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NOMENCLATURE ) -

—_— = denotes material differentiation

= the domain under consideration

LX)

g . = prescribed boundary condition of $
fi = unit normal vector
nx,ny = direction cosines of fi” _

: & z fluid velocity .
§ = unit tangential vector
u,v = components of q in x,y direétions
xj,yj = Dirichlet integral of the'funcéion é )

= Dirichlet integral‘of the function ¢
T = boundar.y of D
Ty = part of T, on ﬁhich ) is.prescribéd
T . = remaining part of f, on which g%-= OIis prescribed:
ry = area éf an arbitrary triangle
As = area of triangle EEmbeE 15
g,h = an arbitrary constant and fungtion.respectively, uéed in the
variational procedure :

z = " vorticity vector SRR .;. 
p = jdenéity E )

_.¢' = velocity potential

Y ;i stream function

| Q- = .“belﬁfor gradient ;péQator
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- _ : ABSTRACT

In- this report, the finite‘eieméﬁt method is apélied'to field problems
governed by Laplace}s.equation, and in particular, to potential.flow in
f}uid mechanics. The conditions under which the variational method may
be used are examined for Dirichlet, Neumann and mixéd.béundary conditions,
and for_both singly- and mult%gly—connected regiéné. The disc;etisaﬁiqn
of the field, using finite elements of triangular form is develoéea, and
the resulting equagions are golved. % computer~program bésed on this
analysis has been developed and is fully desg?ibed in a subsequent

report. This program will solve.a two—dimen#ional potential field for
simple or mixed Boundary conditions and for_sipély; or multipiy—connected

regions. It may be used for multiple-body flow fields, such as aerofoil

cascades, with boundary constraints such as the Kutta condition.
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INTRODUCTION

,
Analytical closed-form solutions to field problems invélving
Lapiacé's ¢quatios are p?esented in standaxd texts (such as Ref. 1,2),
for simple geémetriesiand boqndary conditions. For more complex shapes
and boundary conditions such as are found in the aerodynamics of internal
and externaijfléws, analytic methods which generally'yield a numericall
- solution have been derived. A summary of the more important of these

is gi%en in Ref. 3. For more difficult'cases, a numerical method is

usually resorted to.

A widely-~used numerical method, used for example ig the solution

of the harmonic-and.bi—harmongc equations, subject to certéin boundary

conditions, is the fihité'éiffe;encg method.: A drawback to this method-
is‘thét if the boundaries aré irregular, in the sense that.the points
.‘6; the boundary éo not coincide with the préécribed.ne%work, thetmethod
b?comes more difficult to apply. This‘difficulty can be'overcome with
the finite element method, which was recénﬁly developéd for structural
and solid mechanics gRef; 4)7 Irregardlegs.of the shape of the boundary
the elements may be fitted to thig shape withoﬁgAcomplicating the method
any further. Although thi§ techni;ue haslbeen used extensi&ely in
structural‘problems, it has not been widely édopted in fluid mechéhics.
] The aéplicaﬁion of th; fini;; element methodvto the solutioﬁ of
fieid prgblems, involviné Poison's and Laplace's.equations, was pioposed

by ZieﬁkiewiczAagd Cheung in 1965, (Ref. 5), though few apélications of :

" this method have been made since.
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In this rgport, thé solution of Laplace's equation, under various:
boundary conditions, is investigated. The procedure used is essentially
that prgposed by Zienkiewicz and Cheung. Recently a éimilar method has
been developed indeéendentiy:by Silvester and Jaéger (Refl-G) for
the solution of Helmhéltz's equation. The or}ginél contribution of
the preseﬂt ;ork consists of ﬂa) the de;ailed development of the methéd._
for the mixed bsundary conditiohs-ofteh encounte?ed in éStéﬁti;l
flow, éuch as th; Kutta condition {b) the derivation qf a.hethod
for obtaining the stream function ¥ separatelyﬂfrom tﬁeivelocity
potential ¢ (c) the verifiéation of the fini£e element.aéplication
to multiply—congected regions :(d) the developmeﬁt of a gener;l—
purpose computer program t; economically soive two~-dimensional
Laplace field problems. .. |
| .:This report is primarily devoted to analysis. A $g5§e§uent gééort
(Ref. 7) considers the comgufation. The scépe is restricted to two-

© dimensional fields. The extension of the method to three-dimensions

. is currently being investigated.

2, BASIC EQUATIONS e

_Tﬁe quasi-static flow of an incompreséiblg, inviscid, fluid is

- . considered. It is furthermore assumed that the flow is two-dimensional.
Since the fluid is incompressible

et _' : ' _ - . d
a_g-_o._ ) 5 Emie - A | (2.1)



Hence it follows from the equation of continuity}

dp -

ac +p V qg =0,
that

v ¢‘§ = 0.

In cartesian coordinates, this gives for two-dimensional ‘flow

du , v _
ax  dy &

The fluid is assumed to be inviscid, and hence the motion is’

irrotational, consequently.

q = -V 6.

&

Substitution of equation (2.5) into'equation (2.3) results in

- V% =0,

which in cartesian coordinates becomes

824 3%¢
w2ty T

which is Laplace's equation in two dimensions.

From equation (2.4) it is clear that with the substitutions,

LI ]
u = ay )
shd )
| L3
Y Toax

- the equation of continuity is satisfied, and hence that a function U]

© exists énd is related to velocity through equations(2.8).

-3 -

(2.2)

(2.3)

(2.4i

(2.5)

(2.6)

(2.7)

L (2.8)
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The motion is assumed irrotational, hence the vorticity vector,

E—“-V?S:L . . (2.9)

vanishes, and consequently

. ) : (2.10)
Substituﬁioﬁ of equations (2.8) into equation (2.10} results in
v2y = o, . : (2.11)

which in cartesian coordinates becomes

32y a2y

ax% Tz =0 (2.12)
From

g=ui+vij, 15:13)

L}
? ox '
and :
) (2.14)
e = B8
oy

3% _ 3y
ox 3y ’

and - ' : (2.15)
B __ 3w 7
oy - ox.'

which may be recognized as the Cauchy—Riemanh conditions. =
‘The formulation of the flow problem may either be in terms of the velocity

potential, ¢, that is, subject to

g2 =0, - (2.16)



where

u=2 5%, and v = - =+, : - - (2.17)

or in terms of the stream function, Y, subject to

W=, o Tl omi T §  (2.8)
where ' )
Sl W e ey - |
[RT Ty IV T _ L zaw

3. BOUNDARY CONDITIONS o L -

When a fluid is in conta?t with a solid wall, then the fluid and‘the.
wall must have the same velocity normal to the wall, if the IIfuid does
not penetrate the wall. Conéequentiy, if the walls are at rest, then

the component of the velocity normal to the wall must be zero. Hence,

q - A =0. : .[‘v' ' HE o Bo= ! ' (3.1)

Substitution of equation (2.5) into equation (3.1) results in

~

ax "x 3y Ty _ e P ™ “m ._“:(3'2)

Similarly in terms of the stream function, }, there is obtained from

) équations (2.8), (2.13), and {(3.1)

(3.3)
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[ Fig. 3.1 Diréction Cosines. of fi
’ ' ‘-..

-_— - . e e e e v eam— = . -

From Fig. 3.1, it is clear that

e BB ¥
: N " %n 3s ' . . '
and ) N - ) (3.4)_
=%y _ _ 2 " -
ny T 8n 3s °

Cohsequently equations (3.2) and (3.3) reduce to

£ . L2 2% L 9 I _ o ] - (3.5)

and

ay _ 3y 3x , 3y 3y me b S
@ " 9x3s T oy ds O s X N R

.as equivalent statements of the boundary condition (3.1).
Furthermore, it is noted that by expanding both sides of the following,
through the chain rule, and substituting equations (2.15) and (3.4), that,

-

L d ay : - ! - ' '
bl “p s Cmdl g " AN



and
é.‘k. = - —d-i ) ° 1 = =
én ds ° o )

4. STATEMENT OF PROBLEM

The flow problem being considered reduces therefore to the solution

of .
v2¢ = 0, ’ i ’
subject to ) Ca W . ' -
éi.; 0 SO TE ' -

along solid walls. - -
Or in terms of the stream funétion, ¥, the solution of
V2¢=0, : - ) -_ . _.

subject to : ' 2 F

=0

g

"aloné'solid walls.

- 5. THE VARIATIONAL BASIS OF THE METHOD . %

5.1 The Dirichlet Principle

IS

The téchnique'which is developed in this report is founded on the
Dirichlet Principle (Ref.'é). This.theorem,:which may be stated as

ifollows;vconverts ahLaplace field problem into a problem of the

calculus of variations. X e e B ‘ : :

~MConsider a domain b with a function defined on its bounda }
gc ry

-

(3.8)

(4.1)

(4.2)

@3

. (4.4)
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For each sufficiently differentiable function u defined in D + T,

which assumes the prescribed values on the boundary, define the number

. - X (u =ﬂ %(ui-i-.u;) dxdy o T (5.1)
. ‘D - - .
g u _ 3du . . o .
whére uxv; 3%’ and uy = 3;: This quantity, t@e DlrlchleF 1nte?ral of

éhe function u, attains a lower bound wﬁich is non-negative. Let v
bé the function.for which tﬁis lower bound ogcuré, {(i.e., fof.whicﬁ
X (u) is minimized). Then it can ﬁe sho%n that v satisfies Laplace's
equation throughout D. |

Moreover, it can be showﬁ'that.theré is only one functiéﬁ for which
X (ﬁ) is a minimum‘i.e:, thag v is.unique."

_For our purposes, this theorem will be restated as follows;

¥rhe solution to
o VZy =0  over,D, o T 5.2)
and u =g . Qvér,r,~_
is that function which minimizes the Dirichlet integral over D."
This variational principle may.be applied directly to the flow

'problem, if it is formglated.in terms of the stream fﬁnction, Y, or .
in térﬁs of the potential function, ¢, provided that ¢ ;r ¢ is known |
ét the boundaries. ”fhis is_ﬁot.always tﬂe_casef For example,.in the
iflow pasf an obje?t, Fhe Qaiue of is‘determineé up tovan arbitrary

" constant at the éurface,.hence_prescfib;né tﬁé  ;xac£ boundary condiﬁion

'.éannot_pe accomplishea. However, froﬁ the sectién dealing with.béunéary

cénaitions,'it is clear that

B8

=0 CE R o (5.3)

alohg the surface of the objeét..~1t would seem reasonable, therefore,
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-to first formulate the problem in terms of the potential function, ¢

5.2 The Variational Solution

Although fhe problem can be'soivéd directly by appliéation of
the Dirichlet_PFinciple, it is mqre'inst;uctive to:derivé the variational
sélﬁtion from first principlés as in_the_foll6wing. .The constraints
.or'thé bounda;y.éonditions.are then clearly obtained:
-fConsider the Dirichlet Integral (5.1). Since it is the‘sum of squarés,‘

it must always be non-negative. Thus, in general, it_will»have a

.

minimum (positive) value. Let the function u for which tﬁis ninimum is
A .

obtained be denoted by ¢.

-

Consider now any function h(x,y) and any arbitrary constant e.

.’.

'-Formulating the function

u=¢+ ch, e 2T " o i - (5.4)

and substituting into equation (5.1) gives

N . ... - .2 2 I 3 N
X () II %{(¢x + ahx) + (¢y + shy) } éxdy . _ .(5.5)1
. -. D . - . . N . =
As € varies in equation (5.5), so X takes on various corresponding values. The

ToOTD L e

:necessary condition for X to have a stationary value with respect to

€ is
508‘ = 0 - . ‘ 7 N .- . .'.- -. -. ) N 7. e : N (5-.6)
_Evaluating equation (5.6) and then substituting in the condition e = 0
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into equations (5.4) and (5.6), gives respectively

u = ¢ r'é (5'7)
and
= = (6.h_ + ¢ _h ) dxdy -0 (5.8)
de‘e= 0 ) X X Yy o
= D : _ ,
Bﬁf, from the definition of §, the condition that e€=0,1is .the condition
that also minimizes X in equation.(S.S); In this'casé, then, équation
(S.Q) which previously was the condition for a stationary value of X at
e=0, is now the condition for a stationary and mininum Galue of X.
In summary, if ¢ is the function minimizing the Dirichlet Integral
. 1
then ¢ is the solution of
. A B .
[} (¢xhx + ¢yhy) dxdy = 0 , . (5.9)
D -
where h({x,y) is an arbitrary function., The épplication of this result
to the problem at hand, incorporating the boundary conditidns, now
follows. .
‘Using Green's identity : . : =< .
: (6. h. + ¢ h )axdy == hV26dxdy + I Bl Gy (5.10)
. X X Yy = I dn - :
.' I R roo. NE
there pbtains as an alternate statement of equation (5.9) ‘
, Hhvchaxdy - I h g% ds =0 . (5.11)

D ‘.
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Slnce h is arbltrary, it may be chosen to be zero on.P but otherwise

arbltrary in D. This choice leads to

d ° . - . . i - ¥ - .A ’
Ih Las=o0, R T R -
» and _. | -
” k v2¢axay = o , “ E e C(5.13)
.D ’ . - '- o o ° [ &8 . ) -
hence ~ k ! 1, : E B . " £ C e ol
v2$ = 0 over D 1 'f - .;. B - _ (5.14).

)

If, however, h is chosen non-zero it follows from equation (5.12)

. e E ’
that E§-= 0 on I'. Alternatively, if g%-ls prescrlbed as belng zero

on the boundary, then equations (5. 12), 5. 13) and (S 14) hold W1tn
h stlll being arbltrary on the boundary.

1£ on part of the boundarYl Py, ¢ 3s prescrlbed as ¢—g and gi # 0,
d¢

and on the remalnlng part Ta, ¢ is not prescrlbnd but 5;-= 0, then

. -

for T =T + Ty, there obtains the results (5. 12), (5 13) and (S 14)

c.

-as before by ch0051ng h =0 on Fl. The form of eguation (5.11) is

"then ' i' L

- H h V2¢dxdy ;Ihg%ds =0, - . (s.15) -

D ."', ‘.I'2

from which (5.12], (5.13) and (5.14] follow.
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6. THE FINITE ELEMENT FSLATIONS

éolution surface ¢ (x,y)

$(x, y)

:triangle projection on

¢ _(le) .

l -
}——assumed elemental
l triangular plane
I

|

f

L R

r

domain ‘D, (divided into
triangular elements)

Fig. 6.1 Domain D and Its Solution Surface $(x, y)
The solution to the problem being considered is that of finding the

- function ¢ = ¢ (x,y) satisfying Laplace's eguation throughouﬁ-fhe domain

aé

D, vhere ¢ is prescribed on T'y and an S 0on Ip.
The function $ = ¢{x,y) represents a smooth surface. As an
approximatidn, this surface is assumed to be made up of elemental triangular

" planes as shown in Fig. 6.1. Let there Be n elements -and m nodal points. At

 the boundaries, it is assumed that each nodal point is a pair-point consisting

- of one point on T and one point in D immediately adjacent. Since no
discontinuities are assumed in D + I', the $.value is the same for each point of

.a pair.
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Consider a typical triangular element e as in Fig. 6.2. The nodal

points are numbered i, j and m in an anti-clockwise manner.

] ey

(Xi’yi’ ¢i) ’

: 42 }’i,ﬁ} 3

Fig. 6.2 A Typical Triangular Element -e.

Under the previous éssumpt;on, the equation of the function & becomes for
the element e the equation of a plane, that is | .> - -

gmerramray, UL ey

:where'al, 6, and o3 are constants to be determined by the nodal values

of ¢, and hence = . ‘,,.'- .; . _ ;f-

8 = fk. ., 4’5' épts where k = 1,2, or 3 . : ‘A ' . {6.2)
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B T

From equation (6.1),

=0y + apx, +
$; = o1 + azx, + agy, -
$. = a1 + arx. + azy. ' . ] . 6.3
¢J 1 2%y Wy . - ~)
:- . e - ) +',. .
/ S Fl T oplE diogd

This'?ystem of eguations (6.3) yields a'pnique solution for the coefficients
I . .
a3, 62, and a3, provided that the coefficient matrix

et ¥ ' Tl )
26 = |1 x.y.| #0. - - Al N (6.4)
X 73 73 . . e ) :
l.xm Ya . L4
It can simply be shown by trigonometry that twice the area A of the projected
_triangle is equal to the above determinant, as indicated. Since the
area & the triangle is always finite, A # 0, and equation (6.4)'is proved.

‘With the introduction of the notation

: ai = ijm = mej |

bl = yj - ‘ym . 1. (6.5)
c, =% - X o ¥
i ™ b -

and solving for the coefficients ai, 02, and a3, there obtains
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1 | : ' ' '
= — + + b &
$ * 5 {(ai +.bix + ciy?¢i (aj jx cjy)éj + (am + bmg + bmy)éng (6.6)

where_bj, Cj’ bﬁ, and c, are obtained by cyclic permutation of the indices
in relations (6.5). Equation (6.6) may be written as the matrix,eqhétion
1

¢ = 5y (a0 + Box + Coy} , A | T 6.7)

where the matrices A, B, C, ® are given by

A=-(a, a, a)

1D
B = (b bj. b ) (6.8)
‘ :
C = (Ci' c,. c)
and
o5 o _
¢ = : , e : . (6.9
¢m
It was shown in Section 5.2 that the solution to the problem is
obtained by finding the function ¢.which satisfies equation (5.9) or,
equivalently, minimizes the infégrai
x(¢) = [f ¥(¢§ + ¢§) dxdy . N ‘ | 2 N A° (6.10)
This relation may be rewritten as the sum over all elements, that is
’ . . n ‘ - '. B o - N
' X(9) =L IJ %(92 + $2) axdy : - - (6.1l)
o i=1 -4 . | -

D,
. |
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F rom equations(6.6) and (6.11), it is clear that

@) = F(¢1: b21 93, sy o L (ea2)

The necessary conditioh for this to attain a minimoem is shown in Ref.

9 to result in the set of m equations,

35—-= 0, vhere i =1, ....m . ol a ; 7 (6.13)

39,
(N.B. I£ is convenfional to denote tﬁe triapglé vezéices by'i‘j,m; This
- m is an 1dent1f1er éng should not be confused with the m of equatlons
(6 12) and (6.13). —
If, however, some of the ¢ s of equatlon (6.12) arelprescrlbed in value,.
then these ¢ 's are absorbed into F, since they are Aumbers- F or example,

[y

. suppose ¢K, and ¢L are prescribed values, relation ((6.12) then becomes

X() =F (81, d2eeee b 10 bpprense 9y g0 b Teeed) , | (6.14)

and hénce this results in the set of equations (6.1%13) becoming the set of

© m-2 equations

35—-= 0, whexe i

a¢ P Y “ (6.15)

=1,
#K - - - B '
i #L L I—

e b o

S " iIn order to utiliée equatlon (6.13) the éuantities 2.3 need to be

3%,
. calculated. From equation (6.11), o
' 'n . ' WU e e ok sl "
. X= IX A b R mei'd B X Mw - (6.16)

vhere X% denotes the Dirichlet integral over the i"th element.

Diéferentiating equation (6.16) yields

[
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n 3 .
: 3%
%%;—— = I 3. : . 1 Ca (6.17)
i o= %% | | | L

The phy51cal moanlng of equatlon (6. 17) is that 35—-15 (the limit of).
the ratio of the change in X to the change in ¢ at a partlcular nodal
.point i. One can think of the ¢ surface over D as being.a multi-faceted
- tent of some stretchable méterial. éh;ﬁging 9 at soﬁe nodal point i,
i.e., varying ¢i‘ cor;esponds to.lifting the 'tegt corner’ at i vertically
.up:or doyn. This alters the tent surface only over those elements which
. S .

have a vertex at i, and alters the contribution from these elements to

the total X. The contribution to the total X from other elements Kds

. not changed. Thus 3$-only needs to be calculated over those elements
which have a vertex aft i, since the contribution to %E—-from other elements

is zero. Thus in equation (6.17) the summation over the n elements of
the surface, need only be taken over the elements which have a vertex

at the nodal point ©. This conclusion can also be shown by simple
. . _ .
mathematical reasoning. Consequently, the dquantity of interest is the

sum of,the.éontributions of the elements around the nodal point ito
X } ' TS

the relation 56—7 and hence the basic relation needed is sa—y‘where e
. i . o . 9% RS
is one of the elements which contribute to the nodal point i. Applying

equation (6.11) to the element e and differentiating w.r.t. ¢i yields ‘
il U b 0, +o,60, Jadr, . eas
Y xPxlgs TNy e ST o i

L M e :
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vhere

X Q.
b 5

But differentiating relation (6.7) w.r.t. x-and ¥ gives

e %
4, = %Z' B = %Z-(b by b)) |6,
.f "
and |

5
¢y = %Z-Cé = %K- (c cj c ) ¢J
. .¢m

Yespectively.

Differentiating equations (6.20) w.r.t. to ¢y

(¢x)¢. = EZ'bl
i
. and
p 1
"réspectively.

Hence'equation_(6.18) }educes.fo

P N
X
i L

Do : _ ¢m

o9 3% _
() )¢ = a¢i ;(ax),.and (¢y)¢' = o
R

> 1 oo 1 ' T
Y If[zzz'bi(bi’bj'bm) 5| * 257 Sy legecyey)

_thén gives

] axdy

(6.19)

(6.20)

. (6.21)

(6.22)
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‘The integrand in the above expression is a constant,

fJocr-e

and since

(6.23)
p®
‘there obtains .
" S k1 B
35—:—1——[b(bhb')+c(cc )] s
T T R R R R ot A A1 IR S 2=al
¢m
.Similarly it can be shown that
) . y
N o 4
Ll w5050+ clle, el e )] 24
TN Dt Rf M VS R L T A1 I (E.2d 5
~ : o : - ‘f’m
and
e ¢i
X oL b bbb )+ e leac.ed] |6  (6.24-c)
3¢m 40 VTmTiT3 M m i’ 73’ m il e 5 _ "
'.' - , ' ¢m
p - 3 B
Equations (6.24) can be summarized in matrix form as
Clex® i
a¢i 2 :
. - e - - £
3X,e X" |- A _ .
el = e ' o
J 73 R
3x°
-a¢m.. I
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Substitution of equation (6.24-a) into equation.66.17) and using the

_minimization condition for X yields

. LA
x: nE R r : o : -
3%, L. aa [PyBybyib) ¥ ¢; (o5 segie )] b5 =0, | (6.26)
i k=1 : ’
¢m‘

where the quantity in thé summation is calculated over those elemen£s, whiéh
conﬁribute to the nodal point.i. 'If; in fact, element P doeé no;'contribute,
then the RHS of equation (6.26) does not coﬁtain a’submatrix with.an i suffix
for.k = p, and tﬁereforg, the :contribution from element p is zero. from
equation k6.13), the candition for minimizétion of X is ﬁhat ghe.RHS of

~ eguation (6.26).be zero, as_iﬁdicated. | =

¥f certain boundary conditions are imposed, for example

¢i ol where i = 1, ;.;:rlj'p'where.p <m e (6.27)

then from the equation corresponding to (6.15) there obtains the set of

m - p equations

."~——-= 0, where i = p + 1'7&""'1' m - ! : . -(6.28)
-9¥y o _ _ r . Emm i ]
- Together with the further p equations

¢i'= gi,'where i=1, ;....;.., p. 4 't': = . ; (6.29)

. these form a set of m equations.
The method of solution, is from this point on, more-siﬁply explained .

in terms of an exaﬁple rather than iﬁ general formulae. The procedure

s

~
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outlined . in the following is that used in the computer program later

described.

The set of nodal points over the domain D are in an actual problem,

assigned identification numbers in some convenient sequence. Consider,

for the purpose of our examole, that the i'th nodal point is the point
!

denoted as 5 and that it is surrounded by .the elements dsnoted by e =

12, 13, 14 with their other nodal points identified-as shown'inf‘ig. 6.3

below.

Fig. 6.3. A Nodal Point With Its Surroending Elements

*.  There are assumed to be no prescribed values of ¢ in the region

under consideration. Equation (6.26) is now used to calculate ———-for

39,
- the domaln D, bearlng in mlnd that in the RHS of equatlon (6 26) only
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the elements around i need to be considered. For oﬁr case, these elements
are }2,-13;.and 14,

In évaluating the RHS quantity in the gummation for each ériangle,
the suffices i, j, m must be attached to each triangle inlturn, keéping
i the nodal boiﬁt 5;and j, m being the other vertices identified énti~

clockwise. This procedure, using equation (6.26) in the- form

. : - ¢,
bibi +_cici bibj + cicj 'bib + ¢ ¢ +
Y A e y e O L L =
. I ' . i e ¢m
yields the following equation:
, - ¢ :
+
[bSbS + CSCS b5b6 c5c6 bsb7 + c5c7] .
t 4hy, ! 4&@2 S 405 6
= Lo .
b¢7
+
1 _ _ s} (6.31)
o " g 5
.lpsbs + CeCy b5b7 + c5C, b5b8 + CSCSI ; ’
4A1 3 4A;13 ' 4833 7
. ¢8 v
- + . =
t.5b5.+ c.Ce ~b5b8 + CeCq b5b6 + cscs} 5 | = o
2O PR f 4471y 401y 8 )
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By expanding equation (6 31), collecting terms in ¢5, ¢6' ¢7, ¢8' and
reassemnllng in matrix form, equation (6.31) can be written in the

following form

¢5
. ¢ . , -
5 - 5 5 5 6 : . .
[ ds 6[ 7Id8 ] ¢ =0 ’ .. -. . " . N (6.32)
7 ' ) o
>¢8-

where.the superscript on the d's identify them as defiving-from the.noaal
point i = 5; and the.sﬁbscripts are bhosen‘as correspondihg to the sub-
_scripts Sf the ¢'s for_qonveniénce.

Let m, as befd;e, be the total number of nodai points inciqding‘those
on khe boundaries,.and let p be the nunber of nodal points on the
bbundary where ¢ is.prescribed. By.lettwgg i ;ow succe551vely denote
all the (m-p) nodal p01nts over the reglon D that do not have prescrlbod
¢ values, one obtains (m—p) equatlons similar to equation (6.32). The
boundary conditions yield a furthexr ho) equatlons of the type (6 29) Tﬁere
is thus a total of m equations’ 1nvolV1ng {m-p) unknown $'s and p known é's.
There 1s thus, in general, sufficient equations to solve for the unknown
¢'s, T i} .

Equation (6.32) can be written in the form below °



[pooo a: dz,d,sl dz 00000 o0........0]

where each matrix contains m terms.

© O S O

[Xe}

- -©-
-~ o)} o] [

2]

The other (m—p)_equations of the form (6.32)'can be similarly written.

The p equations of type (6.é9) can be written in the form

- .- . [00100....000 ....0 0]

e e o
N

Ww

=3

1

m

. where each matrix contains m terms and the only non-zero term in the
row matrix is a 1 in the r'th position if r is the subscript of the g

on the °RHS.
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It may be simply shown that the {m-p) equations of type (6.33)
and the P equations of type (6.34) can be assembled into a matrix

equation of the following form

= |0 ’ ) ’ .(6,35)

'whére

(a) The row matrix of an equation such as (6.33)_éoes in the i'th
- row of the above (m X m) ﬁatrik} vhere i is the nodél point for which
equation (6.33) is obtaineé. A ze{p goe; into thé same'roﬁ.of the Rus
column.matrix of eqhatioﬁ (6.35) . i - .

(b) Tée row matrix of an equation such as (6.34) goes in the r‘th‘_‘ '
. xow of the (m x m).matrix, where the RHS of equation (6.34) is g,- The
value-gr goes igto the same row of the RHS.column‘@atrix of equation (6.35%.

-

Equation (6.35) can be rewritten in the form N S

H?=G. o : . vy (6.36)
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There is thus obtained a matrix equation of type (6.36), whose solution
yields the desired values of the unknown ¢'s.

Equation (6.36) can be solved by inversion or iteration procedﬁres

as described in the succeeding report (Ref. 7).
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