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KOMENCLATUEE 

-^   «= denotes material differentiation " 
dt 

D - the domain under consideration 

g . e: prescribed boundary condition of $ '                 .  ' . 

fi = unit normal vector           '.       •        . .. 

n ,n = direction cosines of ft' 

q = fluid velocity             _'..'.                           - - 

fi ■  = unit tangential vector                . ' 

ii,v  = components of q in x,y directions -.  . • 

X ,y = Dirichlet integral of the function (J 
j  j 

» ■■-■".•..■.". 

XC<j))  = Dirichlet integral of the function ^ • . '   ■ 

r = boundary of D        ■ " ■..■.." 

Tj = part of r, on vjhich ^ is prescribed ; ■' . ; 

r2 = remaining part of T, on v/hich ^ = 0 is prescribed 

t = area of an arbitrary triangle ■...■■ 

A5 =:;.area of triangle number 5 

e,h  = an arbitrary constant and function respectively, used in the 
variational procedure ■   ' 

^ = ' vorticity vector , "...  .. / ,. - .']■"./■■' 

p = density   , -, .. 

^ .»=    velocity potential '     ' '.'   .V' ■       '"■ 

^ ?:    stream ftmction ■•.■■■•■ 

V =    "Del" or gradient operator "     .      . "    .    ' 
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•  •"        ■   , ,.    ABSTRACT 

In. this report, the finite element method is applied"to field problems 

governed by Laplace's equation, and in particular, to potential flov; in 

fluid mechanics.  The conditions under vrhich the variational method may 

be used are examined for Dirichlet, Neumann and mixed boundary conditions, 

and for both singly- and multiply-connected regions.  The discretisation 

of .the field, using finite elements of triangular form is developed, and 

the resulting equations are solved.  A computer program based c5n this 

analysis has been developed and is fully described in a subsequent 

report.  This program will solve a two-dimensional potential field for 

simple or mixed boundary conditions and for singly- or multiply-connected 

regions.  It may be used for multiple-body flow fields, such as aerofoil 

cascades, with boundary constraints such as the Kutta condition. 



INTRODUCTION ., . 
• * /■ 

Analytical closed-form solutions to field problems involving 

Laplace's equation are presented in standard texts (such as Ref. 1,2), 

for simple geometries and boundary conditions.  For more complex shapes 

emd boundary conditions such as are found in the aerodynamics of internal 

and external flows, analytic methods which generally yield a nuirericali 

solution have been derived.  A summary of'the more important of these 

is given in Ref. 3.  For more difficult cases, a numerical method is 

usually resorted to.       ■    . "      ■     •  ' 

A widely-used numerical method, used for example in the solution 

of the harmonic and bi-harmonic equations, subject to certain boundary 

conditions, is the finite difference method. A drawback to this method 

is that if the boundaries are irregular, in the sense that the points 

on the boundary do not coincide with the prescribed netvzork, the method 

becomes more difficult to apply. This difficulty can be overcome with 

the finite element method, which was recently developed for structural 

and solid mechanics (Ref. 4). Irregardless of the shape of the boundary 

the elements may be fitted to this shape without complicating the method 

any further.  Although this technique has been used extensively in 

structural problems, it has not been widely adopted in fluid mechanics.  " > 

The application of the finite element method to the solution of . ' . 

field problems, involving Poison's and Laplace's equations, was proposed 

by Zienkiewicz and Cheiifig in 1965, (Ref. 5), though few applications of '. 

this method have been made since. ■ . .        ■     ■ ■ ■ - 
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In this report, the solution of Laplace's equation, under various 

boundary conditions, is investigated. The procedure used is essentially 

that proposed by Zienkiewicz and Cheung.  Recently a similar method has 

been developed independently by Silvester and Jaeger (Rof. 6) for • 

the solution of Helmholtz's equation. The original contribution of 

the present work consists of (aj the detailed development of the method. 

for the mixed boundary conditions often encountered in potential 

flow, such as the Kutta condition (b) the derivation of a method 

for obtaining the stream function ^  separately from the velocity 

potential (Ji (c) the verification of the finite element application 

to multiply-connected regions -(d) the development of a general- 

.    ■  ^ ---•■■ 

purpose computer program to economically solve two-dimensional 

Laplace field problems. '   "■ . .   ." 

This report is primarily devoted to analysis. A subsequent report 

(Ref. 7} considers the computation. The scope is restricted to two- 

dimensional fields. The extension of the method to three-dimensions 

is currently being investigated, "  , " . .  "' 

2.  BASIC EQUATIONS •. '•   ' ' ." •   ' :■"•.■ ■'''''-'.■''    '' 

'She  quasi-static flow of an incompressible, inviscid, fluid is 

considered.  It is furthermore assumed that the flow is two-dimensional. 

Since the fluid is incompressible 
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Hence  it follov;s  from the'equation of continuity, '   '. 

: ||+ p  V   .   q =  0, _ ;■       (2.2) 

that ■,■'•-.,■. '■.'■■-■'»':      '''^'■'\    '   ■'■'■'''. 

V"^  q - 0. -■        ■ ; .- (2.3) 

In cartesian coordinates, this gives for two-dimensional-flow 

is. 4. 3v _ .  ■  .  .  :    . •  , 
' .     3x ■" i7" °'       ■ • -■ :       " -. ■  (2.4) 

The fluid is assumed to be inviscid, and hence the motion is '      ; 

irrotational, consequently ," •-      ' ,. . 

i = -V (J. *    • .   -       . ■ (2.5) 

Substitution of equation (2.5) into equation (2.3) results in 

.'^* ^ °'  ■      . . ■     :'   "  •      (2.6) 

which in  cartesian  coordinates becomes . "   •'      "     . 

3^^    +     gT^T    =  0, ... ; ■• (2.7) 
. .    ,    *   ,       ' ■     '..    ^ '■ '' -   '■'       •■■-■/■ 

which is Laplace's equation in two dimensions. .    "    . ' -; 

From equation   (2.4)   it is  clear that with  the s\±>stitutions, ■• 

and 

3y    -' 

^.= 8^' 

the equation of continuity is satisfied, and hence that a function t^ 

exists and is related to velocity through equations(2.8). 

(2.8) 
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The motion is assumed irrotational, hence the vorticity vector, 

I ^ ^ x^, , (2.9) 

vanishes, and consequently '   . .    ' 

3v  8u 
3^"97" °- -       * ." t2.10) 

Substitution of equations (2.8) into equation (2.10) results in . 

^H - 0. (2.11) 

which in cartesian coordinates becomes 

3x^ • 8y 

Prom 

~^ t a^" °- (2.12). 

q = u i + V j, ^^2-.13) 

and equation (2.5), there follows that 

(2.14) 

" = - iJ' 
and .      • 

V = - r^ . 
3y 

Comparing equations (2.14) with equations (2.8), results in 

3({) _ d_^ .   ' , 
3x ~ 3y ' ." ■. ;: 

and • (2.15) 

• M. ^    It ■.....■. ■ - . 
■   ■  3y " ~ 3x.' ; . 

which may be recognized as the Cauchy-Riemann conditions. 

The formulation of the flow problem may either be in terms of the velocity 

potential, (J), that is, subject to . 

V^^, = 0, (2.16) 
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where ^ • •    •       • .' •  ' 

.■ . ,.x|i, andv = -|^,    ;     ■    :     -v;      ;^^^     (2.17) 

or in terms  of the  stream function,   ^,  subject to 

V^ =0, '     .      ■■  '-' - (2.18) 

where _      "'-,■■■ 

3.  BOUNDARY CONDITIONS . "       -. . . •   - ." ' 

VJhen a fluid is in contact with a solid wall, then the fluid and the 
> 

wall must have the same velocity normal to the wall, if the fluid does 

not penetrate the v?all.  Consequently, if the v;alls are at rest, then 

the component of the velocity normal to the.wall must be zero.  Hence, . 

q • n = 0. (3.1) 

Substitution of equation (2.5) into equation (3.1) results in 

l^n+l^n =0.     • -. '■   ':-K:"'.' ]-■-■'..   '-.:■ ' . (3.2) 
3x X  3y y •:• 

similarly in terms of the stream fxinction, ^,  there is obtained from 

equations (2.8), (2.13), and (3.1) '•'.•■ 

TT" n - -r^ n = 0. .    ;   .• (3.3) 
ay X  dx y ■   .- • -       . . 
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y 

■Jig. 3;.l Direction Cosines of n 

Frcwi Fig. 3.1, it is clear that 

8x  3y 

and 
3s 

3y    3x •■ 
n = "T— = - "z    . •   -. 
y  3n    3s ■     _ 

Consequently equations (3.2) and C3.3) reduce to 

and 

dn  3x 3n  3y 3n   * 

:; ds  3x 3s  3y 3s    ' 

(3.4) 

(3.5) 

(3.6) 

.as equivalent statements of the boundairy condition C3.1). 

Furthermore, it is noted that by expanding both sides of the follov/ing, 

through the chain rule, and substituting equations (2.15) and (3.4), that. 

dn ~ ds 
(3.7) 
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and ■ .. ■    ■     -■■,.'.'■.   '/.'.'. "■.::'    ■:•■■■- "^ 

dn      ~ ds   • . *:. <3.8) 

4.     STATEMENT  OF  PROBLEM '  ' .-'■.'. 

The  flow problem being considered reduces  therefore   to  the solution   ' 

of ' -      ■    /• ■   . ..■■■■ .    :■■-   '     ■■       .::„■■'     :" ;   :     .: "■    "  '    ■■■•■;   '        •. 

■ \       V^* = 0, ■ ^/ ' . .  .     \ - (4.1) 

subject to .   ; ,        -. ' ■ 

■•    ■ ^* - n ■'     '■.-.:■      ":      -■ ■  •• '"■ 

along solid walls. ' ..:-:■ •■ 
" - " > " . ■ -" 

Or in terms  of the  stream function,  ij(,  the solution of      . ' • ■. • 

"^H = 0, .'       y.    -.-:    - ' _ . '. (4.3) 

subject to '■       .  "• .       .  , "^ ' 

ds 

along solid walls, 

(4.4) 

5.  THE VARIATIONAL BASIS OF THE {4ETH0D 

5.1 The Dirichlet Princiole 

The technique'which is developed in this, report is founded on the 

Dirichlet Principle (Ref. 8). This theorem,'which may be stated as 

follows, converts a Laplace field problem' into a problem of the 

calculus of variations.      ;       . .:  .  - . .. • . '  * 

■-''Consider a domain D wi'tlj a function g defined on its boundary TZ 
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For each sufficiently differentiable function u defined in D + T, 

which assumes the prescribed values on the boundary, define the nuinber 

.       • X   (u)   =   rf     53(u2  + u2)   dxdy .   .    '  / ^     (5.1) 

-       ■ D ,-'■■..'. 'r, .■       ■■•■/-.  ."■ ••■•   ■ 

•where u    = f^,   and u    = ^.     This quantity,  the Dirichlet integral of 

the  fvmction u,   attains  a lov/er bound which  is non-negative.     Let v 

be the  function for which  this  lower bound occurs,   (i.e.,  for which 

X   (u)   is irdnim-zed) .     Then  it  can be  shown  that v satisfies Laplace's 

equation throughout D. "      -       . " ' 

Moreover,   it  can be  shov/ri that there  is  only one  function  for v/hich 

X  (u)   is  a iriinimuin i.e.,   that v is vinique.'' '    • • ■ 

For our purposes,   this  theorem will be  restated as  follov7s; 

'^he  solution  to ■...-.. "   ■       , 

".   "   . V^u = 0 over,D, " '    •'      . .       • (5.2) 

and      u  =g   pver,r,        • _ ■ ■- : 

is that function which minimizes the Dirichlet integral over D." ■ 

This variational principle may be applied directly to the flow 

problem, if it is formulated in terms of the stream function, if), or 

'in terms of the potential function, <{), provided that i|) or (J) is known 

at the boundaries.  This is not alv;ays the case.' For example, in the  / 

flow past an object, the value of '|) is determined up to an arbitrary 

constant at the surface, hence prescribing the  exact boundary condition 

■ cannot be accomplished.  However, from the section dealing v/ith boundary 

conditions, it is clear that • 

dn .  ■ . ,'   . •      •■ - 

along the surface of the object. . It would seem reasonable, therefore. 
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to first formulate the problem in terms of the potential fxinction, ^, 

5.2 The Variational Solution '■:"■■"   •;..,.■;_■■ 

Although the problem can be"solved directly by application of 

the Dirichlet Principle, it is more instructive to derive the variational 

solution from first principles as in the following. The constraints 

. or the boundary conditions are then clearly obtained. ■  .  •  ■ :, 

Consider the Dirichlet Integral (5.1).  since it is the sum of squares, 

it must alv/ays be non-negative.  Thus, in general, it will have a 

minimum (positive) value. Let the function u for v/hich this minimum is 

obtained be denoted hy ^. ' . 

Consider now any fxonction h(x,y) and any arbitrary constant e. 

Formulating the function       ' ,    ■      "V "  ; ; 

u = ({> + eh,       •    .     -■ ■/   ■ •     ■-.'■,_      ■        (5,4) 

and substituting into equation (5.1) gives 

• -V  X (e) = J J h{{^^  + ch^)2 + (^^ + ehy)2} dxdy  ' (5.5) 

D 
As e  varies in equation (5.5), so k  takes on various corresponding values.  The 

necessary condition for X to have a stationary value v;itK respect to 
-■ "      . • 

h  is      ■ ■...• '-',  : =- "-; ■ "^■---   .:■   '- .   -."- 

■ '   ■ 3x   "       '■■'•'" ';■:■" ;-■.""•     :: '■'-    ..■''■•    . -     ■";" . 
aF" ° • •     ■ -      -■ ; .   - . . C5.6) 

Evaluating equation (5.6) and then substituting in the condition e = 0 

■■ ^ 
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into equations (5.4) and (5.6), gives respectively        ■ 

u = 4. , , . , ■ (5.7) 

and ■, •   ■   .  ■'• ,   • ■ . ■  : ■. " ■ _.  . . . 

•■..-■••     " D ... - ■        ..__■.■.. 

Biit, frora the definition of ({>, the condition that e=0«is .the condition 

that also minimizes X in equation (5.5).  In this case, then, equation 

(5.8) which previously v;as the condition for a stationary value of X at 

e=0, is now the condition for a stationary £ind minir.tum value of X.' 

In summary, if ^  is the function roiniitiizing the Dirichlet Integral 
.  ■ ■» 

then ({) is the solution of " .- 

I] ((*. h    +  4) h  )   dxdy =  0   , (5.9) 
XX       y y - . 

D -       ■      ,    • 

where h(x,y)   is  an arbitrary  function.     The  application of this  result 

to the problem at hand,   incorporating the boundary conditions,  now 

follows. . -       . - ■ .   . 

Using Green's identity :   . • ' .      ,. " '     - . _   '   " 

Jj    ^"^x^x "^  '^y\^^''^y ^ - JJ   hV2(Jdxdy + j,.h — <3s   , (5.10) 
D ,     . D r .   . 

-there obtains  as  an alternate statement of equation   (5.9) 

.   ||hV2<J,dxdy -   f ^ 1^ '^s  =  0   - - .   '"  " . -    ■:   • (5.11) 
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^ Since h is arbitrary, it may be chosen to be zero on F but otherv^ise 

arbitrary in D. This choice leads to   -  . . *  ■ I 

^5^^^ == ° ' .  ./..     -     ; -   ■ :    (5.12) 

and 

H v2^dxdy = 0 ,    .      ■■.....-■,.     . ;■■- ..-;:. v ■   (5.13) 

hence 

V^4i = 0 over D (5.14) 

If, however, h is chosen non-zero it.follows from equation (5.12) ^   ' 

that ™ - 0 on r.  Alternatively, if |^ is prescribed as being zero 

on the boundary, then equations (5.12) ,.-.(5.13) and (5.14) hold with 

h still being arbitrary on the boundary. ■ '  '-. 

If on part of the boundary, T^, ^ is prescribed as .J=g, and ^ ^ 0, 

and on the remaining part, ?£, <^' is not prescribed but ^ = 0, then 
■, -    .  • dn 

for r = Fj + T2,  there obtains the results (5.12) , (5". 13) and (5.14) 
• •    <■, • ■  ■      •  , 

as before, by choosing h = 0 on rj. The form of equation "(5.11) is 

then ,:    ■ ■-.'.■-■'■ ■.'"■-'   ;■  -    .■"'.: 

. -.      . J[ hV^^dxdy :|h|^ds = 0 ,  . "  •:  -.•■•-  :_ --(5.15) 

; ':,:•',.,.■■. ^   :    ' -/a •    :' ■■■■."'■••'^^--^^^ 

frora which (5.12), (5.13) and (5.14) follow.     ' ' . 
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6.     THE FINITE   ELEMENT   DELATIONS 

«Kx, y) 

solution surface if (x,y) 

triangle projection on 

j assumed elemental 
I     triangular plane 

domain D.(divided into 
triangular elements) 

. "      Fig- 6.1 Domain D and Its Solution Surface ^(y:,  y) 

irhe solution to the problem being considered is that of finding the 

function ^ ~ ^(,x,y)   satisfying Laplace's equation throughout the domain 

V>,  v/here ^  is prescribed on Fi and — - 0 on r2. 

The function ^  = ^(,x,y)   represents a smooth surface. As an ■ . 

approximation, this surface is assumed to be made up of elemental triangular 

planes as shov/n in Fig. 6.1.  Let there Be n elements and m nodal points. At 

the boundaries, it is assumed that each nodal point is a pair-point  consisting 

of one point on f and one point in D immediately adjacent.  Since no 

discontinuities are assumed in D + T, the ^i-value is the same for each point of 

.a pair. ■ -       ■  " \ .     ' ■ 
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Consider a typical triangular elenant e as in Fig. 6.2.  The nodal 

points are numbered i, j and m in an anti-clockwise manner. 

(x ,y„,0 

<{>Cx,y) 

^v^i'V '-^ '±A(x.,y..^.) 

K'.^u^^^ 

CXj>yj,0) 

tx=—  X 

Fig. 6.2 A Typical Triangular Element e. 

Under the previous assumption, the equation of the function ^  becomes for 

the element e the equation of a plane, that is '  "   '   - '  " • 

Where ai, a2 and a^  are constants to be deterrainsd by the nodal values 

of if  and hence '    .        •..'■: ;■ "  , " .'     " 

(saj 

^y.  *" ^y.   ^^^f  ^^r  ^Ji,  vhere k ^  1,2, or 3 1  3  m (6.2) 

■ "V 
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From equation (6.1) , 

■«|)j = ai + a2X^ + 037 , (6.3) 

This'system of equations (6,3) yields a unique solution for the coefficients 
-; ! ■ 

Oi» 0(2/ and 03, provided that the coefficient matrix 

2A = 

1 X. y. 

1 X . y . 
J  D 

1 X y 
m m 

f^  0. (6.4) 

It can simply be shown by trigonometry that tv/ice the area A of the projected 

triangle is equal to the above determinant, as indicated.  Since the 

area cE the triangle is alv;ays finite, A j^ 0, and equation (6.4) is proved. 

With the introduction of the notation 

a. = x.y - X y. 
i   j m   m 3 

b. = y. - y 
a  -^3   m (6.5) 

. . C. = X  - X . 
i   m   3 

and solving for the coefficients a^, 02/ and 03, there obtains 
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* =^ IA ^ ^^ ■". V "^ v^ *i "^ ^^j "^ ^j"" ■" ''j^^ *j ^ ^^-"" ^™'' ■" ^-^^ *"-^   ^^'^^ n        El m.      m 

where b   ,   c   ,  b ■,   and  c     are  obtained by cyclic permutation of the  indices 
j       j       la in 

in relations   (6.5).     Equation   (5.6)   may be written  as  the matrix .equation 

^ = — {AO + B$x + C$y}   , 

vhere the matrices A, B, C, ?> are given by 

A = (a.  a.  a ) 
1       3  in 

B = (b. . b . . b ) . 
a:  3  m 

C = (c.. c.  c ) 
a  3  m 

(6.7) 

(6.8) 

and 

m 

(6.9) 

It was shown in Section 5,2 that the solution to the problem is 

obtained by finding the fiinction ({>.which satisfies equation (5.9) or, 

equivalently, minimizes the integral 

, X(^) = w hU^  + i>^)   dxdy . ^x   y 
(6.10) 

This relation may be rewritten as the sura over all elements, that is 

k2 J.  A2I 
n 

.X(<J) = I 
i=l 

hW^  + (i<) dxdy 
X   y 

(6.11) 



Prom equations(6.6)   and   (6.11),  it is  clear that ' / 

X((J))   =F((})2,   (|)2,   <}>3,    ,i>^)   . ,   / (6.12) 

The necessary condition for this to attain a miniiaoia is shown in "Ref. 

.9 to result in the set of m equations, '     ." , "'  ■ 

■ '    3x' ,' '. ■       ' ■-.  "  .'■'.■' ■ ■■ . ■ ■'■   ' '- 
gT-= 0, Where i = 1,  m . •• ,- . . (6.13) 

_ •   i ■ "    ■ 

(N.B.  It is conventional to denote the triangle vertices by i,j,m.  This 

• ai is an identifier and should not be confused v/ith the xa of equations 

(6.12) and (6.13). •  '  ■     \ ^ - ■      -  ■ 

If, hov7ever, some of the ^^s  of equation (6.12) are prescribed, in value, 

then these tj^'s are absorbed into F , since they are numbers. For example, 

. suppose (J)^, and ^^  are prescribed values, relation ((6.12) then becomes 

XW   =F($i, *2.---_Vl' '^K+r--'- Vl' "^L+l- V ' ',     , '    '.   <6.14) 

and hence this results in the set of equations (6 ..13) becoming the set of 

in-2 equations '   . . ' • 

■TT" = 0, where i = 1, »m '       - :'  -■ ■  ■ '   (6.15) 
■   ■  ■' .  '*'i i 7^ K 

■ ■ •     i ^ ^ ■   ■".   ■ ^" "■"■-. ■ :"-'. ';■■ /K,'■.-■-.■ 
■ ■ ' ■ ■  gy ■ .  • ■ 

..    In order to utilize equation (6.13) the quantities —-need to be 
oO. 

.  - -       i 
. calculated. F rom equation (6.11), :'-■"   ■ .'" .  . ■ 

- ' ■   ■ " i '  •" ■ ;' ■ ■■  '■'''''■■■-   -.■    ■■'■.:    .'-   '.   ' " • 
- X - I- X ;        .  :.:  ■ .   (6.16) 

.1=1' .;•■.■ / . :   ■■'     . - '■ ■ -     ■;■- • • . 

v/here X  denotes the Dirichlet integral over the i "1th element."        '  ' ■ 

Differentiating equation (6.16) yields . ". .'     ..• •-     ■ " 
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3X     !?  3X^ 

1   3=1   1 

3X 
The physical meaning of equation (6.17) is that -rr—is (the limit of) 

09. 
i 

the ratio of the change in X to the change in <J> at a particular nodal 

point i.  One can think of the (}i surface over Das being, a multi-faceted 

tent of some stretchable material.  Changing <J at some nodal point i, 

i.e., varying ^.,   corresponds to lifting the 'tent comer' at i vertically 

up,, or dovm.  This alters the tent surface dnZy  over those elements vrhich 

have a vertex at i, and alters the contribution from these elements to 

the total X.  The contribution to the total X from other elements*/ids 

3X 
not changed.     Thus •—— only needs to be calculated over those elements 

•   ^ 3X 
which have a vertex at i, since the contribution to ■—-— from other elements 

1 

is zero.  Thus in equation (6.17) the suirmation over the n elements of 

the surface, need only be taken over the etemsnts whtch have a vertex 

at the nodal 'point i.     This conclusion can also be shown by simple 

Biathematical reasoning.  Consequently, the quantity of interest is the 

sum of the contributions of the elements around the nodal point i to 

3X 9x^ the  relation    1rr~t   and hence  the basic relation needed is -r-—,  where e    ■ 

is  one of the elements which  contribute  to the nodal point i.     Applying 

equation   (6.11)   to  the  element e  and differentiating v/.r.t.   ^.   yields 

^ 
^^, '^-\\ ^K^KU^WyU^ [4'„C<|'J^    +  f.W^K   ]dxdy  , ..     t6.18l 

D^ 
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v/here 

(6.19) 

But differentiating relation   (6.7)   v/.r-t.  x and y gives 

/ 
^x      2A 2A       i       j       m 

I  ■ 

and 

'$'„ = rr- C$ = r^    (c.     c,   c ) y       2A    . 2A        a       j       m 

*i 

m 

m 

fespectively. .  •'  -       '       ^ 

Differentiating equations (6.20) .w.r.t. to (|>. then gives 

^K\.   =2A^i 

and 

«V*i^2A^i 

respectively. 

Hence equation C6.18) reduces to 

(6.20) 

(6.21) 

3X e  rr 

.     3, '[ fiA^^^^'^3'V 
*i 

m 

2-c.(c.,c.,c}  ;<{).] dxdy 4A'^ i' i' j m 

f*il 1 

*. 
J 

* m 

(6.22) 



The  integrand in  the  above expression is  a constant,  and since 

11 dxdy = A   , (6.23) 

there obtains 

3X 1 
^ [b. (b.,b.,bj   -^ c.(c.,c    cj] 

*i 

m 

(6.24-a) 

Similarly  it can be  shovm  that 

e ■ .      ■ 
3x         1 
-rT- = jT- [b   (b   ,b.,b  )   +  c.(c.,c.,c  )] 
3<j)         4A 3    1     3    m           3    1     3    in -^ 

m 

(6.24-b) 

and 

e 
3X 1 

■5A~ ~ 7T" t^   (b. ,b.,b  )   +  c   (c. ,c.,c  ) ] 
m *3 

Bl 

Equations   (6.24)   can be summarized in matrix form as 

(6.24-c) 

tff^^- 

3X^ 

3<^i 

3X^ 
.3(j). 

3 

3X^ 
3({. 

(6.25) 



- 20 - . 

Substitution of equation (6.24-a) into equation (6.17) and using the 

minimization condition for X yields ■ 

3X     '^ 
w:^ j^f, 4A.f^^^i'^'V-^-i^^i'-j'-ji 

*i 

== 0 , (6.26) 

where the quantity in the sumrr.ation is calculated over those elements, which 

contribute to the nodal point i.  If, in fact, element p does not'contribute, 

then the RHS of equation (6.25) does not contain a'submatrix with an i suffix 

for k = p, and therefore, the ^contribution from element p is zero. From 

equation (6.13), the condition for minimization of X is that the RHS of 

equation (6.26) be zero, as indicated. , .  ,  .   .      . 

If certain boundary conditions are imposed, for example 

*^i ~ %' where i = 1, ;.-.;.-!, p v;here p < m • • (6.27) 

then from the equation corresponding to (6.15) there obtains the set of 

m - p equations ^ ■       - ■ ' 

8X 
.8(f>. 

1 
= 0, where i = p + 1, .-: , m' •       (6.28) 

Together with the further p equations '   : ' '. . ■ ...  •/. 

*^ = g^, where i = 1, .: ...,p       ;  , "''   -.   '  (6.29) 

■.these form a set of m equations. .       ■-■.'■■   . ■ " •  .' 

The method of solution, is from this point on, more simply explained ■ 

in terms of an example rather than in general formulae.  The procedure 
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outlined . in the following is that used in the computer program later 

described. ^ •.'■,; •       ' • , ; 

The set of nodal points over the domain B are in an actual problem. 

assigned identification numbers in some convenient sequence.  Consider, 

for tlie purpose of our example, that the i'th nodal point is the point 

denoted as 5 and that it is surrounded by .the elemLents denoted by e = 

12, 13, 14 v;ith their other nodal points identified'as shown in Fig. 6.3 

below. • 

^ 

Fig. 6.3.  A Nodal Point With Its Surrounding Elements 

' •   There are assumed to be no prescribed values of <^  in the region 

\mder consideration.  Equation (6.26) is now used to calculate -^—- for 
34). 

the domain D, bearing in mind that in the RHS of equation (6.26) only 
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the elements  around i need to be  considered.    For our case,  these elements 

are  12,  13,   and 14. . ; ' 

In evaluating the RPIS quantity in the  summation  for each triangle, 

the  suffices  i,   j,  m must be  attached  to each  triangle in  turn,  keeping 

i the  nodal point  5, and j,   m being the other vertices  identified anti- 

clockv?ise.     This procedure,  using equation   (6.25)   in the-form 

b.b.   +  c.c.       b.b.  +  c.c.       b.b    +  c c 
r   1  J- 11 1   3 1   ] 1  m i-m-. 
I 4A ' 4A '   - ■ :-4A- -      ■■' 'i 

m 

0   , (6.30) 

yields the follov/ing equation-. 

4A 12 AL^^     ■ ' 4A 12 

^c^c + Cc*^c   ^c^-7 + c_c_   b^b^ + c^c„ r -5 5   5 5   5 7   5 7   5 8   5 8^ 
I        X A . » >( A I A A J 4A 13 4A 13 4A^3 

(6.31) 

+ 

t) b  + c  c 
r-5 5-^5 5 

b^b + c^c„ 
5 8   5 8 

4A.- 'l^* 4A 14 
^5\ "-  ^5^6. 

4Ai:,   ' 

h 
*8 

s. 
= 0. 
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By expanding equation   (6,31),   collecting terras  in ^   ,   ^- ,  <^   ,   ^   ,   and 
i>        t>        V        8 

reassembling in matrix form,  equation   (6.31)   can be v;ritten in the 

follov/ing form • '    . 

r   ,5 -5   ,5 '5   , 
[  d^ ,d^ ,d^ ,dg   ] 

<f>. 
= 0   , (6.32) 

Where the superscript on the d's identify them as deriving from the. nodal 

point i = 5, and the subscripts are chosen as corresponding to the sub- 

scripts of the cji's for convenience. '■ ^ ■  .     . '. 

Let m, as before, be the total number of nodal points including those 

on the boundaries, and let p be the number of nodal points on the 

boundary V7here ^ is prescribed.  By letting i now successively denote 

all the (m-p) nodal points over the region D. that do not have prescribed 

({> values, one obtains (m-p) equations similar to equation (6,32).  The 

boundary conditions yield a further p equations of the type (6.29).  There 

is thus a total of m equations involving (m-p) unknov/n <J's and p known (|)'s. 

There is thus, in general, sufficient equations to solve for the unknown 

Equation (6.32) can be written in the form below 
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[0 0 0 0 d^ d^.d^ dg 0 0 0 0 0 0 0] = 0 (6.33) 

in 

vhere each matrix contains m terms.        '   '     - 

The other (m-p) equations of the form (6.32) can be similarly written. 

The p equations of type (6.29) can be written in the form 

[0 0 1 0 0 ....0 0 0   0 0] 

m 

= g '3 ' (6.34) 

where each matrix contains m terms and the only non-zero term in the 

row matrix is a 1 in the r'th position if r is the subscript of the g 

on the :RHS . ■.-'■.:..:. 
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It may bo  simply  shov/n  that  the   (m-p)   equations of type   (6.33) 

and the p equations  of type   (5.34)   can be  assentoled into a matrix 

equation  of the   follov7ing  form 

0  0  1 00  0 

0  0  0  0  d^  d^ d^  d^  0  0 

m 

0 (6.35) 

■ where • '. .      . - . 

(a) The row matrix of an equation such as (6.33)_ goes in the i'th 

row of the above Cm x m) matrix, where i is the nodal point for which 

equation (6.33) is obtained.  A zero goes into the same row of the fes 

column matrix of equation (6.35) 

(b) The row matrix of an equation such as (6.34) goes in the r'th 

row of the (m x m) matrix, where the KHS of equation C5.34) is q .  The 
•    r' 

value  g^ goes  into  the  same  row of the PJIS  columji matrix of equation   C6.35) 

lEquation   (6.35)   can be rewritten in the  form '■ .    ?   ■' 

H $ = G. C6.36i 
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There is thus obtained a matrix equation of type (6.36) , v;hose solution 

yields the desired values of the unknown ij's. • 

Equation (6.36) can be solved by inversion or iteration procedures 

as described in the succeeding report (Ref. 7). . " 

Acknowledgement  •        " '  _ *   ■ . .  .  • 

The. work described in this report has been supported by the National 

Research Council (Grant No. A4192) and the Defence Research Board 

(Grant No. 9550-32), and this assistance is gratefully acknowledged. 

•  The contributions of colleagues, particularly Dr. Y.K. Cheung,  "  / 

■ tov/ards this investigation have been appreciated.        "        . -■ 

r" 



■ ■       ■ References .        '•   ■ 

1. Robertson, J.M. "Hydrodynamics in Theory and Application", 
Prentice Hall, Nev; Jersey, 1965. .  ■ 

2. Artley, J.  "Fields and Configuration", Holt, Rinehart and 
Winston, Nev/ York, 1955. ■  _ 

3. Horlock, J.  "Axial Flov/ Turbines - Fluid Mechanics and 
.     Thermodynaniics", Butterworth, London, 1965. 

4. Zienkiewicz, O.C. and Cheung, Y.K.  "The Finite Element ■ 
Method - Structural and Continuura Mechanics", McGrav7-Hill, 
Maidenhead, England, 1967. 

5. 'Zienkiev/icz, O.C. and Cheung, Y.K.  "Finite Elements in the 
;       Solution of Field Problems", The Engineer, pp. 507-10, 

24 Sept., 1955. .    . ■. 
-       .        • ■ 

6. Silvester, P. and Jaeger, L.G.  "Finite Element Solutions of 
the Tv7o Dimensional Helmholtz Equation", Proceedings of 
the Second Canadian Congress of Applied Mechanics, V7aterloo . 
20-23 May, 1969. -   .    .       .. 

7. de Vries and Norrie, D.H,  "The Application of the Finite 
Element Technique to Potential Flov7 Problems; Part II", 
Mechanical Engineering Department Report No. 8, July 1959. 

8. Epstein, B,  "Partial Differential Equations", pp. 183-198, 
McGraw-Hill," 1962. ... 

9. Dettman, J.W.  "Mathematical Methods in Physics and Engineering", 
p. 102, 2nd Edition, McGraw-Hill, 1969. 


