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ABSTRACT

In this paper a novel philosophy of irreversible dynamlcs is
formulated, This philosophy stems from the fact tha®% the kinetilc
equations available (Boltzmann, Landau, Bogolubov-Balescu-Lenard)
are essentlally exact and cannot pe improved. That is, for kinetic
gases (those whose behavior 1s characterized by that of one
typical particle) these equations constitute closed, statis@ically
complete knowledge.

This thesis is demonstrated by using attechnique that sepa-~
rates completely the different time components exhibited by the
evolution of a gas when an appropriate parameter (characteristic
of the regime in which the gas 1s found) is small. The expansicn
In this parameter 1s pushed up to 1ts breaking point marked by the
presence of an Intrinsic divergence. With our technique we can
pinch off the series at this point and remain with a closed, finite
system of equations. The argument 1s made more compelling by the
fact that the same divergence occurs for all gaseous regimes (short-
range, weak-coupling, dllute weak-coupling and Debye).

We furthermore prove that not all isolated gases will even-
tually become kinetic. 1In fact, the necessary and sufficient
conditions that the initial departure from equilibrium must satlsfy
for kineticity to eventually set in ("absence of parallel motion™)
are deduced directly from the Lliouville equation.

When statistical informatlon abeout a ges is needed beyond
that afforded by the knowledge of the motion of the average
particle a new asymptotic expansion of the Liouville equation must
be devised. Thus, for example, the preponderance of three-body
collisions demands knowledge of the evolution of the average .air
of particles. For thilis situation a palr-kinetic expansion 1s
introduced. A hilerarchy of increasingly more informative des-
criptions of a gas is thus envisaged.

As a by~product of our analysis, (i) we have found btne limits
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of validity of Bogolubov's assumption of synchronizatlon and of
his boundary condition and (11) we have proved the equivalence
of Kirkwood's time averaging procedure (made systematic) with
Bogolubov's technique.
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SECTION I
INTRODUCTION

"he alm of this paper 1is to obtain from first principles the
equations that govern the evolution in time of a system that con-
talns a large number of particles. That 1s, we are concerned with
systems such as a macroscoplic portion of a body (not necessarily a
gas) or a large stellar system like a galactic cluster.

The descriptlon is of course statistical. We want to be able
to describe the evolution of arbitrary initial departures from
thermodynamical equilibrium.

The benavior of our systems over very long periods of time is
of particular interest. We believe that, in virtue of Gibbs'
general H theorem, most 1solated systems will tend to thermody-
namlic equilibrium. We are therefore interested in obtaining
solutions of the fundamental equations of motion which are wvalid
for times comparable to that needed for the system to reaqh equi-
librium. .

The irreversibility in the evolution of our gystems will of

necessity play a very prominent role.

.....

The equation that'we have to'%olve in order to describe our
"many-body" system is the Schrodinge:’ equation for N Dbodies:
pr ;
¥ Nt
"_=H ?
It
or, more generally, when a statistical ensemble is consideréd, the
equatlon for the density matrix:

%’[ﬂif‘i] (1.2)

(1.1)
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where HN is the Hamiltonian operator and
N AN] _ N W N, N
. [ 2" ] = H P "= p"H
The complete quantum mechanical description 1s not yet of full
interest because our understanding of truly non-equilibrium quan-
tum effects (like non-equilibrium phonon-electron interactions in
solids) 1s as yet rudimentary.
We shall confine ourselves therefore to classical (i.e. non- }
quantum) phenomena here. The fundamental equation for our study
is accordingly the Liouville equation:
N
F NN

¢ (1.3)

where FN is the probability density in the phase space of N
* bodies and 17” is the Poisson bracket operator.
All three of the equations written down are of the form:

i

|

;{"‘ #HF =0 (1.4) i
i

1

l

|

where 1V 1s a linear operator acting on F. This fact makes
the problem of finding solutlons valld for long times very similar
in classical and in quantum systcms. The class of functions is
very different in the two cases: a Hilbert space 1n quantum
theory of equation (1.1) and a 1limit of a sequence of (real) Banach
spaces in classical theory.

In Sectlon 2 we show that a direct perturbation expansion of
equations of the type (1.4) leads in general to approximations
which are not uniformly valld for all times.

In Section 3 a new mathematical frame work i1s set up for

.. handling problems in which a small parameter plays a prominent
role. The relevant formulae are summarized in Section 4.

sul) -
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After a brief outline of the statistical mechanics that we
. propose as correct (Section 5) we start our discussion of the
Liouville equation (Section 6). The concepts of kinetic theory
and the baslc regimes for which kinetlc équations are avallable
are also defined in Section 6.

Then we take up successively the weak coupling (Sections 7
and 8), short range (Sections 9, 10, and 11) and Debye expansions
(Section 12).

Generallzed master equatlons as well as the kinetic theories
are deduced directly (l.e. without use of the BBGKY hierarchy)
from the Lliouville equation in Section 13.

Palr-kinetic equations are introduced in Section 14.

In Section 15 some aspects of inhomogeneous gases and of the
transitiun into fluld flow are discussed.

) Finally in Section 16 the equivalence of Kirkwood's and
. Bogolubov'!s techniques 1s proved.

.........
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SECTION II
NON-UNIFORMITY IN PERTURBATION THEORY

We rewrite (1.4) by means of a decomposition

He ”o-f EH‘ (2.1)
where & 18 a small number:

E<<] (2.2)
and both H and H' are linear. We now try to find solutions
to

;’:ufr--eHF 05)
~- by assuming F analytic in E .
: F=F' EF*+€3F +... (2.4)

Furthermore, the initial value of F(t), F(0), 1is given and, for

simplicity, does not contain €

-6 -

s
From (2.3) we obtain
ﬁE*H‘F‘sO
2F* 2o
E - . S LTy A -HF
T ;F 0.2 1.2
< E_+HF '-“‘/7' F
3 G

e i S b A A IR R S L A A S N PN I T

(2.5)

(2.6)

(2.7)

(2.8)
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and so on. The general solution of (2.6) is, using (2.5)
o "ﬂ‘é
F) =e " Flo) (2.9)

Substituting (2.9) into (2.7) and integrating:
1 Wt : W, 2 WY
Flt)=-e /;_ He _/dZ‘F(o) (2.10)
o

Similarly (2.8) ylelds

o, ,t o e
Fz(‘t)lfe-#ff e'*”t/;/"e #2:/.

(2 "y
([T we " e i)

and so on.
These formulae correspond to the expansion in powers of

the operator G.Xf)(-ﬂt‘)
- 0 2 -#of _ 4% ¢ L -1/0
e(#+£#)é=e fe #af[emz'f/é 4 Zjdz‘,«

(2.11)

(2.12)

o, M 7 o [ .
+£ :.e’# ff[e## 14 1&-# 27//;‘#"2" é"#?‘//all’yf*-.,.
& °

..........................................
......................
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For the verv complex problems of interest to us here the
series [2.4) 1s very rarely convergent. We demand that it should
always by asymptotic. We must therefore insure that FO is the

"main" contributicn to the answer and that £F1 1s a small

correction to FO, that 1is
1
3;-___’;._— =0(€) allt (2.13)

The condition (2.13) must hold for almost all values of the para-
meters of the system; for our statistical mechanical theoy, for
long times and over most of the phase space in particular. If we
want an even better approximation than the one afforded by

FaFrer? (2.14)

we have to consider F2 as well and demand that 1t lead to a
small correction. For example, if

.éf:-. o(s) all ¢ (2.15)

!

the approximation
) 2 -2
Fa=F+&F +EF (2.16}

will be superior to (2.14). Tt is possible for (2.16) to be a
good approximation even if (2.13) deces not hc’d, but rather:

2,2
F%-g-;-i = 0(8‘) all t (2.17)
0 -1

By glancing at the explicit form of the functions F~, F-,
and F° given by (2.9), (2.10), and (2.11) it will be clear that
the conditlons for a good approximation very often break down.

-8 -
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(] !
For example, if 1? ard AV are simply numbers

)
. -
Fi=te u 7/1’:(0) (2.19)
and

Fo’ e.-#t/r(o) (2.18)

s0 that

2
EF 1
s = (gf) %/ (2.20)
It 1s clear that this ratio is not of order é; after a time

[
¢ Z £ (2.21)

The simple perturbation expansion (2.4) is therefore inadequate.

A moment's thought will convince the reader that (1.3), the
Liouville equation, 1s satisfied by the positions and momenta of
the N bodies as well as by N, 1In this case (1.3) simply runs
along the orbits backwards in time. The perturbation expansion
leads then to what astronomers call "secular terms", that is
orbital elements that 1lncrease with time. To remove this dif-
ficulty, Poincare devised a refinement of the perturbation ex-
pansion which has found important extensions outside of celestial
mechanics (Polncare - Lighthill method (1)). The technique con-
sists basically in expanding both the dependent and the independent
variables in power series of the small parameter.

On the other hand, Bogolubov has refined an expansion tech-
nique (synchronization) .nvented by Enskog (2) to solve Boltzmann's
equation, which is capable of giving approximations to (1.3) valid
for times comparable with the time required for the approach to
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equilibrium. The Enskog-Bogolubov technique basically conslsts in
* expanding the time derivative of the dependent variables in a
power se~ies in G o PBogolubov'!s technique 1s valld conly for the
lowest significant approximation to the lowest moment of 7F ”/073
(1.e. QF//Jé , to be discussed at great length later)
and attempts at extending his calculations (3) have so far met
with lack of success.

Bogolubov'!s synchronlzation assumption corresponds to select-
ing a certain class of physical systems (kinetic gases) described
by the Liouville equationn. The meaning and limitations of this
choice will be made clear in the sequel, since in this paper we
find the precise conditions for kineticity.

Instrumental for the understanding of these conditions is
the analyslis of perturbation theory for large times. The asymptotic
analysis of perturbation thecry, originated by Bogolubov, has been
. made more explicit by M. Rosenbluth and N. Rostoker (11) and

recently by E. Frieman (5). The latter development, aside from
deriving kinetlc equations, 1lluminates their physical significance
and allows for making explicit the dynamical approach to
kineticity.

It 1s a most remarkable fact that the situations which can be
handled by expanding the independent variable 4 la Poincare are
Intractable by expanding the time derivative 8 la Fnskog and vice
versa.

The purpose of the next section 1s to present an entirely
new approach (method of extension) to the problem of cbtalning
significant (i.e. unifcrnly valid) approximations to functions
which, like p” or FN, depend on some small parameter. The
approach 1s exbtremely genaral because 1t includes, among others,
as very speclal and mutually incompatible cases both Poincare's
and Enskog's techniques (c¢f. Fig. 1).

- 10 -
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Method of

’ Exfension
E-rxgenau’on of Extension of
(Pest. +§1‘3§1_ the Domain
Poincard-Lighthill Theory of
. Expansion of the Rersistent
Indcpenden?Va.riaHi/E'F-Feeh \
. Enskog-Bogoluboy Rayleigh - Kirkwood’s
b Expo.hmon of the Sc.hrSdinger Tme Ave,mging
Time Devivative Expansion Pracedure

IR

Fig. 1.

It will be clear that the general scheme 1is a framework into
which one must inject informatlion about the asymptotic behavior
: of the functions discussed. For the application carried out here,
it will be seen that the direct perturbation expansion itself
ylelds very important clues as to the relevant behavior of the
functions of interest.

e

It is worth noting —hat the Enskog-Bogolubov expansion can be
applied to the calculation of quantum mechanical stationary states.
The result coincides with the Rayleigh-Schrddinger expansion (see
Fig. 1). Successively more "persistent" effects correspond to
making the sclution stationary on successively slower clocks.

- 11 -
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SECTION III
THE METHOD OF EXTENSION

This section 1s dilvided Into two main parts: first the con-
cept of extension ls defined, then the framework for the applica-
tions is set up. In the next section a summary of formulae 1is
glven for the convenlence of the reader.

A. The Concept of Extension

We conslder a class of single valued mappings zqéf with
domaln é; and range.jp . The nature of the mappings, of the
domain and of the range need not be specified now (they are of
course assumed to be given). They will become clear to the reader
shortly (Section 3C). Thus,

p: &= (3.1)

. We now conslder any mappings E; of 5 onto IJ C!

Eg: §—=—1Ig (3.2)

-1
which 1s one to one and has an inverse Eir « The set 5{ in
which JZ § 1is embedded
d o I (3.3)
i1s presumed of high dimension. Thus,
) 4 t
dim é‘ 2 dim IS adim§ (3.4)
P For applications, dim é is often O , _{ i1s called the ex-

tension of the domain. We have thus injected J— into gi

- 12 -
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- Fig. 2.

We now deflne an extension of ¢ 5 f as any single-valued
mapping of § into _P¥* with

Fop (3.5)

i1f and only

¢ o ES - ¢

- (3.6)
where fo ES means the composition of the two mappings E;
and ﬁ . We shall use the notation ¢ > é (see fig. 2).

The analytic contlnuation of a complex valued function of a
complex varlable is an extension with an additional structure. In
particular, a continuation like ‘i“ ? EL of a real velued
function 1s an extension. The reader is urged to consider this
familiar situation in the light of our definitions.

- 13 -
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Consider further the ldentilty mapping of 5 onto itself
L J
J s 6 —>»J (3.7)

and the sets »* that include . is any extension of
&4 5
1f 1%t satisfies (3.6). See fig. 3.

Fig. 3.

We then have, for the restriction of _;? to I;) Z‘:TE].Z'J

@]rs - Ig—s (3.8)

['-7£]IS = ES-:L (3.9)

sheref
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T One readlly obtains the induction formulag__;

‘P"[Z{]r;"'[f]rs (3.10)

This simple theorem 1s tundamental. It expresses the fact
that all extensions of ¢ are "induced" by extensions of the
ldentlity mapping. Thus, it will be possible to understand the
link between the Polncare-Lighthlll expanslon of the independent
variable and the Enskog-Bogolubov expansion of the time derivative.

Let xed, yef, Feg , }’z,o*) and Xe §®  then
(3.1), (3.2), the definition of_é , and (3.8) read

¢
>

¢ X ——p Y(x) (3.11)

. Es: x = E(x) ey

9 ¢ f — 7(§) (3.13)

Z{ 4 5 F— X(f) (3.14)

We attach to the point E local coordinates E‘- (A) where
A is a function of X with local inverse ( X and A cor-
respond in general to several dimensions). Thus, the embedding
equations for the domain are

§-E(2) with 22l 5.1

The parameter /1 allows for an arbitrary reparametrization of
i the domain. Such reparametrization may be equivalentiy performed
before or after the embedding. It 1s worth noting that it is

g

- 15 -
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essential to Lighthill's procedure that A(¥) F X .
In terms of our detalled notation (3.10) reads

y(X) =Y (§) fels Xes (3.16)

The reason for introducing (3.11) to (3.16) is that the local co-

ordlnates f{ and the functions X(f‘-) are essential for
expliclt calculations.

The accurate representation of an extension is given by the
commutative sequence

52 ¢
‘e !

The simpler version given above 1s designed to present a compli-
catlon unnecessary for our applications.

B. Important Specilal Cases

Two partlcularly useful examples of the embedding equatilons
(3.15) are the following linear embeddings for one-dimensional
real domalins.

(1) "Singular' < vdding. Let

- 16 =




- _ n
§;=x) gi'.(x)““) ;n'“ 3 o or (3.17)

We have

o0 L )<l.
2 I-{I = 1-oc? (3.18)

tz o

and therefore { 1s in a Hilbert space if & < .1_ .
(11) "Regular" embedding. ILet

- . o X
5_ X) fl -“ ) ¢ O 0) fh-xh ) e« & o (3'19)
) We have
o0 2 !
2 2 o |
‘,‘Zo / .§-"/ = X ;—:_7-— (3.20) ‘

and itherefore _{ is in a Hilbert space if o > .L .
The reason for the terminology will become clear in the
sequel. We glve now some simple examples of extended functions.
(1) Consider the mapping ¢ defined by

-7
y(%)=e a (3.21)

where X and )/ are real numbers, & real, <-1 « By

means of (3.17) we can extend 74‘ and hence ¢ in Infinitely
many different ways. For example,
(1a) with

X{folgj_)...)fh)...) =, (3.22)

i RIGIMEAI MRS & o
SR TN Ll

PRI SN T

T N YWY

T AT

K al_at

- 17 -
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then
- X < $o
B < = e (3.23)
(1b) with
X(golfi).c.gh'.,,>=§1/°< (3.24)
then f
- ) -
< = e (3.25)
(ic) with
1
X(Igl gi,,' ‘, EHJ,.')E?(§°+§J/O<) (3-26)
then
’ ~cCX -+ o<
e : e 2.(501-5.1./ ) e
(1i1) Consider the mapping ¢ defined by
- X/ (3.28)

y(x) = e

where X, are real as before and € 1s peal and <1 .
With the help of (3.19) we can produce agaln infinitely many
different extensions. For example
(11a) with

.X(ga/fz)...)gn)ou):'fa (3.29)

then

- X /% -°°<
e /:e. / (3.30)




= - T Um T M VR TR T g WY n w T L e Sl 40 o e il angide Suneh o ateulh dads et Sanil SRS SRl i I S R S A S AR o
T T ALY e T N W Yo T T AT W W TR LY T T T TR T T L N AN D N R N T T N U N T R T T R T T R T . L
!

TR

! P

P}

By b e s ¢ TR

Bl

§ (11b) with
: X(E,)S,,-ugn;«u)'-'-"‘gi (3.31)
then
e—X/K =$ e 'Ei
(3.32)

(11c) with

X_(.E,JE;)...,EM .,.)=‘::(fo tor §,) (3.33)

then s __i-_(fo/o( 'I-fi)

e = e (3.34)

The polnt »7 che examples given above 18 to make clear a
fundamental issues the behavior in ©X is drastlcally affected
by extenslon. The extension must be checsen ir the manner most
convenient for whatever problem 1s at hand.

C. Application of the Concept of Extension to Uniformly Valid
Approximations

We conslder now a class of mapplings [’#} wlth domain D i

and range R. Thus,
f: D— R (3.35)

is a function of physlical interest, lts domain and range are !
therefore defined by detalled conslderation of the problem at hand. .
For example, 1f we are concerned with the Liouville equation, the
class ‘F is the class [F v of (1.3), the domain D

1s the N-body phase space and the range R 18 the set of positive 1
real numbers. ]
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We now apply the concept of extension to both D and R 1i.e.,
we ldentify S of part A of thls section, with D on the one
hand and with R on the other (see table I).

We therefore consider one to one invertible mappings of both
the domain and the range. Thus,

Ep : D— Ib (3.36)

Eep : R— I& (3.37)

We further embed ID and IR in reglons of sufficilentl; high
dimension D and R which we call the extensions of the domain
and of the range respectively:

I, CD (3.38)

Icr< R (3.39)

We also conslder a regilon, Rl, such that

ReR! (3.40)

and the class of mapplings ,Sz of R 1into R1

F £ —> R’ (3.41)

We furthermore consider four "star" regions, D', R¥, R*¥, Rl*,

such that:

Dc D™ (3.42)
R ¢ R™ (3.43)
Rc R*™ (3.44)
R'C R'™ (3.45)
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Fig. 5.

We use both the ldentity mappings for D and R:

_73.’ D —» D (3.46)
.7,'9 7 R—> R (3.47)

We now consider the extensions of ,@ and '% . That 1s, by
(3.6), £ extends 70 if and only if

%
£: D—=R (3.48)
and

foE,= f (3.49)

- 21 -
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Also, ; extends 5 if and only 1if

FH: R R"* (3.50)
Fo £k, = F (3.51)

In particular, we extend the ldentity mappings. ']D
extends ‘70 if and only if —

L D—D* (3.52)
._72 ° ED =j; (3.53)

Also J extends if and only if
* A jm

and

and

P /e R yeie (3.54)
and I —
__,()OE,e ‘,Z? (3.55)

AR INCE S RO TS SRR Bea ikl S W TSR et Sl Sl - I A R S YN NN A A SRS S AR S
> -

xes, Xes* b, TeD* g8k,GeR™
I§c) I,cD L.Ck
VEA TP g ek g'ER’!
§_¢ 5 P DE5R RZ%> R

S £4 5 IS D-Er,Ipel RE&5IpcR

X * i/ e
;«- Y Tablell

bs

e
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We clearly have the two induction theorems:

. 70"[::70]1'0 =[f]lb (3.56)
" 01, L,

We furthermore introduce points by thz following definitions

[¢=0, {2f-D JT7-2* (3.58)

fj?:R, (ra'}‘g,{g'}=ﬁ**)?(3?=kl* (3.59)

Local embedding equations in D and R are respectively

(3.57)

at 27 2y=2:(s) vhere 5 =s(¢) (3.60)
at ¥y @ b’a_-,b:(A) where A » A(g) (3.61)

In addition we must consider the extension of functionals.
We have, as before,

L D — R (3-35)

consider now a functional, such as a differential or integro-
differential operator, 4

: %
A 'ﬁ — 43 (3.62)
If ‘P is extend~d by:

F=>{ (3.63)

- 23 -




E‘F:.‘,‘_".‘! il Tl Dot Tl Bl e+ Jio S 0 APLbi pA sl ol L hit it Tl bl Ang Al A N Rt i A A & S S A A N S A SR Y

we shall say that éL 1s an extension of A 1if and only 1if,
upon restrictions

A4 f — 4: (3.64)

Of course, a definlte range 1s presupposed for AQ .

The broad aim of extenslon 1s to facllitate the understanding
of the usually iIntricate behavior of a function of small parameter
especlally where a direct expanslon falls. In J. R. Oppenheimer's
words, extension 1s a method for "opening" a problem:

»kﬁ'il

£

"n‘*‘:i'f-v'g"‘p

—
A
Y

% s/owest
oharges

. E

=

T, Slower
t changes
mixed behavior T,
fast
changes

Fig. 6.

D, Examples of Extenslon

(1) Perturbation Theory. We begin with a familiar situation
which 18 an extenslon of the range. We set, for a scalar valued

- 24 -
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function g
3(f)=3o(6)+°< 91(0 + “1\71(’5)*‘"' (3.65)

If we now choose as embedding coordinates

% =9, 3/°< e, ¥, = j/x . (3.66)

then the image of R 18 very simply parametrized by g. We
further set

9. =R 0 (3.67)
with
ol
S a =1 (3.68)
(=0
and

od '
¢
G(XO1 a.(i)"') ym,,,)=‘é4;“ r“ (3.69)

Note that by convention superscripts are powers. We then have

(e, fgnies o

as desired.

Even for very elementary perturbation expansions, the situa-
tlon 1s slightly more complex. Thus, if

3(f)=e_°<é Q<€ <eo, o< < 1 (3.71)
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A
Then ¢ = > /eﬂ'g, 3 and from the series:

%
gﬁ‘)=1"’<£’*"zzé ""=3a+°<3_1_+’<t§z+'“ (3.72)

we fing

3o=2)31';<l—&33)'”)jn (_h-z)) <" (‘7 q,--- (3.13)

or, with (3.67) and (3 68)

Y, = (‘1) —17—47 g (3.74)

Substituting into (3.69)

(-1)‘
[6(52,3;,--- >I 7Y f (3.75)

A much more imaginative ansatz than (3.65) or (3.69) is used
for nonlinear oscillations. Thus, let

g(&) = A(t) s B(¥) (3.76)

with

B(t)= Wt +b (3.77)

Power series for A and B (or b) are then used. The extension

- 26 -

DR - PRI - N EITNOUINDARSS - | EARNROENNCS  § ForuFufth i MWl 55,




of the range here is not linear. That 1s,

G(%)?fl,...3/.1)..,)=A(X)S&m2(5’) (3.78)

with

[A]Ik:: A) [.B.JI: B8 (3.79)

whence

[GJIR = 3({) (3.80)

Nemytskil and Stepenov (&) use what amounts to a polynomial
extenslon of the range to analyse solutions near singular points.

(11) The Poincare-Lighthill method. Here we choose a linear

extension of the ldentity mapping on the domain whose values
"restrict” to t. Thus, let

[T('Z’,,"Z_;,...} an..,)]rp.___ é (3.81)

that is we have a linear function ' | '(2;} Zfz)",,'%‘,,)which,

when
G = %) (3.82)
S = s(¥) (3.83)
is equal to t. Thus,

T(?Z,'Z;,---z,,m)“‘.z/7:'/’()?:'[5) (3.84)

where /114_1/}.,‘/ —> O ao X—20 ,,o0n Ip, (3.84)
yields the famous expanslion of the independent variable

=27
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.- ¢

Since

df _df ds
At ds dt

We obtain from (3.85)

AFf _ dF , a2 (s)
TeT g Fhi)ZE

- expansion.

fact, if (3.83) reads
SSll‘é

and 1f we choose

f o0
Gea g o & Wl

[ Yo
then, from (3.84) we have, on Ip
h, (= = ¢
[?7-2]::D c;%; (’ ) (Se)

We consilder the extension
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(3.85)

(3.86)

(3.87)

This formula constitutes an expansion of the derivative which,
as we shall see, 1s completely different from the Enskog-Bogolubov

A speclal case of the Polncare-Lighthlll extension 1s ob-
tained with a regular embedding sequence of the type (3.19). In

(3.88)

(3.89)

(3.90)

(111) The Enskog-Bogolubov expansion of the time derivative.




#(é)::?_‘@_(?;) 22’.-.7"),..) (3.91)
and a singular sequence of the type (3.17)

Z;=S/ 23 :Ai(oC)sJ . 2;,“’)“(“>S) e (3.92)

We now take

9')0 __:? zk (")

2 2‘ (3.93)
h
The kinetic technique in effect averages successively over 2; 5
T4 5 On0 C 2", S . This will be discussed in more

detall later because it leads to an Important equlvalence theorem:

The Synchronlzation Assumption of Bogolubov 1s Equivalent to the
Time-Averaging of Kirkwood. A speclal case of (3.93) has been
independently consildered by E. Frieman (2 ). Other related works
are listed in (5).
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SECTION 4
SUMMARY OF FORMULAE FOR EXTENSION

The Concept of Extension
Consider the mapping ¢ s S — jo . Extend its
domain Es : g —p I; C §_ . Let local coordinates
on 5_ be given by 5; - f[).) . Extend the mappings
< ¢T=$’£é 3 jé ) f?;'ﬂl ¢

Induction Theorem
Consider the identity mapping _7; s 5 - 5 « Then

Tr = jr stves f=gc oy, vote[fsT o =f

Application to Uniform Expansion in a Small Parameter
Considerg f£: D —-’R} F: R—> R’ . Extend D

and R: Ep: D~ I, Eo:R—T . Extend the
), R R
. functions: f =» £ L=, £o ED= £ . Induction formulae:
’ FopF 2P °£p =%

‘7;#__[0 then f-‘uco:]b m L,
Te =214 then_g=}’i__]:€wr&

"], - (1], -6

The interrelation of the mappings and poilnts is as follows:
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SECTION 5
THE MODIFIED UHLENBECK DIAGRAM

Before entering the detalls of the theory we summarize our

views by means of the following modification of the Uhlenbeck
diagram

Liouville equa.tien

Generalized master eguation

4

po.f r-kinetic
eqw*'w«s

Kinetic eguation Boltzmann ( Short Ro.nge)

Landaw (Weak Coupﬁwg)
Bogeluboy (De.bye)

Fig. 8.

The detailled meaning of the terms willl become clear as we proceed.
We will prove that there are gas dynamic regimes for which a kilnetilc
description is impossible., By means of appropriate generalizations
of the Enskog=-Bogolubov expansion technique we shall obtain equa-
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tlons valid for such regimes. An analogous situation occurs when
the transition into the reglme of fluid dynamics is considered.
This theory is however considerably less developed (cf. Section 15).
The quantum mechanical theory also awaits development. From the
discussion of Section 3, it is clear that extension 1s a very broad
framework with whlch a great many problems can be approached.

An example of an expansion which is "intermediatz" between
the Poincare-Lighthlll and the Enskog-Bogolubov techniques 1is dis-
cussed by means of a single model for the Navier-Stokes equations

(6).
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SECTION 6
LIOUVILLE EQUATION - KINETIC PARAMETERS

The purpose of thils section 1s to set up the appropriate ex-
panslion scheme that allows for the dlscussion of the kinetic equa-
tions (defined precisely at the end of this section) starting from
the first principles represented by the Liouville equation.

Kirkwood has 1n part achieved this scope by his time averaging
method (Z), but his theory falled completely in giving the errors
committed (e.g. it was impossible with Kirkwood's theory to ob-
tain the corrections to Boltzmann's equation).

Bogolubov made considerabile progress in giving a scheme that
distinguishes gases wilith neutral elementary constituents from
ionized gases from the start. Hls theory was thought also capable

‘ of giving the corrections to the Boltzmann equation (3) (3-body
. effects) as well as to the newly obtained kinetic equation for
plasmas (8) (Bogolubov-Balescu-Lenard equation). The hope of ob~-
taining correctly the three-body effects with Bogolubov?!s expansion
is in fact unfounded (see Section 11).
Bogolubov'!s theory fails in two major respects: a. It fails
& to give finite (1.e. represented by convergent integrals) cor-
' rections to the kinetic equation. b. There is no possiblity to
determine the conditions of validity of the lowest approximation.
Both problems will be discussed and solved in the sequel. First
of all, we have solved the problem of determining the conditions
under which kinetic equations hold. The requirement that a gas
should approach thermodynamical equilibrium via a kinetic regime
defines sharply the class of correlation functions whose presence
at t = 0 will be '"forgotten" so as to permit the contraction:

o

% e A

RTINS
-t

Liouville > Kinetic
Equation Eguation

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘
..................
..............




....................

The class of these correlations will be called klnetic. The sepa-
ration of these two classes leads to an Important new principle in
kinetlc theory--the princilple of absence of parallel motions
(Section 8).

Secondly, we shall prove a very general phenomenons to a
sufficiently high order in the (Bogolubov) expansion that leads
to the kinetic equations there 1s a dlvergence due to the extreme
persistence of correlations (with a correlation length comparable
to a mean free path) which arises because of successive two-body
collisions. The breakdown occurs 1in second order for the short
range expansion and for the Debye expansion, In fourth order in a
weakly=-coupled gas and in fifth order for a dllute weakly coupled
gas. The breakdown however 1s not alarming because the expansions
carried out are asymptotic,

If we want to go beyond the kinetic thecry therefore we must
devise a "weaker" limiting procedure. The key concept in this
theory 1s the concept of closmre (Section 9).

This concept has been made possible only by a full ex-
ploitation of the method of extension. With this method we can
in fact select solutlions of the Llouvlille equatlion with a desired
degree of "simplicity" of approach to equilibrium. The simplest
cholce 1s the kinetic. It wlll be clear that there 1s a complete
hierarchy of Increasingly more iInformative solutions of the
Liouville equation. It will also be clear that the amount of in-~
formation obtalned at a particular level of "complexity", if the
approximation 1s carried out to the point of closure, 1s statisti-
cally complete., Thus, in our view, kinetic equations (which do
satisfy closure) are exact.

At the highest level of complexity, one ’inds the generalized
master equations (Section 13) which determine the probability
distribution of the momenta of all the particles in the system.

The starting point of the theory is the Liouville equation (9)
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for the N-body distribution function FN:

dEY
2t
F' depends on time and on the 2N vectors X[ and # =M_V_é

which deflne the posltion and momenta of +he particles (of mass Ms/)

in phase space. Since the N masses which interact through the

two-body potential, Zﬁb' s satlsfy Newton's laws of motion:
. : N 2 Uz
Xi= W P o= & (6.2)
) ane J‘/ 93‘1
S

we can rewrite (6.1) as:

9’__,./ N 9p" Ve = i, FVa
Fre ZJ&; 1,“2:_,‘,\, 2 (6.3)

where Iij is the ..nteractlon operator:

LUy 9 (6.4)
J gl‘,“ 9..;’ 925_,‘ 9_\_/.5

It 1s convenlent to introduce also the kinetic energy
operatorss

.= Vi 5% I o/ (6.5)

e {,

and the total energy operators:
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S y -
ﬁ(s:./KS- I - Z K‘ . ¢ . (6.6)
¢=/ 18c<)&s
where S has the range
l1<ss<s N (6.7)
With this notation (6.3) acquires the convenlent form
(1.3) 9F .Y F
=0
9:1- (6.8)
We take FN to be normalized to one by

fFNc‘{Vﬁl 4(_\_/_1 C«;tv.ﬁz. dyz“,__v_é_ffg(.\_/vnl (6.9)

where V 1s the voiume of the box enclosing the gas.
If we now introduce the distribution functions

Fs=fFN'é_"k/§:§:‘/' d-\_/s,*,..'_ftvgx_id_y” (6.10)

we find that they satisfy

5’f: S ﬁ/ =5 - S+l
Er y Fa "V’ L5 ~ (6.11)

where
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.. [_,5 =Z Z_“' ) L,‘- =fd.&‘ dy: Yi U;"'YV, (6.12)
(=2

Since we are partleularly interested in the properties of a
gas where both N and V are large but for which the mean density
B is a given number:

N '

we consider only the 1limit of (6.11) as N—> e ang |/—» o=

subjJect to (6.13). ?
. The resulting hierarchy of equations (Bogolubov 1946, Born

and Green, Kirkwood, Yvon (10)) is:

S
. 5_; , #st’ thFs+/ 6.10)

which, in contrast to the Liouville equation (6.8) make explicit
the role of the mean density. We want to emphasize, however, also
the role of the strength ;@ of the two-body interaction. We
make, accordingly, the hierarchy (6.14) dimensionless with respect
to the kinetic temperavre hqv,‘: » the range VY, and the ‘
strength ¢£ cf the two-body interaction. We thus obtain
remembering (6.6) and also (6.9) and (6.10):

S

JF SpS ¢o SpS ( 3) é, ) S+l |
—— + —-— = hr o i
96 k F mvﬁ: I F o mv*;- LsF (6.15) ‘
where all the quantities are now dimensionless (we do not employ

-, new symbols ber2..5¢ no confusion can arise in the sequel). The :
equation (6.15) has the advantage over (6.14) or (6.8) of making
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expllicit two very lmportant parameters of the theory of gases nrf
and ¢° /W\V;, . In terms of these parameters, the basic
reglmes of gas theory are defined as follows:

(1) Weakly-coupled gas

3
J &
my
h
(11) Dilute gas with strong short range forces (short-
range regime)

nr’ <<l

b .4

) MVJ\ (6.17)

(111) Gas with Coulomb forces in the "Debye regime"

| ¢,

3
] nY, c ) MVJ €<

(1v) Dilute weakly-coupled gas (DWC)

3 _ ¢,

ny, =
° mv,,f'

The various reglmes are best visualized by means of a diagram:

= €<<l (6.19)

b

:i 4 } « Short range
0
2 Yy 2
: MV
!
” « DWC e Weak coupling oDeﬁ/e
’3 ) hrg
g Fig. 10.
: .

PRI W L PR

b
b




.................

...........................

All the points of interest lie close to one of the axes. If one
wants to expand, something has to be small! If one eliminates €
between the two relations in (111) for the Debye regime one finds

,e"h '
= \Mkv; = 1Dt’.byg .

We now define precisely the concept of kinetic equation.
From (6.15) we have, for the one particle distribution function;
putting s =1

1
F 2/, 3 8\ g2
S (L 620

where, from (6.10)

F*e fFNd [, (6.22)

where 6(’22 denotes integration over all of the phase space
coordinates with the exception of xi and Ml c

We say that the gas 1s in a kinetic regime i1f the one-body
distribution function satisfies an equation of the form

1
-g-f-= A [FY (6.23)

4 1
where A F 18 any functional of F only, that 1s to say
if

(nrd) >LFZ=A[F1]* Ky F* (6.24)
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The outstanding examples of kinetic equations are the Boltzmann
equation and the Fokker-Planck equation. The Boltzmann equation 1s

P [Ak g4 QR R

6.25)
where _9= l _\Zl"yz_, 3 6~ is the two-body scattering cross-
section, d the solid angle of scattering and the subscripts

1

on the F~, function denote the velocities in a two-body encounters

Fig. 11.

The positions on the right hand side of (6.25) are taken to coin-
cide with that of body 1:

Xix=X, (6.26)

The Fokker-Planck equation reads:

: J ), 9,
%+X{ZFZ=§Z-(_4F)+M'@F9 (6.27)
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SECTION 7
WEAK-COUPLING EXPANSION

In view of (6.16) we can write the hierarchy (6.15) as

S
g{_+ RFSmeTF e/ F™ (7.1)

We shall consider a spatlally homogeneous gas excep ing Section 15.
we now introduce the expansions

Fl=fvef®+etfre¥fire*f*. .. (7.2)
Fia F>, eFM e ®F2 L e%F%% . .. (7.2}
Fi=fF®+eFP v e2F™%+... (7.4)
=4 grreFH+ .. (7.5)
Fo F7rou (7.6)

It will be seen that the reason for stopping the expansion at
the places indicated is the breakdown of the kinetic behavior.

Conventlon for the Notation. Superscripts represent the
number of particles in the cluster considered, subscripts denote
the phase points at which a function is taken. There 1is never
need for both since, for example:
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—n

- 3
53#'-"' F é(l) l/l)-)—(z)ya,&s, Vg) (7.7)

unambigucusly. When no confusion arises, subscripts are omitted.
Thus,

;°7C ° 7(\10 'on (7.8)

A. Perturbation Theory - Choice of Embedding Coordinates

If we perform the direct perturbation expansion, we have in
the 1limit & =» O

9F5°+ K/SFS‘a_ =

P (7.9)
. for §>0 and

27 5

e (7.10)

The general solution of (7.9) is
So - 7S
F )= e ¢ F5Ys) (7.11)

We now introduce the correlation functions C° by the
definition:

Fi= 7;'/'-1"‘ S (7.12)

We introduce the notion of "simple initial value problem" by
requiring

il i
LR WIS TN

3 3 " L)
B -“M*.' 2 e e
L]
.

Cs(f" o) =0 (7.13)
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1
.é.E_ =0
o 7€ Jiuo (7.14)

In contrast, for the "complete initial value" problemn there are
no restrictions on the initial values of the correlations or of
the one-body distribution.

Let us confine ourselves to the simple initial value problem.

From (7.11):
-t s

So
(H=e ;[ (7.15)

In particular for s = 2 :
20 -ﬂf%£7[?7(0
F(®=e (7.16)
Since the gas 1s spatially homogeneous:

X/.Z 6°= o) , K/z fao.-. ) (7.17)

and therefore
F“(f) > F“(O) = {»07[0‘ (7.18)

From (7.1), in first order

91[ Z.F - Lf;o (7.19)
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LFF - [an, dy, VU T bR

‘-fdfg dy, Z/,-zYv, Y,,'F: ﬁ: (7.20)
=0

where we have explolted the translation invariance of Z{El and
then our ability to perform integration by parts neglecting the
surface terms at infinity (wall potential). Again, from (7.1), in
first order for the two-body function:

X g F o
but agatn

[, tF¥¥°=0
therefore

K%
/: L?ﬁﬁ) - /‘7%;32 :Z-nyff~o

¢ 2 - (7.22)
=_/e'*lldxll'z7['f

(2]

We then find, from (7.1), for the second order one-body
function:

i £ _ I 2por0
S LFY= L[ e I Y

(7.23)
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We note nsg that Cor large t, (7.22) gives
-kl PP . 2 0
F”(v.‘) ’g’fe z )dllzrrf‘- f*(‘-kz)-z FF o)
o

where we have used the notation:

UGR[0y = 5 (.25

We shall use also

teo
o(¢ Wkﬁ-[ e X (7.26)
Using (7.24) in (7.23):
2 2 / fl- a oo
Fit) - $3)r [de'l [e™ a1
?tl(f*l')/z F¥°

(7.27)

where we have used the fact that for the simple initial value

problem
F2(e) =0

E%i We have therefore

LE’,";

oy ira % 4?%[‘
[ L_ 5 I

L _6 ; _ (E 2{)

£° £° (7.28)

Since the quantity in square brackets 1s time independent, the
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approximation breaks down when

¢ 23

In particular the normalization of F1 will be ruined when this

condition 1s fulfilled. We will thereiore perform an extension of
the functions F° 1in order to remove this defect of the direct
expansion. We need a means of choosing the embedding coordinates.
The perturbation expansion breaks down with a simple linearity in
(7.28). We choose therefore our new cocrdinates in such a way as
to be able to follow this behavior (11). Thus,

2=t Y=€C ... 2,=€"%,... (7-29)

We shall use boldface to indicate the extended functions. For
the extenslon of the range we use simply perturbation theory. We
have accordingly

gz'k (7.30)

K #wlf F:SK”TE?' F;'sz-
f =1 ) 7 - (7.31)
B. Uniform Expansion for the Simple Initial Value Problem
(1) Extended perturbation equations. Using the expansion
(7.2) to (7.6), and the extensions (7.30) and (7.31) we obtain a
sequence of "extended" perturbation equations. For the one-body
function we have
£’

—— = ()

72

(7.32)
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(7.34)

(7.35)

(7.36)

(TS

(7.38)

(7.39)
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2EZ K FL ]zFuvL[zf’i IE 9 2L (7109
= 7L 7.40

XA Pt JE
For the three-body distribution
o 3 =30
JL /-X/_E =0 (7.41)
2
~3/ 2o =
= +X’iﬁ"3’=‘-]3f—;f +Za_¢°
22 7 (7.42)

oy I DT

22
7z - = 7 D x (1)
We also need, for the four- and five-body distributions:

40

o
_.____JL * %4_/_5 — e, (7.44)
J e,

Xy = - %y (7.45)
and

o S
2L _ L ¥TF =0 (7.46)
7 7,
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we are solving the simple 1nitial value problem. Therefure at

i=0
#%) given

(7.47)

) £ ~fl)-£%06) =0 -

for the one-body distribution. For the two-body distribution we
have

E*(0) = £70) £°0) (7.49)

F™(o) = %) = F¥(0) =0 (7

.50)
The three-body distrlbution satisfies:

F®(0) = 7 £°(0) 7.50)

fjl(") = sz(") =0 (7.52)

The four-body distribution satisfies
4
40 ¢ .
F (o) - TI'_{ (a) (7.53)

F%()= 0 (7.54)

And _ inally
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& o
Eﬂ(o) =T £ (o) (7.55)

We remark that we do not glve the phase space dependence of
F° but only the functional dependence of FS(L‘ o) on f‘
In the transition to hydrodynamics one will give analogously the

o
functional dependence of _-E_ on the density, temperature, and
flow velocity.

(11) The Zeroth Order Theory
(7.32) insures that £. is 2; independent i.e.:

£6)=1f° given (7.56)

(7.41), (7.44), and (7.46) can be summarized as

: SF%
;2, K F =0 (7.57)

which can be solved lmmediately as

S

s

"KSZ; S0 K5 s . S
_E&(Z,o)ze £ (c)=¢ 77-l£’ 77:{0 (7.58)

IS

(111) The First Order Theory
By the lemma (7.20)

; Lfdf_d-"c (7.59)
t] | Therefore (7.33) gives

i I, 2. e
; AT

HANERER

N
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............................

or, upon integration

0
/ IFf
£ (27’) ~ % 3'},— (7.61)
Therefore, 1f we require, for our asymptotic series
e£'(7) 9f° | - .
"73-‘?"' = (é Tg):?_z,’-' P = O(&-> M.N'FO\‘MlY (7.62)
w2 must set, ﬁj_ 5
Jd¥ (7.63)
hence by (7.61)
/
f=o (7.64)
For the two-body function we have, from (7.38):
QF'" 22/ 2 F0mo
= *X/F-'-Iff (7.65)
37,
whence 2-).
T, -# e
| o 2
fz(%)=f e dAT*f { (7.66)
0

From (7.42) and (7.45) we also find similar formulae for :E‘_?’l,
Eul. In fact

A S re
E7) - [ o ® *qaI* 17t (6

21

The translient behavicr of F on the Z; scale 1s given
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The integral

fwgzn. U(é“—— ylz. A) d A

(]

goes to zero sharply as 72 increases for fixed finite V

~-12°
It will be seen that the transients in F1 behave very differently

from those in F2.

(1v) Second Order Theory (Landau Equation)
(7.34) gives with (7.66)

0 T 2l
gfz 91{ L/‘o‘f/z 2 9.0
EYy + 77 o e AT +f

(7.68)
Integration with respec;%%§> 2; yields: r¢
ES 2; /"e_ Z 4 °_’u; ’
£e)- L] " S AT g 5
i -kz/\ —2 ~Opmo
=..Lf : ez AALE £ - (7.69)
o A
& 9
_z 57:;/_15*( x*) 1 f/]
¢

A3 - ‘s\ ~ -t »:‘ Ea




L S

.......................

¥/ L2
where the operator jr (Q-}?‘) is given by (7.25). The require-
ment that szz remains a small correction uniformly yields

o')fo_ ¥/, .2\ e 2p0p0
55 °L3 (¢ XR)Itf
=2Tr¢'LS(1‘K/J')Iz£O_f°

(7.70)

Thls 1s the kinetic equation of the Fokker-Planck type first ob-
talned by Landau. The H-theorem is readily proved on the 2';_
time scale by the conventlonal symmetrization in the variables 1
and 2:
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Substituting back (7.70) into (7.68) we see that f satisfies

ed

. éHEl —Z?fl e

o7 = "Lfe C{AI £.{ (7.73)
’ 7

which represents a transient behavior. The decreasing nature of
f) 2
— (~)

1s immedlately evident from the decreasing range of integration and
we have in fact

2
é)i._’o asS ?;—900

QZ, (7.74)

More precisely,

g—f_gi } O(}fi) /Mge % (7.75)

The result (7.75) actually gives the asymptotic approach to the
kinetic regime and we shall therefore derive 1t in detail.
We have, from (7.73),

_ XA ;
LU, ML e

(-]

‘.‘ v .' a :h :‘
Ly PLIS L. « . R
St gt s R

PR B D 4
AN

where instead of the particle variables V

19 we have

LN

and 22

CALs

mw-
NN
N SN D R §
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used V. and V1 and & V —y . Therefore,

!i » 'ZYV,Jd.y.lz YV‘P'F]‘);(QJY UY U(-/z-xn.))dxm (7.77)

but the tensor

T(Vnh)sjdxlz la 12 U(Ln-_

=0 for 1Y, 12= U4 >a7

(7.78)

by virtue of the overlap of two short range forces occurring in
the integrand. Further

fda’r‘(rn»? fdzT’@)-*L'TCV Z)

(7.79)

=0 hrvz, > 2y,

We can therefore write

K e

SOOI - 41 S5 STAL NGRS - @ Lithihe Neery

g

£ =-2Y£(Y>V fd :E(Y Vn. IT,(M'Z’Z;) (7.80)
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. Thus, the Integration over the relative velocities is confined
to a shrinking sphere of radius et} //2; . The formula
.. (7.80) is exact. For large ¢  wWe can replace it by

'S
7z

2:"2 Yv .‘-/).VV'F )2” ] %:L‘LF?(W) (7.81)

w<ar,

where we have used the mean value

lco(ya 'Y;) =£°(l’ ) S b Jf (" | (7.82)

2=

whose exlstence 18 required by the Liouville equation, and have
observed that the term contalning

vanishes ldentically upon integration over 212.

To complete our description of the phase mixing mechanism that

2,
damps £ on the time scale 1% , We observe that the rate
of change of the entropy function

jf /03 £ d 4 (7.83)

is given, correct to order 65 s DY
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if d.+ asympf' ﬂi:;nfdxﬂ ’—C £>
vul[ g G ng)

whose monotonlc decrease 1s apparent from the positive definite
nature of the Integrand.
Noting that

&)
7z, ° (7.85)
we obtain from (7.39) for the two-body distribution
2{
a')F z J.z., z)d/zIz‘,{:po.'L
92; l -
2
+L[ Y LR 2F
7 % 3 (7.86)
6ro 3 e .
7 IG5 L3 ITE -

- [L,3 (5*1)/3 * /-zs (;*I)&J 3‘
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where use of the Landau equation (7.70) has been made to rewrite

&f”/a”?’ « The quantity Lz (S*I)3 ﬁ‘fc
contains six terms: a0
a. The two "dlagonal terms cancel the 07/' /;Z’
correctlon to the time derivative.
b. Twe are identically zero by the homogeneity of the gas.
c. Two "off diagonal" terms are new.
We have In fact

FR N ST EUALLIH o

=

For the three-body distribution we find from (7.43), after a
calculation entirely analogous to the one Just performed

E G (51 i+
* 5*3[2/# (}'*‘Qy"' é,‘,,(f* )3¢+ Z‘zs‘(I‘I)w *+
" L.w(j*l)a# " qux(: Y);¢+ Z.?# (J*I)z;] {_f °

(7.88)

This completes the second order theory. One can further derive
S2 * 1S xT\S S o
< ?(5 f) (51) T+
o =
Z (3*I)

LS"‘/ - Js+/
J*‘

54—1 n"

P 5" ZL
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(v) Third Order Theory
From (7.35) and (7.87) we have

M 2L, A
iz, Jd¥ I T (7.89

)
7LD LG D LG 7T

But, from (7.69) we have sz
=0

(7.90)
072; 23
Therefore from (7.89) if & f 1s to remain a "small cor-
rectionr
L3

and for the kinetic condition in third order:

2L, DY LfF

o7,

+L, —{,*((1,3/4’*_‘/23,‘43 (f’_‘l%f 7;'_7.[0

(7.92)

In (7.92), one sees two separate effects, the improved description
of the binary collislons and the lowest order contribution from
three-body colllsions. We have in fact, schematically, for the
collision effects:
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Fig. 12,

For the two-hody distribution, (7.40) gives the third order
equations

23 5 3 2/ 20
dE_ ;{/ﬁf'”: _["f’,«.[z;:;_ff_ 7L (7.93)

— w——

2% L2, Iz
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We can therefore write:

B 5L E™ %e 8L F" =

ore ®ro (7094)
_gr(srr) 2227 g* diE
2 72 2 /2 57%;

where the superscript "as" indicates the asymptotic value of the
function for large 2: . We have therefore for the successive

contributions in (7.94), using (7.87), (7.88) of the second order
theory

(5*1), F C.(8°0)(577) ($7) £1

(7.95)

H(8°T) 50IL,(5°7) + L 57T) JFE

This contribution 1s not singular. Also

5.5, iﬁf SCERLED L, 67 ase

This contribution 1s very singular through the coinclding
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singularities of the 5 functlons. Furthermore:

- %pgz 3L LGB

(7.57)

PSS DA D L L5 e

The trilinear terms are singular.

We finally consider the remaining contribution which, 1if the

expansion were valld would cancel the singularities in (7.96) and
(7.97)

S1LET RS, 6 C T L 6 T J

| * S/iflg 5,2: [Lm (5 *I)a'/ +L,, (5 *I)_W 7‘4,«/3 7)/¢ *

(7.98)

*444(572;,:* 3,1()"'7),,, #4;, (5*J).2J}7/{/4

We now consider the first contribution to the right hand

side of (7.98) (of course our major interest is in the t»ilinsar
terms):




e e St T S e e Sl A Nl S e Tl 04

POALIDA i A P a Y

L 5L, (31),67),

=SS TLBI) A Tee) ] 4
£ 52 L 5L [(57T) + (5D +(5° ) T E+
e S0 SIS Y D (I FE

(7.99)

Consider the singular contributions. The term
»* #*3 ( ”*» 3 ne
5nL, 57,5,

cancels one of the two singular contributions in (7.97). The other
singular term in (7.97) i1s cancelled by the analogous term in the
0 trilinear contribution to the right hand side of (7.98). Finally
’ we consider the term

Se L 57I (3°) 74

This term should cancel one of the two very singular contributions
n (7.96). The cancellation tails however because the three-body
propagator .S'* does not reduce to a two-body propagator. The
significance of thils result wlll be clearer in the sequel when
the short-range theory is discussed (Section 11) and the method of
closure 1s defined.
(vi) Fourth-Order Theory
For the one-body distribution we find, using (7.64)
of" 2 9* 9¢°
3 = P ZF (7.100)
' 77 I 22' JT,
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whence, following the same llne of argument as in the third-order
theory we obtain for the fourth-order kinetic condition:

2 (57 D), (SIS £F -

'y

3 no
L(S'T) S AL (5 Lo(STD), T+
PLS2 L, (5"), (57D Ly(59) (5D [ f
t LS/: z( Ll S::: [LM(S “I‘)If L:+(5 ‘Yg;t'/'[zv/ S *-D,,; *

’ LJ*‘(S*I)# +Ze¢ (5 7)4 ’“Z.w (_;7)”]27’('_{6
LSS, (5T L (57 ] FEe-
L35 [L, (5D, (ST Ly (5° D, (S, [F -
5L, 5 [, (D) Lay(5 7D, ] +
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the varlous contributlons are best visualized by means of the
following graphs:
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g *

12

!rﬁi

I 2

r,w.z
1—2

T AL LA 727 L

L& . |lmr |\ Ar
‘\T ;qwz S’ 3:*2
X 2 1% L
LIT 7 1: i
| L R |
+ ' I 1* r |i1°

Fig. 13.
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SECTION 8
THE PRINCIPLE OF ABSENCE OF PARALLEL MOTIONS

We now conslider the complete initial value problem. The
development of the expansion 1s very similar to that glven for
the "simple" initial value problem.

The initial conditions are assumed, however, to contain
correlations which are arbitrary within the symmetry and normali-
zation requirements imposed by the symmetry and normalization of
the distribution functions. The correlations are introduced
through a cluster expansion

Flofos efte 8F*+ 03

(8.1)

F2=F1F1+j
.(ﬁ°f°+j‘)+ E(f‘f"h"lfij")r dﬂs‘) (8.2)

FLEIFF*r SF+ % (8.3)

Fr %F‘#—ZFJ; Fle$F% 14

(8.4)

The initial correlations correspond to disturbances imposed
. on the system of particles by means external to 1t. They are

- 67 -

......................
..............




b e o = W= S - - - = e g TR PR WU R VT ST MW NNTW TR TR TR TV TV T S N4
M et eLtmot A TA et TaT WA NN e T T T ST TV T AT T Y TR TR R TR NG SRR AN R IR

therefore totally unrelated to the interparticle force as well as
to the single particle velocity distribution. We accordingly ex-
pect them to have a finlte, microscopic range /e « The initial
correlations will also have a characteristic veloclity " which
for the purposes of our discusslon need not bear any particular
relation to Vth' We use the perturbation equation for the weak-
coupling expansion (7.32) to (7.46).
(1) Zeroth Order Theory

We have ébe
72 (8.5)
and
oro —kzz; 0
f”(Z:) =ffre _2(0) (8.6)
Similarly:
' 3 o o X
EC)-TIE +£, e 232;.2:; (o) +

o-—K’n_'z, 2 'Xl‘}: o 8.
P £y TR ) R G e ) T
/3

(11) First-Order Theory
The first-order gingte-particle distribution satisfies

= LC-X’Z;;‘,/O) (8.8)

72, ,72'
In view of the finlte range /Q of ja , we have
-xX* %
e 9 (o) =~ 0 (8.9)

0

- 68 -




T R, T il i e -rah e ‘J.:"w_‘v.‘_1"J'."I,.—k'L“FT\.““.Hn-"—f,i",-}"_“‘_“h‘vnn_‘\'.-_ﬁ-_-
A G S S i A S T T TN R A T T

and

W
)
N
N
Q

(8.10)

and since the integral of an asymptotic expansion is equal to the
asymptotic expansion of the integral

‘[1/2:); //) '[o | (8.11)

“o7
The non-uniformity 1s eliminated by the condition
21" _ 4
J 7

which implies that the rate of change of JF 1s a transient on
the 2, scale

970/ -KJZZ; N 0
55 - Lo "33

We must, however, insure that F~ remains normalizable as 22
increases, that 1s, we must Insure that

Z 2
f La-kajo(o)d;(

does not increase.

This normallzation requirement implles that the initial two-
body correlation does not allow for particle pairs with vanishing
relative velocity. To obtain this baslc result, we observe that
we can apply the same overlap argument that we used to determine
the asymptotic behavior of 5Qcﬁ//a72: to the quantity

-K*7, -X'y
[-¢ ja(‘)‘-‘ﬂy' UzYV,e ja(&n.syn.;- a)d’(n.dx"-
- V%jd Vo id s, Y I]n.j_o (g-ll_-vli-zj‘l' Yo JY/ ) O)
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In fact,

J-=f-yl U;zg-o(l-(n--\-/ﬂ-z'/ !n. )i‘l ) O) dﬁl'-

(4
(8.15)
=0 for |V, |2 >, +R
Therefore, the equation
T
.Le 0g°/0)l ZV,J\d Y,,__.I
. (8.16)
Y "O'PR
Yo

emphasizes the lmportance of small relative velocities in the'
initial correlation for large <o . The condition thatf (2:)
should not increase affects the behavior of ﬁ (5-'; )Yn )M“o)
in 1ts relative veloclty argument. We need, in fact, for any
positive 'Y]

9’ (¥a) ~ ¥

lxn.'.,o V‘[-zz (8-17)

where the factor

I
L '

represents the effect of the solid angle in relative velocities.
There are clearly two distinct classes of initial correlations;
those for which v,“z g_" vanishes for small relative velo-
cities at least as strongly as U’,:, » the "kinetic" correlations,
and those that fail to do so ("non-kinetic").
The "non-kinetic" correlations can be separated further into
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two classes: ‘'creeping" and "persistent'. The correlations that
violate (8.17) but nonetheless have a finite range cannot dominate
the secular Iandau collision term. A simple example of such a

"creeping" initial correlation is offered by one that has a finilte
range and that tehaves as

gf"‘ f'f—f: u‘z (8.18)

1 2

for small relatlive velocitles. Thils behavior 1s easily seen to be
perfectly compatible with the symmetry and normalization conditions

i
on %_‘ . For the corresponding § ( 2:) we have however

the "creeping" behavior
(%) ~/7%
(8.19)
() 2-: (4

. ‘ Correlations which are elbther persistent or even dominate the
kinetic behavior are those for which the quantity *fzo( 0) 1s
elther zero or contains S functions in L*" « These
correlations do not have a flnite range and have a Fourler trans-
form which contains 5 functions in A’,L/,,_ . It 1s worth
noting that the dynamical evolution of the system leads inevitably
to such correlations in the 1limit of infinite time. This phencmenon

emphasizes that a finlte translation in time cannot be applied to
the limit solutions.

For the two body distribution we find from (7.38)

Q_E” PR Y “pqe, 1 -X*% A, 0.
;’—;-—H(/_Eal'f? Ie 4[0)—5 .3%':-—+

o YA ¢ K3 o
+L.7.Eze 23 j;&’)".ﬁe /3 :23627*_ (8.20)
3 o
. +Z;e“,< % 4 1)

- 71 -

RIS VI A
]

s _#
A%t tala s

e A




The derivatives of the 1nitlal correlations with respect to the
slower time scales are set equal to zero. This cholce corresponds
to the ambigulty that was introduced in the problem by extending
functions of a single time variable t to functions on the in-
dependent time scales <, .

(111) Second-Order Theory

To establish the principle of the absence of parallel motions
in the inltlal three-body correlation, we consider the second-order

equation
ofF, 2 I K g
L Ftaptigcle T2
A

The fia?t term represents the phase mixing of the initial value
of 4 which 1s identical to that of .:Zo . The second term

A1 -72-
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containg the persistent effect

Z_ 5*(4/?9] z_-,_f?. (8.22)

while the distorsion of the‘42° correlation behaves asymptotically
as

a
2 S A NGV P
Le” PITEXix)a %)
which 1s strongly damped by the overlap of I .with
-t <
e~®"&T

The important term

_XG (e, 22 £ .
Le=™ = [ KR yda

a 0 (8.23)
~ Le 5L 5 (cx)h (o)
(4
1s rewritten as 3
- > o
Le Kals L, 5 _11 (5/5)&,3‘5/a>+
(8.24)

F Ly 3R (xR, %)

which shows how L overlaps successively with the two separate
position variables of lla . The three-body correlation 1s there-
by required to satisfy (8.17) in both of 1ts relative velocity
variables. An entlirely similar argument applies to the initial

four-body correlation.
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The equatlion for the two=body distribution is:

LV S
7z, -

_x*z (% x AR 2
re ¥ f ‘T e(i(o)d,l ?e‘kzyiﬁ)

e B 2’f #33 E c W o(o>+_/_~°€ k/at}ila(o_)]d/l-f

(8.25)

z
_10 4 ?A 3 0
+€.X2’f€f* Lze/(’)b (o)d/\lf

_i_(ij_.*_ e-K/Z?Q/ X /ZIze-Z/Q _2_(0)4,{_

) '
_mv 2,0 _
3?2?('0—+€ / ‘4"[_ [f’ Kali__

]
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_ 32; % _w3y 5 (8.25)
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We note that

E* 5 (57, [F247]+
+$:[I{§“sz°£1(l-/s ':1: 23723 2.3> f]

(iv) Third-Order Theory

Using (8.26) we have for the one-body function the following
kinetic condition:

B (S T EE )+ L (IS D
T 5":- [2’3 (;*I)za"' ‘/'zs (3 “I).sjﬁf.a

This formula differs from the result of the simple initial
value problem by the first term only which represents the effect
of the Landau collision operator on the first-order deviation of
F1 from Maxwellilan.

(v) Discussion of the Results

We have shown that a classical gas will approach equilibrium
through a klnetic equation only i1f the correlation functions
satisfy certain conditions ("the absence of parallel motions") in
their dependence on the relative velocity variables. These con-
ditions, which represent the behavior of the correlations for
small relative velocities, are derived from the Liouville equation
and are therefore to be regarded as fundamental to kinetic theory.

The physical significance of the condition of absence of
parallel motious 1s that, 1f a gas 1s to have a kinetic regime,
then there cannot be too many statistically dependent particles
which are at rest relative to each other.

The approach to equilibrium was shown to be simplest when the
system 1s initially perfectly. chaotic--1.e., when no correlations

(8.26)

(8.27)
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whatever exlst among the particles of the gas at the initial time
(we call this initial conditions the "simple" initial value problem).
o Under these conditlons, the approach to equilibrium of the initial
' " gas 1s completely characterized by the behavior of a typical one of
its particles, that 1s, the Liouvllle equation for the distribution
of N bodies can be replaced by an equation for the evolution of
the distribution of a single body.
It 1s clear, however, that we need not require that all
initial correlations vanish in order to have a kinetic equatilon.
The correlations must however satisfy some condltions which insurc
a sufficient amount of chaos in the inlitial state of the gas. We
have shown that these are conditions on the behavior of the cor-
relation functions for small values of the relative velocitles. It
is intuitively clear that the approach to equilibrium will be
. hindered 1if a gas contains a large number «f particles with nearly
. equal velocities (l.e., a large number of particles which are at
rest relative to each other).

- In fact, 1t was shown that the Liouville equation imposes
precise conditions on the initial correlations 1if a gas 1s to have
a kinetic regime. Furthermore, when the conditions are violated,
a kinetlc description of the gas 1s not possible. These condltlons
are represented by asymptotlc formulae for the initilal correlations
as functlons of the relative velocities for small relative
velocities. These formulae constitute a principle, (the principle
of "absence of parallel motions") necessary and sufficient for
the exlstence of a kinetic regime, that replaces the assumptilons

of molecular chaos and the Stosszahlansatz at the foundations of
kinetlc theory.

»
x

A

,.L’l— B o A,

L4

%
B

The mechanism by which a system of particles relaxes to
equilibrium results, in the present theory, from our concentration
on the behavior of the single body distribution function F1
which satisfles the equatlon

L
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26 (8.28)

as a consequence of the Liouville equation (1.3)

V4
:;:j /9' (8.29)

for the distributlon function of N bodles. The evolution of
F1 1s time asymmetric as a consequence of choosing a particular
initial distribution F { 0 ) whence FT has the rate of change

IF' X%y
;tsée /:(0)

(8.30)

’ N,
. This equation 1s time reflection invariant only for those #~ (8)
‘which have speclal symmetrlies 1n phase space.

The klnetic behavior of a gas 1s conditioned by the phase
mixing that the operatlon of Lﬁ performs on the initlal
correlations through the colllsion mechanism represented by
e.xr( -# f‘) . Only when "parallel motions" are absent in
the inltlal correlations does the gas have a kinetic regime. In
thls case one has complete i1rreversibillity--i.e., we are insured
by the H-theorem that the system settles to thermodynamic equilibrium.
The absence of parallel motlons insures that the rate of change of
F1 with time wlll depend, after a short time, only on itself and
not on the initial correlations present in the gas. g~ ,/’Jt

1, that is

1s then "synchronized" to F-,
-#"% _w 4
Lpe” “Flo) —sA[FY] only (8.31)

;
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This 1s to be contrasted with the conditions for the synchroniza-
tion of F5(S*!) to FL. It is the vanishing of the initial
correlations for large interparticle separations that insures the
latter. Thils separvate requirement of kinetic theury 1s expressed by

y
e..# ¢r A/(o)__’ B[sz only (8.32)

We ~ee, therefore, that our condition establishes the role of the
assumption made by Bogolubov in his fundamental lnvestigation on
the dynamical theory of gaser.

The kinetic equations that we have derived are those obtained
by Bogolubov. We have, however, gained insight into the manner in
which a gas approaches the kinetic regime by a~tually derliving
the conditlons that make such a kinetic descriptlon of the system
possible. We are therefore able to understand the circumstances

. that lead to the syﬁgpronization of F2 and F'3 to Fl on the
one hand and for " to Fl on the other. The streaming
boundary conditlon of Bogolubov 1s, 1n fact, a statement con-
cerning the weakening of the correlations,

N g %
J 5-@ 9=0 (8.33)

Ll

XY

el

§ﬁ which clearly insures the disappearance of all terms of both forms
2 rA

o -X°% | X% (8.34)

X D e y

: < 9 J

o

o when a time large compared with Yb/V“\ has elapsed.

Eg from our formulae for the transient behavior 7 F2 and F3

ﬂg on the 2, time scale, 1t ic clear that the condition (8.33) in-

[ d » .

5Q sures the synchronization of the s-body distribution function to

Q . Fl for large 2; .

H The Bogolubov synchronization cannot be valid in the entire

8

(=
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phase space, Thus, for example, in the simple 1nitial value
problem, when _\{,&-—-o

3'I =—Fz;- Z;szz«:

l.e., a specific dependence on 2: persists in F™" and F
falls therefore to become synchronized to F1
£

The synchronization of :327 to F
that the quantity

Le_xfzzj_"(o) (8.35)

) should vanish for large 2; , as insured by (8.33), but further
. that 1t should disappear sufficlently fast to prevent 1ts own
time integral from growing. This can be insured only be giving
: éiﬁ{h) a finilte range 1n the space veriable and by requiring
’(o) to satisfy the condition (8.34) (in the relative velocity
variable). It 18 now clear why this condition, which we have
derived from the Liocuville equation and which requires the "absence
of parallel motions" in the initilal state of the system, 1s to be
regerded as a fundamental requlrement for kinetic theory.

2

in some region

of phase space.

1 requires not only

‘.‘.x.r.‘-..‘ r

2
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APPENDIX
5 A SIMPLE EXAMPLE
v 2 We dlscuss a simple differential equation to indicate the

full implications of extending a functlon beyond the needs of
the expansion.

Conslder the simple exponentilal

f(o-e%" (a1)

with £€<1 . Tt satisfies

Lo af (a2)

and

fl) = 1 (a3)

i Clearly, the minimal extension:
i fF=e” (a4)

suffices the eliminate completely from the extended function the
€ dependence. Thus, 1t would suffice to consider a two-

dimensional extended domain ( 2;/ Z ) and the cylindrical ex-
tenslon as shown:

“
&

t P
.""
5 -

Rl ¥ rleCs
A et

SR B,
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3
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n 2‘,32 z'a Fig. 8
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Consider the Hilbert space
h
?:*1 =& ¢ (45)

and the extensleas
K Kk
£llop =£@ (46)

w..ere we set

o= E e f ') (A7)

K=0

We find immediately

2£°
3‘5=0 (48)
Xd' 0 9f _ _pe
o7, "7z :

(A9)
9;1 210 a?’[ ___F’
JTe 2 22’ - (A10)

and so on.

Let us confilne ourselves for a moment to

18 §£o+ E£' . (A11)
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then we have

-2
‘P°= ! e N . . 14
- € (2/‘) Z_;) ’Q) (A12)
Ve [tz D-z 2 EE, T
ol 2By T, / (413)
07,
and also
'
_2?_-'5_,_ ‘ch =0 h = 2. (A14)
. ’72;’ ;zhrl
Therefore
: 24 2% I
a?—_ - 2; 2 = =0
7 Iz, 72, (a15)
"7/4 _ o < " oo
Az, 297 gz, =° (116)
¥ zé. chx D et
3 Jr, | 959%, Iz © (817)

and so on. We must separate the linear term whence

(2, .. Cu) A 2y T)F TB(7 8 ) (s
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92',, =0 (A19)
Therefore,
(5,5, .2 At L) 7, B

where B¥* 1s a true constant. The process can be continued
indefinitely with the result that ¢ and ﬂ are linear with
well determined coefficients in all the 21,(h:>2).
Substituting in (Al2) and (Al3) then in (All), one finds that
these constants do not cancel, but restricting now with (A5) one

simply has
-E¢
f-e “(areb) (2d)

(A3) then gives

=1, b -0 (A22)

If f;z 18 kept one has 2 much longer computation to do.
The general answer 1s quadratlc in the Z; . But, after
restriction, again the superfluous constants cancel.

If all the fk are kept, one has to cancel not constants,
but functions,

Closure can be invoked after the first approximation when
there are no further non-uniformities in the expansion and one
can therefore drop all the higher corrections to the time deriva-
tive.
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