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NATIONAL ADVISORY CCllf.fl'lWrD FOR AERONA.t71'ICS 

ADDITION OF BmAT TO A COMPRESSIBLE J!'LUID IN MariON 

By Bruce L. Hicks 

The nat'ilre of I!Onad1abatio 1 triotionl.ess 1 steady flow of a com­
pressible fluid 1n a pipe of' constant cross section is summarized. 
The flow conditione can most conveniently be described 1n terms of 
the local Mach number M. It was found that steady flow cannot 
occur when heat iD being. added to the fluid at a point where its 
velocity equals the local velocity of sound (M = 1) 1 and that the 
maximum temperature of the fluid occurs at M ... 1/.;-r where 1 is 
the ratio of specific heats. These results are illustrated by 
application to high-speed flow thro\16h combustion chambers. 

:mTRODUCTION 

The study of combustion phenomena in a flowing gas must include 
consideration of' the thermal and the dynamical properties of' the 
fluid as well as of' its chemical nat\.l.re. The flow pattern of' a 
burning gas 1 for example, is dependant upon the quantity of' heat 
liberated at each internal point by the combustion of' the moving 
fluid. 

The purpose of' this report is to summarize, without extended 
proof's, the results of' a study of a simplified model of' DDDSdjabatic~ 
compressible fluid f'low1 both subsonic and supersonic, and to state 
these results in a f'ozm that will make them 1lmilediatel.y useful in 
providi:cg a theoretical background for current techni~ problems of 
hish-speed combustion. The model chosen is the flow1 in a tube of' 
constant cross section, of' a compressible fluid to which heat is 
be1ne; added. This model is a natural generalization of' f'luid-f'low 
models cammonl y used and offers a logical poi:c:t of departure f'or 
more advanced calculations. 

In the present treatment, the local Mach number M of' the 
flaw is extensively used as a variable 8.Ild the effects of'. heat add1· 
tion upon the 11m1t1ne; conditione of flow of' a cam:press:,tble fluid 
are emphasized. Appare~ly these effects have not previously been 

-·- ------ --- -~---· --- - . ----~-
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expli.citly described in the literature in terms of M, although 
related subjects in one-dimensional compressible flow have been 
treated using M b,y Bails,y (reference 1) and Nielsen (reference 2). 

THEORY 

Statement of th~ Basic Equations 

The characteristics of the model of nonadiabatic compressible 
flow, which were chosen in order to restrict and simplify the treat­
ment, TI'AY be stated explicitly as follows: 

1. The flaw is steady (independent. of time) . 

2. Pressure, temperature, and velocity do not vary within any 
section normal to th,e flew. The rate of heat addition to the fluid 
is therefore constant within a section. 

3. The coefficients of viscosity and of thermal conductivity 
are equal to zero; hence, the fluid flow is not affected by fric­
tion or by conduction or heat in the direction of flow. 

4. The fluid obeys the t!'lei'lllUJ. eq,J.3.tion of state far a perfect 
gas. 

t). The 'Values of the specific heats. and ar the gas constant 
a!'e invariant throughout the flcr;. 

With these restrictions, the fluid must move in accordance with 
t~e follnw.L~ equations, which describe its nanadiabatic frction­
less flow in a pipe (fig~ 1): 

pt vl • p2 v2 (conservation of mass) (3) 

(4) 



UACI.. ACR lloi. Et)A29 3 

The symbols p, p, T, V, and 0p in these equations represent 
pressure, density, temperature, velocity, and specific bent at 
constant preSSiirO with consistent uni-'be UB&i-t...'l:roup;hollt• The sub­
scripts 1 Atld 2 indicate that. the B}'lnbol[; refer to sections 1 
and 2 of the flow pictured in figure 1. The symbol Q represents 
the heat added per unit mass of' fluid tetwean sections 1 and 2. 

A more conVElnient form of the equations is obtained by intro­
ducing the local Mach number M a v/vrYRT in ~lace of' the velocity 
where R is the gas constant. EquatiC'ns (1), {2), and (3) tht.m 
become 

T1 ( 1 + q + y ; 1 lo!12) • T2 (1 + y ; 1 II/) 
pl ( 1 + y Ml2) • P2 (i + y li2 ~ 

P1 ~!:J. fll = P2 ~ fl2 

(5) 

(6) 

(7) 

The qunnt:i.ty q is equal to ~/(CpTl) :llld Y :ts oqual to cp/Cv• 

'l'hrou,3h uultiplic'1tion lUld uh·ision of c~.1ations (5), (6), and 
(7) it is pos::;ible to derive the 1'nndn.."'llentttl 13lquation that ricscribes 
t.he adftitton of' h~'lt to n co:upres~r~·l.: fluid in one-dimensional 
motion. 

(R) 

Application of the Second law of Thcrmodynruilics 

An important charact.;ristic of the model ch:lscrib~.ld by the basic 
equations can be derivC::d dirtlctly fro:n thn Second L'3.w of Ther:no­
dynrunics. The: changE• :in ~ntl.·o::y ~ur unit mass lid of a perfect gas 
betwe€.11 th& two tht:3l'IIlodynarni~.; at.att-.lS in whic!l H. tndsts 'it sec­
timls 1 and 2 (fig. 1) is ~ivan by thP. expre~sion 

1-Y 

T2 (P2' y 
AS • C)l lo~-e '£1 \Pl) (9) 

---------------------------------------
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By use of equations (4), (6), and (7) the specific-entropy change 
or the fluid in passing from section 1 to sGction 2 may be rewritten 
in terms of the Mach numbers M1 and M2 as 

'Y+l 

M2 2 ( 1 + y Ml2 )y 
~ • ~ lo~l ------·--------

!-1 Y-fl 

'l\y 
+ y 1!'2 ) 

(10) . 

It in s<Jr·n t.lnt the (:Iltropy ch.<m~~ of the r.~.ovin~ flu:l.d devends 
only Ufl('ln tho Mach number. Det~ilOO. '3XB.m:l.n=ition of (!qu:ltion (10) 
discloses t.he fact that. the (:Iltropy vrhen considered as o function 
of ~ possesses only on~ m.axit.nJm, whic~l occurs at, M2 = 1. 
When r'2 .. 1, thEre.fore, the entropy catmot incre::-.s~. !3oca.uso 
the entropy changt~ nf a systr!lD. that. behaves in accor1ance with ti.e 
Second Law of Thermodynamics muot lH~ lJos!.tivc~ wheu the quantity of 
heat added to it is positiv3, it h. c.mcludud t.I-J.at. adllition of R. 

!iOSitiv~ ."l.r.~otmt of hC'at to t.hc fluid is iT"'..possi"1le wh~n M2 • 1. 

rll!:stmrs A..'W DISGUSSiml 

From equat-ion (8) and prcvivc1s eq;,~tionr-, ='· num.bo::r rJf d.et:1ilod 
charact.~ristics of th~ stuady non~ti~r~tic flo~ of a ~as in a pipe 
of const.tmt sect.ion (fiG• 1) may b·~ d·::l·ived. 

?latht..m::ttical Descri1Jtiol1 of the Flow 

The he~t added q a Q/(CpTl) and thl.: chan~,;es in prussure, 
tc.mperatur•., c'lem:ity, :md velocity between sections 1 :md 2 may· 
~::~.c~ br::l ~J.."'q)r(!!Sfle<l P.f. '1 ei.mpl....: r·~+.:l.on:J.l funct:l on of M1 ~nd ~!2 ,· 
'ls 1'1as donG for q in equ!.lti.on (8 ). On~ pl-zysically si~ificllilt 

:::• v::ue:2 i£ ox~:: 1 ~o~ ;~c:l :~~~ • i1 t~~•< :. =~ t:e 

1 > al > /2_"(. Y{Y_q·-1+ 1)-' real v'1l,lf3 of !.~J if ....".1 V therG or·~ two real 

values of ~2 • one of which corresponds to an ~nnsion shock gnd 
may be shown to be impossibl( on t!1er1oclynarnic ~rounds. For u1 > 1, 
tr9.nsi tion from th~:. 1 :trg3r of the +.l"' poss.ible 'r9.lues of M2 to tho 
emaller one corresponds to the formation of a compression shock. 
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The direction of change of the quantities p, p, T, and Q 
betvreen sections 1 and 2 can be specified by the signs of tho deriv­
atives of. these quantities :with respect to :U:. For the entire range 
of M from zero to ini'ini t;r · ·· - · · 

~( 0 
dlt "' 

dV > O 
dJl• 

~< 0 
d)l• 

( 1 - y Jl.) -l : ~ 0 

(11) 

As heat is added to the compressible fluid, the llach number 
will increase for a.ll values of M ~ on the other hand, the tem­
perature will r:tse only for M< 1./V Y or Y: > 1 but will fall in 
the range of Mach number 1 > M > 1/V'f. This behavior can be derived 
directly from equRtionR (11). 

Limiting-Florr Conditions 

If tht.• values of ~ 2 given by equation (8) are to be real, 
q must be lirnitt:d and therei'ore the i1eat that can be adck:d to a 
fluid moving lrt.th Mach number M1 is limited; the linit is 
expressed by the inequality ( u~ _ ];_ \ 2 

~) q ~ 1_ (~) 
2cr + 1) 

T~us, in agrse~ent ~th the conclusion based on th~ Second Law of 

Thermodynamics, the heat added q .. QT Cl'llll1ot be positive for 
Cp 1 

111 • 1, that :I.e, for flow velocity equal to the local velocity of 
sound. The quantity of heat indicated by the equality sign in 
equation (12) is the quantity that is necessary to increase or 
decrease tha Mac~ number to unity from its initial value M1• If 
heat is added to but not removed from tho fluid, this value of 
unity for the Mach nurnhcr will occur at the downstream end of the 
tube, provided that the heat is supplied entirely by heat transfer 
from the wall of the tube. 

The limit to heat addition for a givP~ entrance Yach number 
may also be thought of as a limit to the 9lltrance Yach number for 
a given heat addition. The effect of heai'addition upon the limit 
to entrance Mach number is represented in figure 2 by the curve 
for ~,. 1. 
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Because the mass fl.ow is proportional to (MIPl)/.fTi• the 
limit to heat addition may be alternatively described as a limit 
to the mass flow for a given amount of heat added. If M1 < 1 
and M does not exceed unity between sections 1 and 2, there will 
be an upper limit to the mass flO"JJ, as discussed in reference 3. 
It may be ahcnrn that the same upper limit exists for 11'! < 1 if M 
doC3s exceed unity between sections 1 and 2. If ;11 > 1, a lower 
limit to the mass rate of floVI without shock P..xists, whir.h is the 
same whether or not !l is everyr1here £reater than unity between 
sectiono 1 and 2. The poRsihility of co~tinuous tr~nsitions from 
A; < 1 to M > l and vice versa are discussed jn the next section. 
In all inst.ances the limiting flow conditions Cfln be most e$1sily 
expressed analytically jn terms of :Mt as the ~.ndependent varible. 
There is greater physical reR.lityJ '!"towrver, in the expression of 
t.he lirlli ting flOl'l' condi tinns in tt:; L "mS of a lind t on the mass flow. 
ConsequE".ntly Mv which always bears a simple relation to the 
mc'lss flow, h~s been taken to be the dependent va.riRble in fir:,ure 2 
and in oth0r si~ilar figur~s. 

T2 (1 + y 'U.~2\2 
The temperature r.'ltio cannot e".{ce~ I and 

Tl ur Ml2 
attains this maximum value at M:;: .. 1/fi for all values of ~·!1 
and q. T'nis limitation can be expressed alternatively as a limit 
to the entrance Mach number, which is then a. .function of T2fT1 
alone and which occurs m1en M2 • ~y,r. A graphi~al representa­
tion of tn~ limiting M1 is given in fi~~s 2 and 3 for both 
~ • 1/vV and M2 = 1. If the tenr,t)erature ratio T2jT1 is spec­
ified, the maxi1n11m antrance Mach 111unbar (Ml < l) is larger for 
Y2 • 1/vf" than i'oJ· :!2 ... 1. If q rather t:-tan T2/T1 is spec­
ified, the limitjng entrance Mach number (Ml < 1) is less for 
:M2 • ~rr t.han for u:2 • 1, as is evident from figure 2 "IUld 
the previous discuss::!.on, 

T~e minimum value of thC3 prcssurP. r~tio p2jp1 corre~~onding 

to the m~murn allowable he~t addi~~on and to M2 a 1 is equal to 
{1 + Y ~1 ... J/(1 + 'Y) ·for subsonic flow. If the pr•~ssure ratio is 
decr~.:·aned bE-lor. this limit by decreasir1g p2, the flow vd.ll not 
ch:m[~t: heC!lllSC" the ~£ff.lcts Of the preSt.U!'U r·~uction c:annot be 
~ropa~a+.ed U95tre:I3IO. t.nrough the 1·e~;l~!l l'lheru Me = 1 !lt the dO"''m­
st.rf.)rnl section 2. I:·or supersonlc ~·J.ow, thE:. same eJq:ression gi vee 
the maximurJ prEssur~ ratio th~t can occur' with st~ady flow. 
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Transition between Subsonic and Supersonic Flow 

The theory indicates that a continuous transition from sub­
so'iiic to Stipersonlc· fl.olr. or Vice versa can be effected by addition 
of heat until M • 1 followed by removal or heat. If heat is 
added to but not removed from the moving fluid, such a continuous 
transition is not possible. A discontinuous transition from sub­
senic to supersonic flolr (adiabatic or nonadiaoatic expansion 
shock) may be shown to be impossible on the basis of the Second 
Iaw of Thermodynamics. A discontinuous traneii tion from supersonic 
to subsonic flow is, however, always possible through the action 
of a compression shock, whether the heat added is positive, zero, 
or negative. The action of viscosity or of thermal conductivity, 
which are omitted from consideration in the present treatment, 
110Uld provide the mechRnism. whereby such a discontinuous transi t:i.on 
would be effected (reference 4). 

Thermal Choking 

It has been shown that steady !'low CAililot occur unless the fla-r 
confor:ns to limitations on the pressure :md temperature ratios. 
When conditions that exceed these li.mi tations are initially imposed 
on the flow, the flow will adjust its.::lf in such a way ae to again 
rea~h conformity with the limitat.ions. 'l'his self-adjustment of the 
flO',, is somewhat simil ~r to the ad,.1usbnent that occurs when a per­
fect compressible fluid flows (1) isentropicall;r through a tube of 
vP.rying section, (2) adiabatically l'rlth frictional pr~ssure drop 
through 3 t.ahe of constant section (reference 5), or ( 3) isother­
mally wi.th i'rictionul pressure droi:J through ::!. ":.11bu of constant 
section (reference 6). 13y 13nalogy ?d .. th thee~:.: typ.Js of flow, the 
term "thermal c~oking" might be appropriately Rpplied to the phe­
nor.tenon of limited mass flow discussed in the present paper. The 
similar! ty between t.he various types of choking phenoo1enon is being 
investigated in more detail. 

APPLICli.TIONS 

The theoreticRl re~tlts indicate th~t the mass flaw of a com­
pressible fluid cannot exceed a llmi t that is fixed by the values 
of p1, Tv and q. For each value of M1 or for given values 
of p1 and T1, at the first section, there is only one value 
of q or of Q, which corresponds to the limiting flow condition. 
These results can be applied to the flow of ll burning mixture 
through the combustion chamber of a jet-propulsion powe:r plant. 

• 
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It is assumed that the cross sections of the ducts 'Which vdll 
be constdered are constant and th!lt frictional effects, change of 
gas constant and of Y can be neglected. The max:imum mass flow G 
for subsonic velocities throughout the chamber has been computed 
ftJr the inlet conditions Pl • 15 pounds per square inch and 
T1 • 5000..! absolute and is plott,~J in figures 4, 5, and 6 for 
~ • 1/v Y and M2 ... 1. 'l'he curves in fif;ur~s 4 and 5 were 
obtained fro.'ll figurc.,e 2 and 3, respectively, by chRng:lng the scales 
in accordance nth the chosen entrance conditions. The data in 

figure 6 ':vere derived from th.f.J expression { p 2 ) ~ 1 ~ Y J~t 2 , which 
\pl + y 

iH dism1ssed in a previous s~ction. Because ~~~ fuel-air ratio 
detc:rroines th~<; value of Q, the h·:Jat. relaas~ p.::r pound of :nixture 
for c~lete combustion of a eiv~n fuel.points can be specified on 
tJ1e curves of m3ximum mass flow that correspond to a rango of valtu:.s 
of fuel-air ratio. Although the ver,y lean mixturen correspondtng 
to fuel-air r#ltios less t.han llbout 0.02 would not. burn under ordi­
nar,y cir~~etances, the v~lues of fuel-air r~tio car. still be used 
as a convenient r:teaourP. of heat =--c1ease. In figurer 4, 5, and (.. 
the fuel-air rr-~.t.los are indicatea. !'or 11 fuel whose heai.. of combus­
tion is 18,000 Btu per pound. 

The deterrrlnation of the condi tiona for mrorimum flmv for com­
plete combustion (M2 • 1) will f:"'1ITI1 to illustrate the use of 
the figures. If the limit on tho total gas outflow (:including 
secondary air) from the com.bustiun chamber ls desired, ::m ovr~r-all 
fuel-air ratio of a"L,out 0.02 is ;::.ppropriate. The limit on the gas 
flow through ~ burner duct conta"ir.ing o. richP.r mixture with fuel-
ai.r ratio equct.l to 0.05 is calcuht,-.d for co::tpal'ison. From the 
curve for lt2 • 1 (fig. 4), the maxi~um flow rates for these trio 
fuel-air rntios .n-e found to be 22.2 and ll~.B pounds per sc;ua.re 
foot per second, respectively. The final i.etU~Jera.tures determined 
from fi15Ure 5 are 1630° and 3h40° li' ~bsolute, and the f:inal pres­
sures from fi~e 6 :-tre 6.80 and 6.48 pounds per squ..'lre inc!l. The 

entrance Mach nu'll.bcrs M1 • A;.o corresponding to these i'lOYi rates 

are 0. 2.'5'0 and 0.166 or, bec~·~se t.he veloc:L t.y of soun.d at the entrance 
tempGr~ture of 500° F ~~solut~ is 1096 feet per second, the ~ntrance 

• velocities aro 27h nnd 182 feet per second. 'lrnfl values of :t.!:1 can 

be Ch(-)Ckad by calculating the v~lues of q .. ~·~ ~ i~O' which are 

2.94 ~d 7.14, ~~d by reading th( valu~s of V.1 (fig. 2). It is 
evident that the masr; flow of burnine gastJs can be considerably 
restricted by the ef!'ects of thennal choking. 
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If tb9 upstream pressure is increased above 15 polDlds per 
square 1neh1 the .downstream pressure and the :flow should increase 

9 

proportiosatel.y with the tn"B&sure. because M1 ___ .~ .. Me ~in con-
stant. If' the downstream pressure is decreased while Pl rema1ns 
equal to 15 pounds per square inch, then M1, Ma 1 and the f'low 
should each remain constant. The theoretical limite pla~d by the 
occurrence of theiDal ohold.ng on the flow are therefore s1m1lar 
to those foimd for iaent1""0pic :flow tram. conve1•ging nozzles. 
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Figure 5. - Relation between maximum mass flow and exit temperature for 
entrance pressure of 15 pounds per square inch and entrance temperatui'e 
of 5000 F absolute. 
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