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SUMMARY 

The ohject of this investigation was to determine the yield 
strength, ultimate strength, ductility, and plastic stress-strain 
relations for 2**S-T aluminum alloy when subjected to "biaxial stresses. 
Both "biaxial stresses considered were tensile and the influence of various 
"biaxial stress ratios on the mechanical properties was determined. 
Biaxial tensile stresses were produced in a tuhular specimen "by a 
specially designed testing machine. This testing machine applies "both 
an axial tensile load and internal pressure to the tubular specimen, 
therehy producing "biaxial tensile stresses in the tube wall. Strains 
were measured in the plastic range up to rupture "by means of special 
electric S5R-K  clip gages. Nominal stress-strain diagrams for the elastic 
range and true stress-strain diagrams for the plastic range were plotted 
for various "biaxial stress ratios. 

The data were interpreted "by a generalized St. Venant "theory in an 
attempt to predict the "biaxial stress-strain relations in terms of the 
uniaxial tensile stress-strain relations. The stress-strain relations, 
as predicted for combined stresses "by this theory agree approximately 
with the test results. The yield-strength values, as determined "by- 
tests, agree buite well with the distortion energy theory, and the 
ultimate and fracture strengths agree well with the maximum stress theoryT 

Stress-strain data were obtained from flat control specimens cut 
from the tubular specimens and compared with tension test data obtained 
from tubular specimens. Except for ductility values, the results show 
that the tension test results for these control specimens agree with the 
values for the longitudinal tension tests on the tubular specimens. 

INTRODUCTION 

Aircraft members may "be subjected to stresses "beyond the yield 
strength of the material. In many cases the stresses are not simple 
stresses acting in one direction, "but the stresses act in several 
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directionsj that is, the "biaxial stresses often occur in place of 
uniaxial stresses. It is of importance, therefore, to determine the 
plastic stress-strain relations and the mechanical properties in air- 
craft materials subjected to combined stresses. 

During World War II, "biaxial stress plasticity studies vere made 
on sheet aluminum alloys for the purpose of obtaining "basic Information 
■which could "be used to improve forming operations. It is hoped that 
the results given In this report also may "be of value in forming problems. 

In obtaining the plastic stress-strain relations to rupture for vari- 
ous "biaxial stress ratios, information is obtained to show the Influence 
of the "biaxial stress ratio on the yield strength, ultimate strength, 
true fracture strength, and ductility. It is of great importance to know 
the influence of "biaxial stresses on strength and ductility, since the 
factor of safety and resulting design stresses selected may he appreciably 
modified "by considering the comhined stress effect. 

In this investigation stress-strain data and mechanical properties 
for various ratios of "biaxial tensile stresses vere determined for 
2kS-T  aluminum alloy "by subjecting a tubular specimen to axial tension 
and internal pressure. Professor K. J. DeJuhasz gave valuable suggestions 
on the design of the testing machine. The special testing machine and 
strain-measuring equipment vere "built "by Messrs. S.S. Eckley, E. Grove, 
and H. Johnson. Messrs. J. H. Faupel, V. L. Dutton, and M. W. Brossman, 
performed the tests and computed and plotted the test data. The techni- 
cal assistance given "by the foregoing individuals in making possible 
this investigation is greatly appreciated. The testing machine vae 
designed by Joseph Marin, vho directed the project and prepared this 
report. 

This work was conducted at The Pennsylvania State College under the 
sponsorship and vith the financial assistance of the National Advisory 
Committee for Aeronautics. 

SYMBOIS 

A cross-sectional area, square inches 

Ao original cross-sectional area of tension specimen, 
square inches 

d original internal diameter of tubular specimen, inches 

dp internal diameter of tubular specimen in plastic range, 
inches 

P 
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dp external diameter of tubular specimen in plastic 
range , inches 

Er percent error in measured strains in plastic range, 
inches 

E Young's modulus of elasticity, psi 

ee equivalent-offset strain for combined stresses, 
inches per inch 

e+ offset strain for tension, inches per inch 

e0 nominal uniaxi al unit strain, inches per inch 

ele> e2e       longitudinal and lateral nominal strains in elastic 
range, respectively, inches per inch 

e^ eg        longitudinal and lateral nominal strains in plastic 
range, respectively, inches per inch 

3P total axial force, pounds 

k experimental constant for simple tension 

kB transverse sensitivity constant of SR-k  gages 

kx plasticity modulus (i ~J 

L gage length of tension specimen in plastic range, 
inches 

L original gage length of tension specimen, inches 

\x Poissonrs ratio 

n strain-hardening coefficient for simple tension 

p internal pressure, psi 

P axial tension load, pounds 

q_ nominal reduction in area of tension specimen 
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q1 true reduction in area of tension specimen 

t original wall thickness of tubular specimen, inches 

tp vail thickness of tubular specimen in plastic range, 
inches 

x, y principal stress ratios 

true stress in simple tension, psi 

equivalent uniaxial yield, stress as defined "by 
distortion energy theory, psi 

yield stress in simple tension, psi 

nominal ultimate stress in simple tension, psi 

true rupture stress in simple tension, psi 

true longitudinal and lateral principal stresses, 
respectively, psi 

elastic longitudinal and lateral principal stresses, 
respectively, psi 

yield longitudinal and lateral principal stresses, 
respectively, pBi 

nominal ultimate longitudinal and lateral principal 
stresses, respectively, psi 

true-rupture longitudinal and lateral principal stresses, 
respectively, psi 

stress components, psi 

cF significant stress, psi 

T shear stress component, psi xy 

T_> T   ,  T      principal shear stresses, psi 

Tr true rupture stress in shear, psi 

7-j, 7pf  7o    principal shear strains, inches per inch 

o 

°e 

"y 
au 

"r 

V a2 

°W °2e 

V ffay 

°lu' °2u 

fflr' CT2r 

■V °7 

V 
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g true strain in simple tension, inches per inch 

6 , € , e      true principal strains, inches per inch 

I significant strain, inches per inch 

6,5        apparent recorded measured strains in longitudinal 
and lateral directions, respectively ^ inches per inch 

a stress ratio (OQJV^    or Q-g/ffJ 

stress ratio 

DESCRIPTION OP MATERIAL 

The material tested in this investigation was a fully heat-treated 
aluminum alloy designated 2^S-T. The material ■was supplied in tubular 
extruded form in lengths of 16 feet with an internal diameter of 2 inches 
and a wall thickness of l/4 inch. The nominal chemical composition, in 
addition to aluminum and normal impurities, consists of h.k  percent 
copper, 1.5 percent magnesium, and 0.6 percent manganese. The mechanical 
properties, as furnished "by the manufacturer, are:  tensile strength, 
68,000 psi; yield strength (0,2-peroent offset), 4^,000 psi; modulus of 
elasticity, 10.6 X 10° psi; percent elongation (in 2 in.), l.k  percent; 
and Poisson's ratio, O.33. _. . 

Tensile control tests were made on flat specimens machined from the 
walls of the tubular extrusions. These tests were made to ohtain more 
accurate values of the tensile properties and to make possible the 
correlation of the combined-stress test results with tensile tests on 
specimens of the usual type. The dimensions of these control specimens 
are shown in figure 1. The longitudinal direction of these specimens 
coincided with the longitudinal direction of the tubular extrusions 
from which they were cut. The tension tests were made on a 6*0,000-pound 
hydraulic machine, and strains were measured to rupture. Elastic strains 
were measured with SR-h  electric strain gages and plastic strains were 
measured "by using clip gageB as descrihed for the combined-stress tests, 
your specimens were selected from each of the three 16-foot tube lengths 
used for the comhined-stress tests. Figure 2 shows the nominal stress- 
strain diagrams for the 12 specimens tested. The values of moduli of 
elasticity and tensile yield strengths "based on 0.2-percent offset, as 
ohtained from figure 2, are given in ta"ble 1. The nominal values of 
tensile ultimate strength and percent elongation "based on the original 
specimen dimensions are also given in ta"ble 1. 
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Figure 3 shows the true stress-strain diagrams for the tension con- 
trol specimens "based on the changing dimensions; the values of stress 
and strain used are defined "by equations (AlO) and (A8) in appendix A. 
Tension tests on many metals (references 1 and 2) show that in the plastic 
range there is an approximate linear relation "between the true stress a 
and true strain e when they are plotted on logarithmic paper; that is, 
the relation a  = k€n is a good approximation. In order to determine the 
constants k and n in this equation, the true stress-strain data 
shown in figure 3 were plotted on logarithmic graph paper, as shown in 
figure k.    The values of the material constants k and n, as obtained 
from figure k,  are given in tahle 1. The values of these constants were 
obtained in order.to correlate the plastic stress-strain data on tension 
specimens of usual dimensions with the simple tension test data of 
tubular specimens. 

TEST PROCEDURE 

Test Specimen 

The "biaxial-stress test specimens were machined from tubular 
sections having an inside diameter of 2 inches and wall thickness 
of 2,/h  inch. The dimensions of the machined specimen are shown in 
figure 5« The specimen used had an over-all length of 16 inches, with 
an intermediate length of 11 inches of reduced wall thickness equal to 
0.100 i 0.002 inch. The internal surface was left in the extruded form. 
The wall thickness of the tubular specimens was measured with the 
apparatus shown in figure 6. This apparatus is similar to a device 
developed "by the National Bureau of Standards for this purpose. With this 
equipment the reading on a 0.0001-inch dial is recorded when the dial 
plunger is in contact with the protrusion P on the rod, as shown in 
figure 6. The tubular specimen is then supported on the rod protrusion 
"by placing the specimen over the rod. With the specimen in this position 
a reading on the dial indicator is recorded. The difference in the dial 
readings is then a measure of the wall thickness. Wall-thickness values 
were in this way measured for six positions around the circumference 
and at five equal intervals along the tube length. The ratio of wall 
thickness to diameter of the specimen was 0.05, so that the "biaxial 
stresses throughout the wall were essentially uniform. The diameter- 
length ratio of the specimen was ahout 0.18, therehy providing a 
sufficiently long section of the specimen free from the "bending stresses 
produced "by end restraints. 
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Testing Machine 

A special testing machine was designed and "built for applying 
internal pressures and axial tensile loads to the tubular specimens. 
Figure 7 shows a schematic drawing of the testing machine, and figures 8 
and 9 a-^e photographs showing, respectively, the equipment for applying 
the axial load and the internal pressure. The axial tensile load is 
applied to the specimen S "by ffleanp of a direct-current motor M, a 
speed-reducing unit U, a vertical pulling rod E, and a lever L. 
The axial load is measured "by a dynamometer D. The lever L transmits 
the load to the specimen through spherical seats Sx    to insure axial!ty 
of loading. The fulcrum 3T of the lever and the ends of the lever are 
provided with "bearings. The pulling rod E was provided with a spheri- 
cal seat and a universal joint to eliminate "bending. 

The internal pressure was applied "by an Injection pump unit P 
(figs. 7 and 9)• ^he oil used to apply the internal pressure was a 
'hydraulic pressurizing oil" of 15k S.S.U. viscosity at 100° F and 
had a pour point "below -kO   F. The oil was supplied "by the pump P 
through a high-pressure pipe line to the lower pulling head H and into 
the specimen S. The rate of pressure application was controlled "by the 
rheostat of a motor-generator set and "by means of a release valve which 
discharged surplus oil Into the oil supply reservoir. The oil pressure 
was measured "by 10,000-psi, 5000-psi, and 2000-psi U. S. Bourdon gages G 
Three pressure gages were used to o"btain the necessary accuracy of 
pressure measurement during various stages of loading. The low-pressure 
gage was located at the end of the pressure line so that it could "be shut 
off "by a check valve when the pressure exceeded 2000 psi. A check valve 
was also provided "between the 5OOO- s^ä. 10,000-psi gages to shut off the 
5000-psi gage when pressures exceeding 5OOO psi were applied. 

The axial!ty of the load was checked "by using three SR-U electric 
strain gages cemented at 120° intervals around the circumference of a 
tubular specimen. The plate supporting the upper spherical seat was 
then shifted until the strain readings on the three strain gages were 
equal. The machine was calibrated for axial loading "by inserting a cali- 
"brated rod with SR-k  gages in place of the specimen S and recording 
the readings on the dynamometer D. The axial load on the specimen was 
measured within 100 pounds. The pressure gages were calibrated "before 
testing and were found to have a maximum error of ahout 2 percent. 

Method of Measuring Strains 

The elastic strains were measured over a gage length of I3/I6 inch 
"by means of SR-k  electric strain gages. Three longitudinal and three 
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transverse elastic gages (elastic gages refer to gages used to measure 
elastic strains) were located at intervals of 120° around the circumference 
and at three locations along the length of the specimen, as shown "by the 
developed view of the specimen in figure 10. The strain gages were 
cemented to the specimens in accordance with the procedure prescribed "by 
their manufacturer. Figure 11 is a photograph of a tubular specimen 
with the elastic SR-k  gages. In order to compensate for changes in 
specimen dimensions due to temperature changes, the elastic gages were 
connected to an unstressed dummy specimen of the same material as the 
specimen. The wiring diagram used for measuring the strains is given 
in figure 12, and figure 13 shows the strain-measuring apparatus. The 
gages are connected through a switch "box B so that each gage can he 
successively switched into the circuit connected with the strain indi- 
cator I, which in turn records the strain directly in microinches per 
inch. 

The SR-k  gages have a maximum range of ahout 0.015 inch per inch so 
that they could not "be used to measure the plastic strains covering the 
entire plastic range of the material. It was necessary, therefore, to 
develop special plastic strain-measuring equipment for this purpose. 
Clip-type gages were used to measure the longitudinal and lateral plastic 
strains, as shown in figures Ik  and 15. A clip gage consists of a channel- 
shaped phosphor-hronze strip to which SR-k  electric strain gages are 
cemented on the upper and lower surfaces of the clip-gage "bridge (fig. 1*0 . 
By means of this arrangement an additional temperature-compensating gage 
is not required and increased sensitivity is ohtained. By meanB of-these 
clip gages a large strain at the pivot points of the clip is reduced to 
a small measurable strain at the "bridge of the clip. The attachment of 
the clip gages to the tubular specimen introduced a prohlem, since it 
was considered inadvisable to solder lugs onto the specimens for attaching 
the clip gages. For this reason, special clip-gage attachments were 
devised, as shown in figurep Ik  and 13. The longitudinal and lateral clip 
gages were capahle of measuring strains to 0.00005 inch per inch. The 
longitudinal clip gages were calibrated "by using a vernier scale, as 
shown in figure 16. The calibration was made "by taking simultaneous 
readings on the micrometer and the SR-k  strain indicator. The longi- 
tudinal clip gages had a gage length of ahout 2 inches. The lateral 
clip gages were calibrated "by the stepped-tube device shown in figure 17« 
The stepped tube consists of an accurately machined tube with lengths of 
various diameters. By recording the reading of the SR-k  indicator for 
corresponding accurately known diameters of the tube, the calibration of 
the lateral strain gages was made possible. 

The longitudinal clip gages were applied to the specimen in a pre- 
strained condition, since tensile stresses in the specimen reduced the 
strain on the gage. The lateral clip gages were applied with various 
amounts of prestrain, the amount depending upon the "biaxial state of 
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stress under test5 that is, various amounts of prestrain were necessary 
"because in some tests the specimens reduced in diameter, "whereas in others 
there was an increase in diameter. Final strains at rupture were measured 
to 0.01 inch "by means of dividers and a scale. 

Method of Testing 

The elastic SR-^- clip gageB were first attached to a tubular specimen 
and connected to the switching "box and strain indicator, as shown in 
figure 13. Oil was then pumped through the specimen to remove any air 
that might he trapped in the specimen. The discharge outlet in the 
pulling head of the testing machine was then sealed and a protection 
shield, was placed over the specimen end of the testing machine. Strain 
readings for the six elastic and six plastic strain gages corresponding 
to zero loading were then recorded. The specimen was loaded to pre- 
determined values of axial load and internal pressure to produce a given 
principal stress ratio in the specimen. Strain readings were recorded 
for selected load intervals to rupture, with the stress ratio maintained 
essentially constant. Fracture loads were recorded also, hut "because of 
the high rate of deformation it was impossible to ohtain strain readings 
immediately preceding fracture. Strain readings for each load increment 
required less than 1 minute, and the time of testing averaged ahout 
1 hour. 

TEST RESULTS 

Conventional Stress-Strain Results 

The conventional stress-strain diagrams are shown in figures 18 
and 19. These diagrams represent the nominal stress-strain data and are 
"based on the original dimensions and gage length. The strain values 
were ohtained from the SR-k  gages cemented to the specimens. Xn 
figure l8, a refers to the stress ratio a    /a     , where tf        is the 

longitudinal stress and a        is the lateral, transverse, or circumfer- 
2e       o"pA 

ential stress) that is, a value of ^  = 0 represents a tubular 

specimen subjected only to axial tension without internal pressure. 
Strain values in figures 18 and 19 are plotted for only the strains 
nearest the point of rupture of the specimen. At least three specimens 
were tested for each principal stress ratio. The equation for the nominal 
longitudinal stresses plotted in figure 18 is 
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p*d 
+ P 

pd2 + 4P/r 
'le J[(d + 2t)2 - d2]    4t(d + t) (1) 

The values of the nominal lateral stresses plotted in figure 19 were 
determined "by the equation for a thick-vailed tube, sinoe the use of the 
formulas for a thin-walled tube produces an error of a"bout 5 percent in 
the stresses; that is, the maximum value of the lateral principal stresses 
is (reference 3) 

.sä 
'2e  2t 

i + a$ + *u <i 
1 + 

(2) 

The value of -r = 0.05 for the tubes tested, so that -the circumfer- 

ential stress is defined approximately "by 

r2e ■ 1.05 
pd 
2t (3) 

Since ov^e = P^-/2* is *^e lateral stress for a thin-valled tube, the 
error produced "by neglecting the variation in stress throughout the wall 
is 5 percent. 

The nominal conventional strains were determined from the readings 
from the SR-4 indicator and the original gage length of the specimen. For 
some strain readings it was necessary to correct the readings for the 
lateral sensitivity and for the "combined-stress effect, since the cali- 
bration constant supplied "by the manufacturer is "based on a simple tension 
calibration on a steel specimen with a Poisson's ratio of O.285. Equations 
for calculating the strains in terms of the apparent measured strains 
corrected for the combined-stress effect and Poisson's ratio vere 
developed "by Baumberger (reference k).    The application of these equations 
is given in appendix B. The straight dashed lines in figures 18 and 19 
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correspond to the stress-strain relations "based on the elastic equations 
for "biaxial stresses, if a modulus of elasticity of 10.3 X 10" psi is 
used. 

The yield-strength -values for axial tension (tx, = 0) were determined 
"by using an offset strain of 0.002 inch per inch, as indicated in 
figure l8. 3Tor the combined-stress tests an equivalent offset was used, 
as proposed "by Marin (references 5 and 6). The equivalent-offset strain is 
a strain value corresponding to the uniaxial strain offset of 0.002 inch 
per inch "but providing for the "biaxial state of stress. The value of the 
equivalent-offset strain in terms of the uniaxial offset strain is 

1 - Mtt 

Ml - a + af 
+ e+. (k) 

where 

ff yield strength In simple tension, psi _-• * 

©t offset strain for tension (q_1Ö0O2""in./in. for 
test results reported herein) 

ee equivalent-offset strain for a particular stress ratio 

Equation (k)   determines the offset strains used in figures 18 and 19 
to determine the yield-stress values. Tahle 2 gives the values of these 
yield stresses for each of the "biaxial stress ratios. A comparison of 
the "biaxial vith the uniaxial yield strengths, "based on the tensile yield 
strength as determined in the longitudinal direction, is shown "by the 
last two columns of tahle 2. The values in these columns represent the 
stress ratios x = o\ Ja      and y - a    /ff . For a particular stress 

ly/ 7 2y/ y 
ratio, when either x or y is greater than 1, then the yield strength 
for the stress ratio is greater than the uniaxial longitudinal tensile 
yield strength. 

Plastic Stress-Strain Results 

The stress-strain diagrams for the plastic range are shown in 
figures 20 and 21. These diagrams represent true stress-strain values 
"based on changing gage lengths and dimensions of specimens in the plastic 
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range. As in figures 18 and 19,  the data in figures 20 and 21 are 
plotted for only the strains nearest the point of rupture. For each 
principal stress ratio at least three specimens were tested. 

The true plastic strains were determined "by clip gages and from the 
readings of the SR-k  indicator. The conversion of the readings of the 
SR-k  indicator to unit plastic strains was made as follows:  (l) Let 
W;j_ equal a given strain reading in inches given "by the calibrating 

device (stepped tube or vernier scale) and x^ equal the strain reading 

on the SR-k  indicator corresponding to the strain w on the calibrating 
device. Then v1/x1 equals "the strain in inches ^er  division on the 

SR-lj- indicator. ' (2) Let y-^ equal the gage length for the clip gage in 

inches. Then w./x-y.  equals the strain in inches per inch per division 

on the SH-4 indicator.  (3) Let z-,  equal a given strain reading on the 

SR-h  indicator as measured for a tubular specimen under test. Then the 
unit strain on the specimen in inches per inch is 

xiyi 

The unit plastic strain, as determined "by equation (5) ,  is the nominal 
strain "based on the original gage length. Appendix A shows that the 
true strain e in terms of the nominal strain e' is given "by the 
equation 

6 - loge(l + e
1) (6) 

If e-i and ep are the nominal.longitudinal and lateral strains, respec- 
tively, as determined "by equation (5),  then the true strains are 

«1- loge(l + eA (^ 

*2 = lofl^d + eg)[ 
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The true strains, as defined "by equation (7), a*"© plotted in .figures 20 
and 21. 

The stresses for the plastic range were determined "by "basing them 
on the varying dimensions, since, for the higher plastic strain values, 
the changes in dimensions "become appreciable. The true longitudinal 
stress can "be expressed "by equation (l) for the nominal stress provided 
that the thickness t and diameter d are replaced "by their true values. 
That is, the true longitudinal stress is 

pd/ + k?/« 
1  *y*p + y 

The determination of the vail thickness tp and diameter d- is 

1 in apper 

approximately 

given in appendix C»    Appendix C  shows that the -wall thickness t  is 

*» ■ 1♦ k * *z (9) 

where t is the original wall thickness and e^ and er>    are the 

nominal strains in the longitudinal and lateral directions, respectively. 
The internal diameter d_ is shown in appendix C to "be 

dp « (d + 2t) (1 + e2) - 2tp (10) 

where t  is the new wall thickness as given "by equation (9) . Equation (8) 

can now he used to determine the longitudinal stresses since the dimensions 
tp and d« can he found "by equations (9) and (10) . The true lateral 
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stresses were calculated "by using the stress formula for a thin-walled 
tute, namely, 

*2 - P CU) 
2tP 

An analysis of the stress distribution for a thick-walled tube sub- 
jected to plastic flow shows that, for the ratio of wall thickness to 
diameter of 1:20 used In these tests, a small amount of plastic flow 
yields essentially a uniformly distributed lateral stress. This is also 
indicated "by the fact that for the elastic range the correction produced 
"by a consideration of the thick-walled-cylinder theory produces Only a 
5-percent error (equation (3)) . The values of the diameter dp and 
wall thickness tp used In equation (ll) were determined "by equations (9) 
and (10). 

The true stress-strain diagrams plotted In figures 20 and 21 are 
"based on stresses and strains as calculated "by equations (7) to (10). 
In order to determine the fracture points shown In figures 20 and 21, 
the measured true strains at rupture were corrected for the elastic 
strains corresponding to the stresses just prior to rupture. This 
correction appears to be justified since the remaining strains plotted 
Include an elastic strain. 

On the "basis of the data plotted in figures 20 and 21, tables 3 
to 6 were prepared. These tables show, for the various principal stress 
ratios, the nominal values of the ultimate stresses, percent elongation, 
and the true fracture stresses and true strains at fracture. These 
tables also give a comparison of the mechanical properties for the various 
ratios of biaxial stresses with the value for uniaxial longitudinal 
.tension. Figure 22 shows the typical types of fracture for the various 
stress ratios considered. 

ANALYSIS AND DISCUSSION 

Biaxial Yield Strength 

The difference in uniaxial tensile yield-strength values in the 
longitudinal and lateral directions, as given In table 2 for stress 
ratios of <* and 0, makes it difficult to compare the actual yield- 
strength values for various stress ratios with values predicted by the 
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available theories of failure. The difficulty is present since the 
various theories of failure availahle assume equal tensile yield, strengths 
in the directions of the tvo "biaxial stresses; that is, the theories 
assume an Isotropie and homogeneous material- Figure 23(a) gives a com- 
parison of the yield strengths for various "biaxial stresses with the 
stress, shear, and distortion energy theories of failure (references 5 
and 6) . The comparison shown in figure 23(a) is "based on the uniaxial 
tensile strength in the longitudinal direction. In figure 23(a) the 
stresses are considered to "be "biaxial and the radial stress is neglected. 
Figure 23(a) shows that, except for the influence of the directional 
properties of the tubes, the distortion energy theory is a good 
approximat i on. 

Figure 23(h) gives a comparison "between the distortion energy theory 
and the test results with the radial stress included. This comparison 
is made "by representing the equivalent uniaxial stress 

*e " \K2 + *2
2 + °3

Z - CTlff2 * V3  " Vl 

defined "by equation (A23)  as a ratio of the uniaxial tensile yield 
strength    ff_    for the various "biaxial stress ratios; that is,  in 
figure 23(h),  if the distortion theory applies, the ratio    cre//i °T 
should he 1.0 as indicated. A consideration of the three-dimensional 
stress effect (fig. 23(h)) shows that the distortion energy theory gives 
a good approximation to the test results. 

Plastic Stress-Strain Results 

A theory called the generalized St. Venant theory has "been proposed. 
With this theory it is possihle to predict the true stress-strain 
relation under combined stresses in terms of true stress-strain relations 
in simple tension. The theory defines a stress and strain, called the 
significant stress and strain (references 7 to 1*0 , as a function of the 
principal true stresses and strains. These quantities are also referred 
to as the "effective stress-strain" and "octahedral shear stress-strain 
relation" in various reports. The values of the significant stress and 
strain are derived in appendix A and are shown to he, respectively, 
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-\/| [(*L   - ffg)2 + («2  + P)
2
 + (*L + P)2 (12) 

«  SvH6l2 + *l€2+€22) (13) 

where c-j_ and €g are the true longitudinal and lateral strains, 

respectively. 

Values of the significant stress and strain, as given "by equations (12) 
and (13), are plotted in figure 2k  for each specimen and stress ratio. By 
the generalized St. Venant theory the significant stress-strain relations 
should all agree and coincide with the uniaxial tensile true stress-strain 
relation. Figure 25 shows the average curve for each principal stress 
ratio as obtained from figure 2k hut plotted with the same origin. The 
uniaxial tensile true stress-strain diagram is also shown In figure 25 
for purposes of comparison. It appears from figure 25 that the generalized 
St. Venant theory, together with the uniaxial true stress-strain relation, 
may he used to define approximately the true stress-strain relation for 
21+S-T aluminum alloy subjected to "biaxial tensile stresses. 

Biaxial Ultimate Strength 

Tahle 3 gives values of the nominal ultimate stresses for various 
principal stress ratios "based on the original dimensions of the specimen. 
Figure 26 gives a comparison "between the "biaxial ultimate strengths and 
the values from the stress theory of failure. Figure 26 shows that the 
maximum stress theory is a good approximation since average test values 
are within k  percent of the theoretical values defined "by this theory. 

Biaxial Fracture Strengths 

Tahle k  gives values of the true fracture strengths, and figure 27 
gives a comparison of-these stresses with values predicted hy the stress 
theory of failure. Figure 27 shows that the maximum stress theory is a 
good approximation. Except for one stress ratio, the average test resalts 
agree with the theory within 3 percent. 
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Ductility 

Values of the measured nominal and true ductilities are given in 
tahle 5 f°r the direction of the maximum stress. A comparison of the 
ductilities for "biaxial tensile stresses vith uniaxial values shows 
that there is an appreciable reduction in ductility. A reduction in 
ductility for "biaxial tensile stress is also predicted "by the generalized 
St. Tenant Theory (equation (Ak6)). Theoretical values of true ductility, 
as determined "by equation (Ak6), were calculated. These values do not 
agree "with the ohserved values. Possible reasons for this discrepancy 
are the presence of a nonuniform state of stress at the necked-down 
section of the specimen, the observation of an average rather than a 
local strain "by using a 2-inch gage length, or" the inadequacy of the 
theory. The foregoing reasons may also explain the reason that predicted 
strains at points of instability, as determined "by equations (A56) 
and (A61), give unreasonable values• 

Control Tension Tests 

Tahle 6 gives the mechanical properties of the tension control 
specimens and the uniaxial tension properties as ohtained from tests of 
the tubular specimens. A comparison of the nominal ultimate stresses 
and the true fracture stress values for the three types of tension test 
shown in ta"ble 6 shows that the values for the tension control specimens 
fall "between the values for the longitudinal and lateral tensile strength 
values of the tubular specimens. The true ductility in the longitudinal 
direction of the tubes was found to "be somewhat greater than the values 
for the other tension tests. The true stress-strain results ohtained 
from the uniaxial tension tests of the tubes were plotted logarithmically 
as shown in figure 28, and the values of k and n ohtained from 
figure 28 are given in tahle 6. A comparison of the values of k and n 
for the three types of tension test shows that there is little difference 
"between the values of these constants. 

CONCniSIOTTS 

For the 2MS-T aluminum alloy tested, the following conclusions can 
"be made: 

1. The yield strengths for "biaxial tension may "be predicted approxi- 
mately "by the distortion energy theory. 

2. The values of the nominal "biaxial ultimate stresses for "biaxial 
tension agree well with values "based on the maximum stress theory. 

3 • The values of the true "biaxial fracture stresses for "biaxial 
tension agree well with values "based on the maximum stress theory. 
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k.  There ia a decrease in nominal and true ductility for biaxial 
tension compared with uniaxial tension. However, the test values do not 
agree with the theoretical values "based on the generalized St. Venant 
Theory. 

5. The generalized St. Venant -theory can be used to prediot approxi- 
mately biaxial stress-strain relations in the plastic range by using the 
stress-strain relations in simple tension. 

The Pennsylvania State College 
State College, Pa., March 17, I9V7 
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APPENDIX A 

STRESS -STRAIN PLASTICITY RELATIONS K)R COMBINED STRESSES 

The object of the following analysis Is to present the currently 
accepted, theory used for predicting the stress-strain relations for 
combined stresses in the plastic range. In developing this analysis the 
following relations are determined: 

1. True stress-strain relation for simple tension In the plastic 
range 

2. The relation defining the "beginning of necking for simple tension 

3. The stress relation defining the "beginning of yielding for com- 
bined stresses 

h.  The stress-strain relation for combined stresses in the plastic 
range       • 

5. The strain equations for combined stresses in the plastic range 

6. Fracture-strength relations for combined stresses 

7. Ductility relations for combined stresses 

8. Stress and strain values at beginning of necking for combined 
stresses 

The yield strength, rupture strength, and ductility for combined 
stresses are determined by use of the true stress-strain relation in 
simple tension. In addition, the plastic stress-strain relations under 
combined stresses are determined by use of the true stress-strain 
relation 'in simple tension. 

True Stress-Strain Relation for Simple Tension 

in the Plastic Range 

Figure 29 shows a tension test "bar of uniform cross section with an 
original gage length L  and cross-sectional area A . When a uniaxial 

tension load P is applied there is a change in gage length or strain 
ALQ and a change in cross-sectional area AA . If the load remains 
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in the elastic range the strain and reduction in area are defined, 
respectively, "by 

a0 - J (Al) 

and 

AAn 
1  = ^° (A2) 

That is, eQ and q are the axial strain and reduction in area, 
respectively, as usually defined. 

For large deformations which occur in the plastic range "beyond the 
yield-stress value, the quantities ALQ and £AQ    "become relatively 
large oompared with the values L  and AQ. For large strains it is 
then necessary to correct equations (Al) and (A2) to include the influence 
of a changing gage length and cross-sectional area. If for a load P 
the gage length "becomes L and the cross-sectional area "becomes A, 
then the true strain 6 and true reduction in area a are 

(A3) 

and 

f - los«, X ^ 

Equations (A3) and (A4) define the true strain and true reduction in area, 
respectively, as distinguished from equations (Al) and (A2), which define 
the nominal strain and reduction in area. For elastic strains the values 
of e  and € and q and q1 are essentially equal. 
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In the plastic range, for most ductile engineering materials, the 
volume remains constant. That is, 

AL = AL o o 

or . 

f = t (A5) 

On placing the value of    A0/A    from equation (A5)   in equation (A3) ,  the 
right-hand side  of equation (A3)   is the same as the right-hand side of 
equation  (A*0,  or, 

.1 e = q1- (A6) 

Equation (A6) shows that in the plastic range the true strain 6 equals 
the true reduction in area q. « 

The true strain can he related to the nominal strain "by noting that 
in equation (Al) 

_ acfc _ L - L0    L    i 

or 

r» =» 1 + e0 (A?) 
■^o 

Placing the value of X/LQ from equation (AT) in equation (A3), 

€ = l0ge (1 + eQ) (A8) 
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The true reduction in area q1 can "be related to the nominal reduction 
in area q "by noting that in equation (A2) 

or 

A - A ~o 2      .   A 
q Ä _  . i _ 

A0 ä0 

A , ! . i (A9) 

Placing the value of   A/AQ    from equation (A9)  in equation (Ah) yields 

q1 = - log^l - q) 

The relation given "by equation ,(A6) , namely, that the true axial 
strain is equal to the true reduction in area, has led to an improved 
method of determining the true stress-strain relation in simple tension 
since it is possible "by simple lateral measurements on the specimen 
during the test to determine changes in cross-sectional dimensions or 
the true reduction in area q. 

By obtaining the cross-sectional dimensions of a tensile specimen 

P at various intervals of load to rupture, the true stress o* «= j 

,  1      Ao 
and the true strain e ^ q = logg -j-   can "be determined and a true 

stress-strain relation can he plotted. For flat specimens it is more 
convenient to measure the axial strains in place of the change in cross- 
sectional dimensions. In this case the true strain is given "by 
equation (A3) and the true stress is given "by equations (A5) and (A7) as 

P  P  L   P 
A  Äo o   o 

Many tests (references 1 and 2) of ductile metals show that vhen the 
true stress and true strain are plotted on logarithmic paper the points 
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fall approximately on a straight line (fig. 3°) j that is, the true 
stress-strain relation for simple tension may "be assumed, as given "by 

k€n (All) 

where k and n are experimental constants and n is called the strain 
hardening coefficient. 

"For  some ductile materials the true stress-strain data depart 
slightly from a straight line at the lower and upper stress values when 
plotted on logarithmic paper. Corrections (references 15 and 16) to the 
stress and strain values have "been proposed to compensate for these dis- 
crepancies. These corrections include the adjustment of the strain values 
to exclude the elastic strains and the correction for the stresses at 
loads near rupture due to the necking-down of the specimen. 

Relation Defining Beginning of Necking 

for Simple Tension * 

The unstahle condition of plastic deformation which occurs Just 
prior to necking-down in a tension specimen is usually ohserved in a 
tension test; that is, the load in a tension test increases at a 
decreasing rate to a maximum value and then decreases until fracture 
occurs. At the maximum load the deformation "becomes localized and the 
specimen necks down. Two opposing influences are present in the simple 
tension specimen. One is the influence of strain hardening, which tends 
to increase the load-carrying capacity of the specimen. Opposing this 
straightening effect is the decrease in the cross-sectional area of the 
specimen due to the elongation of the specimen. At "beginning of necking 
the rate of increase of load-carrying capacity due to work hardening 
"becomes less than the rate of decrease of load-carrying capacity produced 
"by the decreasing cross section. This point of maximum load is defined 
"by the condition dP = 0, that is, when there is no change in the load P. 
The point at which this instability occurs can "be determined "by the 
following analysis: If P is the tensile load, a    is the stress, and 
A is the area, then 

P =» Ac (A12) 
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By equations (A^) and (A6), 

or 

From equations (A12) and (AI3), 

-**.% 

.€ 
A = AQe 

P o A0e"6cr 

(A13) 

(Alk) 

Since    P    is a function of "both stress    a    and strain    e, 

-_      dP  .        äP  , dP =  — der +  — de 
bo be 

(A15) 

From equation (Al^), 

and 

ÖP  .  -e — = A e 
bo       ° 

Placing these values of — and -— in equation (A15) results in 
der o€ 

dP -  (A0e-e)(dc - ad€) (A16) 

The "beginning of necking is defined "by placing    dP » 0    in 

equation (Al6) .    Then since    A0e"€    is not zero,    der - erde = 0,  or 

•T -er- de (A17) 

that is, necking or instability occurs at the load corresponding to the 
point where the slope of the true stress-strain curve equals numerically 
the stress for that point (fig. 31). This point A can "be located on 
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the true stress-strain curve graphically. That is, since the slope at 

A ■ ^2 e^L and AB~ = CJ, if BC is made equal to 1 inch per inch, 
46  BC 

the point A defines the condition given "by equation (AI7) • It is more 
convenient, however, to define the point A in terms of the strain. In 
order to do this, the value of the stress as given "by equation (All) is 
substituted in equation (A17) . Then 

nks11*1 ■ k€n 

or (Al8) 

e s n 

By equation (Al8) the strain at the limit of uniform extension or "beginning 
of necking is given_"by the value of the strain hardening exponent n; that 
IB, in figure 31 OB = n defines the point A. 

Stress Relation Defining Beginning of 

Yielding for Combined Stresses 

For ductile metals subjected to "biaxial stresses, as shown in 
figure 32(a), tests show that the stress relation defining the "beginning 
of yielding is approximately defined "by the distortion or shear energy 
theory (references 5 and 6). That is, 

*x2 - <Vy +  fry2 + 3V2 3 0/ (A19) 

where    crx,    a  .    and    «r        are the combined-stress components as shown 

in figure 32(a)   and    o*T    is the yield stress for simple tension.    In 

terms  of the principal stresses, as Bhown in figure 32(h),  equation  (A19) 
"becomes 

ffx
2  - O^ + <J2

2 « oy2 (A20) 

That is, If o*, is the greater of the two principal stresses ff]_ and 
a  , then for a given value of a      the value of <y_ determined "by 
2' 2 1 
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equation (A20) represents the value of a-,  at which yielding occurs under 
2 

a "biaxial state of stress. If equation (A20) is divided "by oy   it 

"becomes 

x2 - xy + y2 « 1 (A21) 

•where x and y are the stress ratios x = a-j_/oY    and y ■ ^p/^v ■ 
Equation (A2l) is .represented graphically "by the ellipse in figure 33- 
Points inside this ellipse represent stress values "below yielding, and a 
point on the ellipse represents stress values at which yielding "begins. 

Determination of Yield-Stress Value 

Based on Combined-Stress Test Data 

In a combined-stress test such as a tube subjected to internal 
pressure and axial loading, the nominal strains are measured in the 
direction of the maximum principal stress and a stress-strain diagram 
al  " *1 is plotted as shown in figure 3^. In order to define the yield- 

stress value for o*j_, several methods have "been used. A rational approxi- 

mate method which correlates the determination of the yield stress 
under combined stresses to the ASTM offset yield stress for simple tension 
is "based on the determination of an equivalent-offset strain eQ for com- 

"bined stresses. That is, an offset strain eQ  (fig. 3^(a)) which is 

equivalent to the'offset strain e^ for simple tension is determined. 

The value of this offset strain has "been shown to "be (references 5 a-nn 6) 

)+ et CAS2) 
>f 2 1 - a + a 

■whera 

E modulus of elasticity in simple tension 

a principal stress ratio (ffo/^i 

offset strain value for defining yield stress in 
simple tension 
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The procedure to "be used In applying equation (A22) is as follows. 
For simple tension, as shown in figure 3^(~b) 3  the yield stress is 
determined on the "basis of the offset strain e^. in the usual manner as 

specified "by the ASTM standards. By equation (A22), for a given stress 
ratio a, corresponding to the combined-stress test considered, the 
value of ee is determined. "With this value of BQ    the value of the 

yield stress cr^ is ohtained as shown in figure 3^(a) . The experi- 

mental value Ojy    may then "be compared with the theoretically predicted 

value as given "by equation (A20) . 

For triaxial stresses defined "by three principal stresses o\ , 

cr , and a-, as shown in figure 3^ "beginning of yielding "by the dis- 

tortion energy theory is given "by the equation 

(o-l - a2)    + (cr2 - a3) + (cr3 - a^f  = 2ay
2       (A23) 

that is, if 0"^ is the largest of the principal stresses, then the value 
of a,, as determined "by equation (A23) for particular values of Cg 

and o*_, represents the value of o\, for "beginning of yielding. 

Stress-Strain Relation for Combined Stresses 

in the Plastic Range 

A generalized St. Tenant theory which predicts stress-strain 
relations for combined stresses in the plastic range has "been proposed. 
These stress-strain relations are determined on the "basis of the following 
assumptions: 

(1) The directions of the principal strains  €, f     e_, and € 

coincide with the directions of the principal stresses a., ffp, 

and a?. 

(2) The volume remains constant in the plastic range. For constancy 
of volume or no change in volume, 

ei + eg + € = 0 (A210 
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(3) The ratios of the three principal shear strains to the principal 
shear stresses are equal and equal to a quantity k-^ determined "by the 

tension test. The principal shear stresses and strains can "be shown to 
"be, respectively, 

T„ es 

Tn  = 

CT1 ■ 
CT2 

2 

'3 ' "X 
2 

"2  - "? 

(A25) 

and 

7o  Ä €1 -€2 

7*-U-*X> 

71 = 62 - 63 

(A26) 

For the shear stresses to "be proportional to the shear strains, 

7i   r2   y-\ 
Tl  T2  T3   X 

(A27) 

Placing the values of the shear stresses and strains from equations (A25) 
and (A26) in equation (A27) gives 

gi - €2  _  g2 - €
3   

€3 - 'I 
al -*2 ff2 - a

3 
a3 - <rx  1 

(A28) 

Solving equations (A24) and (A28) simultaneously for @ . e ,    and e 

yields 
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€1 =-^ [<>1 - *2> " (*3 - 0\)] 

kl_ r 1 

3 -T [(a3 " ^ " (ff2 - ^ 

(A29) 

Equation (A29) defines the plastic strains e.. , ep, and. €  in terms 

of the principal stresses a-^_,    a^,    o"o and. a plasticity modulus k-j_. 

For the case of simple tension a    -a    =0, a    - a,    and c -  €« 
2   3   '  1   '      1 

Then "by the first equation of equation (A29) 

e = 2k- 

or 

ki   2 7 (A30) 

Placing the value of    k^_    from equation (A30)   in equation  (A29)   gives 

al -|(cr2 + ff3) 

€2 

a2 -  .(ffl + or3) 

€3 

cr3  - -(ax + cr2) 

(A31) 
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Squaring "both sides of equation (A3l) and adding the numerators and 
denominators of the resulting equations yields 

, /  2    2    2 
h[e1   + e2 + €3 

("l - ff
2)
2 + (*2 " *3)

2 + (a3 " al)S 

or 
2 / £ 
3 (€1 

+ e2 + €3 

N/| [("1 - ^B --aM'a"'a)8] 

(A32) 

Equation (A32) defines the relation "between the principal plastic stresses 
and strains in terms of the stress and strain in simple tension. 
Equation (A32) may he written as 

1 = £ 
a      ä (A33) 

where 

-v/!(eia+.v+ -3 
e  ^=v /-/e^     a-  e«    J. € 2 

) = f #1 - <a)2 - («a - Sf * («3 - «O8   U3*) 

and 

a = vs or,  . a2f + (a2  - or )2 -1- (or    - or1)
2 

(A35) 

The strain € and stress ä as given "by equations (A3 4) and (A35) 
will he called the significant stress and strain (references 7 to 11). 
Combined-stress test data may he represented in terms of 5 and ?  as 
shown in figure 36 where * a and i are calculated hy equations (A3*0 
and (A35) • Then hy this theory and according to equation (A32) the 
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combined-stress curve in figure 36 should coincide with the stress-strain 
plot G  - G for simple tension. 

The stress ä and strain ? have also "been called the effective 
stress and strain "by Dorn (reference 12). Furthermore, the significant 
stress and strain can "be shown to "be the same as the octahedral shear 
stress and strain as defined "by Hadai (reference Ik) ,  -when the octahedral 
shear stress and strain are replaced in terms of the normal stresB and 
strain as given in equations (A33) to (A35)• 

A comparison of the significant stress value a as given "by 
equation (A35) "with the expression for the distortion energy theory as 
given "by equation (A23) shows that a represents a uniaxial stress value 
with an elastic distortion energy value equal to the elastic distortion 
energy produced "by the combined stresses o*, , ff. <v ,£, and a ,  that is, 

in plotting the significant stress-strain diagram the significant stress 
values give a plot of the square root of the elastic distortion energy 
multiplied "by a constant. The identity "between the significant stress 
and strain and the true stress-strain relation in tension assumed "by this 
generalized St. Tenant theory implies that the stress-sbrain relation in 
the plastic range under combined stresses is a function of the elastic 
distortion energy represented "by these combined stresses. 

Strain Equations for Combined Stresses 

By assuming that the generalized St. Tenant "theory aB defined "by 
equations (A33) to (A35) applies, the 5-6 relation coincides with the 
o* - 6 relation and equation (All) may "be written 

5 = ke] (A36) 

Then 
1-n 

e_   (5)  n            1 
(o-l - a2f + (a2 - a3f + (o-3  - tfl 

5          k1//n       k1//n 2 

Since    - = |, 
5     a 

* 

e         1 f(*l- «*T +   (°2  '  a3f +  (a3   ~  *l)2^ 

1-n 
"2n 

^~jT7n 2 

1-n 

2n 
(A37) 

(A38) 
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On placing the value of-.-s/cx    from equation  (A38)   in equation (A3I) 9   the 
principal plastic strains in terms of the stresses are 

xU- 
1 " (7)   n (cc2 -f ß2  - aß  - a -  ß + 1 ) 

e2 " 
o-, y/n 

1-n 
2n 

1-n 

1 - 9 - § 
"2~2 

■i I"      (a2 + ß2  - aß - a -  ß + 1 )   2n      (a - | - | } j>    (A39) 

€3 ■ \a 
xVL/n 

(a2 + ß 

1-n 
2 - aß  - a -  ß + l)     2n a _ 1 

2      2 

■where    a   and    ß    are the principal stress ratios 

a = a2/ffl 

3 a cr3Ai 

(AUO) 

•where cr-j_ is selected as the maximum principal stress so that a 

and ß are less than 1. 

Equation (A39) completely defines the plastic principal strains in 
terms of the principal stresses and the tension constants k and n. 
For "biaxial stresses, cu ■ 0 °r ß s 0,  and equation (A39) "becomes 

•i-x* 

xWn 1-n 

(a2-a+l)     2*    (l-f 

e„   " [  — 
l\l/n 

1-n 

(a2   - a+ l)     2n     (a - \ 

1-n 
l(^)l/n(a2.a+1)     2n     (a+l) 

CAM) 
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Equations (A39) and (A^l) give the plastic principal strains in terms of 
the principal stresses. 

Fracture Strength Relations for Combined Stresses 

There are not sufficient test data to confirm definitely a theory 
predicting stresses at fracture under comhined stresses;  however, test 
data for ductile materials subjected to "biaxial tension and "biaxial 
tension and compression are in closest agreement with the shear theory of 
failure. If c.  is the greatest principal stress and o*  is the alge- 

braically smallest principal stress, then "by the shear theory of rupture 
(references 5 Q^cL 6) , 

0      r   2 

or 

ai " a3 = ** (Ak2) 

where o*r is the rupture stress in simple tension. 

For "biaxial tensile stresses, Co =0 and equation (Alf2) "becomes 

c1 - cr (AU3) 

For "biaxial tensile and compressive stresses with cr, > <r_, <T in 

tension, c, in compression, and 0*2 - 0,  equation (A^2) applies. 

Figure 37 is a graphical representation of the shear theory for hiaxial 
stresses. For "biaxial tensile stresses equation (A^3) shows that the 
shear and stress theories are identical. 

Ductility Relations for Combined Stresses 

The ductility or maximum principal strain is determined "by 
equation (A39) if the value for a,  at. rupture is substituted. From 
equation (A^2) this value of <y_  is 
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or 

Gl Ä a
3 

+ °r 

ff-,    =   0"      +   ßtf- 1 " wr 

or 
(Tn    = 

1 (1   "   ß) 
(AM) 

By using this value  of    a^_    in equation (A39)   the strains at rupture are 

1-n 
6lr = 

€0^, = !2r 

3r 

k(l - ß) 

k(l - p) 

l/n. 
(a2 + ß2  - aß  - a -  ß + l)   2*   ^ . a . |) 

l/ny ±Ä 
(a2 + ß2  - aß - a - ß + l)   2n   (a - |  - | 

1/n 

>     (AÄ5) 

1-n 

(a2 + ß2 -  aß  - a - ß + l)    2*  (ß - f - |) 
[_k(l - ß) 

For "biaxial stresses,     öo = 0,     ß = 0,    and. equation  (AV?)   reduces to 

€lr = 

:2r 

:3r  = 

1-n 

> 

1-n 

■On-'■«■)■=■(». 1 

(A*6) 
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Stress and Strain Values at Beginning of Necking 

for Combined Stresses 

In order to determine the stresses and strains at "beginning of necking, 
a procedure similar to that used for simple tension is applied. AB for 
the case of simple tension, the "beginning of necking is the point where 
the rate of strain hardening, which tends to increase the load resistance, 
is "balanced "by the decrease in load resistance caused "by the decrease in 
the cross section. At this point a maximum load is reached which is 
followed "by a decrease in load to rupture. The condition defining this 
point of instability is illustrated in the following paragraphs for the 
thin-walled cylinder subjected to internal pressure and axial load. Tor 
other members subjected to combined stresses a similar procedure can "be 
used to determine the condition of instability. 

Figure 38 shows a thin-walled cylinder subjected to an internal 
pressure p and an axial load P. If t and d are the initial wall 
thickness and internal diameter, respectively, and tp and dp represent 

the values of these dimensions in the plastic range, then for a thin- 
walled cylinder the longitudinal stress a-, and the circumferential 

stress Og are 

CTi - ?? + -TT- (AVr) 

and 

cr„ - ?i (AkQ) 

In order to determine the instability condition, it is necessary to dis- 
tinguish two cases, one in which ffo is the greatest stress and the 

other in which a^ is the greatest stress. 

Case 1 (cr2 > 0]) •- For cr^ > a-^   a limiting pressure value p 

determines the instability and the stress o*g is used. Equation (AH-8) 
may "be expressed in terms of the true strain  eo "by noting that 

tp - t e"6l-€2 (A^9) 
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ana. 

dp - cL e 2 (A50) 

■where    e^    and    e?    are the true  strains  in the longitudinal and cir- 
cumferential directions,  respectively.     (See appendix C.)     Placing values 
of    tp    and    dp    from equations  (A^9)   and (A50)   in equation (A^8)   gives 

'aVd 
t\.V*s}) 

e 

p " 2tf2 ( X ) e    "V   T2 / (A51) 

By equation  (AM) , 

li     1 - c&/2 B g - a ,     . 
*2 " a -  1/2 " 2a - 1 (A52) 

where 

a "' VS. 

Placing the value of    €i/€2    as given "by equation  (A52)   in equation (A^+9) 
gives 

''2 \&Z) (A53) 0  , t\ -'2(2^ 
P-2a2(j)e 

The condition defining instability or "beginning of necking is determined 
"by the equation 

dp = 0 

or 

dp - M  da2 + ^E, de2 - 0 (A54) 

Using the value of p from equation (Ä53) in equation (A5^) gives 



NACA TN No.   1536 t .37 

dcr2 3a 

4e2      2a - 1 

where 

*2 (A55) 

Equation  (A55)   shows that necking or instability occurs "where the 
slope of the true stress-strain curve for    a      equals    3<x/2<x - 1    mult: 

"by the stress    ffg.    Since "by equation (A4l)     <J2 = ZM^Q1? 

^^nfCa)^"1 

a*2 

By using the value of -5—— from equation (A55) 
2 

€n = SSLlJ: n (A5Q 
2    3a 

that is, "by equation (A55) instability occurs at a strain value  e 

defined "by equation (A56) . 

Case 2 (o^ > Og) .- For cr^ > a2, a limiting axial load defines insta- 

bility. The total axial force is 

T - JT Opt■ ff1 "(A5T) 

Placing values of    t^    and    dp    from equations   (Alj-9)  and  (A^O)   in 

equation  (A^8)   gives 

-6 
S = JC dt e    x <yn (A58) 
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For instability, 

dj = J! a*! + JE d€x - 0 (A59) 

From equations   (A58)  and.  (A59), 

da 

B* m ai <A6o> 

For instability in the axial direction the point of instability is 
defined, -when the  slope of the true  Btrees-strain curve    0*-,   -  6,     equals 

the  stress    cr^.    Since "by equation  (Al+l)     a^ B f (a) e^33* 

do-1/de1 = rtf (a) e^11"1 

By using the value of do^/de^ from equation (A60) , 

6X = n (A6I) 

Equation (A61) determines the point of instability as the point on the 
6 - 3    curve vhere e^ equals the constant n. 
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APPENDIX B ..... 

CORRECTION OF MEASURED ELASTIC STRAINS FOR LATERAL SENSITIVITY 

AND COMBINED-STRESS EFFECT 

Baumberger (reference 3) shows bhat the correct strains, in terms of 
the measured strains "based on the manufacturers calibration, "by using 
a simple tensile stress and steel, are 

>le 

'2e 

_ (1 - Mks)(oi - *s&2) » /. ►*. l(8i - kBS a   ri ■ "B^Z. 

)        (Bl) 

"£—^  5 ^ " "*•) (B* " ^l) 

vhere e-  and ep  are the corrected elastic strains in the longi- 

tudinal and lateral directions. The correction to the measured strains 
can he more conveniently determined than "by using equation (Bl) ; that 
is, the percent error in the measured strains can "be found directly "by 
solving equation (Bl) for the measured strain 5, 5 that is, 

5X» 
ele + fcg e2e 

(B2) 

The percent error in the strain e^  is then 

ele " 51 E„ = -=2 ± 100 = 
ele 

1 - 
ele + kse2e 

1 - k„ {1 - Hk„ e s/°le 

100 (B3) 
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But since    e-j^ « (ale - Mcr2e)/E    and    eg « (cr2e  _  Mo-ie)/E,    equation (B3) 

can "be -written 

Er = 100 1 - 
*s  -  ^(*le/0(l  -*BH) 

(^l-ke2)(l.Mks)l— -  M le 
;2e 

(B4) 

Since    ks = 0.021    for the SR-k gages used,  f 1 * kg   1 Is approximately 

equal to 1, and equation  (B^)  "becomes 

Er - 100 
(H2 -  1)  K 

1 -  Mk« s/Vo- 
le 
*2e 

- u 
(B5) 

For the aluminum alloy tested,     u = O.33,     so that equation  (B5)   reduces 
to 

Er- 
-  1.9a 

1 - 0.33a 
(B6) 

vhere a equals the principal stress ratio cr_ /c, . For a given 

principal stress ratio a,  equation (B6) determines the percent correction 
to "be applied to the measured elastic strains. 
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APPENDIX C 

EQUATIONS FOR WAIL THICKNESS AKD DIAMETER OF TUBÖIAR SPECIMEN 

IK THE PLASTIC RANGE 

In the plastic range of stresses the original -values of the wall 
thickness t and internal diameter d can no longer he used to calculate 
the stresses, and the actual values of the -wall thickness tp and in- 

ternal diameter d^ must "be used. 

The true unit strain in the direction of the vail thickness t_ is, 

"by using the definition of true strain (appendix A), 

e3  = l0*e ? (Cl) 

Since the volume is assumed to he constant in the plastic range, 

or 

ei + €2 + e3 " ° 

*3 = -(€l+e2) 

(02) 

From equations (Cl) and (C2), 

- 1 
tp = t loge    £- 61-^) (C3) 

The relations hetween the true strains e^ and e^ in the lateral 

and longitudinal directions in terms of the nominal strains e-j_ and eg 

in these directions are (appendix A) 



kQ NACA TN No.  I536 

6X = loge   (1 + ex) (0*) 

€2 = l0ge  (1 + e2) (C5) 

By adding equations  (Ck)  and  (C5)   and'taking the antilogarithm, of the 
resulting equation, 

C1 + ei)v1 + e2) 

From equations (C3) and (C6), 

tp - T - r 2        (ay) 
(l + el)(l + ©2)   1 + e + e + e e 

2 

Since &xe2   "*s sma^ compared with e-,  and ep, equation (C7) may "be 

written 

t =  2  (08) 
P  1 + ex + e2 

The internal diameter dp in the plastic range equals the external 

diameter minus twice the wall thickness, or 

ap= V " 2tp (C9) 

The external diameter cL'  in terms of the nominal lateral strain 

62 is equal to 

dp' = (d + 2t)(1 + 62) (CIO) 
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From, equations   (C9)   and  (CIO)   the  intornal diameter "becomes 

cLp =  (d + 2t) (1 + eg)   - 2tp (Cll) 

vhere tp is determined "by equation (c8) . 
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TABU 1.- MECHAHICAL PROPKBTIES 0? 2te-T AHMfflOM AHOT BASED Off THEEOff OCMFBOL TE3TB 

{Dealgoatiana 2, C, and D In flrat colunn refor to specimen« cut from tubes B, C, and D] 

Specimen 

Hoainal atreBB-straln- results True stress-strain results 

Yield stress 
(0.2-peroent offset) 

(psl) 

Ultinote 
stresa 
(psi) 

Modulus of 
elasticity 

fpsl) 

Elongation 
In 2 In. 

(percent) 

fracture 
stress 
(pal) 

True 
ductility 
(ln./ln.) 

Constant, 
k 

(P-1) 

Constant, 
n 

TIB 
T2B 
T3B 
Tlffl 

71.2 X ID3 

72 A 
72.9 
72.0 

9A 
8.6 

• 7.8 
8.6 

80.0 X 103 

79.0 
79.^ 
78.6 

U.8X 102 

9.0 
8.6 
8.9 

  

  —  

ATemgö W.5 x ID3 72.1 ID.6 X 106 8.6 79.3 9-6 1.20 X 105 0.18 

TIC 
T2C 
TIC 
TSC 

75.0 
7^.0 
71. h 
69.8 

10.2 
8.6 
7-8 
6.3 

83.5 
80.5 
77.^ 
76.5 

10.8 
8.5 
8.1 
9-2 

  

AveragB 50.0 72.6 10.8 8.2 79.5 9.2 1.15 0.16 

TOD 
T2D 
•MTJ 

Tto 

72.0 
72.8 
TO   k 
67I6 

8.6 
8.6 

6.3 

78.5 
80.2 
78.t 
72.0 

8.9 
9.5 

6.k 

  
———— ========= ••—»——« 

Averag» 50.0 71.2 10.8 7.8 77.3 8.2 1.08 0.15 

Orer-all 
average "0.3 72.0 1D.7 8.2 78.7 9.0 IJfc 0.1Ä 

^ggp^ 

> 

o 

en 
CO 



TABLE 2.- Ilfll JJ öTKKäJüö JJUK VAHlUUfci KÄ1TIÜS ÖS BTATTAT. STRESSES 

Siaxlal 
stress 
ratio, 

ff2 a, « — 
"1 

Tield 
stress, 

(pai) 

Yield 
stress, 

(psi) 

Tield 
stress, 

a3l 
(psi) 

Stress ratios 

*-ffJz 
ffy 

ff2y 

"7 

0 
(lcoagitudinal tension) 1*7.5 x lo3 

0 0 1.00 0 

.25 1*9.8 13.0 x lo3 -1.3 X 103 1.05 .27 

.50 5*.7 26.6 •2.9 1.15 .56 

.75 53-9 la.if -4.2 1.13 .87 

1      /V\ 
X.VJU ^9 *7 51.1 -5.i 1.04 1.07 

1.33 39.7 53.8 -5 A .81* 1.13 

2.00 23.6 1*7.3 •4.9 .50 1.00 

00 

(transverse tension) 
0 U3.2 -4-3 0 .91 

1-3 

rti 
ci 
oa 

~3 
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TABIE 3.- NOMINAL ULTIMATE STRESSES FOR VARIOUS BIAXIAL STRESS RATIOS 

Biaxial 
stress ratio, 

a2 a =» — 
Specimen 

Nominal ultimate 
stress, ff^u 

(pai) 

Nominal ultimate 
stress, <r_. 

2u 
<psi) 

Stress 
ratio, 

*u 

Stress 
ratio, 

*u 

0 
(longitudinal tension) 

B8 
BIO 
CIO 
D8 
D10 

78.3 X 103 

81.0 
78.O 
75.9 
77.9 

0 
0 
0 
0 
0 

1.00 
1.03 
1.00 

.97 
1.00 

0 
0 
0 
0 
0 

Average au = 78.2 0 1.00 0 

.25 *B5 
Clf 
Dl+ 

68.8 
8U.6 
76.6 

17.9 X 103 

23.6 
20.0 

.88 

.98 
•98 

.23 

.30 

.26 

Average 80.6 21.8 •98 .28 

.5 B3 
C5 

aD5 

79.^ 
80.5 
71.8 

1+2.0 
1+2.0 
37.5 

1.01 
1.03 

.92 

.5* 

.1+8 

Average 80.0 1+2.0 1.02 •5h 

.75 B7 
C6 
C7 
D6 

78.O 
82.9 
80-0 
83.O 

61.5 
61+.0 
62.5 
61+.6 

1.00 
1.06 
1.02 
1.06 

•79 
.82 
.80 
.83 

Average 81.0 63.2 1.01+ .81 

1.00 ■Bk 
Cl 
Dl 

61.5 
62.0 
56.5 

61+.0 
61+.5 
59.O 

.79 

.79 

.72 

.82 

.82 
•75 

Average 60.O 62.5 • 77 .80 

1.33 B2 
03 
C8 
D3 

1+5.2 
1+0.1+ 
1+6.0 
1+6.0 

63.O 
56.1+ 
61+.0 
61+.1 

.58 
•52 
•59 
•59 

.81 
• 72 
.82 
.82 

Average 1+1+.1+ 61.9 •57 •79 

2.0 B6 
02 
D2 

29.*+ 
29.6 
30.8 

61.5 
62.0 
61.5 

.38 

.38 
•39 

•79 
.79 
.79 

Average 29.9 61.7 .38 .79 

00 

(transverse tension) 

B9 
C9 
D9 

0 
0 
0 

63.5 
62.5 
61.5 

0 
0 
0 

.81 

.80 
•79 

Average 0 62.5 0 .80 

"Values not included. In determining averages. 
^5553^ 
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TABLE k.-  TRUE FRACTURE STRESSES FOR VARIOUS BIAXIAL STRESS RATIOS 

Biaxial 
stress ratio, 

*2 a " 7T 
Specimen 

True 
fracture stresses, 

fflr 
(psi) 

True 
fracture stresses, 

ff2r 
(pai) 

Stress 
ratio, 

fflr 
X "  -=- 

Stress 
ratio, 

ff2r 
7        *r 

0 
(longitudinal 
tension) 

B8 
BIO 
CIO 
D8 
D10 

92.6 x io3 

92.5 
89.0 
88.0 
91.2 

0 
0 
0 
0 
0 

1.02 
1.02 

.99 

.98 
1.00 

0 
0 
0 
0 
0 

Average ffr - 90.7 0 1.00 0 

.25 ^5 
C4 
D4 

7^-9 
89A 
81.8 

18.9 X 2fl3 
24.1 
20.7 

.83 

.99 

.90 

.21 

.27 

.23 

Average 85.6 22.4 .95 .25 

•50 B^ 
C5 

aD5 

87.6 
88.8 
75.0 

46.1 
45.7 
39.2 

.96 

.98 

.83 

.51 

.50 
A3 

Average 88.2 45.9 .97 •51 

.75 B7 
C6 
C7 
D6 

91.1 
9^.8 
92. k 
95.2 

75.2 
75.2 
74.4 
76.8 

1.00 
1.04 
1.01 
1.05 

.83 

.83 

.82 

.84 

Average 93 A 75 A 1.03 .83 

1.0 
Cl 
Dl 

71.8 
71.6 
62.3 

79.0 
77.3 
66.8 

.79 

.79 

.69 

.87 

.85 

.74 

Average 68.6 74.4 .76 .82 

1.33 B2 
C3 
C8 
D3 

51.0 
hj.O 
54.1 
53.1 

71.5 
67.6 
77-8 
75.2 

.56 

.52 

.60 

.59 

.79 

.75 

.85 

.83 

Average 51.3 73.0 .57 .81 

2 B6 
C2 
D2 

33-3 
36.8 
36.8 

66.6 
73.6 
73-7 

.37 
Al 
Al 

.73 

.81 

.81 

Average 35.6 71.3 .39 .78 

CO 

(transverse tension) 

B9 
C9 
D9 

0 
0 
0 

77.2 
72.3 
76.2 

0 
0 
0 

.85 

.80 

.84 

Average 0 75.2 0 •83 

Values not inoluaed in determining averages 1 

^£$V^ 
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TABLE 5.- NOMINAL AND TKUE DUCTILITY VALUES 3TOR VARIOUS BIAXIAL 

STRESS RATIOS 

Biaxial 
stress ratio Specimen 

Nominal 
ductility 
(in./in.) 

True 
ductility 
(in./in.) 

0 
(longitudinal 
tension) 

B8 
BIO 
CIO 
D8 
D10 

15.6" X Kf2 

13.9 
15.2 
2h.l 
14.1 

14.5 X 10"2 

13.0 
14.1 
13.1 
13.1 

Average 14.6 13.6 

.25 B5 
C4 
D4 

9.3 
6.3 
7.8 

8.9 
6.1 
7.5 

Average 7.8 7.5 

.50 B3 
05 
D5 

10.8 
7.8 
4.0 

10.2 
7.5 
4.5 

Average 7.5 7-4 

•75 BT 
C6 
C7' 
D6 

12.5 
9-5 

10.9 
9.2 

11.8 
9.1 

10.3 
8.8 

Average 10.5 10.0 

1.0 B4 
Cl 
Dl 

7.8 
6.4 
4.5 

7.5 
6.2 
4.4 

Average 6.2 6.0 

1,33 B2 
C3 

-    08 
D3 

4.9 
12.5    . 
13.9 
6.8 

4.8 
11.8 
13.0 
6.6 

Average 9-5 9.1 

2.0 B6 
02 
D2 

6.4 
8.6 
8.6. 

6.2 
8.2 
8.2 

Average 7.9 7.5 

CO 

(transverse tension) 

B9 
09 
D9 

10.0 
7.8 

10.7 

9-5 
7.5 

10.2 

Average 9.5 9.1 



TÄEQs 6.« TKUK EU'JuuB-SiiiAu» GGmtÄirija JftiK UIIIAJULäL 

MBIöU TBSTB 

Direction 
of 

stress Specimen 

ffoitrlml 
ultimate 
stress 

(pel) 

True 
fracture 
stress 
(pal) 

True 
ductility 
(in./in.) 

Constant, 
k 

(psi) 
Constant, 

n 

Longitudinal 
(tubes) 

B8 
BIO 
CIO 
D8 
D10 

78.3 
81.0 
78.O 
75-9 
77.9 

92.6 
92.5 
89.O 
88.0 
91.2 

1U.5 
13.0 
lfc.3. 
13.1 
13.1 

Average 78.2 90.7 13.6 1.1k x io5 0.22 

Transverse 
(tubeß) 

39 
C9 
D9 

63.5 
62.5 
61.5 

77.2 
72.3 
76.2 

9-5 
7.5 

10.2 

AT wj. ^_*r£y^ £0 1 7K   O n   1 1    IK in 
•-«■7 

Longitudinal 
(control 
test) 

Specimen from 
tube B 

Specimen from 
tube C 

Speolmon from 
tube D 

72.1 

72.6 

71.2 

79.3 

79.5 

77.3 

9.6 

9.3 

8.2 

1.20 

1.15 

1.08 

.18 

.16 

.15 

Average 72.0 78.7 9.0 1.1A- .16 

o 

en 

Ul 

^^ 



en 
CO 

■4                               ■ 

t 1 
1 

HS 8. 
T ^**"^ 

10 

v 

i ± 0.0005 
8 

*^£s' 

Figure 1.-   Tensile control specimen.   All dimensions are in inches. > 
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.002 

Nominal strain, in./in« 
'K<^P^ 

CO 

FjcriiyQ 2;~  Conventional strsss-strain diagrams for tension control sn6cim6ns 
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Riure 3.-  True stress-strain diagrams for tension control spadmeofi. 
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Figure 5.-   Biaxial-stress specimen.  All dimensions are in inches. 
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Figure 8.-   Biaxial testing machine showing method of applying axial load. 
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Figure 11.-   Tubular specimen showing SR-4 electric strain gages for 
measuring elastic strains. 





NACA TN No.  1536 69 

CD 

•rH 
03 

o 

CO 
CD 

ft 

o 
Ü 

ft 
Ü 

d o 
CD 

CO 

l 

CO 

a 
o 
-Q 

Ul 
.—i 

d 

CD 

CD 

& 

k 
CO 
Ul 

CD 
ft 
a o . 
O 

Elastic-range gages (1 to 6) 

G 
2. 

t- 

^=[ 
Clip gages   (7  to 12) 

& 

]=T 

10 ]=" 
31 11 1^ 

12 

1* 
|-a 
4)    C 
+>   o 

to to 
to   WJ 

^ T -H    ci 

If 
Compensator for 
el astic-range gages 

Reference switch' 
O 

Measuring 
Q 

Gage factor 
switch 

Moving strain 
indicator 

lompensating    /^\ 

SR-4 strain gage 
recording instrument 

Off 

On 
Switch 
\ 

"t 
6 

Common 

Switching unit 

Measuring gage 
 O    1    11 o 

Compensating gage 

2 
3 
4 
5 
6 
7 

-O 8 
O 9 
O10 

o 
o 
o 
o 
-o 

12 
13 
14 
15 
16 
17 
18 
19 
20 

O 
O 
o 
o 
o 
o 
o 
o 
o 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

O 
o 
o 
o 
o 
o 
o 
o 
o 
o 
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Figure 13.-  Strain-measuring apparatus. 
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Figure 14.-   Clip gages for measurement of plastic strains. 
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Figure 16.-   Vernier device for calibrating longitudinal clip gages. 
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Figure 17.-   Stepped-tube device for calibrating lateral clip gages, 
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Figure  20.— Longitudinal   true   stress-strain   diagrams.   R   denotes   rupture   point 
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Figure 29.-   Simple tension member. 
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Figure 30.-   Tension true stress-strain relation. 
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Figure 32.-   Elements subjected to combined stresses. 
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Figure 35.-   Element subjected to triaxial stresses. 
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Figure 36.-   Significant stress-strain relation. 
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Figure 37.-   Shear theory of failure for rupture. 
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Figure 38.-   Tubular specimen subjected to internal pressure and 
axial load. 



1 
TITLE: Biaxial Plastic Stress-Strain Relations for 24S-T Aluminum Alley 

ATI- 25100 

(None) 
AUTHOR(S): Marin, J.;   Faupel, J. H.; Dutton, V. L. and others 
ORIGINATING AGENCY: Pennsylvania State College, State College, Pa. 

OSIO. ACO*CY NO. 

(None) 
PUBLISHED BY: National Advisory Committee for Aeronautics, Washington, D. C. fUMOHIWO ASENCT MO. 

TN-1536 
Mm              1      OOC OASS. 

May '48     | Unclass. 
COUMTIY 

U.   S. 
1ANOUACS 

Eng. 
PACES 

87 
niusiunoM 

photos, tables, diagrs, graphs 
ABSTRACT: 

This report contains determination of the yield strength, ultimate strength, ductility, 
and plastic stress-strain relations for 24S-T aluminum alloy when subjected to biaxial 
stresses.   Both biaxial stresses considered were tensile, and the influence of various 
biaxial stress ratios on the mechanical properties was determined. The data were 
Interpreted by a generalized St. Venant theory In an attempt to predict the biaxial 
stress-strain relations In terms of the uniaxial tensile stress-strain relations.  The 
stress-strain relations, as predicted for combined stresses by this theory, agree 
approximately with the test results. 

DISTRIBUTION:   Request copies of this report only from QrifHnaHng Agency 
DIVISION: Materials (8) 
SECTION: Aluminum Alloys (10) 

ATI SHEET NO.:  R-8-10-11 

SUBJECT HEADINGS: 

Aluminum alloys 
Aluminum alloys 

• Physical properties (10588.3); 
- Stresses (10590) 

- Documents Division, Intolliaonco Deportment 
Air Materiel Command 

AIR TECHNICAL INDEX Wright- Potto mm Air Force Boie 
Dayton, Ohio 


