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ANALYSIS OF A HALF-WAVE RECTIFIER
CIRCUIT INVOLVING INDUCTANCE,
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ANALYSIS OF A HALF-RAVE RECTIFI¥R CIRCOILT
INVOLVIRG INDUCTANCE, RESISTANCE, AND CAPACIZY

Abetract

A description of an approximate soluticn of the half-wave reciifier oircuit
problem discussed in Radiation Luboratory Raport T-1¢ is given. Design
curves for choosing optimum values of rectilier ccnstaate sre given. The
exaot solution is involved, imasmich as it ccalaing the circuit constants
in complicated expreesions; the approxinete apnalysis precented here contalns
the circuit constents in a simplified feorm. Seversl lese complete snelyses
of this circuit have been made, btut their results do not agree with experi-
ment. The curves 1n tnis report agree closely with results of experiments
made at the Rediation Laboratory.
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AVALYSIS OF A WALPYTATE [LCTIFIER CIRCUIT LIiVOLH

3G
TDUCTLNCS, REDISTANGE, [N CAPACITY
| Tho folloving 38 o dssoviption of an approxiucte zolulien of the

g 1 - 2 v
half~wove rectifisr problem disocusssd ia Roport T-12 by b, J, Walte, The

8 ciroult iz shom 3n Figuro 1.
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b E = Mfferonce of 1o meximy. end mindmes ve .... of ths load voltegs;
I = Avereso leod swrrent;

a = Peals inptt vollez? Go rastillier;

T Peak rectificr ocurrent;

Ey = 3ffectivo vuluo of ingut voltongo _“l’ ;

1, = Effectivo valuo of reotifler ourrent;

Ep = ook dnverss rectifisr voltegs = 2 + B;
'3F°: 0 lond peek dnverza rectifisr voltege = 24, .

Tha follewlrg ratics are uasad in the graphe ob the cud of the raport:

W
8. P2 a
-L-:-- = Treasforncr ssecnflary ubilisation faster (2, U, F.);
oto
- -. = ~-
s




Rectifier utilization factor(R,U.,Fe)}

= llo 10cd reetvifier utilizetion factor;

Inverse neels voliego ratic of rectifiers

Ratlo of sveraso to poak rectifier current;

1
I. = Ratlo of average to olffectivo rectificr
o surrcnt;
Lw
R 2  of rectifier inout circuits
Lo
¥ = Retio ef induetive reactanco to losd resia-
tenco;
% 2 Ratio of rcctifier inputl resiatance to lond

resistance;

rew 82, « Product of loed voltage ripplo fastor end
3 ratic of load resisthnco to condonser reactonce,

In general, in the set of curves at the ond of the
report, tho ratio, I/Im, is takon as indopendent variable
end ¢ =0, 2, 4, 8, 16, 32, o ®8s parametsr, The wave form
of tho roctifior cwrrent is shovn in the graphs, snd there aro
listed tsbles of ecach of the above ratios,

Analysis of the Cirocult The anelysis of the cir-
cuit of Fig, 1 is involved inasmuch as thoro arc several
porameters under consideration. Jlowever sinco tho choioe of
the cordenser will be such &3 to maintain nearly constant

lond veltage, the follouwing eircult will approxiucte Fig, 1,
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Fig. 2.
providing that it ia reguired that tho battery deliver
no powor to the load.

Since the nethod of analysis is less involved 1f
the spocinl cascs, 7 = 0 and Q@ = 00 arc considered sopa=
rately, vo postpono the aonalyzis of thege two cnaes until
later, TIor 0 <0<oo, the networ equationa for Fip, 2 are

LS yr, = i £ -
a"t"'f..i.l- msinu - iy

(69)
rl = L,

The genorul solution for Il(t) ia

R
-t .
Il=ne +B sin ut-Ccosut-"‘ﬂ(z)

X »

Substituting (2) into (1), and oquating coefficionts of
sin terims and of coaine torms, we obtnin the follouving B
equaticne for 3 ond C3 i I
WwWLB = IC,
RB+uwIC = u“:
From those two cquations, we ovtain

B = i

R

Ey
™

B
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vhere

’ (3)

8o that
-t By '
I,(t) = De T Al b - lsinwt - Q cos w%
L (¢)
N 1}

T (e Q)
‘m

In order to cotermine D, wo usc the condition that

_ the rootifior atarts to corduct when thc voltage acroas its

ternminnls bocomes zcro, that is vhen

Em sinwt -« E = 0,

Let
E
by

A bolng given in radisna, Then corductisn begins when

Z oln 4,

wt 3 x4,

(6)
Substituting (5) in (4), wo obtain

-k By & [y
0=Do " + Y TarZ |Foin A =cosA
- (%Yq) sin A)]

or
[

s A
D= in_ff—c'ﬁ ol (coa A+ Q ain A),
%

Pleecing this voluo of D in (4), we have

]




s ———

et

I3(t Im 1 5
3(t) = .}“tﬂm[sin X ~ Qcos x+Q(cos A

.

+ Q gin A) eq cEe

or, using (%),

wL
5 40 =ty o=,

where

flz) 2 sin 2 - Q cos x+Q(cos A+ Q 6in A

2l
A
eq( x) -.(1-)- Q2) 8in A, (6)

Yow wo wish to inposo the condition that the battory
supply no power to the loud, This condition will be obtained
if the total current suppiied to the load during one oyole
of tho poenerator voltage 53 equal to the total current that
floua through tho reotifior during the cycie, Sinse the rec-
tifier astops conduoting whon its current drops to zero, that
ia vhen

= =1, (7
the tot:l charge flowing through tho reetifier is given by

e Br 0 e
= Ip(L) dt & 00
q '/A,w 1( ) e'va‘:; 11.{2-5 jA f(‘x) dx
’ (e)

wheroas tho total charge flowing through the loed is

~(1+ Q%) sin A] 5

S5

= = s




g,

am 21
= )

3 . )]

] 1

Carryirp out the Antogration indicated in { 8) and equating

the result to (9 ), vwo have 2 :

=

L
™ i

‘:'E 'ff—(;g [- co3 Xy = Q sin Xy = Q2(cos A

3
A-
+Q sin A) ou( xl)-(l-s-qz)xl gin A

+008 A+ Q ain A+ Q2(00s A+Q sin A)
+{1+Q2)A ein A]

-

‘—:,-Ti ] 1‘-'. r»%ﬂ ca8c A [(1*(},2)“\-11) sin A
+(1402){cas A Q sin A)=Q%(oos A+Q sin A)><

B
e'&(1\-1:]_)--(@0:: x*Q ain xl)j - a2

Substituting (7 ) in {( 8 ), wo havo the condition for out-off, :

% (A-xy)
~%(cos A+Q 3in A) o = 8in x--Q cos X

) ‘(1¢Q2) sin A,
Substituting (11) into (10}, we obtain (1) .
]
':!:!,', ™ -E-T-r [(A-xl)-e- oso A (cos A~co08 xl)] . .

To find the peck current, we set :




Q

b

1 [cns %o G oin Xg -(cos MQ 2in A)x<

-

§t

[o LM
ot
-

=

”~

1
ea (1\-::2)]: o,

and solve for x,, Then by equation ( €)

ko1, =:8

vl b | [::11 Xy-0 cos Rp+Q(coa A+Q sin A)X

LV e
o & (B32)=(140) atn n]

0O -
T cameiems ) 3 A 2
el Lsin tgel. €08 Xp+Q GoB Xp+Q® sin Xp

-(1+28) sin A]

=~ Q(sin Xo ~ 3in A).

The orffactive reatifier currecat iy evidently

31‘ [ ) 1 xl & v
. R v A f [ex)] Zax .
A

Qo swmarize the resulic so fur, let

8 & A-Xy +cze A (cos A - cos xl) g

b = ain X o £in A,

g
- '.‘ 2 1

V) n
™hon




(29) ‘
“.E;nx.‘. I =, 1
“,'EL I° = J.#%!Z d.

Frou suuaticns - (13) we may derive the fol-

i lovwing equatiocn s

Sp el .
W = l4cac A |
.E- ’ (1‘) |
1+02 @ 81n® A
e 2w d i

i 1 a8 sgin A
“va 2m b lrese A ?

[a)
a_oin® A '
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3
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A ® ingie st uiick conduction starts, OSAST

.

119 at which conductlon stops,

R = 716 at which reetifier curront rouclhios

i o T

peak,
"- n R,
i L (18)
[

o
‘

h-xj +rcec h(con A - cos Xy} ,

= gln Xp ~ zln A,

— -

1,
f(x) = sin 2-¢ cos x+GQ(coa A +Q sin A)oz:\n x)

«(1=Q8) 3ia A ,

" )
a= \l ,“,‘*.n-_-f [r(x,\]? a .
[}

Then Xy and X, ore the rcoots of the following equailons:

by
3in x;-Q cos x; ~ Q(cos A+ Q ain A)J(A“xl’
(1e)
~(1+0Q%) stnaczo0,
P Iy
cos Xo +Q sin xp =(cos A+Q 8in A)e*;(“ x2).‘

an
Ilaving found these reots, x;(A,Q) and x,(A,Q) we hnve

) o

D o Yo # At
ST 2 u(-t-Cl._'Sin" A
= OI“D 154

Vel

!:a,
o
H

o a(h,Q) sin A
T 2w blA,Q) l+tesc A ?

<5
]
3
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velues
of A X
parauo
corroe
obtoin
cre
depre
10
ns
(16)
Y

T- . 1. 8i4,8) wfn b

T, ¥ i’Sl’r'." o= (18)
= gin A

n ?

8

=% lacss A,
N{'Tl -

E%" !‘l(' ’t) L]

Rocta of oquations (36) and (17). The roots x; and

ench functions of A and Q. We are intereated in five

of Q3 tliczo are 2, 6, 16, and 32, and in a ronge

ol zero to 0%, A nomograpaie chart, with Q es @

or, wag conshructed from vwhich ¥y and X, wOra obtainad
to thres nlasoea, Tilowover, it was focund that in
ng 8(A,3), blA,qQ), and d(A;Q), 3 nany as faur ylaco

for vulues of A grester {than seventy or oighty

Roots accurate to 2ix placoes wera obtained as fol-

Ton voluea of A botwoen zero and 90°, spuced at 20°

5 vore sen
For ang onc ir of valuos of & and cjuationsa
1Y) = anyroximnted by second dogres polynomlsls

b! the roots, were knowa o thres places




a Lagrangean interpolntion toble could be uzed to extend
tho nccuruéy to one more placo, Ualng the table twice agein,
the cecuracy was cxtended to uix rleces, By using the
Lagrengeon orror factors, it was shown that the <¢rror in-
volved in the use of %the tsbles wuas less than oche nart in
106, liowzvex, in order %Yo have o »ipid check on the accwurs.
oy of the roois, each root togoitlier with values on

elther side of the root was aubatituted back inte the core
respending foraula (16) or {17}, In overyr case the roob
checked to s8lx pleces. The £ifty volucs of d(A,8) were fcourd
by a scvon point Hlmpson’s rule integration,

Q= w, A¥O0 . 35 this ense

REE ,

ond eqguation (1) reducoa to

aly 5 DD ¥ ol
L (TE i aln we .
Then
AL - - » : -
A SRl bbeg o ,
3ince
Il( ‘\) =0 9
than
D = Lo (g
P CuS A+ 1
Lw )5
und
w] { - {

Ty (L) = cos coe X-A) 8in A




The maximum current ocours when
Xp s 4= A,
and is given by

3], -
== Y 22003 A« {Tr~8A) 5in A ,
dhpq n
L]
The current 18 again zero wvhon

cos ) = cos iwhA odn A - x sin A, (19)

The total charge flowving through the rectifier
is givon by
o) xl

Qy =
- oL fll {(A-x) sin A+ cos A-cos :t] dx

- L% ' ] 3 -a)'atn 2]
ak, [si.g_ L ~ sln xy "'(“*1“"‘) cos A « 3(x -A)&n A

* :-:3 fsin A - 3in X143 cse Alcos® A - cos x )]
wl L ' L 1
E 1 n o n
5o 86 A(2 sln® A-2 ain A sin x, cos”A-cos®x))
110 ¥}
v b . 2 20
w3y, 030 A (sin xy - sin A)= , (20)

in vhich (19 ) haa been'used to simplify 20 ), MlNow, ns in

equation ( 9), tho total eharge flowing through the loed in
one cyclo is ]

i
|
|
|



= F

iquating this te (20}, wo obtuin

T,
where T e
1 1 o - \ D
g w %y (00300 BRR20NE
R ¥ o ( oIn T P
Lkvicdontly
}:1
W, = et o
B, Yo ¥ z;;,j [£,0)] % ax ,
“\
in whish
£(x} = coa A =~ 008 X « (x~A) ain A , (21)
il
J‘lr" & - 3 . A
2(x)] 2 ax = (xq-4) coe® A+ -k} + % sin x, cos x,
l.l

-% sin A ooz A+1/3 (73_-315 3in® A

=2 €03 A 912 X1+ 2 033 A 3in A

-(.cl ..’.3"3 sia A €03 A-21 3ln A 8in xy
o

\ sin* A+ £ sin cos ;-2 8in A cos A

+0xy sln X sin A - 24 a1n® A

/- 2 o, .
21/ (x3~A)° stz ¥ £ = (x7-A)2 sin A cos A
“(xq=A)( 082 A+ %2 atn %y sin p)

+2 2in & €08 Xy.-2 cea 8in x

+1 sin %, oos xy-i sin i cos A




W

T

= e3¢ A [1/3 c08® N-cos® A cos 7y + 008 AX

~com A con? Xy c03% A-cos? A cos X+ %(cos A-cos x)
42 3ln A cns A sin xl-?. ain A cos % sin Xy
-2 sin A coa A sin %+ 2 ain® A cos X;

-% 3in® A coa A+ gin A cos x, sin x
g 1

» gac A [1/.’5 cosd A - 1/5 cos® Xy 4+ % cos A~} coa xy
+2 cos xy sin® A - 3/2 cos x) sia x sia A

«% 31n° A cos ::j

x [1/6 {& 0035.!‘. ~ 2 cosd ;) +3/2 008 Xy >

() - sin 7y sin A) - 2 cos x3 coa® A] cse A .

s
'
)y,
o= I 8 4y
._n \, e 3
in vhich

./6(5 cos® A - 2 coed x;1) +3/2 cos x;(1-sia x, sin A)-2 cos % cos®A |

J <roein A 'f

Swmmary of formitw Zor Q7 o , 4A7#0 . Y
3¢z %) % co2 A+ L ein A-xy ain A, :

xz !11‘- A »

i sin %, - sin A\&
e S . e e S SL
R ( sin A ) ! 1'

-cos? x1-1/2 coe® x,-c0s® A42 coa® A cos x, -~




bl 2 coz & » (Tt SA) 8in A

’
i -~
€ 1 -
_.—.!‘n“ - -N— e — » - --IJ- _‘
1/6 (5 con® A=2 cas® )+ 3/2 cos x;’l-:‘*.n xy sin A)-2 co3 7y cos®
21r aln A <
-y
X 3y
T; : ;1']? ain A o
I 111
I;; b‘; sin A ,
'El: 2 14 coc A
KI ‘ - (22)
s V27 21 4142 4
ete I
EX . %1 in A
*.‘;1"1”5'.' T+ose &
2T, - 3 &) o
2 “~ % p=
an n EE in”T 8,
I
'..': s ale A,
L,
s

Qs @, AZO Equation (21) beconan
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Q#0— For thls canso

ard by inopeotion of Fig, 2, wo have

o Iy =%’.(ninx-sinl\) 3
% =m-A,
e K,

I I, % (L-otn ).

Since
Tl
. J [f(x)] 24x = -zr-A-ram A cos A-4 8in A cos A
j A :
) {1 ~2A) 31n® A q
* L F -A) (2-cos 2A) = 5 sin 24
then
R I N
Y‘m Ie = \I,;-,‘i- [(T{ \) {2.cos BA) - g‘nin 2‘\] A
also
erE _ y .
=TEca ® T [2 cos A = (T~ 24) ai.nlx] g
or

- -27;,1‘.;‘,—7( Lz coa A (m 27A) sin A] .

it

In surmavry,

!
|
|
i
|
I



.x2=

I;(t) = ;;3 (sin wt =« 31 a)

L
1
* 7% [2008 Aw (7 w21 ean A]

21 = gin A

"

-
g A" [2) L A s7/0 .,
N [‘L‘ =2 J8=098 20) = 3/2 oin 2A] ’

= l+o0se a,

=J2 82

'c‘i"; oin A
<

- 80 3

B2 T¥ose X




Choice of Condonser If the canacitance of tho load

condenser wero infinite, then the varying part of Il(t) would

be completely by-pasaed by the condenser rnd the lond voltege
wovuld be cxactly

E =

[ojla)

in vhich I 1is tho steady compsanent of Ilft). In fact, this
assuniption wss mado 4in ordor to obtain sn spproximato solution
of the prcblem, The offoct of the finltenoss of tho capacity
of the condensor may bo spproximately doterminod by keeping the
agsumption that the varying part of Il(t) is completoly by~

; passed by the condenser snd findinpg the corresponding condenser
{ voltage inorease., That is
a -
s & ¢
4 (7) B tem [ ‘Tl ) Aax . (25)
40

Correct Loundary conditions are assured I - th v1et that the

aversgs value of I1 - X 13 zeso 18

35 it g

8iE(0) = ¢ (2m) = (

Tho moximm nnd minivm velucs of &L(x) ore obt ined by ¥

sotting the derivative of ( 26 ) equul t0 zero, heso points

R




-
= _;:-'.j :.f 11(':; ax (26)
A
aince I3{t) = O vhen x<{ A, 3ince tho average value of IyI
is zero,
r‘.".'n'
T.{t) - | N
.l.l [*F ) :-‘ 4 - »
40 4
ond {26 ) could have been uritien
rew A5(x) S T4 | (t) ax (27)
) { 1
1
B Prom the pgraphs cof I, {8} L rd4 of the report it was
possible to obtain the solution of ( 26) iphicanlly. Now eacnl
of the currents had the form shoun in




Fig. 4. The meximun value of aE(x) is cbtzined by plecing x = x4 in (26) end

the nimimm: is obtained by pleoing x = xg in (27). Since the portion of Il(t)
| inoluded batwesn x) und x; 1s noerly liuser, (27) is epproximately

-rou%fﬂz_: 27 = xg + %(23 L4 .11)

g b ik

= w - oz + x5). (28)
" The same procedurs applied to (26) ylelds
1 rogydE(xe) M, +
i —— = 4 d) .
The »ipple voltege, 41, i3 dofined ss ths differsnce of the maximum
and ninimm values ef E(x), thet 43

rocfS = Ip[eran(x) -E- aXs)

s (=) - 83,
=20+ Har % =35~ x).

F. E. Bothwell
P, D. Crout

Novexber 30, 1945
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