ueing an offset strain of 0.002 inch per inch, ag indicated in
figure 18, TFor the combined-strees tests en equivalent offset was used,
as proposed by Marin (references 5 mnd 6} The equivalent-offset strain is
a strain valus corresponding to the uniaxial strein offset of 0.002 inch
per inoh but providing for the blaxisl state of strese. The velue of the
equivalent-offeet strain in terms of the uniaxial offeet strain is

[~ 1 -
B, = |1 = Lo + ey (&)

E 1-a+d
where
Uy . yield strength in simple tension, psei o
o offset strain for tension (0.00027in./in. for

test results reported herein)

&g equivalent-offset strain for a particular strese ratlo

Equation (4) determines the offset strains used in figures 18 and 19
to determlne the yield-stress values. Table 2 gives the values of theee
Field stresses for each of the biaxial strsss ratios. A comparison of
the Plaxlal with the unlaxial yield etrengths, dased on the tensile yield
gtrength as determined in the longitudinal dlrection, is shown by the
lagt two columns of table 2. The valuse in these colurms represent the
strege ratios x = °1y/°y and y = UEy/Uy. For & particular stress
ratio, when either x or y 1g greatar than 1, then the yield strength
for the etreee ratio is greater than the unlaxial longitudinal tensile
yield strength. : :

Plagtic Stregs-Strain Results
The etress-straln dlagrams for the plastic range are shown in

figures 20 and 21. These dlagrams represent true etress-sirain values
based on changing gage lengths and dimsnsions of spascimens in the plastic
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range. Ae in Ffiguresm 18 and 19, the data in figures 20 and 21 are
plotted for only the etralns neareet the point of rupture. For each
principal etreee ratic at leaet three ppecimens were tested.

The true plaetic etralne were determined by cllip gagee and from the
readings of the SR-4 indicator. The convereion of the readinge of the
SR-4 indicator to unlt plaetic etrains wae made ae followe: (1) Let
W1 equal a glven etraln reading In inches glven by the calibrating
device (etepped tube or vernier scale) and x; equal the etrain reading
on the SR-4 indicator correeponding to the etraln w on the calibrating
device. Then wp/x; equale the etrain in inchee per divielon on the
SR-4 indicator. * (2) Let y; equal the gage length for the clip gage in
inchee, Then wl/xlyl equale the etraln in inchee per inch per divielon
on the SR-4 indicator. (3) Let z, equal a given etrain reading on the

SR-4 indicator ag meagured for a tubular specimen under teet. Then the
unit etrain on the specimen in inches per inch is

W

1 1
o = e p. (5)
x¥ 1

The unit plastic strain, ae determined by equation (5), ie the nominal
etrain baeed on the original grge length. Appendix A ehowe that the
true etrain ¢ in terms of the nominal strain e' 1le given by the
equation

€ = log, (1 + o) (6)

If e, and e, are the nominal. longltudinael and lateral etralne, reepec-
tivel¥, as detrmined by equation (5), then the true etrains are

& = loge(l + 92) (D

4
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The true etrains, ag defined by equation (7), &re plotted in figuree 20
and 21.

The etreeeee for the plastic renge were determined by baelng them
on the varying dimsneione, elnce, for the higher plaetic etrain valuee,
the changes In dimensions become appreciable. The true longitudinal
etreee cen be expreesed by equation (1) for the nominal etrees provided
that the thickneee t and diameter & are replaced by their true wvaluee.
That 1g, the true longlitudinal streee is

pipg + 4p/x
htp(dp + tP)

o] = (8)

The determination of the wall thickneee t‘IJ end dlamster d:p ie
given in appendix C. Appendix C ghowe that the wall thlckmeee tp ie
approximately -

P I
tP"l+el+eE _“.__(9)

where t 1e the original wall thicknees and ey and e, are the

nominal etrainsg In the longitudinal and lateral directloms, reepectively
The internsl dlemster d? ie ghown In appendix C to be

do = (@ + 28) (1 + o) - 2% (10)

where tP ie the new wall thicknese as given by equation (9). Eguation (&)

can now be ueed to determine the longltudlnal etreseee eince the dimensglone
tp and d?? can be found by eq_uations (9) and (1.0) The true lateral
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stressss wers calculatad by using the stress formula for a thin-wallsd
tubs, namely,

Cn = EEP (11)

2 2%
P

An analyele of the strees dlstribution for a thick-walled tube sub-
Jected to plaetic flow showe that, for the ratlo of wall thickneee to
dlemstar of 1:20 ussd in thsass tests, a2 small amount of plastic flow
yilslds eegentielly a uniformly distributed lateral strsssg. This is also
indicated by the fact that for the slastlc range the correction prcduced
by a considarstion of the thick-walled-cylinder theory producees only a
5-psrcent srror (squation (3)). The valuse of the dismeter d? and

wall thickness t;, ueed in equation (11) were determined by eguations (9)
and (10). :

The true stress.sitrain diagramsg plotted in figures 20 and 21 are
bassd on stresses and stralnas as calculated by squations (7) to (10).
In ordar Lo detarmine the fracture points shown in flgurea 20 and 21,
the meaeured true stralns at rupture were corrected for the elastic
gtrains correeponding to the streeees Just prior to rupture. Thie
correction eppsars to ba Justlfled since the remalning stralns plotted
include an elastic mtrain.

On the beeis of the data plotted in figures 20 and 21, tables 3
to 6 were prepared. Thees tables show, for the varioue principal strese
ratios, ths nominal valuss of tha ultinate stressss, psrcant slongation;
and the trus fracturs stressss and trus gtrairs et fracturs. Thass
tablas also glve a comparigon of ths mechenical propsrtiss for the various
ratice of blaxlal streeses with the wvalus for unlaxial longltudinal
tenalon. Figure 22 ghowe the typical types of fracture for the various
gtrase ratioe consldered.

ARATYSIS AND DISCUSSIOR

Blaxlal Yisld Strength
The difference In uniaxial tensile yleld-strength values in ths
longitudinael and latsral dlrections, ae glvan in table 2 for atrees

ratice of » and O, mekes it difficult to compere ths actual yisld-
atrength valuee for varloue etrsee ratlos with valuse predicted by the
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avaellaeble theorles of failure. Ths difficulty iz present sincas the
varlous theorles of fallure avallable assume equal tensile yield strengths
in ths directions of the two blaxial stresmes; that le, the theorles
assume an lectroplic and homogeneous material. Figure 23(a) gives a com-
pariecn of the Jleld etrengbths for various blaxisl stresses wlth the
stress, shear, and distortion energy theories of fallure (references 5
and 6). The comparison ghown in figure 23(a) is baeed on the uniaxial
tensile strength in the longitudinal direction. In Pigure 23(a) the
etresses are conesidered to be blaxiel and the radiel stress 1s naglected.
Figure 23(a) ehows that, except for the influsnce of the dlrectiocnal
propeartiss of the tubes, the distortion emergy theory 1s a good
approximation.

Figure 23(b) glves & comparison between the distortlion energy theory
and the test results with the radial stress Includsd. This comparizon
ie made by reprementing the equivalent uniaxial stress

defined by equation (A23) as a ratio of the uniaxiel tensils yield
‘strength o, for the wverious blexial stress ratios; that is, in

figure 23(b), i1f the dlstortion theory applies, the ratio Ue/qy

gshould be 1.0 ae 1ndicated. A conaideration of the three-dimeneional
atrese effect (fig. 23(b)) shows that the dletortion energy theory givea
a good approximation to the test resultas.

T

Plastic Stress-Strain Results

A theory called the generalized St. Venant theory has been propoeed.
With this theory it ias possible to predlct the true stress-strain
relaticn under combined stresses in terms of true stress-strain relations
in simple tension. The theory defines a stress and strain, called the
significant strese and strain (references 7 to lh), as & functicn of the
principal true stresess and strains. These quantities are also referred
to as the "effective stress-strain” and "octehedral shear strese-strain
relation” in varidus reports. The values of the significant etress and
strain are dsrlved in appendix A and are shown to be, respsctively,
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Qi

=\/:§L- [(cl - 62)2 + (02 + P)2 + (“1 + P)2] (12)

_ 2 2
€=J-l;-(sl +5162+62) (13)

where €, and €, are the true longltudinsl and lateral strains,
respectively.

Values of the significant stress and strain, as given by equations (12)
and (13), are plotted in figure 24 for each specluen and stress ratio. By
the gemerelized St. Venant theory the significant stress-strain relations
should all agree and coincide with the unlaxial tensile true gtrese~ptrain
relation. Figure 25 shows the average curve for each principal stress
ratio as obtained from figure 24 but plotted with the same origin. The
uniaxial tensile true stress-strain diagram is also shown in figure 25
for purposes of oomparigon. It appears from figure 25 that the generallzed
St. Venant theory, together with the uniaxial true stress-strain relation,
may be used to define approximately the true stress-strain relation for
243-T aluminum alloy sublected to blaxial tensile stresses.

Blaxlal Ultimate Strength

Table 3 gives values of the nominal ultimate stresses for various
principal stress ratios based on the original dimengions of the speciumen.
Figure 26 gives a comparigon between the biaxial ultimate strengths and
the values from the stress theory of fallure. Figure 26 shows that the
maxlmun stress theory 1s a good approximation since averzge test valuss
are within & percent of the thecretical values defined by thils theory.

Biaxial Fracture Strengths

Table 4 glves values of the true fracture strengths, and figure 27
gives a comparison of these stresses with values predicted by the siress
theory of faillure. Figure 27 shows that the maximum stress theory is e
good. approximation. Except for one stress ratio, the average test resalts
agree with the theory within 3 percent.
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Ductility

Values of the measured nominal and true ductilities are given in
table 5 for the dlrection of the maximum stresse. A comparison of the
ductilities for blaxlal temnslle stresses with unlaxial velues shows
that there ie an apprecieble reduction in dwetility. A reduction in
ductility for blaxial tensile strese 1a aleo predicted by the gensralized
St. Venant Theory (equetion (AhS)). Theoretical values of true ductility,
a8 determined by equation (AhL6), were calculated. These values do not
agree with the cbeerved values. Posslble resascns for this dlscrepancy
are the presence of a nonunliform state of streas at the necked-down
section of the specimen, the observation of an average rather than a
local straln by using & 2-Inch gage length, or the inadeguacy of the
theory. The foregolng reasons may also explain the reason that predicted
gtrains at pointe of instability, as determlined by equations (AS56)
and (A61l), give unreasonsble valuea.

Control Tenseion Testa

Table 6 gives the mechanical properties of the tension comtrol
gpecimens and the unlaxisl tension properties as obtalned from tests of
the tubular epeclmene. A comparison of the nominal ultimate atresses
and the true frecture strees valuss for the three typee of tension teast
ghovn in table 6 sghows that the values for the tension control specimens
fall between the wvalues for the longltudinal and lateral tenslle strengih
values of the tubular gpecimenas. The true ductility in the longltudinal
direction of the tubes was found to be somewhat greater than the valuss
for the other tension tests. The true siress-strain resulte obtained
from the unlaxlal tenelon teste of the tubes were plotted logaritimically
ag shown in figure 28, and the valuwes of k and n obtained from
Pigure 28 are glven in table 6. A comparison of the valuss of k¥ and n
for the three types of tension test ghowe that thers ls 1little dlifferesncs
between the valuea of these. conatantsa.

CONCIUSIORS
For the 24S-T aluminum alloy tested, the following conclusions can

e made:

1. The yield strengtihe for blaxisl tension may be predicted approxi-
mately by the distortion energy theory.

2. The values of the nominal biaxial ultimate stresses for bilaxlisl
tension agree well wlth vaelues baged on the maximum gtrees theory.

3. The values of the true blaxial fracturs stressses for blaxial
tension agree well with values based on the maximum strese theoxy.
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4. There ie a decrease in nominal and true ductility for blaxial
tenelon compared with uniaxial tension. However, the test valuee do not
agreoe with the theoretical values based on the generallzed St. Venant

Theory .

5. The generalized St. Venant theory can be ueed to prediet approxi-
mately biaxial etrees-straln relations in the plastic range by ueing the
etrese-etraln relatione in eimple tension.

The Penngylvenis State Collegs
State College, Pa., March 17, 1947
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APPENDIX A
STRESS -STRATN PIASTICITY RELATIONS FOR COMBINED STRESSES

The obJect of the following anmalyslis l1s to present the currently
accepted theory umed for predicting the stress-etrain relatlions for
combined etreseee in the plaetic rangs. In dsveloping thils enslysis ths
following relations are dotermined:

1. True etrese-straln relatlion for simpls tension in the plastic
range

2. The relation defining the beginning of necking for slmple temslon

3. The stress relation deflning the beglnning of ylelding for com-
binsd stresses

b, The stress-strain relation for comblned stresses in the plaetic
range .

5. The atrain equations for combined stresses in the plaetlic rangs
6. Fracture-strength relations for combined stresess
T. Ductlility relations for combined etreasses

8., Stress and strain valuee at beginning of necking for combined
stresses

The yisld strength, rupturs strength, and ductility for combined
stregges are determined by ume of the trues stress-etraln relation in
simple tenslon. In additlon, the plaetlc atress-straln relatlone under
combined stresees are determinsd by use of the trus stress-etrain
relation 4n simple tenslon.

True Streee-Strain Relatlon for Simple Tenslon

in the Plastic Range

Figure 25 showe a tenglon teet bar of uniform cross section with an
original gage lsngth I'o and croee-eectional area AO. When & unlaxial

tenglon load P is applled thers is a change in gages length or strain
AL, and a chengs In cross-secticnal area LA . If the loed remeing
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in the elastic range the sirain and reduction in area are defined,
reapectively, by

AL : ,
6y & —If (Al)
and
AA
g = Ié‘_? (a2)

That is, e, and ¢ are the axlal atrain and reduction in area,
respectively, as usually defined.

For large deformatlonas which occur in the p'la.stic range beyond the
yileld-streas value, the guantities AL, and AA, become relatively

large compared with the values L, and A,. For large atreins it 1s

then necessary to correct equations {Al) and (A2) to include the influence
of a changing gage length and crcma-sectional area., If for a load P

the gage length becomes I and the croams-sectiocnal area becomea A,

then the true atrain 6 and true reduction in area g~ are

L
dL L
£ = IlrI = Lo = A
u'T-,:, T 8 i (A3)
and
A A
11 = om I % = 1089 Io (Ah’)

Equations (A3) and (Al) dePine the true strain and true reduction in area,
regpectively, as distingulshed from equations (Al) and (A2), which define
the nominal atrain and reductiion in area. For elastic airaine the values
of e, and € and ¢ and q_l are smsentially equal.
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In the plaetic renge, for moet ductile enginesering materiale, the
volums remalna conetant. That is, ' '

AO'LO=AL
or .
A
o _ L
T T (a5)

On placing the value of A, /A from equation (AS5) in equation (A3), the

right-hand side of equation (A3) ie the eame as the right-hand eide of
equation (AM), or,

€= q_l (a6)

Equation (A6) ehowe that in the plastic renge the true etrain € eguale
the true reduction 1n area q_l. .

The true etrein can be related to the nominal strain by noting that
in equation (Al)

L - I,

Lo

e. = -1

o]

At’t:) L
L, I‘o

or

L

]:; =1 4 8o (AT)
Placing the velue of L/L, from equation (A7) in equation (a3),

€= log, (1 + e,) (A8)
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The true reduction in area ql can be related to the nominal reduction
in area ¢ by noting that in equaetion (A2)

_ .0 .1 . A
L Tl i
or
4
Kg =1 - q . (Ag)

Placing the value of A/A, from equation (AS) in eguation (Ak) yields

gl = - loge(l - q)

The relation given by equation (A6), namely, that the true axial
strailn 1s equal to the true reductlion In area, hae led to an improved
method of determining the true stress-straln relation in simple tenslon
elnce it 1g pomaible by simple lasteral meagurements on the epeclimen
during the teet to determlne cizanges in cross-sectional dlmensions or
the true reduction in area gq=.

By obtaining the crogs-gsectional dimenglons of a tenelle epecimen

at various intervals of load to rupture, the true stress o =§

A
. O
and the true etraln ¢ = ql = logg i can be determined and a true

stresa-atraln relation can be plotted. For flat epecimens 1t 1s more
convenlent to measure the axlial straine 1n place of the change in cross-
sectional dimeneions. In this case the true strain 1s given by
equation (A3) and the true strese le given by equaticms (A5) and (A7) as

L P
U=_=_L_-E(l+e°) (A10)

Many teate (references 1 and 2) of ductlile metals show that when the
true stress and true etraln are plotted on logarithmic paper the points
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fall approximately om & straight lins (fig. 30); that 1s, the true
stress-strain relation for slmple tension may bs assumed se glven by

o = ke (a11)

where k and n are sxpsrimental constants and n 1s callsd ths straln
hardening coefficlent.

For goms ductils mateilals the true stress-strain data depart
alightly from a straight lins at the lowsr and uppsr stress valusgs whan
plotted on logarithmic papsr. Corrections {(refsrsncss 15 and 16) to the
gtress and straln values have been proposed to compensets for thsgs dig-
crepanciss. Thsss corrsctlcons Include the adjustment of the etraln valuss
to excluds the elastlic etrains and thse corrsctlon for the stresees at
loads near rupturs due to ths necking-down of ths spscimen.

Ralation Defining Beglnning of Necking
for Simpls Tenslon -

The unstabls condition of plastic deformstion which occure Just
prior to necking-down in & tension specimen i1s usually obgerved in a
tensicon tsst; that 1s, the load In a tenslon test Increasss at a
decreasing ratse to & maximum valus and then decrsasee untlil fracture
occurs. At ths meximum load the dsformation becomes localizsd and the
epscimen necks down. Two oppoglng influences are pressnt 1n the slmpls
tension spacimen. One 1s thse influenca of strain hardening, which tends
to 1ncreapge the load-carrylng capaclity of the spscimen. Oppceing this
etraightening effect ig the decreage 1n the croes-secticnal arsa of ths
spacimen dus tc ths elongaticn of the speclmen. At baginning of necking
the rats of increaes of load-carrying capacity dus to work hardening
becomss lsss than ths rate of decreass of load-carrying capaclty preducsd
by the decrsasing cross ssction. Thls point of maximum lcad 1s dsfinsd
by the condition 4P = 0, that 1s, when thsers is no chengs in ths load P.
Ths point at which this inatability occurs can be determined by the
followlng analysle: If P 1g the tenglle load, o 1is the strege, and
A 1sg ths area, then

P = Ag (a12)
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- By equaticns (AL) end (A6),

Ao
€ = loge T
or ' (A13)
-€
A = Age
From equations (A12) and (Al3),
P=Ap ‘o (A1L)

Since P 18 a function of both stress o and strain ¢,

ap = @ g + Q a (A15)
dg de . . .
From equation (Alk),
oP _ -€
-a-(; = Aoe
and
. QP -€
S - A oo
oP QP '
Placing these values of 5 and. 5 in equation (Al5) reeults in

dP = (Ae™%)(do - ode) (416)

The beglnning of necking is defined by placing dP = 0 in
equation (A16)., Then since Age~° 1e not zero, 4o - gde = 0, or

do - & (AL7)

that 1s, necking or lnstabllity occurs at the load corresponding to the
point where the glope of the true strege-gtrain curve equale numerically
the stress for that point (fig. 31). This point A can he located on
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the true stress-straln curve graphically. That is, since the slope at

A=d-_§=% and EB = o, 1f BC 1s made equal to 1 inch per inch,
i  BC :

the point A defines the condltion glven by equation (A17). It ig more

convenient, however, to define the point A 1In terms of the strain. In
order to do this, the velue of the mtress as given by equation (All) is
gubstituted in eguastion (ALT). Then

nkel-l = ke
or (418)

E=n

By equation (Al8) the mtrain at the limit of uniform extension or beginning
of necking 1s glven by the value of the straln hardening exponent =nj; that

is, in figure 31 OB =n defines the point A.

Stress Relatlon Defining Beglmning of
Ylelding for Comblned Stresmes

For ductlle metals subJected to biaxial stresses, as shown in
Plgure 32(a), tests show that the stress relation defining the beginning
of yielding 1s approximately defined by the dlstoritlon or shear energy
theory (references 5 and 6). That is, ‘ o B

2
oy - Ox0p + Oy° 4 3'1‘13,2 = r.ry2 (419)

where Oy, o’y,
in figure 32(a) and Oy is the yileld stress for simple tension. In

terms of the principal stresses, as shown in figure 32(D1), squation (AlL9)
hecomes

and TW are the combined-stress components as shown

2 2 2
6.< -0 0+
1 10p 0 = cry (A20)

That ig, 1f oy lg the greater of the two principal stresses o7 and
cr2 s then for a glven value of 0'2 the value of 0'1 determined by
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equation (A20) represents the velue of oy at which ylelding occurs under
a blexial state of stress. If equation (A20) 1s divided by oyE, 1t

becomes

2 oxy+ =1 (a21)

where X &nd y are the stress ratlos x = Ulfoy and y = UE/Gy.

Equation (A21)} ie represented graphically by the ellipse in figure 33.
Pointe inslde thise ellipse represent stress values below ylelding, and a
polnt on the ellipse represents stress values at which ylelding begins.

Determination of Yield-Stress Value
Baged on Combined-Strese Test Data

In a combined-stress test such as a tube sublected to internsal
preseure and axial lcading, the nominal straing are mesasured in the
direction of the maximum principal stress and a stress-straln diagram
o1 - €17 18 plotted as shown in figure 3%4. In order to define the yield-

stress value for ¢, several methods have been used. A rational approxi-

mate mothod whioh correlates the determination of the yleld stress
under combined stresses to the ASTM offset yleld strese for simple tension
1z based on the determination of an equivalent-offsget straln e, for com-

bined stresses. That is, an offset strain e, (fig. 34(a)) which is
equivalent to the offset strain e, for simple tension 1s determined.
The value of this offset strain has been shown to be (references 5 and 6)

. 4 1 -
8, = _3{(1 = - R + o, (A22)

\ 1-a+a

AY
where
E modulus of elasticlty in simple tenaslon
@ principal stress retio (?2/51)
o4 offaset gtraln value for defining yleld stress in

gimpls tenslon
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The procedure to be used in epplying equation (A22) ig ag follows.
For simple temsion, eg shown in figure 34(1), the yield stress 1=
determined on the hasls of the offset straln € 1n the usual manner as

speolfied by the ASTM gtandards. By equation (A22), for a glven stress
ratlo a, corregponding to ths comblned-~stress test considered, the
value of ey 1ig determined. With this value of e, the value of the

yield stress Oly is obtained as shown in figure 34(a). The exfperi -
mental value Gl:?’ may then be compared with the thecretically predicted
value ag given by equation (A20).

For triexlel stresges defined by three prinolpal stresses Gy s
Gps end 03, ag shown in figure 35 beginning of ylelding by the dls-
tortion energy theory ig given by the equation

(crl - 32)2 + (02 - 03)2 + (03 - 01)2 = Ecye (423)

that is, 1f oy 18 the largest of the principal stresses, then the value
of o©,, as determined by equation (423) for particular values of o

2
and 0'3 s+ represents the value of oy for beginning of yielding.
Strega-Strain Relation for Comblned Streasses

in the Plastlc Renge

A generalized St. Venant theory which predicts gtress-strain
relations for comblned stresses in the plastic rengs has been proposed.
Theae astress-atraln relations are determined on the basle of the followlng
aessumptiona:

(1) The directions of the principal strains €, €5, and ¢
colnclde with the directlons of the principal stresses o

and 030

3
17 Ya»

(2) The volume remains constant in the plastic rangs. For conata:ncy
of volume or no change in volums,

€+ €+ €3 =0 (A2L)
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(3) The ratios of the three principal shear strains to the principal
shear stresses are equal and equal to a gquantity k; determined by the

tenslon test. The principal shear streasses and atrains can be shown to
bYe, respectively,

g - O
e 1%
3 2
o - .
1
T, = et (425)
(v} - O
'rl=———-§2
2
V
and
.
73—61"52
Y = € -95 5
2 3 1 (A26)
71=E—€
2
3

For the shear stresses to be proportional to the shear stralins,

R (s27)
1 2 B

Placing the values of the shear stresses and strains from equations (A25)
and {A26) in equation {A27) glves

61-62_2‘3__3-1 (AQB)

Solving equations {A24) and (A28) simultaneously for e
yields '
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-

& ?3‘_31 (61 - o) - (o3 - ay)]

d

€, .-_-k-3i | {(02 - 0'3) - (og - 02)] {(A29)

‘3 =¥ [(“3 - o) - (o - o) )

Equation (A29) defines the plastic etrains 1
of the principal streeecce J1, Ops; O3 and a plaeticity modulue k.

€52 and e¢_ in terms

For the caee of elmpls tension g, = 0'3 =0, 0'1 =g, and € ¥ €,
Then by the firet equation of equation (A29)

5=?ﬂg
3
or B
3 e
kW === A30
17353 (A30)

Placing the value of k; from equation (A30) in equation (A29) givee

JQam

€
2 =<0 (a31)
o - %(01 + 03)
€
3 =€
o




30 . NACA TN No. 1536

Squaring both sidee of equation (A31l) and adding the numeratore and
denominators of the resulting equatioms yields

2 .
l&(el +~622 + 632) .

3[(0’1 5 0'2)2 + (0'2 - 0'3)2 + '(0'3 : o’l)e:l °

n

o

or

Qiam
I

= s (A32)

Equation (A32) definee the relation between the principal plastic etreesese
and straine in terma of the etreee and strain in elmple tensiomn.
BEquation (A32) may be written ae

(A33)

Qlm
n
Qlfm

where

AN IO if—e +(2-) (63 - €)% (a3w)

\/2\/(1‘° + (7 - 5)° (3"’1)2 (435)

The etrain € and etreee ¢ ae given by equatioms (A34) and (A35)
will be called the elgnificant etrees and etrain (referencss T to 11).
Conmbined-etreee test data. mey be repreeented in terms of d and € asa
ehown in figure 36 where "G and € are calculated by equations (A34)
and (A35). Then by thie theory and according to equation (A32) the
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conbined-gtreee curve in Figure 36 should coincide with the strese-strain
plot o - ¢ for simple tension.

The etreee o and strein § have aleo been called the effective
gtresse and etrain by Dorn (reference 12), Furthermore, the significant
etress and straln can be shown to be the same ag the octahedral shsar
gtrees and etrain ag defined by Nadal (reference 1k), when the octehedral
shear gtress and straln are replaced in terms of the normal strese and
etrain as glven in equations (A33) to (A35).

A comparisgon of the significent stress value © as glven by
equation (A35) with the expression for the distortion energy theory as
given by equation (A23) shows that T Trepreeents a unlaxial strese value
with an elastic distortion energy value equal to the slastlce dlstortion
energy produced by the comblned stresess Tys Ops and 03 3 that 1s,

In plotting the elgnificant strees-etrain diagrem the significant streee
values glve a plot of the mguare root of the elagtlc dlstortion energy
multiplied by & conetant. The ldentlty between the elgnificent etress
and etraln and the true atress-strain relation in tenslion assumed by thile
generalized St. Venent theory implies that the stressg-strain relatlion in
the plastic range undser combined stresses is a function of the elastic
dlastortlion energy represented by theee comblned stresses.

Strain Equatlions for Ccomblned Stresses
By assuming that the generalized St. Venant theory as defined by

equations (A33) to (A35) applies, the T - & relation colncides with the
¢ - ¢ relation and equation (A1ll) may be wrltten

G = kg~ (A36)
Then
=zn 2 2 2122
e @T 2 |Caie) () (G|
o kl/n k1/n e
Since 5 =5, )
Ln
o Il i) G BV (438)
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On placing the valus of . .€ fo from squation (A38) in squation (A31), the
principal plaptic stralne 1n terms of thas streassBes ars

l-n

el=(%)l/n(a2+ﬁe-aﬁ-a-ﬁ+i)-é; (1-2’-2)

/a L
e2=(%)1 (a.2+l32-c113—m-13+1) 2n (m-g-é')r (439)

l-n

o /n =i
1 1
Gf(?) (“2?‘32'&5-'“"“1)2“(3'3'5)

whers o and B are the principel strass retlos
1
a = cre/o‘l

? (ak0)

B = 0‘3/0'1
4

whers oy 1g sslsctsd as ths maximum prinelpel stress so that a
end B ars less than 1.
Equation (A39) complstely definsa tha plaastic principal atralns in

tarms of the principal strsssss and ths tansion constants k and n.
For biexial strsssss, oy =0 or B =0, and squation (A39) bscomes

SRR EH

BN CMCTDASNCHNEE B

5
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Equations (A39) and (AL1) give the plastic principel streins in terms of
the principal stresses. o e

Fracture Strength Relations for Combined Stresses

There are not sufficient test datae to confirm definitely a theory
predicting gtresses at fracture under comblinsd stresses; however, tsst
data for ductile materials subjectsd to blaxial tension and blaxial
tension end compression are 1n closest agresment wlth the shear theory of
failure. Tf oy is the greatest principal stress and 0'3 is the alge-

braically smallest princlpal stress, then by the shear theory of rupture
(references 5 and 6),

_:I:_-.j =T = ﬁ":
2 roe
or
crl - ::r3 = 0. (AL2)

where o, 1g ths rupture stress in simple tension.

For blaxial tensile stresses, o3 =0 and equation (Al2) becomes

;=0 (al3)

For blaxlal tensile and compressive gtresses wlth o, > o

1 as Oy in
tension, o3 in compression, and o, = 0, equation (A42) applies.
Figure 37 is a graphlcal vepresentation of the shear theory for blaxisl

stresses. TFor bilaxial temsile stresgses squation (A43) shows that the
ghear and stress theories are identical.

Ductility Relatlons for Coumbined Stresses

The ductility or maximm principsal gtrain is determined by
equation (A39) if the value for o, at.rupture is substituted. From

equation (Ah2) thle value of o; is
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or

or
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0'1 = 0'3 + O'r
Fy =T + Bcl
UI'
= Akl
R s S

By using this value of o, in equation (A39) the strains at rupture are

'lﬁn(

€ [ Or

7 k(T -8y
S -

€ =

R TS
-

€3p = L
k(1 - 8)

For blaxlel stresses,

o2 4+ B2 - of -

1/n
(a? + B2 - aff -

1/n
(g? + BQ - af -

o3 =0, B=0,

1l-n

cr.-B+l) en (1-%’-2)

a-B+ l) EY ( - g - %) Yy (Al5)

«-p+3) 2 (-F-3)

/

and equation (A4S) reduces to

k!

I-n

1)-5;(1-2

n
S

1-n
1) 22 (o - 1) & O (ak6)
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Strees and Strain Valuee at Beglmning of Necking
Tor Combhined Stressee

In order to determlne the etreeses and etraine at beginning of necking,
a procedure elmllar to that ueed for gimple tenslon ie applled. As for
the caes of elmpls temsion, the begimning of mecking le the point where
the rate of etrain hardening, which tende %o increaese the load reeietance,
le balenced by the decrease in load reeletance caused by the decrease in
the croee eectlon. At thie point a maximum losd 1le reached which le
followad by a decreses in load to rupture. The condition defining thie
polint of instabllity le 1llustrated in the followlng paragraphe for the
thin-walled cylinder subJjected to internal preesure and axlial load. TFor
other membere eublected to combined etreeese a slmilar procedure can he
uged to determine the condition of instablliity.

Figure 38 showe a thin-walled cylinder eubjected to an intermal
preesure p and en axlael lcad P. If t and 4 are ths initial wall
thickneee and internal dlamster, respectively, and tp and d.P repregent

the valuee of these dimensions in the plaetic renge, then for a thin-
walled cylinder the longltudinal stress Gy and the circumferential

streee gy are

oy = 1;—:1; + - L3 (ALT)
oy = z—;—ii (ALSB)

In order to determine the instahiilty condition, 1t le neceesary to dle-
tinguleh two caees, one in which o0, 1ie the groatest etreee and the

other in which aq le the greateet etreee.

Case 1 (0, > 07) .- For 0p > 04 & limiting preesure valus D

determines the instability end the etreee 0s 1le ueed. Equation {AL8)
may be expreeeed in terms of the true etrain €n by noting that o

tp = £ o717 (ak9)
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and

(A50)

where €; &8nd ¢ are the true etrains in *the longitudinel and cir-
cumferentlal directions, reepsctive

13' (See a pendix C.} Placing valuee
of tp and 4, from equatione (A¥9) =and (A50 in equation (A48) glvee

61 )
~e (24nd
p = 262(3)6 2( €2/ (A51) =
By equation (Akl1),

‘1 _l-aff_2-a
» a-1/2 2a-~1 § (a52)

where

a = 62/0‘1

Placing the value of ¢1/éx ae given by equation (A52) in eguation (A49)
glvee

1)

(453)

The condition defining inmtebility or heginnling of necking le determined
by the equation

dp = 0
or

d_p=agpdc‘ + L ge, =0

(a5k)
2 dep

Ueing the value of p fromeguation (A53) in equation (AS54) givee
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d.se = 2q = 1 d2 (A55)

whars

a= cre/o'l

Equation (A55) shows that necking or instability occura where ths

slope of the trus stress-strain curve for % equals 3a/2a -1 multiplied

by ths stress o,. Since by squation (Ak1) op = f(o:)een,

do
2 n-1
d—eg— - D-f(CE-} €2

By using the value of d.% from equation (A55)
2

_2a -1
62-,-‘-—33——11 . (-A-56}

that is, by equation (455) 1instability occurs at a strain value 52
defined by equation (AS6).

Cass 2 (o7 > 0p).- For o) >0p, & lmiting axial load defines insta-

billity. The total axlial force 1s
F=oxdto - (A5T)

Placing valuss of ty and d? from squations (ALY) and (AS0) 1n
equatlon (A48) glves

F=xdts 1o (858)
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For instebllity,

- OF oF -
aF S0 oy + 5o dey = 0 (A59)

From equations (AS8) and (A59),

&
)

=0y (460)

<Y
m
l_l

For 1instabllity 1o the axlel dlrection the polat of instebllity 1=
defined when the slope of the true stress-straln curve 0q - € equals

the stress oy. Since by equation (Akl) o = f(a) eln,
do,/ae; = nf(a.)eln'l
By using the value of do;/de; from equation (A60),
€ =n (A61)

Equation (A6l) determines the point of instebility asg the polnt on the
€ - d curve where € equals the constant o.
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APPENDIX B

COREECTION OF MEASURED ELASTIC STRATHNS FOR LATERAT, SENSITIVITY
AND COMBINED-STHRESS EFFECT

Baurberger (reference 3) ehowe that the correct etrailns, in terms of

the moaeured etrains beeed on the manufacturer'e celibration. by uelang
e glmpls tenelle etrees and eteel, are

=£l-l~’ke)(a 'k52),, _ _
®le (1 : k:% 0°2) o (1 uke> (al 1:652> r o
e (2 - ge?(?[egj— k) (- ) (5 - %)
where 16 and e

ne BT® the corrected elastlc etralne 1n the longl-
tudinal and lateral directions. The correction toc the meaeured etralns
cen be more conveniently determined then by ueing equation (Bl); that

1s, the percent error in the memeured straine can be found directly by
eolving equation (Bl) for the measured etrain &,; that le,

®le + kg O2¢

8y

= 5 (B2)
(l - lce )(l - ”'ke)
The percent error in the etrain %6 1e thsn
815 - O 810 * K2
Er = -...1—6__.1— 100 = 1 -

- 100 (B3)
le (l _ kez)(l - “ke)ele
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But since e, = (Ule - uores)/E and e, = (0’25 : pgle)m, equation (B3)
can be written

kg - K +(Ule/cee)(l - ksu)

R

Sincs kg = 0.021 for the SR-% gagss used, (1 - kse) is approximately
equal to 1, and equation (BL) becomes

E,.= 31001 -

T (BY)

. = 100 (B5)

For the aluminum alloy tested, p = 0.33, so that squation (B5) reduces
to

E, = 222 (B6)
1-290.33a

where a squals the princlpal stress ratlo %, e/dle' For & glven

principal strese ratio @, squation (B6) determines the percent correction
to be epplied to ths measured slagtlic stralns.
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APPENDIX C

EQUATTONS FOR WALL THICENESS AND DIAMETER OF TUBULAR SPECTMEN
IN THE PLASTIC RANGE
In the plaetic range of etressse the original valuss of the wall

thicknees t and internal diameter d can no longer be used to calculate
the etreseee, and the actual veluse of the wall thicknese 1, and in-

ternal dlamstsr dp must be used.

The true unit etrain in the direction of the wall thickness tP lse,
by using the definition of true strain (appendix A),

63 = 108*.3 % (c1)

Since the volume 1s assumed to be comstant in the plastlc rangs,
€+ € ¥ &g = 0

, (c2)

or

€& = _(el.l. 62)

From equatione (C1l) and (C2),

tp=tloge-1 (- €1 - %) (c3)

The relations between the true etraing € and €5 in the lateral

and longitudinal directionse in terms of the nominal stralne eg and 85
in thees directions are (appendix A)
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€1 = logg (1 + e,) (ck)

€5 = logy (1 + e5) (cs)

By adding equations (CU) and (C5) and ‘taking the antilogarithm of the
resulting equation,

1059"1 (- € - 62) = ! (cé)

(1 v o)z e o)

From equationes (C3) and (C6),

= t (e7)

P=(1+91)(1+62) 1+-el +‘92+el 62

Since eje, de small compared with e, and 'ee, equation (C7) may be
written

t

= ——— (c8)

o =
:L+el-1—e2

. The internal dlamster d.P in the plastic rangs equals the extermal
diemeter minus twice the wall thickness, or

dp = dp' - 2t (c9)

The external diameter dP’ in termms of the nominel lateral strain
e 1s equal to < : . 2'a o=

ap' = (d + 2t) (1 + ep) (c10)
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From equations (C9) end (C10) the internal dlameter becowes

dp = (& + 26) (1 + ep) - 2%y (C11)

vhere t, 1 determined by equation (c8).
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TARLE 1,- MBECHANICAL PROPERTIES OF 24S-T ATIMINUM AYIOY BASED ON TERSICHN CONTEOL TESTB

@eaig;nﬂ.ticm B, ¢, and D in firat column refer to specimens cut from tubew B, C, a.ndlil

9y

Nominal atrepa-gtrain results Tree atiress-gtrain resoltas
Yisld stress Ultimate Modnlus of | Elongation Fracture Troe Censtant
Spooimen | (0.2-percent offact) streaa elasticity | 1n 2 1n, gtress duot1ity x Oomgtant,
(pat) (a1} (ps1) (percent) {ps1) (1n./1n.) (pad) s
L S 7.2 X 107 SESSeesuas 9.4 80.0 x 103 118X 10°% | comemmeeee Seee
TR | 0 eeeeeeee- 2.4 mmem——— 8.6 9.0 .0 |  eeemmeee- —
m e e B 72-9 -------- ' 708 79-11- 8-6 ---------- DL
B | - -3 T S — 8.6 78.6 1 S [R— S
Averngs 18.5 x 103 2.1 10.6 x 10° 8.6 79.3 9.6 1.20 X 10° 0.18
¢ | eeememaea- i 75 T [ — "10.2 83.5 108 | ecececmaes Saee
020 B Thed | emecenea- 8.6 8.5 85 | ceeeemeees
ng ---------- TL.h SR 7.8 M4 7 T .
he | 0 emmmeeeaa- 69.8 |  emmeeeee-- 6.3 76.5 9.2 R — ——-
Average 50,0 T™.6 10.8 8.2 T9.5 g.2 1.15 0.16
TID .0 | ecmeeeeee 8.6 8.5 8.9 —
TeD 38 2 R ——— 8.6 8.2 9.5 -—--
T30 724 S 7.8 8.4 7.8} smememe==w 1 ceea
ThD 67.6 ——memcmmn 6.3 T2.0 6.1
Averngs 50.0 n.2 10.8 7.8 T7:3 8.2 1.08 0.15
Over-all
averngs hg.5 T2.0 10,7 8,2 78.7 9.0 1.3 0.16
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TIFLD STRESSES FOR VARIOUS RATIOS OF BIAXTAL STRESSES

B;ﬁ;z; Yield YTield Yield Stress ratios
ratio, stress, stress, stress, ‘.I_ll Ooy
9 Ny 92y I3y ol A s
@ = — {pai) (pai) (pei) 7 7
“1
0 0 0 1.00 0
{longitudinal tension) ¥7.5 X 103
.25 k9.8 13.0 % 103 -1.3 % 103 1.05 27
-50 5l|-07 26!6 "2 v9 1-15 l56
i 53 .0 h1.% b 2 1.13 .87
1.00 }5‘9.7 51!1 -5 .1 1.01*‘ 1.07
1.33 39.7 53 .8 ~5.4 .84 1.13
2.00 23.6 47.3 4.9 .50 1.00
o 0 43,2 4.3 0 .91
(trangverse tension)

gEGT 'ON NI VOVN
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TABIE 3.- FOMINAL UITIMATE STHESSES FOR VARICUS DIAXIAL STRESS RATIOS
Biaxial Nominel ultimate Nominal ultimate Streece Btrese
etreee ratlo, Specimen etreee, oy, etreee, L mtig, mbig,
o = - (.’Pei) ‘(pgi) Xt o ) y = _3_‘.!-
71 % u
0 B8 8.3 % 103 0 1.00 )
(longltudinal tension) B10 1.0 0 1.03 0
€10 T8.0 0 1.00 o]
D10 7.9 0 1.00 0
Average o, = 76.2, 0 1.00 o}
.25 f35 68.8 17.9 % 103 .88 .23
Ch 8.6 23.6 .98 .30
Dh 76.6 20.0 .98 .26
Averege 80.6 21.8 .58 .28
5 B3 T9.4 42,0 1,01 5h
c5 Bo.5 hz2.0 1.03 Sh
épg 71.8 37.5 .92 b3
Avernge Bo.o h2 .0 1.02 .5k
.15 BY 8.0 61.5 1.00 <79
cé .9 64.0 1.06 -
cT 80.0 62.5 1.02 80
D6 83.0 6Lh.6 1.06 .83
Average 81.0 63.2 1.0k .81
1.00 BY 61.5 64.0 .79 N>
c1 62.0 64.5 .79 -~
DL 56.5 59.0 .72 -T5
Aversge 60.0 62.5 7 .80
1.33 B2 hs.2 63.0 .58 .81
C3 ho.h 56.4 .52 .T2
08 L6, 64 .0 .59 B2
o3 46.0 6h.1 .59 8
Average bl 6.9 57 iy L]
2,0 B6 29.4h 61.5 .38 79
cz 29.6 62.0 .38 79
D2 30.8 61.5 39 .79
Average 29.9 61.7 .38 .79
B9 o] 63.5 0 .81
® c9 0 2.5 o 8o
(traneveres tension) jols) e} 61.5 0 TG
Average 0 62,5 0 .80

%alues not inoluded in

determining averages.
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TABILE L.- TRUE FRACTURE STHESSES FOR VARTOUS BIAXTAT STHESS RATIOS
Biaxial True Trus Strese Btreas
streas ratio, Specimen mcttu: stromece, fmctur; etressesn, ra.tgo, mtéo’
o™ o ir 2r b S r= —?E
g1 {pei) (pai) Op O
) B8 92.6 x 103 0 1.02 0
(longttudinsl B10 92.5 c 1.02 o]
tenslon) clo 89.0 Q .99 o)
D8 88.0 o] .98 o]
Dlo gl.2 Q 1.00 o)
Aversge Oy = Q0.7 0 1.00 (o}
25 eps5 Th.9 18.9 % 103 .83 21
ch 8g.4 2h.1 .99 27
' Db 8.8 20.7 .90 .23
Average 8.6 22.4 .95 .25
.50 B3 87.6 4s.1 .66 51
o5 £88.8 Lhs.7 .98 50
&ps5 5.0 39.2 .83 13
Average 88.2 5.9 97 51
TS BT gl.1l T5.2 1.00 .83
cé gh.8 5.2 1.04 .83
o7 2.4 Th.b 1.01 B2
D6 95.2 T6. 1.05 B4
Average 93.h T5.4 1.03 .83
1.0 BL 71.8 79.0 .79 B7
c1 TL.6 77-3 .79 .85
D1 2.3 . .69 -Th
Average 68.6 Th.h .T6 -]
1.33 B2 51.0 TL.5 .56 .79
3 k1.0 67.6 .52 75
c8 5.1 77.8 50 85
D3 53.1 75.2 59 .83
Average 51.3 73.0 ST 81
2 B6G 33.3 66.6 .37 T3
c2 36.8 73.6 AL 81
D2 36. 3.7 A1 .81
Averege 35.6 T1.3 .39 .78
B9 o] 77.2 0 85
™ c9 o] T2.3 o] 80
(trsnsvarse tension) D9 0 T6.2 0 .84
Averegs 0 T5.2 o} .83

B8veiuea not included in

detarmining avarages.
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TABLE 5.- NOMIKAT, AND TRUE DUCTILITY VAIUES FOR VARIOUS BIAXTAL

STRESS RATIOS
Nominal True
stBiuii;tio Speoimen ductility ductill
Bl {in.fin.) {in./in.
0 B8 15.6 x 1072 14.5 x 1072
{longitudinal EBl0 13.9 13.0
tension) c1w 15,2 1k.1
D8 .1 13.1
D10 4.1 13.1
Average 1.6 13.6
.25 BS 9.3 8.9 .
Ch 6.3 6.1
Dk 7.8 T.
Average 7.8 7.5
.50 B3 10.8 10.2
cs 7.8 T5
D5 4.0 k.5
Average 7.5 Tk
] BT 12.5 1.8
c6 9.5 9.1
cT’ 10.9 10.3
D6 9.2 8.8
Average 10.5 10.0
1.0 Bk 7.8 7.5
cl 6.4 6.2
D1 k.5 h.h
Average 6.2 6.0
1,33 B2 k.9 4.8
c3 12,5 11.8
~ ¢B 13.9 13.0
D3 6.8 6.6
Average 9.5 g.1
2.0 B6 6.h 6.2
ca 8.6 8.2
2 8.6 8.2
Average 7.9 T.5
B9 0.0 9.5
hed 09 708 7'5
(traneverse tension) D9 10.7 10.2
Average 9.5 9.1

{5




TARTE 6. TRUE STTESO~STRATR CONSTARTS FOR UNLAYTAL
TERSION TESTS
Direction Nominal True T
of Specimen ultimate fracture uotility cmﬁ“ i Conatant;,
ptrosns gtreas ptress . . n
(pel) (pal) (t2-/32:} (pst)
LO tudiml Ba 78'3 92 o6 11}: .5 e e | e - -
tubes) B10 81.0 92.5 13.0 | smemeeeme- e
¢10 78.0 89.0 1h.1 SR |
D8 5.9 88.0 13,1 | rememeree | - S
D10 TT.9 91.2 7% T [ [ —
Average 78.2 90.7 13.6 1.1h x 107 0.22
Trangverge B9 63.5 TT.2 9.5 |  emeeececes | cmemomacas
(tubes) c9 62.5 72.3 T [N [——
D9 61.5 76.2 10.2 | ceseccccam | occcmimeees
Averags 62,7 75.2 2.1 1.15 Y
Bpecimen from
tube B . . .6 1.20 .18
Longltudinal Specimen from L 193 9
(control tube C 72.6 79.5 9.3 1.15 16
test) Specimen from
tube D 71.2 T1.3 8.2 1.08 A5
Aversge T2.0 78.7 9.0 1.1% 16
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Figure 1,- Tensile control specimen. All dimensions are in inches.
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Figure 2.~ Conventional stress-strain disgrams for tension control Specimens
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True stress, psi

Figure 4.- Plastic true stress-strajn ralations for tension control specimens.
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“I Dlaxigl-sirags Specimens,

Apparatus fop measuring wa)y thickness of hawiat ..

Figure 8, -
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Flgure 7.~ Schematic drawing of testing machine for application of internal pressures and
- axial loads to & wbular specimen.
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Figure B,- Biaxial testing machine showing method of applying axial load.
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Figure 9.- Apparatus for application of internal pressure to tubular specimen.
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Figure 11,~-

Tubular specimen showing SR-4 electric strain gages for

measuring elastic strains,






ide)

Compensating -gage terminals (bottom SR-4 gage on clip - compression S

NACA TN No. 1536

Elastic-range gages (1 to 8)

69

Gage factor

switch

oving strain

indicator

Compensating gage

11 O
12 O
13 ©
14 O
16 ©
16 ©
17 O
18 ©
19 ©
20 O

1 . - L Reference switch’
> O
2 1 Measuring
o
3 5
C%mpensating O
4 i
2 SR-4 strain gage
recording instrument
8
I J‘T
Clip gages (7 to 12)
7 TS
—lL— 8 p|\
s
g . .
g i 3 Switching unit
Lo |
EE .
1 10 | §7 Measuring gage
x5 © 1 11 0 o 1
11 3,% © 2 120 ——o0 2
— ::ow 0 3 130 —0 3
g3 04 140 —0 4
12 | T & 05 150 ——0 5
38 © 6 160 ——0 &
ol © 7 170 — 7
Compensator for O g 18 0O =0 Bf
elastic-range gages 0 g5 19 0O |ﬂ g
Q10 20 © I| 210

Figure 12.- Wiring diagram for strain measurements.
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Figure 13.,- Strain-measuring apparatus,
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Figure 16.- Vernier device for calibrating longitudinal clip gages.
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Figure 17.- Stepped-tube device for calibrating lateral c¢lip gages.
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Figure 22.- Typical types of fracture for various stress ratios,
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Figure 35.- Element subjected to triaxial stresses.
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