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mSILS SIRSSS-STRAIN CURVSS 

OBJSOT 

To determine the relation between stress and 
strain In the Initial part of the plastic 

region of the stress-strain curves 
particularly of plain carbon steels. æ 

SUNKARY ' % 

1. It is shown that for specimens of a number 

of steels the logarithm of the stress Is essential¬ 

ly a linear function of the logarithm of the plas¬ 

tic strain (for strains from *01 to about .4). 

2. From the data of Bridgman, It has been 

found that, for copper, this linearity extends to 

very large strains (3.5). 

3. For the plain carbon steels studied, the 

logarithm of the slope of the linear part of the 

stress-strain curve Is essentially a linear func¬ 

tion of the logarithm of the yield strength. 

4. If the logarithmic stress-strain curve Is 

linear at least to the strain at which necking be¬ 

gins, the magnitude of the slope of the curve Is 
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exactly equal to the value of the strain at which the 

maximum load occurs. 

5. Based upon the above results, a simple method 

of determining the stress-strain curve is suggested. 

This method involves the determination of only the 

following values: the maximum load, the breaking load 

the strains to maximum load and to fracture. 
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INTRODUCTION 

* 

1 to 5 
In previous papers , It has been pointed out 

that when the tensile stress (load divided by actual 

area) is plotted against the tensile strain (logarithm 

of the ratio of the initial to the actual area), the 

stress-strain curve is linear from about the strain at 

maximum load to the strain at fracture. In the design 

of most engineering structures, however, only the 

Initial part of the stress-strain curve is of impor¬ 

tance, for an engineering structure cannot suffer 

large plastic strains without becoming unstable and 

perhaps being rendered unserviceable. At present, it 

is difficult to compare the initial plastic parts of 

the stress-strain curves because of the difficulties 

encountered in comparing lines of continually chang¬ 

ing slopes. 
g 

It was suggested by Norris that the logarithm 

of the stress was very nearly a linear function of the 

"true tensile elongation"*. No attention has been 

given, however, to the relation between the stress and 

the "natural" strain in the initial plastic part of 

*The ratio of the initial area to the 
actual area minus one. 





RS5in.T5 ANS DISCUSSION 

While a plastically deforraecl material is under 

stress, the actual deformation consists of two parts: 

the elastic and the plastic. The elastic contribution 

to the deformation involves a volume increase, while 

the plastic involves no change in volume. The 

relation between strain and area is given by the 

following equation: 

Ao 
€ = ln T (i) 

where £ is the strain, Ao and A, the initial instan¬ 

taneous areas, respectively. This equation may be 
c 

derived from the fundamental definition of strain, 

i • e • • 

a* » Y (2) 

if it is assumed that the volume of the material re¬ 

mains constant during deformation. It follows that 

this relation between strain and area is exactly 

consistent with the definition of strain*, only if, 

refers to the plastic (permanent) strain. The area, 

A, therefore, is not the area that is involved when 



a stress, 5, Is being applied but the area measured 

after the stress has been removed and the elastic 

strain has been relieved*. Consequently, the area, A, 

will be taken hereafter as the area of the test bar 

after the load has been removed. The difference be¬ 

tween the strain as determined from the area measured 

under load and that determined from the area measured 

under no load is very small (.002 at 100,000 p. s.i. 

stress) and of no significance except for very small 

strains^ 

The logarithm of the tensile stress** has been 

plotted as a function of the logarithm of this plastic 

strain for specimens of a number of steels. HThen 

plotted invthis manner, the data, from very small, 

strains'( c? .01) to strains of about .4, fall on 

*lf the actual area under load has been mea¬ 
sured, the plastic strain is equal to 
lnX “ 2u( 5/3), where A is the area under 
load, u, Poisson’s ratio, 5, the stress, and 
S, Young’s modulus. 

**Tha stress is obtained by dividing the load 
by the area and is therefore an average stress, 
which after necking coamences, is subject to 
the correction due to the variation in stress 
across the necked diameter. 



straight lines*. 

mm——- 

In Figures 1, 2, 3, and 4, the data for variously 

heat-treated specimens of four plain carbon steels are 

plotted in this fashion. The data of Figures 1 and 2 

are taken from a previous report'*", the data of 

Figure 3 are new, and that of Figure 4 are taken from 

the results of Sensamer and co-workers **. 

It is to be noted that for all specimens the 

logarithm of the stress is essentially a linear func¬ 

tion of the logarithm of the strain, from strains of 

about .01 to about .4***. For strains larger than 

about .4, the data in most cases diverge upward from 

the straight lines. 

*For steels which exhibit a drop in load at 
yielding and a lower yield-point elongation, 
this linearity of the logarithmic stress- 
strain curve commences when the stress begins 
to rise, (after the lower yield-point elongation) 

**Tha data of Gtensamer et al are somewhat un¬ 
certain, for the published results do not ex¬ 
tend to small strains. 

***It should be noted that clotting of data on 
log-log caper should be carried out with 
discretion, for the scales are such to ob¬ 
scure small variations from general relation¬ 
ships. The Justification for such plotting 
rests on the usefulness of the results. 
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This upward divergence of the logarithmic stress- 

strain curve from linearity Is not always the case, 

however. In Figure 5, are plotted the logarithmic 
Q 

shear stress-strain curves for a mild steel . Curve A 
0 

was derived from a tensile test with the use of the 

Von Mlses* viewpoint, and Curve 3 was taken directly 

from a torsion test performed on the same material. 

The data for large shear strains derived from the 

tensile tests diverge upward from the straight line, 

while the torsion data diverge downward. This fun¬ 

damental difference between the behavior in tension 
0 

and torsion has been previously discussed in detail 

and ascribed to the difference in orientation 

effects (of- carbides) associated with the two types 

of deformation. Recent data obtained in this lab- 

oratory* on copper specimens In tension indicate 

that the linearity extends to the fracture strain, 
g 

and results obtained by Bridgman indicate that for 
t 

copper in compression, the linearity extends to 

strains of about 3.5. 

In Figure 6, the logarithm of the slopes of 

♦To be presented in a subsequent report. 



.. "F ■ " » I » "i .1 ■ , U ... 

the logarithmic stress-strain curves have been plotted 

against the logarithm of the stress at a strain of 

.01. The logarithm of the slooe varies nearly 

linearly with the logarithm of the stress for each 

carbon content. The points fall on nearly parallel 

straight lines for each carbon content independent of 

the type of structure of the steel. Some of the 

specimens were tempered martensite, some pearlite, 

and some bainite. The commonly held belief that 

the ratio of yield strength to tensile strength depends 

upon structure may be reconciled with the above state¬ 

ment if it is realized that fully quenched and tempered 

steels reveal a drop in load at yielding more readily 

than do steels having lamellar structures. The lower 

yield stress of a metal hawing a drop in load at 

yielding is greater than would be the yield strength 

(at a small strain) for a steel having a smooth 

stress-strain curve and the same tensile strength. 

Fully quenched steels may therefore, in many cases, 

appear to have a larger yield-tensile ratio than 

steels having a lamellar structure. The .59¾ C. 

steel specimen tempered at 1300° F. illustrates 

this phenomenon. This specimen reveals a drop in 

- 7 - 
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load at yielding and a pronounced lower yield-point 

elongation. As Indicated In Figure 3, the stress at 

a strain of .01 obtained by extrapolating the smooth 

stress-strain curve Is about 14,000 p.s.l. smaller 

than Is the lower yield stress*. 

The equation of the straight lines of Figure 6 

may be written as: 

log m = K -.94 log 1 (3) 

where m Is the slope of the logarithmic stress-strain 

curve, 1, is the stress at a strain of .01, and K, Is 

a constant which depends upon the carbon content as 

Indicated In Figure 7. -Thus, for the plain carbon 

steels investigated, the yield strength and carbon 

content together will determine, with the use of 

Figure 7 and Squation 3, the slope of the logarithmic 

stress-strain curve (in the range of strain from .01 

to .4). 

For the steel specimens studied in the range from 

vary small strains ( ,01) to strains of at least 

.4, the following relation Is valid: 

d InS = m (4) 
d InS 

where m Is' the slope of the logarithmic stress-strain 

*The value of the stress at a strain of .01 
used In this report for this specimen Is 
taken as the extrapolated value. 

- 8 - 
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curve. It follows from Squatlon 4 that: 

fc= m (5) 

Prom Squatlon 1, dt may ho obtained, and, upon 

substitution: 

% / '\ 
V /âA 

,= -m (6) 

Kecking begins when the load reaches a maximum and 

therefore at the maximum load: 

since 

d L = aus) = o 

L = AS 

(7) 

where L Is the load, and S the stress. Carrying out 

the differentiation Indicated in Squatlon 7, the fol¬ 

lowing Is obtained: 

AdS + SdA = 0 
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which Is ths condition for necking. Substituting 

Squatlon 8 In Squatlon 6, the following relation 

results: 

■ 

^n m (9) 

where tn is the strain at which necking begins and 

at which the maximum load occurs. Therefore, the 

slope of the logarithmic stress-stràin curve is 

equal exactly to the strain at the maximum load*. 

This result permits the determination (at least 

for strains in the range of .01 to about .4) of stress- 

strain curves by a very simple procedure. It Is only 

necessary to measure the Initial diameter of the 

specimen, the maximum load and the elongation or the 

diameter at which the maximum load is reached. From 

these measurements, the stress, and the strain at 

maximum load may be determined, and one point may be 

'"This result depends, of course,'upon the " 
validity of the assumption that the 
logarithmic stress-strain curve is linear, 
at least to the strain at which the maximum 
load occurs, which assumption is valid for 
the steals studied. 
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plottad on tha logarithmic atrass-strain curva. Â 

straight line with a slopa exactly equal to tha strain 

at the maximum load (€fn) may then ba drawn through 

this point, this logarithmic stress-strain curve may 
# 

then be replotted as a normal stress-strain curve up 

to a strain of 0.4, as illustrated in Figures 8a and 

6b. If the metal exhibits a drop in load at yielding v 

and a- lower yield-point elongation, it is necessary 

to measure the upoar and lower yield stresses as well 

as the maximum load and strain to maximum load. The 

lower yield stress is laid off on the logarithmic 

stress-strain curve, as Illustrated in Figure 8c. 

The true stress-strain curve can then be replotted as 

illustrated in Figure 6d, placing on this curve the 

upper yield stress. 

The diameter at which necking begins may be 

determined very easily if the diameter over the 

gauge length of the tensile bar before testing is 

uniform. Before the maximum load is reached, the 

entire specimen deforms uniformly over tha gauge 

length. T7hen the maximum load is reached, the 

specimen begins to neck and the metal at the necked 

region continues to deform and the material away from 

the necked region ceases deforming. After the bar 



» 

J 

T 

is broken, the diameter of the uniformly deformed but 

tmnecked section of the specimen may be measured and 

the strain to the maximum load determined. 

For specimens which are not exactly uniform over 

the gauge length, measurements of the diameter of the 

specimen may be made (at marked intervals along the 

specimen) before the specimen is tested. After the 

specimen is broken, the diameter at the same marked 

positions in the unnecked section of the bar may be 

measured. From the initial and final areas at these 

positions, the strain may1 be determined. However, 

since the bar is not uniform, this strain will not 

be equal to the strain at which the specimen began to 

neck. A chart has been prepared (Figure 8) by which 

the strain at necking can be determined from this 

measured strain. 

The relation between the measured strain and the 

strain to necking will depend upon the ratio of the 

initial area of the specimen at which the measurement 

was made, to the initial area of the specimen at the 

point at which necking occurs. The relation between 

the two strains has been calculated (Appendix A) for 

several values of C where: 

!• 
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O * In ^21 
Aon 

and.where A02 Is the Initial area of the specimen at 

the uniformly deformed but unnecked portion of the 

specimen at which the final diameter was measured 

and Aqj^ Is the initial area of the specimen at the 

position at which necking occurred. 

If it is desired to obtain the entire stress- 

strain curve, the final diameter and the breaking 

load* may be measured and a straight line drawn (on 

linear paper) between that part of the stress-strain 

curve which is linear on log-log paper (strain of 

about .4) to the point at which fracture occurs. 

This procedure is illustrated in Figures 8b^and 8d. 

*In normal tensile tests, the breaking load 
is difficult to determine accurately, and, 
therefore, special care must be taken to 
obtain accurate results. 

- 13 - 



APPSKDIJC A 

Datarralnatlon of Strain at Kecking 

The strain at which necking begins In a tensile- 

test bar nay be simply found by measuring, after the 

test, the cross-section area of an unnecked portion 

of the bar, provided the cross-sectional areas before 

the test In both the necked and unnscked portions are 

known. Since within the range of uniform deformation, 

the logarithm of the stress 5 varies linearly with the 

logarithm of the plastic strain £, there Is obtained: 

InSsmlnfc+b (Al) 

where m and b are constants. Moreover, since it has 

been shown that the constant of proportionality, m, Is 

equal to the strain at necking £n, Equation Al may be 

written: 

Therefore 

or 

where the Sn 

ln S = fcyj In £ + b 

In Sjj - in Si »£n (In - In €^) 

ln in =£ in fn 
Si n «1 (A2) 

and ¿n refer to the stress and strain at 

- 14 - 
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necking and and to the maximum stress and strain 

occurring at an unnecked portion having the resulting 

area Since Sn and S^ occur simultaneously the 

load: 

or 

Vn = *lsl 

^n - ^1 
5l An (A3) 

where ^ is the area at necking. Substituting 

Squation A3 in A2: 

£n Incn = ln Ai = ln \Á0nj40l; 
*n 

= In - 

'n 
In ¿21 + In ¿ol 

A1 

where Aon and A0^ designate to the areas before the 

test of those portions, referred to above, which 

afterwards have areas An and A^, respectively. 

But by the definition of strain: 

cn 
= In 

*1 = 
= In 

ln 

^o 1 

à 
. 
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