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WEAPONS SYSTEMS EVALUATION GROUP
400 ARMY NAVY DRIVE

ARLINGTON. VIRGINIA 22202
21 FEB 1975

MEMORANDUM FOR DIRECTOR OF DEFENSE RESEARCH AND ENGINEERING
SUBJECT: Quantity-Quality Tradeoffs

l. The study contained in this report, WSEG 250, was pre-
pared for DDRGE (P&A) in response to WSEG Task Order 216,
dgted 14 November 1973.

2. The objective of this report is to develop the theory
in the tradeoff between quantity and quality. The study
represents an initial effort to examine several concepts
which might be usefully applied with some additional
investigation. It was recognized at the outset that the
scope of the study and the complexity of the problem
almost precluded definitive results. Four different

areas which showed promise were investigated: (a) general
purpose fighter/bomber aircraft designed for the multiple
roles of intercept, airbase attack and close air support;
(b) medium tanks; (c) mathematical attrition processes in
multiple engagements and (d) historical records of air to
air combat from World War II. All four investigations
produced results which could prove useful in more detailed
decision-oriented analyses.

3. The first analysis investigated aircraft quantity-quality
tradeoffs at the theater level. The measure of effectiveness
(MOE) was FEBA movement as a function of the ratio of combat
firepower, of which air firepower (delivered CAS sorties) was
only a portion of the total. The results of this analysis
tend to support the idea that increasing quantity is a
better investment than increasing quality in the range of
forces and effectiveness parameters considered. In some
cases the MOE was quite insensitive to changes in the air-
craft quality parameters. However, the MOE was always
sensitive to changes in quantity. The analysis did not
determine the cost relationship between the individual
quality parameters and quantity. Therefore, the results
are not conclusive for decision making.




4. In the second analysis (tanks) the primary MOE was loss-
rate difference as determined from multiple computer runs of
a tank exchange model, simulating tank engagements of 1 to 5
tanks on defense and 1 to 10 tanks in the assult. Here again,
there is so little parametric cost data on tanks that the
final link between the quantity, quality, effectiveness and
cost could not be made.

5. The last two analyses were primarily theoretical and may
prove useful in further investigations of the quantity-
quality tradeoffs. ‘

(/hz ,7/.'

M. H. SAPP
Rear Admiral, US
Acting Director




UNCLASSIFIED

STUDY S-443

QUANTITY-QUALITY TRADEOFFS

Jerome Bracken, Project Leader
Alan F. Karr
Eleanor L. Schwartz
Roy J. Shanker
Henry E. Strickland, Jr., Colonel, USA

Morris J. Zusman

January 1975

This report has been prepared by the Program Analysis Division
of the Institute for Defense Analyses in response to the Weapons
Systems Evaluation Group Task Order DAHC15 73 C 0200 T-216,
dated 14 November 1973.

2

INSTITUTE FOR DEFENSE ANALYSES
PROGRAM ANALYSIS DIVISION
400 Army-Navy Drive, Arlington, Virginia 22202

UNCLASSIFIED IDA Log No. HQ 74-16712




SUMMARY




CONTENTS OF SUMMARY

2.« ENTRODURRTON o, . . U ala og ¢
2. DISCUSSION AND SUMMARY . . . . .

A. General-Purpose Aircraft: Theater Level .

1. MeEhOAOIOEY . o ol 5l in u, 415 I
& DGR S A L R
3. Application of Methodology .
B. Tanks: Engagement Level . . .
1. NetROAOLIOBY, « .+ s'ie o otei’s
o S DR 55 U oy AU IR e de s d =g T
3. Application of Methodology .
C. Mathematical Models of Attrition

Processes .

D. Physical Characteristics and Weapon-System

Effectiveness Parameters . . . .

References . . [ L] . . . L] . [ L] L] L] . L]




S-4

FIGURES

FEBA Position at D+10 as a Function of Blue Quantity
and Quality, With Low Killing-of-Aircraft Parameters . S-7

FEBA Position at D+10 as a Function of Blue Quantity
and Quality, With High Killing-of-Aircraft Parameters. S-8

Effectiveness (Loss-Rate Difference) as a Function
of Number of Blue Tanks and Quality Parameters -
10 Red AttaCk Tanks . . . . . . . . . . . . . . . . . S-13

Effectiveness (Loss-Rate Difference) as a Function
of Number of Blue Tanks and Quality Parameters -
6 REd AttaCk TankS . . . . . . . . . . . . . . . 'Y . S-lu

TABLE

Effectliveness Parameters Initlally Investigated
(Blue On Defense) . L] . . . . . . . . . . . . . . . . S-12

Pe—




1. INTRODUCTION

The purpose of this study 1s to develop methodology for
trading off quantity and quality of weapons systems. The
methodology that has been developed deals with determining
effectiveness as a function of quantity and quality of weapons
systems. To make declisions on optimal mixes, costs are needed
as 2 function of the same variables. The study does not treat
costs, but concentrates on the effectiveness aspects of quantity-
quality trade-offs.

Developing effectiveness functions 1s usually thought of as
more difficult than developing cost functions, because peacetime
cost-accounting data are routinely maintained and peacetime costs
of new systems can be predicted, at least in principle, as func-
tions of physical and operational variables of existing systems,
while wartime effectiveness depends upon both friendly and
enemy physical and operational variables, and useful wartime
data are not generally available--even for existing systems.
This study treats mostly modeling aspects of determining effec-
tiveness functions, although some empirical combat data are
analyzed in Chapter 4.

In the four chapters of this study, methodology is the key
aspect of the work. The results of the exploration are (1) to
illustrate analytical approaches to trading off quantity and
quality and (2) to show how areas of sensitivity (where quantity-
quality trade-offs are most important) can be identified by the
methodology. Example data are used in simulation models of air-
craft (in Chapter 1) and tanks (in Chapter 2). Theoretical work
is emphasized in Chapter 3. Some methodological developments
for processing combat data are presented in Chapter 4.
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Chapter 1 considers general-purpose aircraft at the theater
level. A theater-level model is employed that simulates ground
and air warfare and that includes optimal allocation of general-
purpose aircraft to missions. Trade-offs between quantity of
aireraft and quality of aircraft measured by firepower per combat
air support (CAS) sortie are analyzed. Varlous effectiveness
levels for both sides in the intercept (INT) and airbase attack

(ABA) missions are considered. If the "killing-of-aircraft"
parameters associated with INT and ABA are low, there 1s a large
effect on the ground-air war (measured in terms of FEBA advance)
from CAS sorties and sensitive trade-offs between quantity and
quality. When one or more of the killing-of—aircraft'parameters
are high, the trade-offs are not sensitive. For most of the
force levels and effectiveness parameters considered, variations
in quantity of aireraft have a greater effect than variations in
quality as measured by CAS firepower.

Chapter 2 treats tanks at the engagement level. Engage-
ments of up to 10 offensive tanks against 5 defensive tanks are
explored. A Monte Carlo simulation of tank engagements is used
to perform the analysis. A statistical tethudology is developed
that permits (1) selection of the quality perameters %o which
the model is most sensitive and (2) estimation of effectiveness
according to various measures as a furction of quantity and
quality. Results are given for selected caces.

Chapter 3 explores mathematical attrition processes, mostly
from a theoretical point of view. Quantity-:uality trade-offs
with Lanchester square and Lanchester linear mathematical struc-
tures have been thought to be important for some time. However,
it is quite difficult to apply the theory. This chapter identi-
fies combat situations having physical properties leading to
varlous mathematical forms, including Lanchester square,
Lanchester linear, multiple-engagement binomial, single-
engagement binomial, and barrier penetration. This is a step
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towards applying these methods in quantity-quality trade-offs;
for once a mathematical form is Justified to be appropriate and
parameters are available, quantity-quality trade-offs can be
made. The work presented here does not make the trade-offs,
but it 1s believed to be a contribution to the eventual appli-
cation of mathematical structures to weapons-systems decisions.

Chapter 4 develops some new methodologies for relating
physical characteristics to performance parameterrs used in
simulations. A demonstrative empirical investigation based on
World War II fighter aircraft 1s explored. Data on outcomes
of engagements and on physical characteristics of the aircraft
involved are developed for U.S. and German aircraft. Probabil-
i1ty of kill 1s estimated as a function of wing loading, power
loading, maximum speed, maximum celling, number of machine guns,
and number of cannon. Several other aspects of methodology for
using historical data and subjective data in weapons-systems
design are discussed in the chapter.
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2. DISCUSSION AND SUMMARY

A. GENERAL-PURPOSE AIRCRAFT: THEATER LEVEL
1. Methodology

Trade-offs between quantity of general-purpose aircraft
and quality of general-purpose aircraft as measured by fire-

power per CAS sortie are investigated in Chapter 1. The OPTSA
model (Reference [1]) is used for the investigation. It simu-

lates a two-sided conventional war with ground forces and
tactical air forces, adding the air-delivered firepower from
CAS missions to the ground firepower and forming the force
ratio

Blue ground firepower plus Blue air firepower
Red ground firepower plus Red air firepower

which is used to calculate movement of the forward edge of the
battle area (FEBA) and casualties to the ground forces of both

sides. Aircrafi of both sides are assigned to CAS, INT, and

ABA missions to optimize the position of the FEBA at a particu-

lar day of the war.

The reasons for using a game-theoretic model such as OPTSA

are that war outcomes are sensitive to assignments of aircraft
to missions and that optimal assignments of aircraft to missions
are sensitive to effectiveness parameters. Thus, a model with
built-in mission assignments can yield very different war out-
comes from those that occur with two-sided optimal, or mutually

enforceable, strategies. To deny either side his enforceable

strategy is to underestimate his capabilities. The OPTSA model

substantially reduces the concern about mission allocation.
incorporates FEBA movement computations, casualty-estimation

S-5
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methods, and air-attrition equations similar to those used in
other commonly applied theater-level models. Thus, 1t 1is

believed to be an appropriate vehicle for studying quantity-
quality trade-offs.

Data

Data described in Chapter 1 are hypothetical, but they
bear some relationship to usual planning data. Blue and Red
divisions number 24 and 80, respectively. Blue aircraft

quantity is varied; Red aircraft quantity 1s fixed at 2,000.
Firepower per Blue CAS sortie is varied; firepower per Red
CAS sortie 1s fixed at 1/100 of firepower per Red division
(higher than most planning numbers, though within the range).

A 10-day war is considered. Without CAS, the positioﬂ of
the FEBA would be =100 at D+10, based on the function used for
FEBA movement as a function of force ratlo.

Application of Methodology

Figures S-1 and S-2 give isovalue contours for FEBA posi-
tion at D+10.as a function of number of Blue aircraft and
firepower per Blue CAS sortie, for low and high killing-of-
aircraft parameters, respectively. Killing-of-aircraft
parameters reflect probability of kill, given detection, in
the INT and ABA missions, by both Blue and Red.

In Figure S-1, starting from the upper left circle at
1,000, 0.10 (where FEBA position is -82), note that adding
1,000 aircraft leads to -19 and adding 0.04 units of fire-
power per sortie leads to -72. However, starting from the
lower right circle at 2,000, 0.02 (where FEBA position 1is
at -117), note that adding 1,000 aircraft leads to =97, while
adding 0.04 units of fifepower per sortie leads to -49. The
conclusion is that additional quantity yields more at 1,000,
0.10 and additional quality yields more at 2,000, 0.06. That

S-6
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is, if quantity is low and quality is high, adding quantity 1is
preferred; but if quantity is high and quality 1s low, adding
quality is preferred. If aircraft are survivable, these changes
make a significant difference in war outcomes.

Another way of thinking about marginal changes using these
isovalue contours 1s to consider the gradient at any point--
namely, the line perpendicular to the tangent of the isovalue
contour at the point. Gradients are approximated in Figure S-1
as dotted lines. The best combined quantity-quality marginal
changes from an effectiveness point of view are along the gradi-
ents. Starting from 1,000, 0.10 relatively more quantity is
preferred, while starting from 2,000, 0.02 relatively more quali-
ty is preferred.

Now consider Figure S-2, which has high killing-of-aircraft
parameters. First, the situation is much worse for Blue, with
the 1,000, 0.10 case having FEBA position -120 as opposed to
-82. _Starting at 1,000, 0.10 (with FEBA position -120), adding
1,000 aircraft results in FEBA position -92; adding 0.04 units
of firepower per sortie leads to -117. Changes in quantity and
quality have less effect than in Figure S-1, and changes in
quality have much less =ffect. Starting at 2,000, 0.02 (with
FEBA position -102), adding 1,000 aircraft leads to -79; adding
0.04 units of firepower per sortle leads to -95. That is, if
aircraft are not very survivable, neither improveﬁents in quanti-
ty nor quality make a significant difference.

Chapter 1 discusses in detail the factors that drive the
overall results. Quantity and quality changes in general-
purpose aircraft--and related issues (air defense and aircraft
shelters)--are explored in some detail. In general, the
findings are that Blue aircraft can significantly improve the
ground war results for Blue when killing-of-alrcraft parameters
are low. Red aircraft can somewhat improve the ground'war
results for Red when killing-of-aircraft parameters are high.
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B. TANKS: ENGAGEMENT LEVEL

1. Methodoliogy

The Tank Exchange Model (Reference [2]) is used for the
investigation of tanks described in Chapter 2. The model
simulates an engagement for up to 10 attack tanks. The simu-
lation is Monte Carlo and can accommodate a great deal of
detail about effectiveness parameters, tactics, terrain,
timing, and so on.

The methodology consists basically of estimation of
mathematical functions, fit to many replications of the Tank
Exchange Model, which can be used to compute engagement out-
comes as a function of quantity and selected quality measures
on both sides. The selection of the quality measures that
affect engagement outcomes 1is based on results obtained in
the simulations. By using the estimated functions, quantity-
quality trade-offs can be constructed.

2 Data

The data input set used for this study is a modified ver-
sion of the test case presented in Reference [2]. Inputs can
be classified into the following categories: general control
information and starting conditions, tactical doctrine, firing
doctrine, desired movement changes and speeds, mechanical
failure and mechanical repair parameters, terrain descriptions,
and detection parameters. The major change made in this study
is that quantity and selected quality measures (performance
parameters) are permitted to vary within a range, rather than
being fixed.

3. Application of Methodology

Five measures of effectiveness are studied. Let A and D
denote numbers of attackers and defenders; and let A and D
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denote numbers of attackers lost and defenders lost. The
measures of effectiveness are (where E(‘) denotes expected
value):

(1) E(A/D)

(2) E(A)/E(D)

(3) E(A)/A / E(D)/D
(4) E({\. -D) ;

(5) E(A)/A - E(D)/D.

There is an extensive discussion of the propef measure of effec-
tiveness in Chapter 2. Measures (3) and (5) are justified as
most appropriate for quantity-quality trade-offs.

Table S-1 displays the effectiveness parameters initially

investigated and gives their coefficients for equations of the
form

A= Bo + lel S B30X30

0 + lel i Ay B30x30 ’

D=B
where Xl, coey 30 are the variables and BO, Bl’ A B30 are
the coefficlents. Only the coefficients found to be statis-
tically significant are displayed. This investigation led to
the choice of several significant quality measures for study:
vulnerability, error, and lethality (derived from the Probabi-
11ty Attack or Defense Classified "Kill Given Hit" noted in

Table S-1). These quality parameters are defined in detail
in Chapter 2.

Figures S-3 and S-4 give results for the loss-ratc-
difference measure of effectiveness, LRD = E(R)/R - E(B)/B, as
a function of number of Blue tanks and Blue lethality, error and
vulnerability, for Blue on the defense against 10 Red attackers
and 6 Red attackers, respectively. When LRD = 0, the forces
can be saild to be in a parity situation. For instance, 1if
Red has 2,000 attackers and Blue has 1,000 defenders in the

S-11
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Table S-1. EFFECTIVENESS PARAMETERS INITIALLY
INVESTIGATED (BLUE ON DEFENSE)

Coefficients Found
Statistically
Significant
] Attack Oefensc :
Variable Investigated Losses Losses
Number of Attack Tanks 0.26 0.28
Number of Oefense Tanks 0.73 0.3
Attack Yulnerability Measure 1.50 -0.84
Oefense Vulnerability Measure -0.38 0.28
Attack Error Measure 0.88 -0.44
Oefense Error Measure ~1.26 0.61
Attack Tank Height _ 1.25 --
Oefense Tank Height -- -- J
I Attack Load-Time Measure 0.38 -~ f
Oefense Load-Time Measure 0.4 .-
Acttack Aim-Time Measure -- --
] Defense Aim-Time Measure .- 0.27
Probability Attack Classified KIHb 0.92 -0.53 F |
Probability Oefense Classified KIHb .- .-
Attack Probability of Misfire .- .-
: Oefense Probability of Misfire .- .-
| Attack Time to Clear Misfire .- .-
Oefense Time to Clear Misfire .- --
Acceleration .- .-
f Deceleration -0.39 -- 1
: Attack Maximum Detection Range -0.47 -
Oefense Maximum Oetection Range .- .-
Attack Oetection-Range Multiplier _ .- --
Oefense Oetection-Range Multiplier 0.35 -0.24
Attack Maximum Oetection-Range Weapon Sign -- 0.22
Defense Maximum Oetection-Range Weapon Sign -- --
Attack Probability Oefense-Weapon Signature
Detected -1.29 0.68
Defense Probability Oefense-Weapon Signature
Oetected = o0 "
Attack Probability Target Detected, given
Weapon Signature Oetected -1.16 0.83
Defense Probability Target Oetected, given
Weapon Signature Oetected .- -0.23 £
Constant Found in Regression Equation 0.31 1.81
Coefficient of Determination (R%) 0.67 0.79
Residual MSS (Mean Sum-of-Squares Error)/
Pure Error SS (Sum of Squares) 4.48° 3.70¢
a. Everywhere it is not shown, the calculated t statistic < 2.
b. Killed, given a hit.
¢c. Has an F distribution.
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theater, and the losses per period are 200 and 100, respectively,
LRD = 200/2,000 - 100/1,000 = 0, and the forces will always be in
the same ratio. In Chapter 2, the various measures of effective-
ness are discussed in some detail.

Considering the left-most graph in Figure S-3, note that,
for LRD = 0, 7 tanks with lethality 0.57 are equal to 5 tanks
with lethality 1.20. The other quality measures shown in
Figure S-3 have less steep slopes, and the quantity-quality
trade-off 1s not so pronounced. The definitions of lethality,
error, and vulnerability control how difficult the quality
would be to change; and the physical changes required depend
on the physical nature of Red (as well as Blue) tanks.

Comparing Figures S-3 and S-4 (in particular the left-
most graphs), note that to preserve LRD = 0, for Blue lethali-
ty 1.00, Blue must have 5.6 tanks against 10 attackers but 2.8
tanks against 6 attackers. Thus, the size of engagement to be
expected must be an input to the quantity-quality trade-off
determination. If most engagements are to involve 10 attack-
ing tanks, Figure S-3 should be used. If most engagements
are to involve 6 tanks, Figure S-4 should be used. If some
mixture will occur, the figures should be welighted. Also,
the loop should be closed such that Blue has a sufficient
number of tanks in the theater. (For instance, i1f Blue
decides that the expected engagement involves 8 Red attack
tanks and Blue decides on 4 defense tanks per engagement with
a certaln lethality, then if Red has 2,000 tanks Blue should
have 1,000 tanks to preserve LRD = 0.)

In the above discussion, Blue is always on defense.
Results are given at the end of Chapter 2 for Blue on attack.
A decision process for theater-level planning would require
that the percent of time Blue 1s on the attack be considered.
The quantity-quality trade-offs at engagement level need to
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be aggregated for theater-level planning. Thus, this analysis
should be considered to be a component of a broader planning
process.

C. MATHEMATICAL MODELS OF ATTRITION PROCESSES

Chapter 3 treats combat processes and mathein:atical models
of attrition.

A classification scheme is constructed that contains
qualitative characteristics, quantifiable characteristics, and
important factors that are possibly neither quantifiable nor
easy to deal with qualitatively."

Three principal categories concerning the nature of the
interaction are identified, as follows:

{1) Each side searching to find the other.

(2) One side maintaining a barrier through which the other
side attempts to penetrate.

(3) One side attempting to destroy passive targets on

the other.

For each of the above categories, there is a recommended
attrition process. For the first category, the Lanchester-
square and Lanchester-linear processes are considered to be
appropriate, in that the mathematical assumptions of these
processes match the physical nature of the combat situation.

A generalized Lanchester model containing the processes is
presented in Chapter 3. For the se ,nd category, a new barrier-
penetration model is qonsidered to be appropriate and is pre-
sented in Chapter 3. For the third category, recently developed
single-engagement binomial processes and multiple-engagement
binomial processes are consider2d to be appropriate and are
reviewed in Chapter 3.

S-16




D. PHYSICAL CHARACTERISTICS AND WEAPON-SYSTEM EFFECTIVENESS
PARAMETERS

Chapter U4 presents two methodological approaches to
quantifying effectiveness parameters (quality) as a functioun
of physical characteristics. The first approach can use either
data from history or outputs of simulation models. The second
approach uses data from subjective preferences of experts. The
first approach is applied to historical data from World War II
(in Chapter 4).

Trading off quantity and quality requires a method for
estimating effectiveness of various mixes of quantity and
quality and a method for estimating costs of various mixes of
quantity and quality. Usually, a model is used to estimate
effectiveness, and it requires as input effectiveness parameters
such as probability of kill, given detection, of a particular
target by a particular shooter. Cost relationships, however,
are often stated in terms of overt physical characteristics.
Thus it is difficult to 1link the effectiveness parameter (or
quality measure) with the cost of achieving the physical charac-
teristics necessary to yield the effectiveness.

Chapter 4 explores methods aimed at estimating weapon-
system effectlvencess as a function of physical characteristics.
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Chapter 1

QUANTITY-QUALITY TRADE-OFFS OF GENERAL-PURPOSE AIRCRAFT:
THEATER-LEVEL ANALYSIS

Eleanor L. Schwartz

OVERVIEW

This chapter presents an analysis of effectiveness of

general-purpose aircraft at the theater level.

The principal focus is on the trade-off between quantity

of aircraft and quality of aircraft as measured by firepower

; units per combat air support (CAS) sortie. However, quality

of aircraft as measured by probability of kill given detection
: in intercept (INT) and airbase attack (ABA) 1s also treated, as

are aircraft shelters and air defenses.

The model used in this analysis 1s the OPTSA model of con-
ventional theater-level ground and air warfare (References [5]
+ and [10]). The principal feature of this model is that it com-
putes two-sided allocations of aircraft to missions in such a
way that the strategies are mutually enforceable. Neither side

can do better against the other side's enforceable strategy.

l Having the allocations of aircraft to missions computed
internally removes a major item of difficulty from the analysis,

E for it 1is well-known that the mutually enforceable strategiles

i change as quantity and quality of aircraft change. Having the

i model compute the allocations leaves the analyst free to con-

:

]

|

4

centrate on other 1ssues.

The OPTSA model computes FEBA movement and casualties to

ground forces as a function of

Blue ground firepower plus Blue air firepower
Red ground firepower plus Red alr firepower °

in the same spirit as the ATLAS (Reference [11]) and IDAGAM I




(References [1,2,3,9]) models of ground and alr warfare. It
computes losses to aircraft using the same type of attrition
functions as the TAC CONTENDER (Reference [15]) model of air
warfare and the IDAGAM I model.

The measure of effectiveness (MOE) used in this analysis
is position of the FEBA at D+10. Other MOEs are available
(e.g., Blue minus Red firepower delivered by CAS sorties).
FEBA is used in order to isolate the areas of quantity and
quality in which tactical aircraft made a big difference in
the ground-air war. Dealing directly with this MOE created
efficiencies in determining which regions of the many parameters
are most interesting from this point of view.

The chapter is organized as follows: First, in Section B,
the OPTSA model is discussed. The game structure, assessment
procedure, and possible limitations are reviewed. This section
includes a presentation of new explorations of the density of
allocation set and the density of the number of decision
periods. Section C presents the use of the model to explore
quantity-quality trade-offs, starting with the data set and
covering the various combinations of parameters analyzed.

B. STRUCTURE OF THE OPTSA MODEL

18 Game Structure

OPTSA determines strategies for allocating Blue and Red
general-purpose aircraft to three missions: CAS, INT, and ABA.
The basic scenario is a multiperiod war--whose length (in days)
is an input--that is modeled as a multistage adaptive game. On
a number of specified "decision days" (the first day of the war
is always a decision day), both Blue and Red pick an allocation
of aircraft to the three missions from an input 1list of allow-
able allocations (1.e., "pure strategies"). Each allocation 1in
the 1list specifies the proportion of the general-purpose air-
craft inventory to be assigned to each mission. The particular

2




allocation picked is used for all days in that period, until the
next decision day. Given the length of the war (in days),

the decision days, and a list of allowable allocations of air-
craft, OPTSA finds two-sided optimal adaptive strategies for
each side, for picking an allocation on each decision day. That
is, for each side on each decision day, a set of probabilities
with which to choose each allowable allocation is found. The
strategy can depend on allocations made in previous periods--
hence the term "adaptive." At present, OPTSA can process a war
of up to 90 days, with two or three decision days. It would be
desirable to have more decisions. However, this 1is not computa-
tionally feasible. Models exist that claim to find approximately
optimal solutions to games in which an allocation decision is
made every day (Reference [15]), but counterexamples have been
developed that discredit the claims of optimality (References
(4], (6], [7], and [8]). OPTSA solves exactly the game in which
allocation decisions are made on two or three specified days.

As will be discussed further (below), outcome of the war seems
to be fairly insensitive to changes 1in the decision days.

The multistage game is solved by a backwards induction
process, where the payoff for a (one-stage matrix) game at
stage k 1s the game value of a stage k+l game, corresponding
to the expected war outcome in the situation when both sides,
given a particular state at stage k, play optimally from then
on. (At present, OPTSA can process a two- or three-stage game.)
Improvements (described in Reference [14]) that substantially
reduce the running time have been made to the game-solving pro-
cedure. The major aspect of these improvements is that, to

solve a game, it is usually necessary to calculate only a small

portion of the payoff entries. Since most of OPTSA's computer
time is spent computing payoff entries, the fewer payoff entries

that need to be computed, the shorter the running time. Running
times for most of the cases explored here varied from 3 to 10
seconds per game (for a two-period, 10-day war).

3




2n Assessment Procedure

a. General

Payoffs of games at stage k are game values of games at
stage k+1. The final payoffs are actual war outcomes. The
particular final-stage game is determined by the Blue and Red
allocations played during all but the last period.

b. Inputs Needed

OPTSA determines optimal strategies for aircraft allocation,
given certain input parameters. The input parameters (explained
in detail in Reference [5]) are as follows:

e Number of days in war.
¢ Decision days for allocations.

® Number of ground divisions added each day (including
day 1) by type of division. Up to three kinds of
ground divisions can be played on each side.

® Number of general-purpose aircraft added each day.

® Number of special-purpose aircraft, if any, added
each day, by type. There are three types: special-
purpose CAS, special-purpose ABA, and special-
purpose INT.

® Number of aircraft shelters.

¢ Firepower per CAS sortie, for general-purpose and
special-purpose CAS planes.

e Effectiveness parameters (detection and kill probda-
bilities) of planes on the INT mission (the general-
purpose planes and special-purpose interceptors).

e Effectiveness parameters for aircraft on CAS and ABA
to kill interceptors.

e Effectiveness parameters for ABA missions (against
sheltered and nonsheltered aircraft) for general-
purpose and special-purpose ABA planes.

e Functlon for daily FEBA advance as a function of
force ratio.

e Functlons for daily Blue and Red division destruction,
as a function of force ratio.

e Allowable allocations of general-purpose aircraft.

l




[ Computation of War Qutcome

Given the input data and an allocation of general-purpose
aircraft to missions by each side for each period, the assess-
ment routine fights a war in the following manner (the proce-
dure similar to that of many combat-simulation models):! On
each day for each side, a starting ground-division inventory
(by type) and a starting aircraft inventory (by type) are found
by summing the previous day's starting inventory, minus losses,
plus today's additions. Using the allocation appropriate for
the period, the general-purpose aircraft are assigned to the
three air missions and the special-purpose aircraft are assigned
to their appropriate missions, producing a total number of air-
craft that will fly each mission that day. Then, on each side
of the battlefield, there is air-to-alr combat between one side's
interceptors and the other side's attackers (planes on CAS and
ABA). The remaining planes are considered vulnerable to ABA.
All attrition is computed by the exponential equation

y -dT
T = fr(l-e‘(1 Vg ) :

= targets killed;

targets;

where

= shooters;

R 3 3
]

= probability that a particular shooter detects a
particular target; and

k = probability of kill given detection.

Red planes assigned to ABA oppose the total stock of Blue
planes not killed by interceptors. Blue planes are sheltered

13ee Reference [5] for a more detailed description of the
assessment procedure.




if there are aircraft shelters available. The number of Blue
planes killed is computed by two exponential attrition equa-
tions, one each for sheltered and nonsheltered aircraft. How-
ever, the Blue alrcraft inventory 1s not reduced until the
following day. Similarly, Blue planes assigned to ABA oppose
the total stock of Red planes, and losses to Red are computed.

CAS-assigned planes that were not killed by interceptors

deliver firepower. The total alr firepower delivered (that day)

for each side is found by multiplying the number of surviving
planes on CAS by an input firepower value. Similarly, a ground-
firepower score is found by multiplying the number of ground
divisions by the firepower per ground division. The force ratio

. Blue ground firepower + Blue alr firepower
Red ground firepower + Red air firepower

is formed, and the daily FEBA advance is computed as a function
of x, using an input function. The FEBA position at the end

of the day is the previous day's FEBA position plus the dally
FEBA advance. Cumulative totals of the ground and air fire-
power for each side are also kept. Ground division casualties
to each side are computed by interpolation as a function of

the force ratio x. If desired, all ground casualties can be
assumed to be replaced.

This procedure 1s repeated each day. At the end of the
last day, the appropriate MOE (e.g., FEBA position) becomes a
payoff entry in a final-stage game, as explained earlier.

We can see that there are two opposing factors affecting
the desirable allocation of aircraft. If no aircraft ‘are
assigned to CAS missions, then the total contribution to the
force ratio must come from ground firepower. However, 1if all
aircraft are assigned to CAS, there will be no resources on
INT or ABA to stop Red from delivering CAS. OPTSA attempts to
find the optimal trade-off between the missions.




3. Possible Limitations of the Model

Internal to the model, two factors that possibly could
affect the results of the OPTSA model have already been alluded
to. We wish now to discuss them in more detail. The first
factor 1s the fineness of the strategy space (i.e., the number
and detall of the 1list of allowable allocations of aircraft).
Does the set of allocations either of half the aircraft to one
mission, half to another, or of all aircraft to one mission
give a reasonably wide range of choices? Or should we be able
to allocate aircraft by, say, multiples of one-tenth? The
second factor 1s the number and spacing of the periods--or
allocation decision days. Are two or three decision periods
really enough in a long war, or can one side gain a signifi-
cantly greater advantage than the other if both sides are able
to choose more frequently? Also, given two or three decision
perlods, how does the choice of decision days affect the result?
Is the outcome when the first decision period is long and the
second short substantially different from the situation in
which the reverse is true?

As has been stated already, these problems in some form
are common to all aircraft-allocation optimization models.
The reason for limiting the options 1s due to the extremely
long computer time that would be necessary to solve a game
in which either an extremely fine allocation set or many
decision periods are used. (Reference [1U4] shows methods
for estimating running times as a function of both the
allocatlon-set size and the number of decision periods.)

The compromises made by OPTSA, however, do not weaken the
validity of the model's results--so far as we can determine.




T e —

v EpeNN———

el R

a. Fineness of Allocation Set

The use of the set of six allocations consisting of all
the ways of devoting all the general-purpose aircraft to one
of the three missions or half the aircraft to one mission and
half to another has resulted in reasonable model running-times;

and it does seem to give a reasonably wide range of cholices.

In the work described in the rest of this paper, a seventh
choice (devoting one third of the aircraft to each of the three
missions) is available, but it is very seldom optimal. How-
ever, other strategies--perhaps those that allow some unequal
split of aircraft between missions (e.g., 2/3 to CAS, 1/3 to
ABA)--might often be optimal over certain ranges of input values.
Giving both sides a spectrum of ways of dividing aircraft be-
tween two missions might conceivably yield a large improvement
for one side when that side finds two missions profitable to

some degree.

This is a serious problem, and more attention should be
given it. However, explorations that have been made so far
(giving each side up to 20 allowable allocations) indicate
that changes in game value (using the FEBA measure of effec-
tiveness) resulting from using enlarged allocation sets are
often zero--that is, the original strategy of the six remains
optimal. Even when a new strategy becomes optimal, we have
not yet encountered game-value changes of more than about
five percent. Using the air-firepower-difference measure of
effectiveness (which might tend to be more sensitive than
FEBA position), Reference [12] provides evidence that the game
value when an exceedingly fine choice of allocation is available
to each side is only two percent different from the game value

when the set of six allocations 1s used.




b. Decision Periods

We exhibit in Table 1-1 an instance of striking insensiti-
vity of the game value to reasonable changes in the decision
days in a 10-day war, for both two- and three-period cases.
Of course, the decision days must be the same for Blue and
for Red. The data for these cases are the basic data set
described in the next part of this chapter. Two cases were
explored: Case A, with all kill parameters at 0.1; and Case
B, with all kill parameters of interceptors and planes on
ABA at 0.9. Because of the nature of the model's
game-solving procedure, running times vary widely with the
spacing of the declsion days; but the game-value differences
are always under five percent. Examination of the optimal
strategies, however, reveals that Red can do a little better
in a three-period than in a two-period war, finding it advan-
tageous to use slightly different first- and second-period
allocations. This change in Red's strategy suggests that,
in a war longer than 10 days, the number and spacing of deci-
sion days might make a larger difference in game value.

£ USE OF OPTSA TO EXPLORE AIRCRAFT QUANTITY-QUALITY AND

OTHER RELATIONSHIPS

We now proceed to examine the results of running the
OPTSA model with different variations in the data, which will
give insights into the way various factors affect the outcome
of a battle. A basic data set (described below) is used for
most of the work. First, trade-offs between aircraft quantity
and CAS firepower-value are consldered, for various ranges of
the effectiveness parameters (detection and kill) of airplanes
on ABA and INT missions. Isovalue curves for quantity versus
CAS firepower are developed to illustrate further the nature
of the trade-off. Later, we explore the effects of air defenses
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(SAMs and AAA) and aircraft shelters on the outcome, although
not strictly from the point of view of trading off aircraft

quantity versus quality. Finally, we examline the results of
the model with a data set thought to be somewhat more realis-
tic than the basic data set.

P Basic Data Set and Parameters Treated

A two-period, 10-day war, with allocation decislons made
on days 1 and 6 is the case examined. Thlis case has a
sufficient number of days and periods for all the effects in
OPTSA to show up (in a one-day war many parameters are simply
irrelevant), yet 1s short enough for games to be solved
quickly. The set of seven strategles arailable for each silde
in each period is as follows:

Proportion of Aircraft to--

Strategy CAS ABA INT
1 1.00 .00 0.00

2 0.50 0.50 0.00

3 0.00 1.00 0.00

y 0.33 0.34 U.53

5 0.50 0.00 0.50

6 0.00 0.50 0.50

7 0.00 0.00 1.00

The payoff MOE is FEBA position at the end of the war.

The pattern of exploring changes in parameters 1s general-
1y the same as in the case of the one-day war [13]. The main
consideration is how CAS firepower per general-purpose air-
craft and number of general-purpose alrcraft (no special-
purpose aircraft were used) affect the game value for various
values of the INT and ABA effectiveness-parameters. Ground

firepower 1s also a factor.




Following is a summary of the ranges of parameters examined.
(Reference [5] provides a full description of the meaning of
these parameters.)

Ground Firepower. There is one type of ground division
on each side. Blue has 24 divisions at 10 firepower units each,
or 240 firepower units. Blue's number of divisions 1s later
raised to 36. Red has 80 divisions at 6 firepower units each
(or 480 firepower units). No divisions are added after the
first day, but all ground casualties are replaced.

Number of Aircraft. Only general-purpose alrcraft are
used. TFor the first series of runs, the number of Red air-
craft is held constant at 2,000 the first day with 100 (5
percent) entering on each subsequent day. Results are examined
for 1,000, 2,000, 3,000, and 5,000 Blue aircraft the first day.
In each case, 5 percent of the first-day number of alrcraft
enters on each subsequent day. In the second series of runs,
the effects of varying the number of Red aircraft are conslidered.

Firepower per Aircraft. For the first series of runs, the
Red firepower per aircraft is held constant at 0.06 firepower
units. That is, one successful CAS sortle delivers 0.01 of the
firepower of the ground division. Similarly, the base-case
Blue firepower per aircraft is 0.1. Effects are examined for
Blue firepower values of 0.06 (the same as for Red), 0.1, and
0.14. These values are felt to represent fairly reasonable
lower and upper limits on the firepower value. In the second
series c¢f runs, both the Blue and Red firepower values vary
down to 0.01.

Detection Parameters. In the first series of runs,
detection parameters (which are allowed to vary between O
and 1) are all set to 1. Perfect detection 1is assumed,
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and analysis is concentrated on the effect of the kill parame-
ters. In the second series of runs, detection parameters of
0.0001, 0.001, and 0.01 are considered. These form a reallstic
framework for the true value.

Kill Parameters for the ABA and INT Missions. All kill
parameters are constrained to vary between 0 and 1. Therefore,
it 1s felt that if results are examined for a low and high
value of one or more of these parameters, a framework can be
established for how the game value changes. Reglons of sensi-
tivity to these parameters can then be determined; and results
can be found for intermediate values of the appropriate parame-
ter, to identify the region of greatest sensitivity. Here,
results are examined when the four kill parameters for the
Blue and Red INT and ABA missions are either 0.1 or 0.9=--but
varied independently of each other. That 1s, there are 21l
cases, each involving a different subset of the four parameters
being set to 0.9 and the rest set to 0.1.

The kill parameter for CAS or ABA planes agalnst enemy
interceptors 1s kept constant at 0.1. In the second series of
runs, it is set to half the kill parameter of interceptors.
There are no ailrcraft shelters; the ABA kill-parameter is
against unsheltered aircraft. Later, the effect of shelters
will be considered.

Payoff Measure. The MOE is FEBA position at the end of
the war (day 10). The FEBA position is the alg-=braic sum of
the FEBA movements for each day. The FEBA movement each day
is a function of the force ratio

" Blue ground firepower + Firepower from successful Blue CAS that day
Red ground firepower + Firepower from successful Red CAS that day

with the property that F(%) = -F(x). Linear interpolation was

used between the following input set of breakpoints and values:

13




Force ratio x 1 1.5 2 3 5 10
FEBA advance F(x)(km) 0 2 10 20 40 60

With no air firepower at all, the force ratio %%% = % results in

a FEBA movement of -10 km per day or -100 km at the end of the
war. This is a benchmark value around which the result of the
game will vary.

As stauted previously, the war has 10 days and two decision
periods, decisions being made at the begirining of days 1 and 6.
Each side uses the set of seven strategles previously described.

Table 1-2 compactly displays the basic data set, and Figure
1-1 shows the graph of FEBA advance as a function of force ratio.

We note here that we have not examined the effects of two
important factors: special-purpose aireraft and division destruc-
tion. Special-purpose aireraft are never a hindrance to the side
that has them. The question is, Under what circumstances (and by
how much) will tney affect the game value? The use of division
destruction (instead of replacing all casualties) might in some
cases make the ground firepower a much less dominate force in
determining the general outcome of the war. Regilons of sensiti-
vity should be found for both these factors.

2. Results of Varyin uantit CAS Parameter, and ABA and INT
Kill-Parameters for High Detection-Parameters (First Series
of Runs)

Tables 1-3 and 1-4 show the results of the first series of
runs--the number of Blue ground divisions being 24 and 36,

respectively.

Based on the results of the one-day wars'[13], several
hypotheses were made for the 10-day, two-period war. Because
of the ground firepower asymmetry, it was thought that Red
would quickly send more of his planes to INT and ABA as his
effectiveness parameters for these missions increased. There-
fore, although Blue could gain something by increasing his

14
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firepower per plane, this gain would be very sensitive to the
Red ABA and INT parameters and would not be significant if these
parameters were large. An increase in the number of Blue air-
craft would produce less sensitive results, and an increase in
Blue ground firepower would put Blue in a better position yet.
Furthermore, because Blue has fewer aircraft, a change in Blue
ABA or INT parameters results in little improvement; however,

as the number of Blue planes increased, this difference would
become greater.

The first series of runs, in general, confirms these
hypotheses. Let us start with the base case, in which Blue has
1,000 aircraft (each with a firepower value of 0.1) and 24
ground divisions, and examine the result of varying the Blue and
Red ABA and INT kill-parameters. Each of the four parameters is
either high (0.9) or low (0.1). We summarize the results in
Table 1-5.

Several things can be deduced from these data. First,
there is only one really large Jjump. Four of the values are
around -60 or -70; all the rest are below -100. The game value
is higher (better for Blue) when both the Red INT and Red ABA
kill-parameters are low. Given this, raising the Blue ABA
parameter makes a substantial improvement for Blue, from -78

to -60. Raising the Blue INT parameter ylelds a change 1n

strategy but no real change in game value. However, if either
the Red INT or Red ABA parameter increases, the game value
decreases rapidly and, moreover, becomes insensitive to changes
in the Blue ABA parameter.

The other changes are of a lesser order of magnitude.
When the Red INT or Red ABA parameters are high, the Blue INT
parameter makes some difference. Oddly enough, this 1s espe-
cially true when the Red INT parameter is high. Examining the
optimal strategies in this case 1s informative. First, even
when Blue has a high ABA parameter, Blue will not fly ABA often.
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Table 1-5. SUMMARY OF FIRST SERIES OF RUNS
IN A 10-DAY, TWO-PERIOD WAR

Red Parameters Blue Parameters (FEgaA'“;o“"::'::t
ABA INT ABA INT = ki)
0.1 0.1 0.1 0.1 79
0.1 0.1 0.1 0.9 .77
0.1 0.1 0.9 0.1 -60
0.1 0.1 0.9 0.9 -60
0.1 0.9 0.1 0.1 -126
0.1 0.9 0.1 0.9 -104
0.1 0.9 0.9 0.1 -125
0.1 0.9 0.9 0.9 -104
0.9 0.1 0.1 0.1 -124
0.9 0.1 0.1 0.9 -118
0.9 0.1 0.9 0.1 -119
0.9 0.1 0.9 0.9 -118
0.9 0.9 0.1 0.1 -129
0.9 0.9 0.1 0.9 -118
0.9 0.9 0.9 0.1 -128
0.9 0.9 0.9 0.9 -118

As Blue's INT paramefer increases, Blue goes to an all-INT
strategy in the first period. Meanwhile, Red has been playing
ABA if his ABA parameter is high; INT, otherwise. In this
latter case, both Blue and Red devote all their planes to INT;
that is, neither side flies attack missions, but they both keep
all their aircraft hovering over their own battlefields. This
seems very surprising, but seems more plausible if we remember
that if any attack mission is highly vulnerable to INT it will
be unlikely to be: flown, Therefore, by devoting all planes to
INT, Blue can prey@nt_ﬁéd from flying attack missions. And if
Red flies ABA, Bru?'éaﬁ,intercept a lot of it.
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When the Blue firepower per plane and number of planes vary,
many things happen. Let us first consider varying the Blue fire-
power per plane, as 1t makes quite a bit less difference. First,
if Blue 1s in a region where it is optimal to fly all ABA or INT
in one or more periods, firepower values on CAS are not that
important--which is true in the cases mentioned above, when the
Red INT and Blue INT parameters are both high. No CAS is flown
in the first period and rarely flown in the second. Varying the
Blue firepower per plane from 0.06 to 0.14 results in the game
value's changing from -120 to =115 for the high-ABA case and
-105 to =103 for the low Red ABA case. 'This change occurs
probably because, with higher firepower per plane, Blue has to
forgo more CAS and, hence, 1s more reluctant to devote all
planes to INT. Red, not having this problem, continues to fly
all INT and to kill the Blue CAS planes, preventing the delivery
of more Blue firepower than previously. When Blue's INT and ABA
parameters were low, the changes were a bit larger, but not
really significant. Even with low Blue INT, low Blue ABA, low
Red INT, but high Rgd ABA (where all CAS was the optimal Blue
strategy), the game value goes only from -133 to -117, as Red
plays all ABA in the first period, which undercuts Blue's gain.

The region where an increase in Blue firepower value makes
the most difference 1s the region where Blue has done best from
the start (i.e., where Red has low ABA and INT parameters).

Here CAS remains the optimal Blue strategy always in the second

period and in the first period when Blue's ABA parameter is low.
In this case, varying the Blue firepower value from 0.06 to 0.14
changes the game value from -100 to -68. With high Blue ABA,
Blue flies mainly ABA the first period and all CAS the second.
The game value goes from -76 to -42. We can conclude, there-
fore, that an increase in Blue firepower per plane can increase
the game value, but the amount of increase falls off rapidly as
Red's INT or ABA parameters rise.




A —

Changing the number of Blue planes can have a far more

dramatic effect on the game value. Some examples from our base
case (where the Blue firepower per plane remains 0.1) are shown

below.

Red Parameters|Blue Parameters Number of Blue Planes

ABA INT ABA INT 1,000 2,000 3,000 5,000
0.1 Os1 0.1 0.1 =79 -19 -2 15
oLl 0.9 0.1 0.1 -126 =99 -80 =22
o9 § 0.9 0.1 0.9 =104 =91 -80 =22
0.9 0.1 0.1 0.9 -118 -66 -13 14
0.9 0.1 0.9 0.1 -128 =104 =56 4

As the examples show, as the number of Blue aircraft rises
the game value rises in different ways, depending on the INT
and ABA situations. Some general observations can be made first.
As the number of Blue planes rises but the other variables are un-
changed, the Blue firepower score makes more of a difference
than previously, although the increase in game value due to
higher firepower is still markedly reduced by higher Red ABA
or INT parameters. Additional aircraft make a difference to
Blue sooner if the Red INT or ABA parameters are low.

Changing the number of Blue aircraft affects some regions
of sensitivity quite a bit--but others not at all. 1In particular,
the Blue ABA parameter makes an increasing amount of difference
in the result as the number of Blue planes gets larger, even
when Red parameters are also high. The increased number of Blue
planes makes it possible to go from a CAS-INT strategy to one
that uses more ABA. The sensitivity to the Blue INT parameter
sometimes decreases with increasing Blue planes (e.g., when the
Red INT parameter is 0.9 and the Red ABA parameter is 0.1), but
sometimes increases (e.g., when the Red INT parameter is 0.1 and
the Red ABA parameter 1s 0.9). This effect should be explored
more thoroughly.
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Figures 1-2 and 1-3 show the graph of the game value versus
number of Blue aircraft when the number of Red aircraft stays
at 2,000. The basic data set is used, with 24 Blue ground:divi-
sioﬁs. In Figure 1-2, all kill-parameters are 0.1; in\F}gure 1-3,
they are all 0.9 except for attackers killing interceptors, which
remain 0.1. The S-shaped nature for the curves 1is evident.

The effect of increasing the ground firepower was also con-
sidered. Table 1l-U4 shows the results when all the situations in
Table 1-3 were run--changing the number cf planes, firepower per
plane, and kill parameters in exactly the same way (but with
360 ground firepower units delivered by Blue each day, instead
of 240). Comparison of Tables 1-4 and 1-3 shows that the
results not only increase dramatically for Blue in all cases, but
the sensitivity of game value to increase in the Red }NT and ABA
parameters is markedly reduced. The differences from increasing
the firepower and number of airplanes in general become smaller,
because the force ratio of Blue to Red firepower delivered each
day becomes closer to unity--due to the much larger term (360)
in the numerator. Therefore, the ratio is in a section of the
FEBA advance function F, with gentler slope; and the FEBA posi-
tion (each payoff and, hence, the game value) is smoothed out.

An increase of 50 percent in the current Blue ground fire-
power would be expected to yleld a larger increase in game value
than a 50-percent increase in the (base case) number of Blue air-
craft or firepower per aircraft, because the former increase
would contribute 120 additional firepower units to the Blue fire-
power delivered daily, while the latter would contribute only 50
(1.e., 0.1 x 500 or 0.05 x 1,000). Work should be done comparing
the results of adding the same number of firepower units by
increasing (1) ground firepower, (2) the number of aircraft,

(3) the firepower per aircraft. Our guess is that the first
method will be much more robust (i.e., much less sensitive to
changes in Red air parameters). From a real-world standpoint,
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however, it might not be feasible to increase the number of
Blue divisions.

To shed a 1little more light on the effects of Blue ground
firepower, some runs were made with a Blue ground flrepower of
300 units (30 divisions at 10 firepower units each). The
results of these are shown in Table 1-6, together with some
appropriate data copied from Tables 1-3 and 1-4. The Blue and
Red ABA and INT kill-parameters are either all 0.1 or all 0.9,
and the other data are as 1n the preceding cases. We see from
Table 1-6 that increasing the ground firepower increases the
game value considerably. However, in the low-kill-parameter
case, the effects of increasing the number of aircraft are as
(or more) significant than increasing Blue ground firepower.

And in both cases the largest portion of increase in game value
sometimes comes between 240 and 300 ground firepower units and
sometimes between 300 and 360. Therefore, it is difficult to
trade off the effects of ground flirepower versus aircraft
quantity. However, in the high-kill-parameter case, ground fire-
power seems to have the definite advantage. The main conclusion
we can draw is that making the ground firepower more equal makes
the game value far less sensitive to changes in the (Red) ABA
and INT kill-parameters. This conclusion implies that with high
Red kill-parameters the game value increases much more rapidly
with increasing Blue ground firepower than with increasing Blue
air firepowver.

- Results of Varyin uantit CAS Parameter, and Detection
Parameters for Low and H?gﬁ Ki11-Parameters !Secona Series
of Runs)

Table 1-7 shows another series of runs, using slightly
different data, that were made to explore the effects of
changing various other parameters, particularly the detection
parameters in the INT and ABA missions, which in previous runs
were set very high. The term e-dR in the attrition equation
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Table 1-6. EFFECT (ON THE GAME VALUE) OF INCREASING BLUE
GROUND FIREPOWER

Blue
Firepower

per Number of Blue Aircraft

Aircraft 2,000 3,000 4,000

.06 -49 -16
.10 -19 -2
.14 -7 7
.06 -96 -60
.10 -91 -55
.14 -88 -52

.06 -21 -8
.10 -8 3
.14 -1 12
.06 -34 -24
.10 -33 -20
.14 -32 -17

.06 =9 -3
.10 -2 6
.14 4 16
.06 -13 -8
.10 -13 -6
.14 -12 -4

OOOOOOOOOOOOOOOOOO




goes to zero for d much above 0.01. However, real-world values
of 4 are smaller than this. It was desired to bu. .. framework
for examining sensitivity to the detection parameters. The input
data are described below.

As before, the war has 10 days and two periods, allocatilon
choices being made on days 1 and 6. The set of seven pure
strategies (previously described) was used. The Blue and 3Red
ground firepower are 240 firepower units (24 divisions at 10
units each) and 480 firepower units (80 divisions at 6 units
each), as before. All ground casualties are replaced. The
number of Blue aircraft is 1,000, 2,000, or 3,000; the firepower
per Blue aircraft 1is 0.01, 0.055, or 0.10. The Red air re-
sources are also allowed to vary; the Red firepower per aircraft
is 0.01 or 0.055 and the number of Red aircraft is 1,000, 2,000,
or 3,000. This results in (3 x 3 X 2 x 3 =) 54 Blue and Red
aircraft situations. For each set of 54 situations, a run was
made as follows. The kill parameters for Red and Blue on ABA
and INT are either all 0.1 or all 0.9. Attackers kill inter-
ceptors with a parameter half that of the interceptor parameter
(1.e., 0.05 or. 0.45). There are no special-purpose aircraft or
shelters. For each of these two kill-pafameter situations, the
detection parameters for all mlssions are 0.0001, 0.001, or 0.01l.
Therefore, six arrays (with 54 game values per array) were con-
structed, as in Table 1-7. The payoff MOE is FEBA position at
the end of the war, which is computed as described earlier.

We are interested mainly in the results of changing the
detection parameters. Since we make this change for both sides
simultaneously, it is not immediately evident which side will
benefit by the increased parameters. We can conjecture, however,
that it is the side that 1s more llkely to use the non-CAS
missions.
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Examining Table 1-7 yields some interesting results. First,
as before, increasing the Blue firepower per plane increases
the game value significantly. However, except when the detection
parameters are 0.0001, this increase is considerably undercut
when the Red kill parameters are high (even though the Blue kill
parameters are too). Therefore, the improvement gained through
increased Blue firepower per ailrcraft is sensitive to the Red
kill-parameter values. Exactly the same argument 1s true for
Red: an increase in Red firepower per plane lowers the game
value. However, when the kill parameters (for Red and Blue)
are high and the detection probability is not 0.0001, the im-
provement for Red is much less. In fact, sometimes an increase
of five times the Red firepower per aircraft resulted in no
change in the game value, as Red was in a region where the opti-
mal strategy involved Red's playing only ABA and INT. However,
when the detection parameters were 0.0001, these missions
evidently resulted in too few planes being detected to be
profitable, even though the kill parameters were high. The
Red CAS firepower then made more difference.

I The case in which all kill parameters (Red and Blue, ABA
and INT) were high usually resulted in air improvement for Red

(sometimes large, sometimes small). The improvement for Red

E was greatest when Blue and Red both had a large number of planes
but the Blue firepower score was large (0.10). As the Red param-
eters increase, Red's strategy shifts from all CAS in the second
period to ABA and INT, while Blue's strategy remains all CAS.
Raising all the kill parameters improved the game value for Blue
! when the Blue firepower score was low (0.01) and Red's high
(0.055), independent of the number of aircraft. This is a situ-
ation familar from the one-day war: 1if the disparity in firepower
scores per aircraft is large, as an effectiveness parameter (ABA
or INT kill) increases for the side with the smaller firepower
score, that side quickly shifts from CAS to the other missions.
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Unsurprisingly, increasing the number of aircraft on a side
helps that side a lot, even when the kill parameters are high or
the opposing slde has many alrcraft--as can be observed in
Table 1-7. We note again that the improvement from an aircraft
increase 1s far less sensitive to changes in the opposing side's
effectiveness parameters than an increase in firepower per plane.

We now examine the effect of detection parameters. The
value 0.0001 is a realistic lower bound on the values. A detec-
tion parameter value of 0.01 1s high enough to result often in
the exponentlal term's going to zero. Between these extremes,
there 1s sometimes a lot of change--more often, little. Some-
times the change is not monotone (i.e., from 0.0001 to 0.001
the situation improves for Blue, but from 0.001 to 0.01 the
situation improves for Red, or vice versa).

Table 1-8 shows the cases in which the difference in game
value was greatest. We note that when lincreasing the detection
parameters on both sides leads to a very high change in game
value, the improvement is always for Red. Furthermore, when
the kill parameters are 0.9, the major part of the improvement
occurs between 0.0001 and 0.001, while the increase 1s more evenly
spread when the kill parameters are 0.1l. These factors can be
explained (in part) as follows: Because of the disparity in
ground firepower, Red 1s always more ready than Blue to fly the
non-CAS missions if the effectiveness parameters are reasonably
high. Hence, a change in detection parameter--other things
being equal--1s more likely to benefit Red, and the greater
changes are more likely to come from Red's changing from CAS to
the other missions. (The first-period strategy is rarely all
CAS; the second-period strategy often is. In general, the
second-period strategy changes more markedly away from CAS as
the relevant parameter rises.)
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These great increases come when the number of Red planes
1o gicacer out the Blue firepower per plane is larger. As has
been noted before, this is a common situation, in which Blue is
very vulnerable to increased Red air effectiveness. What is
true for a change in Red kill-parameters holds true also for
a change in Red detection-parameters, though less markedly.
The corresponding effect for Blue showed up in the kill parame-
ters but not in the detection parameters because of the ground-
firepower asymmetry.

4, Isovalue Curves for the Quantity-Quality Trade-0ff

We now describe two charts that were prepared to shed more
light on the effects on the outcome of OPTSA from varying the
quantity and quality of aircraft. More specifically, it was
desired to clarify the difference<*in increase in the game value
from increasing the number of Blue aircraft versus increasing
the firepower value per Blue plane (i.e., ordnance delivered by
a successful Blue CAS sortie). For the data set described below,
the model was run for several different values of quantity and
firepower value of Blue aircraft. From the results, isovalue
contours were constructed to show the trade-off between quantity
and quality of aircraft.

The data set is almost identical to the basic data set used
for the work described in the previous subsection. The one
difference 1s the ability of planes assigned to CAS and ABA to
kill enemy interceptors, which was previously 0.1 but is now
half the kill parameter of the enemy interceptors. Two tables
(Tables 1-9 and 1-10) were constructed. In Table 1-9, the kill
parameters for Red and Blue on INT and ABA missions are 0.1.
Planes on CAS and ABA have a kill parameter of 0.05 against
enemy interceptors. In Table 1-10, the kill parameters are 0.9
and 0.45, respectivzly, for both Red and Blue. Because
all detection parameters are set at 1.0, the exponential term
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e-dR or e_dB in the attrition equations becomes zero. The

payoff MOE, as before, is FEBA position (in kilometers) at
the end of the war.

The Blue firepower per aircraft varies from 0.00 (an
absolute lower 1imit) to 0.16 (a reasonable upper limit) by

increments of 0.01. The number of Blue aircraft on the first
day varies from zero to 3,000 by increments of 250. Five
percent of the first-day number is added each subsequent day.

Table 1-9 shows the game values for all the combinations
of Blue aircraft quantity and firepower value when the kill
parameters are low (0.1 and 0.05, as described above); Table
1-10 shows the game values with high kill-parameters (0.9 and
0.45). From these tables, isovalue contours are constructed
for the game values 0, -20, -40, -60, -80, -100, -120, and -140.
That is, points where the outcome 1is one of those values are
connected to form a line. All the points (i.e., combinations
of Blue aircraft quantity and firepower value) on a line yield
the same game value when the model is run with that point's
data as input--that game value being one of the values above.
Figures 1-4 and 1-5 show plecewlse linear approximations to the iso-
value contours resulting from Tables 1-9 and 1-10, respectively.

The tables and figures speak for themselves, but we men=-
tion some sallent features here. Comparing Tables 1-9 and 1-10,
we see that the value in Table 1-10 is usually much better for
Red. The exception is when Blue planes each have a low fire-
power-score. In this case, Blue is giving up so little fire-
power by not playing CAS that they will attack Red planes--
with good results. However, as the Blue firepower-score in-
creases, Blue is more likely to play CAS and Red moves heavily
to the non-CAS missions. This relative decrease in game value
from Table 1-9 to Table 1-10 generally increases with increasing
Blue firepower-value, for a given number of Blue airplanes.
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Naturally, in each table an increase in Blue firepower-value
or number of aircraft results in an increased game value. How-
ever, the rates of increase are much larger in Table 1-9, where
the kill parameters for ABA and INT are low. (This is borne
out by examination of the isovalue contours in Figures 1-4 and
1-5. In Figure 1-5, the high-klll-parameter case, the isovalue
contours are quite far apart (much farther apart than in Figure
1-4) and are shifted to the right from Figure 1-4. Therefore,
it takes more Blue to get to a higher game value. Also, as we
would expect, the curves in Figure 1-5 are far more widely spaced
with regard to firepower value, especlally in the region where
the number of Blue aircraft is high. It is interesting to noté,
however, that in the lower right corner of Figure 1-U4 the curves
are almost horizontal and parallel (i.e., an increase in fire-
power-score ylelds a large increase 1in game value). 'However,
with respect to an increase in aircraft quantity only, Figures
1-4 and 1-5 behave quite simllarly in this region. We note also
that, in the left side of both figures, the curves are very
steep--indicating that, for a low number of planes, firepower
score makes little difference--which follows from the fact
that with so few planes, even if Blue is playing all CAS, the
increase in air firepower delivered will not be very large as
the firepower value 1Increases.

This paper shows that, for the specific example given,
alr-effectiveness parameters could make a large difference in
the behavior of the game value with respect to quantity and
CAS effectiveness of Blue aircraft. More tables like these
should be constructed to aetermine more accurately the be-
havior of the game value in different situations (especially
with regard to varying the disparity in ground firepower).

5. Effects of SAMs on OPTSA Results

We now present some preliminary results that explore the
effects of using SAMs in the assessment routine of OPTSA. The
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assessment routine of the original version of OPTSA [5] did
not provide for SAMs to be played at all--an admitted deficlency.
At present, extensive revisions of the assessment routine of
OPTSA are underway to play SAMs and AAA, as well as adding several
other new capabilities. However, since it was desired to have
some quick results, a simple but fair.y realistic modification
was made to play SAMs. This paper presents results of some runs
made with this modification. Results of the full revisions of
OPTSA will appear later,.

To simulate SAMs, two numbers between zero and one are
input: the first represents a proportion of Red attack aircraft
destroyed by Blue SAMs; the second, a proportion of Blue attack
aircraft destroyed by Red SAMs. Let us call these the Blue and
Red SAM parameters, respectively. Note that the parameter is
not an actual number of missiles. The SAM parameters remain
constant throughout the game. They enter into the assessment
routine thus: on each day after the assignments of aircraft
to missions have been made, each slde's SAMs fire at the planes
of the opposite side assigned to CAS and ABA. The number of
attacking planes killed on a side 1s the SAM parameter of the
opposite side times the original number of attacking planes.
The relative proportions by mission (CAS and ABA) and aircraft
type (general-purpose, speclal-purpose CAS, and special-purpose
ABA) among the survivors remain the same as the original propor-
tions. The attacking planes on each side that survive the SAMs
then become vulnerable to interceptors. The assessment then
proceeds as in the original version. Ailrcraft destroyed by
SAMs are, of course, added to the total alrcraft destroyed for
the day. A SAM parameter of zero is equivalent to no SAMs'!

being played by that side.

-

The data for particular cases run are shown in Table 1-11.
Other than the SAM parameters, the data are the basic data set

described earlier.




Table 1-11. DATA FOR THE CASES RUN TO EXPLORE SAM EFFECTS

Value of Variable
Variables Blue Red

Number of Ground Divisions 24 80
Firepower per Ground Division 10 6
Number of Aircr.ft? 1,000, 2,000, 3,000
Firepower per Aircraft 0.06, 0.10, 0.14
Number of Shelters 0 0

Detection Parameters 1.0 1.0

Kill Parameters Case A Case A Case B

Attackers Kill Interceptors 0.1 . 0.1 0.1
INT 0.1 . 0.1 0.9
ABA (nonsheltered) 0.1 S 0.1 0.9

SAM Parameters .01, 0.10, 0.25]| 0.01, 0.10, 0.25

ANumber of the first day, five percent of which is added each subse-
quent day (no special-purpose aircraft are played).

Table 1-12 shows the results (game values)! for varying SAM
parameters for the case where (ABA and INT) kill-parameters are
low. Table 1-13 shows the same thing for high kill-parameters.
It 1s expected that a rising SAM parameter will quickly increase
the game value for that side.

Though it is difficult to draw general conclusions, a few
interesting results can be noted here. First, sensitivity to SAMs
is quite low when the kill parameters are high (Case B). In Case
A (low kill-parameters), there are many regions of sensitivity.

We note that a 0.01 SAM parameter ylelds an outcome about the same
as a zero SAM parameter. As the Red SAM parameter increases, not
only does the game value decrease markedly (in Case A), but the
decrease is much greater when there are 3,000 Blue aircraft; hence,

!The payoff MOE is FEBA position (in kilometers) at the end of
the war (Day 10), computed as shown in Figure 1-1 (above).

41




Table 1-12. FEBA POSITION AS A FUNCTION OF SAM PARAMETERS
(CASE A: LOW KILL-PARAMETERS)
; Firepower

Blue ed per Ad ft

SAM SAM Blue Number of Blue rcra
Parameter | Parameter Aircraft 1,000 2,000 3,000
A .0 0.06 -100 -49 -16
oni e 0.10 -79 -19 -2
0.14 -68 -7 7
: " 0.06 -100 -49 -17
0.01 0.01 8. 0d 't %3 L4
0.14 -69 -7 6
. .10 0.06 -118 -81 -52
- - 0.10 -99 -56 -23
0.14 -91 -40 -7
: 0.25 0.06 -137 -117 -92
ek ' 0.10 -124 -93 -69
0.14 -113 =77 -52
[ 0.01 0.06 -91 -31 -N
o 0.10 -74 -12 1
0.14 -65 -4 10
. .10 0.06 -103 -64 =31
o T4 0.10 -89 -40 -10
0.14 -81 -26 -3
g 3 0.06 =117 -97 -77
s Bie" 0.10 -108 -77 -50
0.14 -99 -66 =31
. .0 0.06 -81 -24 -9
P veul 0.10 -69 -10 -2
0.14 -61 -4 11
. . 0.06 -90 -55 -25
0.25 0.10 g- g8 it % 3
0.14 -74 -26 -2
0.06 -101 -81 -67
0.10 -91 -68 -42
0.14 -86 -62 =31




Table 1-13.

FEBA POSITION AS A FUNCTION OF SAM PARAMETERS

(CASE B: HIGH KILL-PARAMETERS)

T RE—— w——— R—

. Firepower
Blue ed per
SAM SAM Blue Number of Blue Aircraft
Parameter | Parameter Aircraft 1,000 2,000 3,000
0.00 0.00 0.06 -120 -96 -60
0.10 -118 -91 -55
0.14 -115 -88 -52
0.01 0.01 0.06 -119 -96 -62
0.10 -116 -91 -56
0.14 -114 -88 -53
0.01 0.10 0.06 -120 -99 -88
0.10 =117 -95 -83
0.14 -115 -93 -78
0.01 0.25 0.06 -121 -101 -94
0.10 -119 -100 -91
0.14 -118 -98 -39
0.10 0.01 0.06 -108 -95 -62
0.10 -106 -90 -56
0.14 -105 -88 -53
0.10 0.10 0.06 -108 -97 -88
0.10 -107 -93 -83
0.14 -106 -9 -78
0.10 0.25 0.06 -109 -100 -93
0.10 -108 -98 -90
4 0.14 -108 -96 -88
F

0.25 0.01 0.06 -101 -92 -62
0.10 -101 -90 -56
0.14 -101 -88 -53
0.25 0.10 0.06 -102 -95 -88
0.10 -101 -91 -83
0.14 -101 -90 -78
0.25 0.25 0.06 -102 -98 -92
0.10 -102 -96 -89
0.14 -101 -94 -88
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the improvement in game value from increasing the number of
Blue aircraft 1s considerably undercut by a high Red SAM
parameter. The same 1s true of an increase in Blue filrepower
per aircraft in Case A. The effect of Red SAMs 1s similar to
that of going from Case A to Case B with no SAMs. If there is
either a high Red SAM parameter or a high Red INT parameter,
raising the other one does not make much difference in the
game value.

The reverse effect, an improvement for Red belng undercut
by an increased Blue SAM parameter, is not as marked. Equlva-
lently, even in Case A, ralsing the Blue SAM parameter does
not have an extremely great effect--probably because of the
ground firepower deficliency of Blue mentioned in Subsection 2
(above). The most dramatic effect is for 1,000 Blue planes at
0.06 firepower value, which yields a change from =100 to -80.

Looking at the optimal strategies that produce these game
values sheds some more light on the reasons for the sensltivi-
ties and insensitivities encountered in Tables 1-12 and 1-13.
While the optimal strategles are often randomized (especlally
in the second period) and vary with minor changes in the input
data, several general, broad patterns of strategy occur, which
are summarized in Table 1-14.

Table 1-14. GENERAL PATTERN OF OPTIMAL STRATEGIES FOR
CASES WITH SAMs

Case A (low kill-parameters) | Case B (high kill-parameters)
Mostly CAS, with various ABA if Red SAM parameter low
81 mixtures of ABA and INT. and 3,000 Blue aircraft. INT
a8 otherwise, often in both
periods.

ABA if 1,000 Blue aircraft, Partial ABA if 1,000 Blue
Red low Blue SAM parameter. aircraft and low Blue param-
e Much INT, especially if Blue | eter; CAS second period. INT
SAM parameter is large. otherwise, both per periods.
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Table 1-14 explains many of the insensitivities. 1In Case A, when
Blue's SAM parameter rises, Red quickly shifts to an all-INT
strategy, where they are not vulnerable to SAMs. Red still
preserves & lot of thelir game value, as Red can intercept Blue
planes flying CAS or ABA. If Blue tries this tactic as Red's
SAM parameter rises, Blue must forgo the CAS firepower that

Blue really needs and suffers a loss. If Blue plays as before
(CAS), their planes are cut down by Red SAMs. Thus, either

way, Blue does a lot worse when the Red SAM parameter is high
than Red does when the Blue SAM parameter is high. The driving
factor is that, because of the ground firepower disadvantage of
Blue (240 ground firepower units versus U480 for Red), Blue needs
CAS firepower much more than Red; thus, giving both sides equal
capability to kill aircraft is more advantageous to Red.

In Case B, with high kill-parameters, even with no SAMs,
all INT is often a desirable strategy. There is 1little CAS
played at the outset by either side; thus, the FEBA position
is a function mainly of the ground firepower and stays around
-100 (the value in the case with no air firepower at all). As
SAMs increase, ABA becomes undesirable and a shift to all INT
(on both sides) quickly occurs. This strategy change does not,
however, affect the game value very much, as CAS is still rarely
played.

6. Effects of Aircraft Shelters on OPTSA Results

So far, there have been no aircraft shelters in the cases
examined. Since aircraft shelters are a very important issue
in planning, it 1s desirable to examine the effect of various
numbers of shelters on the outcome of the model. The function

of shelters, of course, is to make aircraft less vulnerable to
ABA by the enemy. The detection and/or kill parameters input
for planes on ABA that kill sheitered aircraft are less than
those for unsheltered aircraft. Adding shelters for Blue could
therefore influence the outcome of the game in at least two
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ways: First, if Red had found and still finds 1t profitable to
go on ABA, the lessened vulnerability of Blue aircraft due to
sheltering would improve the game value for Blue. Second, if

Red had found it desirable to go on ABA with no Blue shelters,
the very presence of Blue shelters might cause Red no longer to
find ABA desirable and to go on some other mission not so injuri-
ous to Blue. Of course, if Red was not finding ABA a desirable
mission when there were no Blue shelters, adding Blue shelters
would not increase the game value for Blue, although it would

not decrease it either. 1In all these cases, results are depen-
dent on the relative vulnerability of sheltered versus unsheltered
aircraft. Several different ranges of vulnerability differences
are examined.

a. Treatment of Shelters in the OPTSA Model

The particular way aircraft shelters are simulated in the
game can have potentially a large effect on the game value and
game strategy. Several reasonable ways to treat shelters exist,
and all should be run to determine the differences they make on
the outcome. However, in the interest of expediency, one
particular method of simulation was chosen. It does not allow
shelters to be destroyed but does play the "shell game," 1n
which empty shelters can be hit.

The treatment of shelters 1is described below for Red planes
on ABA attacking Blue airbases. The situatlon 1s exactly the same
when Blue planes attack Red airbases. On each day, assignments of
aircraft to missions are made and then the INT and (if desired)

ground-to-air interactions take place, resulting in some attrition

to both Red and Blue planes. The remaining Blue planes all become
vulnerable to ABA by Red. (If there are no Blue planes left, of
course, none are killed.) Blue has a fixed input number of air-
craft shelters and shelters all the planes they can. If Blue

has many shelters, there might be some unoccupled shelters,
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indistinguishable to Red from sheltered ones. But if Blue has
unsheltered aircraft sitting on the ground, all Blue shelters
are filled.

The number of Red planes that will go on ABA is the original
number of Red planes devoted to ABA minus attritions from the INT
and ground-to-air interactions. There are two types of planes on
ABA: Red general-purpose aircraft assigned to ABA and special-
purpose Red ABA planes. There are four palrs of detection and
kill-effectiveness parameters for Red ABA planes, distingulshed
by (1) type of Red plane and (2) whether a Red plane is attack-
ing Blue shelters or unsheltered Blue aircraft. According to
the relative numbers of the two kinds of Red planes, the parame-
ters are averaged into two d and k palrs--one against Blue
shelters (ds and ks), the other against unsheltered Blue alircraft
(dns and kns)‘

Red comes in to attack the Blue airbase. If there are no
unsheltered Blue aircraft, Red devotes all his planes to finding
and attacking Blue shelters. To repeat, there is no way for Red
to tell whether a shelter is occupied or not. Also, all the
shelters themselves are not destroyed. The scenario is that Red
can find a shelter with probability dS and, with probability ks,
can shoot a weapon through the shelter that will destroy a Blue
aircraft inside it. The number of shelters shot is given by the
exponential equation

-d_S
3 s B R
SB = SB[],' - qxp(-[l-e ]ks g)] ’

where SB is the number of Blue shelters and R the number of
Red aircraft on ABA. The number of Blue alrcraft killed is

B = SB éi, where B is the total stock of Blue aircraft vulner-
B

able to ABA (i.e., Blue aircraft are uniformly distributed
among available shelters).
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If there are both sheltered and unsheltered Blue aircraft,
Red devotes a part of his force to attacking sheltered aircraft,
the rest to attacking unsheltered aircraft. The proportion 1s
chosen to maximize the expected number of Blue aircraft killed.
Red general-purpose and special-purpose aircraft are divided in
the same proportion. If p is the proportion of Red aircraft
devoted to attacking Blue sheltered aircraft and R 1s the number
of Red planes on ABA,

3 -d B
Bs(p) = Bs[l - exp(—[l N s]ks g—}})]

(as all Blue shelters are full), and

g ' -d__B
an(p) = an[} - exp(- 1[_ e ns ns]kns (152)3)]

ns

Red wishes to find p € [0,1] maximize és + éns’ the total number
of Blue planes killed. (All the parameters and ailrcraft amounts
are known to both sides.) The constrained maximizing point of
this one-variable, differentiable, unimodal function is easily
found by calculus to be

0, if ptoe 0
p* = ({p”, if p* ¢ (0,1)
1, if p” > 1
where -
5 1
-d Bs R dnans R
i kBT 7 W kns B
L s ns
| ()
i 'dnans R l-e ks 1
l-e k =+ In
» nSB -d B
ns 1- ns ns ),
1 ns




The attrition to Blue then is és(p*) + éns(p*). No shelters
are destroyed, and the number of Blue aircraft of a certain
type kllled 1s in proportion to the number of that type in the
original Blue population.

There are several reasonable alternative ways of treating
ailrcraft shelters. It would be interesting to allow shelters
to be killed by being bombed on ABA and/or captured by ground
troops as the FEBA advances (representing ground capture of
actual airfields, rather than the one notionalized airbase).
Programming changes are currently underway to handle some of
these alternative ways to play shelters.

b. Data, Results, and Discussion

To examine the effects of shelters for both Blue and Red,
the model was run for a variety of different combinations of
kill parameters against sheltered and unsheltered aircraft.

As before, all detection parameters were set to 1.0. In
actuality, detection parameters for sheltered aircraft are

quite small; however, we have subsumed this in the kill parame-
ter. It was desired to examine extreme cases, as before, to
form a framework for interpolation. Table 1-15 shows the
parameter combinations run. For each parameter combination, the
number of Blue shelters and the number of Red shelters were
varied independently from zero to 3,000. The other data were as
in the basic data set of Table 1-2 (above). There were 2,000
Red aircraft throughout; for each parameter combination, runs
were made for 1,000, 2,000, and 3,000 Blue aircraft.! We were
most interested 1n discovering when a side would go to ABA, when
the presence of shelters would inhibit another side from going
to ABA, and when "shell game" effects would occur as the number
of shelters on one side rose.

'As before, an additional five percent of the first-day number
of alrcraft enter each day, for Blue and for Red.
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Table 1-15. KILL-PARAMETER DATA FOR THE TABLES ON SHELTER EFFECTS

Kill Parameters
Number Unsheltered Aircraft Sheltered Aircraft
of Blue Red Blue Red
Blue Kills Kills Kills Kills
Aircraft Red Blue Red Blue
0.1 0.1 0.01, 0.05 9.01, 0.05
l.ooo o-s 0-5 0.01: 0-10 0001’ 0.10
2,000 0.9 c.9 0.01, 0.10, 0.50 |0.01, 0.10, 0.50
3,000 0.1 0.9 0.01, 0.05 - |0.01, 0.10, 0.50
0.9 0.1 0.01, 0.10, 0.50 0.01, 0.05

All these effects occur, under certain appropriate conditions.

We exhibit in Tables 1-16a, b, and c the full results of three of

. the runs. In Table 1-16a, the kill parameters are low for both
sides; in Tables 1-16b and c, they are high. Table 1-16c shows
that under certain conditions both Red and Blue shelters can make
a substantial difference in the outcome. Table 1-16a shows
almost no sensitivity to shelters; in certain regions of Table
1-16b, there is much sensitivity to Blue shelters.

For the runs in general, the most important factor affecting
the result is, unsurprisingly, the number of Blue aircraft, which
affects the optimal strategies and makes order-of-magnitude
changes in the game value. With 1,000 aircraft, Blue practically
always devotes all aircraft to CAS, while Red often flies some or
all ABA--and all CAS very rarely. Blue sometimes flies some ABA
1f Red has few shelters and Blue's kill parameter against un-
sheltered aircraft is 0.9, as in Table 1-16b. Therefore, there
are regions where Blue and Red shelters affect the outcome. The
most dramatic change occurs when Red's kill parameter against un-
sheltered aircraft is 0.5. Blue goes from zero to 1,000 shelters.
This changes the game value from around -120 to around -70. Add-
ing additional Blue shelters has a "shell game" effect when the
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Table 1-16. EFFECTS OF AIRCRAFT SHELTERS ON GAME VALUE
(NUMBER OF BLUE AIRCRAFT /
BLUE KILL-PARAMETER AGAINST RED SHELTERS /
RED KILL-PARAMETER AGAINST BLUE SHELTERS)

a. 1,000/ 0.1 / 0.1
Kill Parameter
Against Shelters o?“g?ﬁ; Number of Red Shelters
Blue Red Shelters 0 |1,000 '2,000 3,000
0.01 0.01 0 =79 | -79 -79 -79
1,000 -78 | -78 -78 -78
2,000 -78 | -78 -78 -78
3,000 -78 | -78 -78 -78
0.01 0.05 0 -79 | -79 -79 -79
1,000 -78 | -78 -78 -78
2,000 -78 | -78 -78 -78
3,000 -78 | -78 -78 -78
0.05 0.01 0 -79 | -79 -79 -79
1,000 -78 | -78 -78 -78
2,000 -78 | -78 -78 -78
3,000 -78 | -78 -78 -78
0.05 0.05 0 -79 | -79 -79 -79
1,000 -78 | -78 -78 -78
2,000 -78 | -78 -78 -78
3,000 -78 | -78 -78 -78

(continued on next page)
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Table 1-16 (continued)

b. 1,000/ 0.9/ 0.9

Kill Parameter

Against Shelters oﬁ"g?ﬁ; Number of Red Shelters
Blue Red Shelters o |1,000| 2,000 | 3,000
0.01 0.01 0 |-119]| -122 -124 | -124

1,000 -60 -67 -78 -78
2,000 -60 -67 -78 -78
3,000 -60 -67 -78 -78

0.01 0.10 0 {-119] -122} -124 124
1,000 -60 -67 -78 -78
2,000 -60 -67 -78 -78
3,000 -60 -67 -78 -78

0.01 0.50 0 {-119]| -122| -124 124
1,000 {-103| -104| -110 110
2,000 -80 -89 -94 -94
3,000 -69 -76 -83 -83

0.10 0.01 0 119 | =122 -124 124
1,000 -60 -67 -78 -78
2,000 -60 -67 -78 -78
3,000 -60 -67 -78 -78

0.10 0.10 0 M9 -122| -124 124
1,000 -60 -67 -78 -78
2,000 -60 -67 -78 -78
3,000 -60 -67 -78 -78

0.10 0.50 0 119 -122 | -124 124
1,000 103| -104| -110 110
2,000 -80 -89 -64 -94
3,000 -69 -76 -83 -83

0.50 0.01 0 119 -122| -124 124
1,000 -60 -66 -78 -78
2,000 -60 -66 -78 -78
3,000 -60 -66 -78 -78

(continued on next page)
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Table 1-16b (concluded)

Ki1l Parameter

Against Shelters oﬁug?ﬁ: Number of Red Shelters
Blue Red Shelters o |1,000|2,000]| 3,000
0.5 0.10 o |-19| -122| -124| -124

1,000 -60 -66 -78 -78
2,000 -60 -66 -78 -78
3,000 -60 -66 -78 -78

0.5 0.5 0 |-19| -122| -124| -124
1,000 |-103] -104{ -110| -110
2.000 | -80| -89| -94| -94
4 3.000 | -69] -76] -83] -83

(continued on next page)




Table 1-16 (continued)

c. 3,000/ 0.9/0.9

Ki11 Parameter

Against Shelters 02"2?5; Number of Red Shelters

Blue Red Shelters 0 |1,000| 2,000 3,000

0.01 0.01 0 35| -74 -81
1,000 |-17| -23 -30
29000 '7 ‘9 ‘9
3,000 -1 -2 -2

0 =351 -74 -81
1,000 -17 | -24 -37
2,000 <71 -10 -10
3,000 -1 -2 -2

0 35| -74 -81
1,000 -18 | -46 =71
2,000 -10| -21 -54
3,000 7] -14 -37

0 -35| -74 -81
1,000 <17 | -22 -30
2,000 -7 -9 -9
3,000 -1 -2 -2

0 -35| -74 -81
1,000 -17 | -23 -37
-71 -10 -10
-1 -2 -2

<351 -74 -81
-18 | -46 -71
-10| -21 -54 -54
<71 -14 -33 =37

-35| -65 | -76 | -79
A7 -1 | -22 | -25
28] W =8
A2, 2| =2

(concluded on next page)




Table 1-16c (concluded)

Ki1l Parameter
Against Shelters o¥u325; Number of Red Shelters

Blue Red Shelters o {1,000{2,000)| 3,000

0.5 0.10 0 -35| -65 -76 -79
1,000 17| -21 =24 -28
2,000 -7 -9 -10 -10
3,000 -1 -2 -2 -2

0 -35| -65 -76 -79
1,000 -18( -31 -49 -59
2,000 10| -15 -22 -32
3,000 -71 -10 -14 =17




Red kill-parameter against aircraft is still high enough (0.5)
to make ABA profitable. Otherwise, the Jump from zero to 1,000
Blue shelters causes Red to change from an ABA to an INT stra-
tegy, which remains optimal when further Blue shelters are
added. Therefore, the game value remains unchanged. This
change in strategy occurs also in Table 1-16a, with low kill-
parameters against unsheltered aircraft, although the game value
changes very little.

With 2,000 aircraft, Blue chooses mixed strategies that yield
mostly CAS; Red, mostly ABA. Blue does some ABA if his kill param-
eter is high (0.5 or 0.9). If the Red kill-parameter against shel-
tered aircraft is not high (the breakpoint is somewhere between 0.1
and 0.5) with 2,000 or 3,000 Blue shelters, the game value 1is
often =12, corresponding to an all-CAS strategy by both sides.

This is unaffected by the number of Red shelters. If the Red
kill-parameter against sheltered alrcraft is higher, Red con-
tinues to fly ABA as Blue shelters increase; but considerable
improvement for Blue (because of the shell game) occurs. As in
the case for 1,000 Blue aircraft, the most dramatic change in
general occurs when the number of Blue shelters goes from zero
to 1,000. In some cases, Red shelters have a considerable
effect, but usually less than Blue shelters. Table 1-16 i1llus-
trates the small difference from a 0.01 versus a 0.1 kill param-
eter, which occurs in most of the runs. The region of greatest
sensitivity with respect to strategy change and game-value change
seems to be between a 0.1 and a 0.5 kill parameter.

When Blue has 3,000 aircraft, he flies much more ABA than
previously, but only if his kill parameter (averaged for the
appropriate number of sheltered versus unsheltered aircraft)
is high. Because of the ground-firepower disparity, Blue still
prefers tc fly mostly CAS. Red usually flies ABA, even with
3,000 Blue shelters; hence, shell-game =ffects for Blue occur
often, as in Table 1-16c. (Red probably flies ABA so much because
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Red wants to kill those extra Blue planes and has the ground
firepower so that he can afford to do it.) However, there 1is
great insensitivity in game value when Red 1s ineffective on
ABA--vhich is probably because Blue can deliver encuzh air fire-
power to push the force ratio up into the flat region of the
FEBA-advance function, where changes in the force ratio result
in less change in the game value.

The above discussion shows how important it 1s to get accu-
rate estimates of the kill (and detection, which was not examined)
parameters against both sheltered and unsheltered aircraft. ABA
can be a lucrative mission for Red, and results and strategy
cholces are extremely sensitive to the parameter values. Depend-
ing on the parameter values, shelters can make either a huge dif-
ference in outcome or no difference at all. Also, alternative
ways of modeling the simulation of shelters in combat (e.g.,
allowing shelters to be destroyed in a number of ways) might af-
fect the game value considerably and should be examlned.
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Chapter 2

QUANTITY-QUALITY TRADE-OFFS OF TANKS:
ENGAGEMENT-LEVEL ANALYSIS

Morris J. Zusman

The purpose of the research described in this chapter is
to develop 2 generalized methodology that might be applied to
make quantity-qualitv trade-offs and to apply this methodology
to the specific case of tanks.

This research uses as its basic working tool an engagement-
level model of tank warfare developed at IDA. The model 1is de-
seribed in IDA Paper P-916, Tank Exchange Model, November 1973
(Reference [3]). It is a highly versatile, 1imited-engagement
Monte Carlo simulation. The model can require up to 17,000
separate pleces of data to simulate a single engagement . All
work in this report was done with respect to one basic engage-
ment. Figure 2-1 shows the battlefieid that was simulated 1n
all the quantity-quality work of this report. The basic case
has up-to-10 tanks attacking up-to-five defense tanks. The
reason 10 attack tanks were chosen is that this 1s the maximum
number of attack tanks the model can handle. For cases in which
fewer than 10 attack tanks or fewer than five defense tanks were
simulated, the higher-numbered tanks shown in Figure 2-1 were
dropped 1in descending order.

A. EFFECTIVENESS MEASURES

The generalized methodology used to make quantity-versus-
qua11ty.trade-offs was to plot a family of iso-effectiveness
curves on a grid of quantity versus the quality of forces
committed on one side of the battle, for a given guantity and
quality cf forces committed by the opposing side. Therefore,
the first problem was to define an appropriate effectiveness
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measure that may be used to make quantity-quality trade-offs.
Since the numerical value of the effectiveness measure would

be empirically derived from the data generated by the tank-
exchange model, certain effectlveness measures that might be
ideal from a decision-maker's point of view may have undesirable
statistical properties when derived. A total of five different
effectiveness measures were examined in detail and are discussed
below.

-~

(1) E(A/D)

-~ A

(2) E(A)/E(D)

~ "~

(3) E(A)/A / E(D)/D

A

(4) E(A-D)

A ~

(5) E(A)/A - E(D)/D ,

E(.) = expectation of the parenthesized event;

A = number of attack tanks destroyed in a given engage-
ment ;

D = number of defense tanks destroyed in a gliven engage-
ment ;

A = number of attack tanks committed to a given engage-

ment ;
] i D = number of defense tanks committed to a given engage-
. ment; and

. over a parameter means that the parameter 1s being
estimated.

Only two of the five measures (3 and 5) were found appropriate
for making quantity-quality trade-off's. Note that for measures

~ ~
. ]

3 and 5 there are companion measures E(A/A)/E(D/D) and
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E(A/A - D/D), respectively. These measures were not considered
because of statistical problems that are discussed in Section B
(below).

Tk EfA/D!

The first measure (the average of the exchange ratios of
the individual battles) was dismissed immediately, since--as
long as there was any possibility that the defense would suffer

no casualties in any single engagement (a definite occurrence in

our data)--the expectation of the exchange ratio would always be
infinity.

2. E(A)/E(D)
The second measure (the ratio of the expected losses) 1is an
exchange ratio of sorts, but it does not go to infinity if

occasionally the defense suffer zero losses in an engagement. :
Even if the defense suffer no losses in 99 percent of the tattles,

E(b) # 0. However, for making quantity-quality trade-offs in
which the intent is to improve the quality of the weapon system
so that the total quantity of the force required to win a war
may be reduced, the ratio of the expected losses on each side

is an inappropriate and misleading measure. The reason that
this measure is inappropriate is that, as one side improves its
} quality so that it can commit fewer tanks to an engagement while

holding the effectiveness constant (ratio of the expected losses)

on each silde, it also reduces the number of casualties that it
inflicts on the other side. This phenomenon is best 1llustrated

by an example: Assume that Red has 2,000 tanks and will attack

! i Blue in limited engagements with groups of eight attack tanks. Blue
] Planners desire to make trade-offs between the qQuantity and quality
: of tanks requlred to defeat Red's 2,000 tanks. Assume further that
Blue would 1like to have a tank that would maintain an effectiveness
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ratio (of the expected loss of attack tanks to the expected loss
of defense tanks) of 2. Then Blue would need at least 1,001 tanks
to destroy all of Red's 2,000 tanks. The only trade-off between
quantity and quality that can be made directly using the ratio of
the expected losses as the effectiveness measure is how many tanks
Blue must commit to each engagement, since maintaining a constant
effectiveness measure (ratio of the expected losses) of 2 will
always require Blue to have at least 1,001 tanks to defeat Red.

Figure 2-2 illustrates the limited quantity-quality trade-offs
that can be made by using the ratio of the expected losses as the
effectiveness measure. Figure 2-2 is a plot of a family of iso-
effectiveness lines on a grid of number of defensive tanks com-
mitted to an engagement versus defense lethality measure, for eight
tanks on the attack. (For the moment, let us ignore how the
curves have been derived and the exact definition of lethality
measure; these matters are described in subsequent sections of
this report.) Figure 2-2 shows how the number of defensive tanks
committed to an engagement can be decreased if the quality of
the tank is improved f.r a constant effectiveness. Figure 2-2
shows that, if Blue wants to defend against Red's eight tank assaults
with five defensive tanks while maintaining an expected loss ratilo
of 2, Blue's lethallty measure would have to be 0.95. If, on
the other hand, it were only desired to commit four defense tanks
while still maintaining an exchange ratio of 2, the defense
lethality measure would have to be increased from 0.95 to 1.08.

The misleading aspect of the exchange ratio as an effective-
ness measure is that although we have increased the quality of
the defensive tank so that we can maintain a constant exchange
ratio when the defense is outnumbered 8 to 4 instead of 8 to 5,
we have not decreased the total number of defensive tanks that

are required to win the war.

The second problem with using exchange ratlos as an effec-

tiveness measure is a statistical problem. Because E(D) is an
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Figure 2-2. EFFECTIVENESS MEASURE (EXCHANGE
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empirically derived estimate, there 1s some uncertainty about
the true value of E(D). That is, we are sure with some level

of confidence only that

~

E(D) - U < E(D) < E(D) + U ,

where E(D) is the true mean of the number of defensive tanks

destroyed and E(D) is an estimator of E(D). The exact confidence-
band equations that are complex are presented 1n Appendix 2-B
and need not be explored here. The point to be concerned here is

A

that, unless E(D) >> U, the uncertainty band about the estimated
exchange ratio becomes very large and approaches infinity as

E(D) approaches U.

3. E(A)/A / E(D)/D

This effectiveness measure is the ratio of the loss rates.
Because this effectiveness measure contains the number of forces
committed on each side of the engagement, it is well suited for
making quantity-quality trade-offs directly. Again, assume that
Red has 2,000 tanks and that the war will be made up of a series
of limited engagements in which a group of eight Red tanks attack
the defending Blue tanks. Figure 2-3 (which is identical in form
to Figure 2-2 except that the effectiveness measure 1s the ratio

of the expected loss rates rather than the ratio of the expected
losses), which may be used in making quantity-quality trade-offs,
is presented to show how the ratlo of the expected loss rates can
be used to make quantitv-quality trade-offs directly for the en-
tire force--assuming that Blue desires to maintaln an effective-
ness measure of 1. Then, if Blue wishes to defend against Red
with five tanks in each engagement, it can be seen from Figure 2-3
that Blue will have to deslign a tank with a lethality measure of
0.7. If, on the other hand, Blue wishes to ccmmit only four
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tanks to each engagement, Blue will have to design a tank with a
lethality measure of 1.08. However, the important thing to note
with this effectiveness measure 1s that quantity-quality trade-
offs can be made directly. Thus, when Blue commits five tanks
each with a lethallity measure of 0.7 to defend against eight Red
tanks, Blue will require at least 1,250 tanks to destroy all of
Red's 2,000 tanks; but, if Blue designed a tank that had a lethal-
ity measure of 1.08, Blue would require only a minimum of 1,001
tanks to defeat all Red's 2,000 tanks. Similarly, it can be seen
(by extrapolating Figure 2-3) that if Blue designed a tank

with a lethality measure of 1.55 and commltted only three to each
engagement, Blue would need only 750 tanks to destroy all of

Red's 2,000 tanks. Further, this effectiveness measure has the
desirable property of indicating which side on average 1s expected
to win each engagement. If the measure is greater than 1, the
assault wins; 1f less than 1, the defense wins.

While the expected loss-rate ratio has some desirable prop-
erties, 1t suffers from two serious shortcomings. First, just

A

like the exchange ratlo, it has E(ﬁ) in the demoninator. Thus,
the previous discussion about confidence limits on the empirical-
ly derived ratio apply equally to the expected loss-rate ratio.
Second, the measure 1s an asymmetric mcasure. When the defense
forces are totally destroyed, the measure 1s bounded by 0 and 1.
However, when the assault forces are totally destroyed, the
measure 1s bounded by 0 and infinity.

4. E(A - D)

This measure 1s the absolute difference in the losses. Its
one major advantage 1s that, unlike the other effectiveness
measures, 1t can be estimated directly, while the other effective-
ness measures requlre algebraic manipulation of estimators. How-

ever, from a practical standpoint, this is not a good measure on
which to make‘trade-offs between quantity and quality.
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Since it, 1like effectiveness measure 2 (above), does not
include the forces committed on each side, it is difficult to
interpret in a quantity-quality context. As the quality of one
side is improved and few tanks are committed, the number of
casualties inflicted on the other side also changes. Therefore,
while curves were derived and are presented for this measure in
Appendix 2-A, 1t is felt that it is a poor effectiveness measure
for quantity-quality trade-offs. For comparison purposes,
Figure 2-4 is presented.

5. E(A)/A - E(D)/D

This effectiveness measure has all desirable properties of
the exchange-rate ratio without certain of its shortcomings.
Unlike the exchange-rate ratio, this effectiveness measure
(being bounded between 1 and -1) is symmetric. When the defense
are totally destroyed, the measure will be between -1 and 0;
when the assault are totally destroyed, the measure will be be-
tween 1 and 0. When the loss rates of the forces are exactly
equal, the measure will be zero. Because the measure is a
difference rather than a ratio, it does not have the statisti-
cal problem of the confidence bands about the measure becoming

A

infinite (or even particularly large) as E(D) approaches zero.

Figure 2-5 presents 1so-effectiveness curves using the
difference 1in expected loss rates as the effectiveness measure.
Note that the line where the difference in expected loss rates
is equal to zero in Figure 2-4 is identical to the line in
Figure 2-3, where the expected loss-rate ratio is equal to 1.
This 1s the case where each side is destroying at the same rate

and E(A )/A = E(D,_)/D. Thus, E(A)/A - E(D)/D = 0, and

E(A)/A/E(D)/D = 1. Note, too, that the family of both curves in
Figures 2-3 and 2-5 are essentlally parallel lines. However, the
curves in Figure 2-5 (because of the symmetric property of its
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effective measure) are equally spaced for a constant increment

in the effectiveness measure, while the curves in Figure 2-3 are
more tightly spaced for a constant increment in the effectiveness
measure as the effectiveness measure increases.

Because the difference in the expected loss rates is a
symmetric bounded measure (with a stable confidence bandwidth,
even when the expected loss rate of the defense approaches zero)
that lends itself directly to making quantity-quality trade-offs,
it 1s felt that 1t 1s the preferred measure to use in making
quantity-quality effectiveness trade-offs.

B. METHODOLOGY

Having defined the effectiveness measures for which quantity-
quality trade-offs could be made, our next problem was to develop
a methodology by which the appropriate variables could be estimated.

Ideally, we would like to derive a set of equations such as
the following:

A= f(A, D, QlA’ o~ QKA’ QlD’ 2Py QJD) (1a)

D= gOAy Dy Qs week @y Qs AOERED (1)

Cp = H(D, Qps +v s QJD) (1le)

(for the case in which Blue 1is on defense and similar set where
on attack), where

the number of attack tanks destroyed in a given
engagement ;

the number of defense tanks destroyed in a given
engagement ;

the total 1life-cycle cost in dollars of the defense
force ;

the number of assault tanks committed to an engagement ;
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D

the number of defense tanks committed to an engagement;

the ith quality pareameter of assault tanks; and

Qp

QJD the jth quality parameter of defense tanks.

As the flrst step in developing a quantity-versus-quality
methodology, almost all the efforts involved in this paper have
been expended in defining Equations (la) and (1lb).

One question that may occur to a reader is that, since our -
preferred effectiveness measure is of the form E(R/A) - E(B/D),
why don't we try to develop one equation for the effectiveness
measure directly instead or developing one for A and ﬁ separately
and then algebralcally manipulating the two equations to derive
the effectiveness measure? The reason 1s that the equations are
to be derived using ordinary least-squares regression techniques.
In order to utlilize some of the statistical tests we will be
using, certain assumptions with respect to probabilistic distri-
butions of the dependent variable must be met. One is that the
error term in the regression 1s independent of all the indepen-
dent varliables in the equation. If we were to regress the
eifectiveness measure directly, the quantities A and D would
appear as both parts of the dependent variable and as independent
variables--violating the assumption that the error term was in-
dependent of all the independent variables.

Examining Equation (la), we see that what we are going to
attempt to do is to fit a surface in 2+K+J dimensional space.
The methods used to explore this surface are referred to in
the statistical literature as response surface methodology.
Since the mathematical form of f in Equation (la) 1is not known,
Myers [5] suggests that a good approximation of f may be a first-
(or higher-) order polynomial in the variables included in
Equation (la).
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The inputs to the tank model were then examined to determlne
what quality variables might Dbe varied. Table 2-1 lists 30 varia-
bles that could be varied as input to the tank exchange model and
that were felt to fall into the category of quantity variables or
quality variables. The first step was to examine these 30 variables
in a first-order polynomial--1l.e.,

A =B, + le.}_ + }32)(2 ¥ 00N B30X30 \ (2)

where

Xi = the ith quality or quantity variable; and

Bi = the coefficient associated with the ith variable.

Equation (2) was fit by least-squares regression. At what value
to set each of the 30 Xi for each observation was nontrivial.
Just selecting two values for each one of the 30 variables and
then simulating the output for all combinations of the 30 variables
would require 230 or 1 x 109 different battles to be simulated. A
single simulation of one battle runs approximately ,2 seconds of
computer time. Thus, to simulate a complete 2K factorial for 30
variables would take over 12 x 106 computer hours.! While there
are sampling technliques to develop fractional factorials that
reduce the number of observatlons down to manageable proportions,
they are extremely complicated to set up for a problem involving
as many as 30 variables. Both Cochran and Cox [2] and Hufschmidt
[4] suggest that an alternatlve method to reduce the number of

¢ sample points required (while not as efficlent from an estimating
point of view as some systemized design of experiments sampling

l7he computer used for the simulation was a CD 6400.
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Table 2-1. EFFECTIVENESS PARAMETERS INITIALLY
INVESTIGATED (BLUE ON DEFENSE)

Coefficients Found
Statistically
Significant
! Attack Defense
Variable Investigated Losses Losses
Number of Attack Tanks 0.26 0.28 "
Number of Defense Tanks 0.73 0.31
Attack Vulnerability Measure 1.5D -0.84
Defense Vulnerability Measure -0.38 0.28 .
Attack Error Measure 0.88 -0.44
Defense Error Measure -1.26 0.61
Attack Tank Height 1.25 o U
Defense Tank Height .- --
Attack Load-Time Measure 0.38 --
Defense Load-Time Measure -0.41 .-
Attack Aim-Time Measure -- .-
Defense Aim-Time Measure .- 0.27
Probability Attack Classified K|HP 0.92 -0.53
Probability Defense Classified KIHb S 23
Attack Probability of Misfire -- --
Defense Probability of Misfire .- =
Attack Time to Clear Misfire .- .-
Defense Time to Clear Misfire -- --
Acceleration -- .-
Deceleration -0.39 --
Attack Maximum Detection Range -0.47 S
Defense Maximum Detection Range .- .-
Attack Detection-Range Multiplier -- .-
Defense Detection-Range Multiplier 0.35 -0.24
Attack Maximum Detection-Range Weapon Sign .- 0.22
Defense Maximum Detection-Range Weapon Sign .- 1 .-
Attack Probability Derense-Weapon Signature e~
Detected -1.29 0.68
Defense Probability Defense-Weapon Signature
Detected -- .- .
Attack Probability Target Detected, given
Weapon Signature Detected -1.16 0.83
Defense Probability Target Detected, given
Weapon Signature Detected .- -0.23
Constant Found in Regression Equation 0.31 1.81
Coefficient of Determination (RZ) 0.67 0.79
Residual MSS (Mean Sum-of-Squares Error)/
Pure Error SS (Sum of Squares) 4.48°¢ 3.70°¢
a. Everywhere it is not shown, the calculated t statistic < 2.
b. Killed, given a hit.
c. Has an F distribution.
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plans) would be to select the numerical values for all the

independent variables randomly for each observation. This is
what we did. For each observation, the value for each inde-
pendent variable was selected randomly from a uniform distribu-
tion that (with the exception of the quantity Variables) had. a
range of 0.5-1.5 times each variable's nominal value.! The
range of the quantity variable was 1-5 for the defense and

1-10 for the assault. A total of 396 different values were
selected for each variable., Ten battles were fought for each
set of input, so that a total of 3,960 battlies were simulated.
The average number of assault tanks destroyed for each set of
inputs (10 battles) was then used as the dependent variable in
a stepwilse-regression routine. The same was done for the num-
ber of defensive tanks destroyed. Table 2-1 (above) presents
the results of the regressions. All the numerical values shown
in this table are the regression coefficients that were found
to be statistically significant (i.e., calculated t values
exceed 2). The fact that a variable's coefficient had a t
value less than 2 does not necessarily mean that the varlable
might not be significant. The variable could be significant

as a cross-product term between two or more variables.

Because we simulated each battle 10 times whille holding
all of the 1lnputs to the model constant, we are able to estimate
the pure-error mean square. This 1s the variation that is in-
herent in the process and that would be observed even if the
equation were a perfect fit. Thils pure-error mean square
can be compared with the residual mean square of the regression
equation to test the equation for lack of fit. The ratio of
the pure-error mean square and residual mean square of the
regression has an F distribution, and the hypotheslis that there
is a significant lack of fit can be tested. Using an F table,
we found that the critical F at the 0.05 level 1s approximately

1The nominal value was taken as the existing tank's current
value.
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1.2. This compares with the calculated F of 4.48 and 3.70 for

the A and b regression equations, respectively. Therefore, we
reject the hypothesis and conclude that there is a significant
lack of fit when using a first-order polynomial. The formula
for the number of coefficients that must be considered for a
higher-degree polynomial is (K;d), where K 1is the number of
independent variables and d is the degree of the polynomial.

To go to a second-degree polynomial with 30 variables means

that we would have to consider 466 cross-product terms. This
number of cross-product terms was considered to be unmanageable.

The next step was to investigate a much smaller number of
variables in detail. A total of six variables were chosen for
detalled investigation. These six variables were chosen on the
basis that they had significant and relatively large coeffici-
ents in Table 2-1 and that they were variables that might be
possible to relate to specific design specifications.

Because the equations that are derived differ depending
on which side is on assault, it is now convenient to switch
symbol notation from assault and defense to Red and Blue. The
six variables investigated in detail were--

B = number of Blue tanks committed to an engagement ;
R = number of Red tanks committed to an engagement ;
V., = Blue vulnerability measure;

L

= Blue lethality measure;
= Blue error measure; and
= Red error measure.

Vo, Blue vulnerability measure is defined in the following
way:

Pp Vg, for 0 < Vp <1
= (0] ¢ il .

1 Wy e ey Py A el L d AR
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where

P. = the probability that the existing B ue tank will
i be destroyed, given a hit in the 1t target area
by the existing Red tank weapon. Vulnerabillty
tapes of actual tanks are used. Each tank is
divided into one-foot squares. Each one-{oct
square has a probability that the tank will be
destroyed, given that it is hit in thils square.

P: = the probability that the modified Blue tank 1is
1 destroyed, given that Blue 1s hit in the 1ith
target square.

BM, = the probabilitg of a Blue mobility failure, given

a hit in the i®h target square. Note that (because
of the way the model is formulated) total destruc-
tion, mobility failure, and firepower fallure are
mutually exclusive events.

PBF = the probabilitg of a Blue firepower failure, given
i a hit on the ith target square.

Note that when VB =0, Pé = 0 and the tank is completely 1n-

5
vulnerable; when VB LN Pé = Pé and the modified tank is the
i i
o
existing tank; when VB = 2, P+ =1 and the tank 1s completely

B
i
vulnerable. Similarly, LB Blue lethality measure 1s defined as

for 0 < LB S L

-142P; = LpP: , forlc<L;c<2,
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]

R the modified probability that tge Red tank is
i destroyed, given a hit on the ith target square.

Pﬁ = the probability that the Red tank is destroyed,
i glven a hit on the ith target square by the Blue
tank weéapon.

PRM = the probabilitg of a Red mobility failure, given
i a hit on the ith target square.

PRF = the probabilit¥hof a Red fire-power failure glven
i a hit on the 1 target square.

EB Blue error measure 1is defined as

TIEB = TIEBOEB ’

TIEB = the modified total impact error of Blue firing on
Red. This includes al1l aiming, gun-peculiar, and
shell-peculiar errors.

TIEB = the existing Blue tanks total impact error.

+ TIE, E

Similarly, for TIER Ro R °®

TIER = the modified total impact error of Red firing on
.Blue. This includes all aiming, gun-peculiar,
and shell-peculiar errors.

TIERO = the existing Red tanks total impact error.

The problems of deriving a response surface with six
variables are several orders of magnitude simpler than deriving
& response surface with 30 variables. With six varlables, only
27 coefficients must be considered in a second-order polynomial.
In order to derive a second-order polynomial, it is necessary
to sample each variable at at-least three levels. A complete 3k
factorial for six variables requires only 729 different observa-
tilons. 1In order to preclude having to extrapolate the derived
equations, two of the three level§ selected for each of the
varlables were their extremne points. The third point was the
midpoint of.their range. Further to supplement the full
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factorial, especially in the center region, an additional 500
observations were generated by random selection of the input
variables. For each set of inputs, each engagement was simu-
lated only once--for a total of 1,229 individual tank engage-
ments. A stepwlise regression routine was used to fit the data
from the 1,229 battles. Equations (2a), (2b), and (2c), below,
are the results of the derived regression equation when Red is
on attack. The parenthesized numbers are t statistics for each
coefficient.

- 2 :
R =1.49 - O.“3V Jo S R (O) (510N + 0,16L_B + 0.37L_R
(10.2) (4.3)B R (Y1) B (25)B @1.6) B

- 0.068° + 0.15RB + 0.09BE; - 0.05R° + 0.15RE
(4.1) (19.0) (1.8) (12.7) (5.5)

-(0.12?EB § (2a)
10.

R

B = n.048 + 0.36B + 0.13V.B - 0.24L B - 0.09B°

(0.42) “(3.7) (6.2)8 @1.4)° (€:2)
+ 0.09BR - 0.15BEg + 0.18BE; . (2b)
(36.3) (7.0) (8.8)
(R - B) = 0.25 + 1.05E; + o.sovg - 0.24V_B - 0.09V_R
©0.75) (2.4) (B L0950 ) (2.0)
2
- 0.70V.E. - 0.70L° + 0.45L_B + 0.37L_R
(2s) R L (3, 5)B 0 5. R eneey B
+ 0.06BR + 0.29BE_ - 0.37BE_ - 0.03R?
(5.5) (3.6) (4.0) B (5.6)
+ 0.16RE. - 0.25RE (2¢)

(LB v (88, B
As can be seen from Equation (2), one of the problems with
polynomials is that they are complex and difficult to interpret
intuitively, particularly since a number of the terms enter into
the equations with both positive and negative signs as different
cross-product terms. The interpretation of the equations will
be left to the next section (since the purpose of this section

is to explain the statistical methodology).
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The coefficlents of determination, which indicate what
fraction of the total variance 1s explalned by the regression
equations for Equations (2a-c), are 0.62, 0.61, and 0.36,
respectively. The reasons that the coefficlents of determina-
tion are so low are that each data polnt represented only one
battle and that the natural variation lnherent in the data 1s
high. In order to estimate the pure-error term that could be
used to test the hypothesis that Equations (2a-c) adequately
fit the data--and used to generate an independent set of data
on which to test Equations (2a-c)--an additional 200 sets of
input data were generated by randomly selecting values of each
of the six variables. These 200 input sets were then used as
input to the tank-exchange model. Each set of inputs was used
to simulate 10 tank battles. Thus, a total of 2,000 additional
battles were simulated. -Since for each fixed set of inputs 10
battles were simulated, the pure-error term can be estimated.
The ratios of the residual.mean-square error to the pure mean-
square error for Equatibns (2a-c) are 1.03, 0.999, and 0.9677,
respectively. This ratio has an F distribution with 1,200;
1,800 degrees of freedom as enterling arguments to the table.
While tables with this number of degrees of freedom are not
readily avallable, the critical F at the 0.05 level for «;1,000
degrees of freedom is 1.11. Thus, we would reject the hypothe-
sis that there was a significant lack of fit. Because of the
large number of degrees of freedom, this 1s a fairly precise
test. Further, when Equations (2a-c) were used to predict the
outcome of the second set of data, the 200-battle case, the
equations explained 88 percent, 87 percent, and 69 percent of
the total output varlance, respecti&ely. The reason that
Equations (2a-c) explain a greater percent of the varlation
when applied to the second set of data (the 200-battle case)
than they do when applied to the first set of data (from which
the equations were derived) 1s that the second set of data
represents the average of the results of 10 battles (where
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the inputs were held constant), whereas the data in the first
data set were the results of individual battles. Theoretically,
the inherent varlance in the second set of data should be

1/¥10 times the inherent variance in the first set of data; and,
thus, it should be expected that Equations (2a-c) should produce
higher coefficients of determination when applied to the first
set of data than when applied to the second set of data.

Once Equations (2a-b) have been derived, they are easily
combined algebraically and manipulated into Equation (3), which
has the preferred effectiveness measure as the dependent varia-
ble. Note that Equations (2a-b) can easily be combined and
manipulated so that any other of the effectiveness measures
discussed is the dependent variable.

A ~

E(R) _ E(B) _ _ 0.06B°
R B R

B
+ 0.24B + (0.09ER + 0'16LB)§

0.048
B

- 0.14R - (0.60L§ + 0.43V.E. - 1.u9)%

BER
+ 0.61Lg - 0.13Vy - 0.36E + 0.30E; - 0.36 .  (3)

Equation (3) can be algebraically manipulated into Equation
(4), a cubic in B, which for a given level of effectiveness
can be used to make quantity-quality trade-offs.

[(0.09E_, + 0.16L
[— °—'If—6—]e3 + ( R B) + 0.214]132

" 2
0.60LE + 0.43V_E. - 1.49
0.14R + ( B B R )

L R

- 0.61LB + 0.13VB + 0.36EB - 0.30ER + 0.3%]8

- [o.ous] = Qi (4)
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A similar procedure of generating 1,229 data points was
used to derive a set of equatlions when Blue was on attack.
This resulted in Equations (5a-c), displayed below. These
equations were then algebraically combined and manipulated
so that quantity-quality trade-offs could be made.

-0.77 + 1.68L
(%600 RelY

- 0.1MLBB - 0.94v
(6.0) (2.7)

+ 0.59V

4+ 0.84R + 0.35B + 0.08LBR
(5.3) (4.5) (1.7)

2
B

B

+ 0.24v_B - 0.73V_.E
(B3> fRaEy s D

2

- 0.22R" + 0.19RB + 0.13RE

E
(2.3)B 5 (10.6) (26.1) (2.0) »

2
- 0.04B° + 0.16BE. - 0.15BE_ + 0.36E_E
(20.2) - (5,8) 2  (g-1y & taey gy R

2
- 0.59E_ .
(3.2) R

-0.57 + 0.41R + 0.19B - 0.20L§ + 0.13LgR
(2.8) (3.7) (5.0) (2.6) (3.5)

+ 0.07L.B + 0.26B° - 0.23V

B R - 0.12V_B
(4.1) (2.5) (6.0)

(6.6) B

2
+ 0.46V_.E, - 0.28V_E_ - 0.06R° + 0.03RB
(h.1)8 B (2.1 B R (y.7)  (6.2)

B

= O R6REL T OSEEREBY = 0.08B + 0.05BE
VE BN L Y <5.0)EB T Xk

0.85 + 0.47R - 0.17LBB + 0.18VBR + 0.39V.B
(2:8) (2.1) (8.2) (2.3) (11.8)

- 1.0TV By - 0.17R% + 0.17BR + 0.17REg
(5.0) (6.0) (17.3) (2.3)

- 0.04B2 + 0.27BE; - 0.18BE_ .
(9.5) Bas) (8.4)




C. INTERPRETATION OF RESULTS

Having derived predictive equations for é,ﬁ, we are in
a position to manipulate them analytically so that quantity-
versus-quality trade-offs can be made. In this section,
quantity-quality.trade-offs using the difference in 1loss
rates (E(A)/A - E(D)/D) as the effectiveness measure will
be made. Similar curves that will be presented here are
bresented in Appendix 2-A for other effectiveness measures.
Before exploring quantity-quality trade-offs directly, let
us examine the partial derivatives of the effectivenecs
measure with respect to each of the six independent variables,
by varying each one individually and seeing whether the re-
sults correspond with intuition. Remember that the higher
the effectiveness measure is, the better it is for the
defense (e.g., when the effectiveness measure is 1, the
assault is completely destroyed and the defense suffers
no casualties; when it is -1, the defense 1s totally
destroyed and the assault suffers no casualties).

_ Figure 2-6 presents Lhe effectiveness measure (E(K)/A -
E(D)/D) as a function of the number of Red attack tanks for
a family of curves that represent the number of Blue tanks
on defense.

Figure 2-6 shows that just by massing .iore tanks, with-
out making any quality changes, the effectiveness of one side
improves dramatically. For example, as Blue adds defensive
tanks against an assault of five Red tanks, the loss-rate
difference changes from -0.32 to 0.62 for one and five defen-
sive tanks, respectively. Similarly, as Red attacks with
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more tanks against a fixed number of defense tanks, the loss-
rate difference shifts in Red's favor--going from 1 to -0.1 as
Red assaults five defense tanks with 1 and 10 tanks, respec-
tively. The dotted lines in Figure 2-6 are lines of constant
force ratio. As can be seen by the dashed lines, the differ-
ence in expected loss rates decreases for a constant force
ratio. That is, as the absolute size of the battle gets bigger
(even though the force ratio on the two sides remains the same),
the outcome of the battle shifts in favor of the attack. The
line where the force ratio 1s 1 suggests that there may even

be an optimum-size battle for the attack, given a force ratio,

since the line for force ratio equal to 1 is U-shaped. The

other lines may be U-shaped too, but the minimum was not reached
for the maximum-size battles depicted in Figure 2-6. Figure 2-7
is identical to Figure 2-6, except that Blue is on attack and Red
is on defense. Although the constant-force lines are flatter in
Figure 2-7 than in Figure 2-6, they too show the same tendency:
the effectiveness measure shifts in favor of the assault as the
absolute size of the battle increases, even though the ratio

of the forces on each side 1s constant. The force-ratio line

of 1 in Figure 2-7 also is U-shaped. Since the effectiveness
shifts in favor of the defense as the absolute size of the
battle increases when either Red or Blue 1s on defense, the
phenomenon does not appear to be tank-related. We do not at
this time have any explanation for this phenomenon. It cer-
tainly warrants further examination. Not too surprising, as
will be seen in Appendix 2-A, this same phenomenon occurs for
the other effectiveness measures.

Returning to comparing Figures 2-6 and 2-7, it can
be seen that in both cases when the force ratios are equal
the effectiveness measure is highly positive (in the
defense's favor). This conforms to intuition, which says
that the defense, being in defilade, should have a large
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advantage over the aittack. Note, too, that all of the lines i1n
Figure 2-7 are aktove the corresponding line in Figure 2-6--
suggesting that, on the average, the existing Red tank is better
than the exlsting Blue tank. Thils conforms to conventional wis-
dom. In Figure 2-7, there appears to be an aberration for the
effectiveness when one tank assaults five defense tanks. This
1s at the edge of the data used to derive the response surface
and 1s probably due to some lack of fit in the equations. Since
the one attack tank versus five defense tanks 1s not a situation
likely to be of interest, it does not appear to be too serious
an error.

The next series of curves shows effectiveness as a function
of one of the quality parameters for a family of curves that
represent the number of defensive tanks. In all cases, the
number of attack tanks equals twice the number of defense tanks; and
all other quality parameters except the one explicitly shown
are set at thelr existing values.

Figure 2-8 1s the effectiveness measure as a function of the
"defense vulnerability measure for Blue on defense. The curve
matches intultion and shows that the effectiveness measure moves
in favor of the assault as the defense becomes more vulnerable.

Figure 2-9 1is the effectiveness measure as a function of the
defense lethality measure for Blue on defense. The curves for the
most part match intultion and show that the effectiveness
measure shifts 1n the defense's favor as the defense lethality

i1s increased. The one exception 1s the curve corresponding to
the situation 1in which two attack tanks attack one defense
tank. While this curve behaves as would be expected (with the
effectiveness measure increasing as the defense lethality is
increased up to 1.25), it then degenerates--turning down as
the defense lethality increases beyond 1.25 and crosses the
other curves. The case of one defense tank is at the edge

of the data used to derive the response surface; thus, the
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seeming discrepancy from what would normally be expected could
be attributed to lack of fit of the equations at the edge of
the response surface.

Figure 2-10 is a plot of the effectiveness measure as a

function of the defense error measure. These curves conform to
what should be expected. As the defense error measure increases,
the effectiveness measure decreases.

Figure 2-11 is a plot of the effectiveness measure as a
function of the attack error measure. These curves conform to
what should be expected. As the attack error measure increases,
the effectiveness measure increases.

Having seen that all the partial derivatives of the

Y effectiveness measure appear to be in the proper direction
(with the one exception of the crossover point noted in
Fig:re 2-9), we can now make quantity-quality trade-offs.
Figure 2-12 presents iso-effectiveness lines as a functlon

. of number of defense tanks and three quality parameters

for the case of 10 Red tanks on attack. Note that, while
Figure 2-12 (and the other figures that are presented throughout
this report) make quantity-quality trade-offs by varying one
quality parameter at a time and holding the other quality
parameters at their nominal values, the reader can (by using

the equations presented in Section B), vary two or more of
the parameters simultaneously, if desired.

Figure 2-12 shows that the results of a battle in terms
of the percent of forces lost on each side would be the same
if five Blue tanks with a lethality measure of 0.77 or 4 Blue
tanks of a lethality measure of 1.15 defended against 10 Red
tanks--assuming an effectiveness measure of -0.25. Similarly,
five Blue tanks with an error measure of 1.38, lethality

e el

measure of 1, and vulnerablility measure of 1 could do as

[

|

F effective a Job as four Blue tanks with an error measure of
j 0.76. As can be seen from Figure 2-12, the effectiveness
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measure is most sensitive to Blue's lethality measure and
least sensitive to Blue's vulnerabllity measure. Thils 1s not
surprising, since Blue belng on defense 1s in defilade; thus,
only a small fraction of the tank 1s exposed. Improving the
vulnerability of those portions that are in defilade would
have no effect. Figure 2-13 is identical to Figure 2-14 except
that only six Red tanks are attacking.

Figures 2-14 - 2-19 correspond exactly to Figures 2-8 - 2-13
except that Blue 1s attacking and Red 1s on defense. The curves
all have essentially the same shape as their corresponding curve
for Blue on defense except that there are a greater number of
anomalies at the edge of the data (one defense tank against two
assault tanks). This may mean that the fits achieved when Red
was on defense were Inferior to those achieved when Red was on
attack.

Figures 2-18 and 2-19 show that when Blue is on attack the
effectiveness measure 1is most sensitive to Blue's vulnerability,
since now Blue 1s in the open and Red 1t in defilade.

D. COSTS

While the preceding analysis has dealt with quantity-
quality trade-offs with respect to effectiveness, the ultimate
trade-off that must be made has to include costs. Thus, constant-
cost curves must be added to the quantity-quality trade-off
curves. Little work has been done in developing parametric
cost-estimating relationships that could be used to estimate
the cost of tanks. One of the primary rearons that development
of parametric cost-estimating relations has lagged behind other
equipment is that very little actual tank-cost data currently
exist. No rew tanks have been developed since the early 1960s.
All recent tanks have been modifications of the exlsting tanks.
The data that do exist and the work that has been done with
respect to costing tanks have derived cost factors relating

94




SANVL MIVLILY Q3¥ 9 - SYILIWVYVd ALITvVND ANV SNNVL 3Nn78
40 ¥38WNN J0 NOILONN4 V SY (3IINIYIIJ4IC ILVY-SSOT) IYNSYIW SSINIAILIIL43

JNSYIW JO¥¥3 IMe

—
e
I-.u']

/

[/

B
4

/

w3

SANVL IN18 JO ¥IEWNN
SANVL IN18 4O ¥3I8WNN

SSINIILD3443 40

(-2

JWNSYIW ALNYHLZ 3Me
L | | 001

‘€1-2 94nbry

95

//
/
I~
]

SANVL 3IN18 4O ¥38WNN

FWNSVIW S5INIAILDI443 40




JYNSYIW ALITISVHINTINA

(3SN3430 NO G3Y)

In1g 40 NOILINMI ¥V SV 3INIY3IS4I0 I1VH-SSO1

TWNSYIW ALNIEVEININA 3NTE

oLt

0s"0

mxz_(h anme _..__ aNv muz_(- oMs,

uu.._.._{___. e e nz_{_ SANYL _ﬂmﬂ ¥

SANYL .t._..__- 9 aNY wkz.{._. a3x £

|

\

“p1-2 danbL4

81-vL-1-01

050

3

(3/¥ - 9/8) IONIWIIIC ILVYE-SSO

2
o




(3SN343a NO G3¥)
JYNSYIW ALITVHLIIT 3INT8 40 NOILINNY V¥ SY 3IINIYI4JIA 31VY¥-SSOT

JNSY3IW ALNYHLI 3IMe
or*l 0E"1L ozl oL°l 00° 1 05°0 080 0o

*GL-2 d4nbiy

(A - 9/9) IONNIHHIQ IUVI-$SOT

97




(3SN3430 NO Q@3¥) 3¥NSY3IW dOU¥3 3018 40 NOILINN4 vV SY 3IN3¥34410 31vH-SSO1

JWNSYIW #0HE3 IMe

090

#_

SHNYL !.3. 0L aMY m,_.-.”_iu a3 s
SHMYL IME € ONY SHANYL Q38 ¥

*g|-g d4nbiry

(4/4 - 9/8) 1DNF¥I41Q AUVE-$507
98




*L1-2 d4nbL4

(3SN3430 NO Q3¥) 3Y¥NSVY3W YOUY3 G3¥ 40 NOILINNG V¥ SY 3IN3Y¥344I0 31vy-SSO1

JUNSVIW H0dE3 O34
oz°l ol 00"l 00

08°0

&

muz_i__m ane ot n_é-____ SANVL O3y m/

SANYL u_.._.- 8 ONY mu*_.._{w amyr
SHNYL 3IME 9 ONY SHNYL 034 €

g
99

2

(34 - §/8) IDNWIHQ ILVE-SSOT

2
o




SANVL 3ISN3430 034 S - SYILIWVYVd ALITVND ANV SANVL 3n8
30 Y3IGWNN 340 NOILONN4 vV SY (3IONIY3I4JIQ 31v¥-SSO1) 3¥NSVIW SSIN3AILIII4T °81-2 du4nbiy

12-9L-1-0t

FNSYIW ALNEVENIOA 3ME RNSYIW O3 IM8 JNSVIW ALINVHIN IMse
05°0 SL°0 00"l SZ°1 051 05°0 G20 00°1L SC°1l 0s5°1 05°1L gz 1L 00°1L SL°0 om.%

N\

\
N

O\ —
O ~

/// . T
o /.://// k. he g

05°0 09°0 0L°0 080 09°0 00 05°0
NSYIW SSINAILIILEA 4O IMVA NNSYIW SSINIAILDIFET 4O INMVA NNSVIW SSINIAILDISHI 4O

fiEy

SANVL 3IN18 4O ¥IIWNN
SANVL IN18 4O ¥IIWNN
SANVL INE 4O ¥IIWNN

//
/11
™~
TN
N
09°0




SANYL 3ISN3I33a a3Y¥ € - SYILIWVYIVd ALITYND aNv SXNV1 3n18
40 ¥IGWAN 40 NOILONN v Sv (3IN3Y¥I44IQ 31¥Y¥-SS0T1) I¥NSYIW SSINIAILI3443  “61-¢ danby 4

&2-2-1-01
IWNSYIW ALNIEVEINTNA 3ME JWNSYIW JO¥EI IMe JNSVIW ALITVHLTY 3me

050 SL°0 00" | sz 05° 1 0s°0 SL°0 00° L T | ...m_.ﬂ_ 05" SE°1 00"l SL°0 nﬂ-m_
|

L& ﬁ N
—E

SeEN |

—d
(]

wy

7 Zz .4
c m — E
3 @ _l-__ﬂqu..l. z
2 Q 08" 2
06" = = ®
, N S ”u"rl dﬁ.‘n =
— = i
- z z rlll-l.. <
08 = = — %
= i~ .lll-ll.-‘l 09" g
i Tl ./
0c

FNSVIW SSINIAILIIISI 4O INMVA

FJNSYIW SSINIALLDIET 4O IMVA

JWNSYIW SSINAAILLDIH43 L ImvA

F _ i

101




the cost on a per-pound basis for different tank subsystems or

on a horsepower basis for the drive train. Unfortunately, it
would be another monumental task (if possible at all) to relate
to welght the quality parameters examined here. A second diffi-
cult problem in making quantity-quality cost trade-offs is the
perennial problem of indirect support costs. No one has a good
handle on support cost, yet in trading off quantity the support-
cost changes may be the most important question. How do support
and other indirect costs change as quantlity changes?
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Appendix 2-A
ALTERNATIVE EFFECTIVENESS MEASURES IN QUANTITY-QUALITY TRADE-OFF

This appendix presents variations of the quantity-versus-
quality curves that were presented in the main section of the
chapter, where the curves used the difference of the expected
loss rates as the effectiveness measure. Three sets of curves
are presented in this appendix; each set uses a different effec-
tiveness measure: The first set (Figures 2-A-1 - 2-A-7) uses
the ratio of the expected loss rates; the second set (Figures
2-A-8 and 2-A-9), the ratio of expected losses; and the third
set (Figures 2-A-10 and 2-A-11), the difference in losses.
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Appendix 2-B
STATISTICAL METHODOLOGY'

This appendix 1is in two parts: The first part derives
the equations necessary to calculate a confidence band about
an estimate that 1s the ratilo of two empirically derived ex-
pectations. The second part deals with different sampling plans
that can be used in deriving a response surface.

59 Confidence-Band Calculation

To obtain a confidence interval for E(Yl)/E(Yz) for a
particular set of values for the independent variables, let

E(Yl)
R
2
Then Yl - RY2 is normally distributed with mean zero and

2

Var (Yl - RY2) = Var Yl + R° Var (12)

- 2R Cov (Yl,Y2)

2

o2 2_2

+ R 02 - 2Ro

e

This simply relabels the variances and the covariance for nota-
tional convenilence.

The quantity

1 - BY,

<>
oo}

2 2.2
Jol + R 02'- 2Ro12

has a normal distribution with mean zero and variance 1.

IThis appendix was written by Hubert Lilliefors.
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In order to find a l-a level confidence interval for R,
we find Zm/2 from a table of the normal distribution (e.g.,
1.96 for a = 0.05); and the confidence interval will consist
of all values for R for which the following inequality is

satisfied:

& &N .2
(xl - RY2)
2 2 2

< (7
- *Ya/2
°1 + R 02 - 2Ro12 '

Equivalently, this gives

2 2
a/2°2
) 52 o 2,2

+ Y1 olza/2 SO

22 & & 2
1 R [Y2 -2 ] + R[-2Y1Y2.+ 2°1aza/2]

The end points of the interval would be found by setting
the left-hand side equal to zero and solving the resultant
quadratic. X

Note that in some cases a confidence interval of this

| form may not exist.

I For Yl’ we have a set of observations:

Tig ™ B 0ol T Sl Ve TR Y 8

I. i’l’ Ill’n

In matrix notation, this set of equatlons 1is written

Xl'xlﬁ'.'g.

1 ’

I where




%9
%1
o 5
[ )
_ P
- =
L %3 %99 pl
1 X150 X35 p2
51 = ! ;3 and
_1 Xln X2n Xpn
po B
€11
€12
El * . n
l’
eln
= -l

The least-squares estimates for the parameters Aas oo o

are found from the equation

2= E'DXY

where

a
Lp-
The predictive equation for a particular set of values
for the independent variables 1s given by
- ]

Y1 =a, + alxl *oien W apo = a’X,
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X
L P

Similarly for Y,, we have a set of observations:

2

1% Bg * BiZyy F Byt 4By by,

1 =1,

%3

In matrix notation, these equations are

I, =28 + g5 »

- -
Y

Y




LSZn

The least-squares estimate for the parameters BO’ Bl’

Bq is given by

el Ll A

=

The predictive equation for a particular set of values
for the independent variables is given by

S *
Y, =bgy + b2+ ... +b 2 =DbZ ,

2 e L qaq




Let

o, = variance of Y11 [= variance of ¢

1133

(o}

(NSO I V]

= variance of Y2i [= variance of 521]; and

= Y
0,, = covariance of 11° Y01 [= cov (511,521)].

Then
Var (Ql) = oi X*‘(){X)'l _f
Var (%2) = og g*’(g‘z)'l
Cov (Y,,¥,) = o5 X' (xX)7F x722°2)7% 2"

(T*he expressions for Var (Yl) and Var (Y,) are found in Draper
and Smith;! the expressicn for Cov (Yl’Y2) can be derived in a
similar fashion.)

Since oi, og, and 012 are nct known, we need to use
estimates for them.

‘\
oi can be estimated by the pure-error mean square or by

the residual mean square. Also,

~ ] "
J Var (bo) Cov (bo,bl) e o5 COV (bO’bq)
Cov (bl’bo) Var (bl} o (bl,bq)
od (xX)7! = :
_Cov (bq,bo) Cov (bq’bl) ... Var (bq)

IN. R. Draper and H. Smith, Applied Regression Analyszs (New
York: Wiley, 1966).
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(the variance-covariance matrix for the coefficients b

or P
°y bq)o

1’
Thus, i1f all the variances and covariances are given 1in the
computer output, we could find the ()(.‘X)_1 matrix.

A number of regression routines will give the (X“X) *
matrix as part of the output.

Since the data are on cards, the (X°X)~ ) matrix could be
calculated directly.

2

o, and (Z‘Z)"1 would also be obtained as above.

The estimate for SPY the covariance, might be obtained
fron the sets of repeated observations.

Suppose that for the ith data set there are J repetitions;

then, for Y,,, we have the J data points (for the case J = 10)

Y s

111° 11J 3

and, similarly for Y2i’ we have

Y Y

211* " % SR8y

Al

[Z (Yyag = Tpg ) (Bpyy - Y21°)] b R L
To obtain an estimate of 05 We calculate

n Jd ” Py
n 12;1 ng (YliJ ERETERASFYN IR PYED:
g =

12 nWg < 1) 3

or, in a more readily calculable form,

n J 4]

912 nJ = 1)




where 3

=<l
n
23
[
(Y
C
s
o

11°

o = J
Y2i' J;l Y2iJ/ll .

Another estimate for 812 might be obtained from the set of n
observations as follows:

"N

PR (Ylj; R STRAL PY i in)/(“ - p)

Note that if the same set of independent variables had been
used in each equation then all of the quantities needed could
have been obtained from the Biomed program for the Multi-
variate General Linear Hypothesis.

2; Sampling Plan Methods

kelative merits of--

(a) Full Factorial Design
(b) Central Composite Design
(c) Random Selection of Independent Variables.

The comparison will be between (a) and (b) followed by a brief
discussion of (c).

In what follows, most of the information is taken from
three references:
(1) William Cochran and Gertrude Cox, Experimental Designs,
2nd ed. (New York: Wiley, 1957);

(2) G. E. P. Box and J. S. Hunter, "Multi-Factor Experi-
mental Designs for Exploring Response Surfaces" (Annals
of Math. Stat., 28 [1957], 195-241); and

(3) Raymond H. Myers, Response Surface Methodology (Boston:
Allyn and Bacon, 1971).




In any discussion of fgctorial designs, we assume that the
X variables have been coded (transformed) so that the levels are
l,-1 for a two-level factorial and 1,0,-1 for a three-level
factorial. An experimental design for fiting a second-order

response surface must involve at least three levels of each
variable in order to estimate the coefficients. Thus, 1in using
a factorial design, we need a 3K design if there are K variables.

If there are K variables, then there will be (‘3°) = (ke2 )] E+1)
coefficients.

This immediately presents one difficulty with the full
factorial design. If there are a large number of variables,
then the number of observations becomes quite large. In this
case we had six variables, which for a 36 factorial required

729 observations to estimate the Q%I = 28 coefficients.

If we had wanted to use eight variables, then we would
have needed a total of 6,561 observations.

Thus, the full factorial would be most appropriate with
only a few variables.

As pointed out in Reference (2), the variances of the esti-
mates of the quadratic coefficients are twice as large as those
for the interaction coefficlents.

The use of a fractional factorlal design could reduce
considerably the number of observations required, but "the
device of fractional replication is not very effective in
generating from the higher level factorials satisfactory
designs of order greater than one" (2).

The Central Composite Design (CCD) makes use of a 2K

factorial or fractional factorial augmented by additional
points that allow estimation of the coefficlents of a second-

order surface.




Additional

points e S
a L]

0 0 0 LI ) -a

0 0 0 iSis o

Thus, we need 2K + 2K + 1 observations, which for six variables
requires (64 + 12 + 1) = 77 points. The number could be reduced
st1ll further by using a fractional replication of the 2K
factorial.

Thus, we have reduced considerably the number of points
required.

The cholce of a is up to the experimenter, and different
choices can give different properties to the design.

We could, for instance, obtain an orthogonal CCD that
would yield uncorrelated estimateg of the coefficients.

In Reference (3), tables are given that compare the effici-
ciences of orthogonal CCDs and other CCDs with the full factorial
design on a per-observation basls (see Tables X-Z, below).

The efficiencles are ratios of the varliances of the
estimated coefficients normalized to a per-observation basis.

An efficiency greater than 1 would imply a greater
precision for the Central Composite Design.

From the first table, it appears that the orthogonal CCD
is at least as good as the 3K design for K < 6.

In the case of K = 6, the superiority is not too marked.
The choice of a can be made so as to have a rotatable design.
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K

Table X. EFFICIENCIES OF ORTHOGONAL CCD wrt 3" FACTORIAL
1 1
K= 2 K =3 K=4 K=5 K =6
bst2 1.00 1.00 1.00 1.00 1.000
bssa 1.00 1.07 1.00 1.43 1.106

Table Y. EFFICIENCIES OF CCD FOR o = 1.5 wrt 3K FACTORIAL

K= 2 K =3 K =24 K = 5!
bstl 0.4983 0.7680 0.9518 1.0280
bss3 0.8561 1.0561 1.0770 1.3483

Table Z. EFFICIENCIES OF CCD FOR a = 2.0 wrt 3K FACTORIAL

K= 2 K = 3 K = 4 K = 5!
by 0.25 0.4688 0.6944 0.75
b’ 1.60 1.2980 0.9800 1.50

1 11/2 fraction of ZK was used.
2
bst is the coefficient of szt.

3555 is the coefficient of Xg.
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A design is rotatable if Var (Y) is a function only of
the distance from the center of the design and not on the

direction.

In general, the precision will be greatest at the center

of the design and will decrease as the distance from the center

increases.

No numerical comparison of the efficiency for a rotatable

CCD was available.

The value of o can also be chosen so as to reduce the
bias if the surface is not a quadratic--see Reference (3).

Random Selection of Independent Variables. We could find
nothing on this subject. Clearly, it has the one advantage
that we could, if desired, go to a higher-order response sur-
face without taking additional data (as was necessary with the
other designs).

We presume that it is less efficlient than the other designs
(but by how much?). With more time, we might have investigated

this question.
One mignt compare the variances for the coefficients
from runs with the full factorial and the 500 random points--

e.g. »
VarR(bl) 500

Eff (F to R) = Varg(6,) * 729 =~

and see whether this is reasonably stable over similar co-
efficients.
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Chapter 3
ON MATHEMATICAL MODELING OF COMBAT ATTRITION PROCESSES

Alan F. Karr

In this chapter we descrive the results of three investi-
gations taking place in the course of the project. The first
concerns the development of a scheme for classifylng physical
processes of combat in terms of characteristics applicable to
the choice of a mathematical model of attrition. This classi-
fication applies only in the context of theater-level models
such as IDAGAM I, and it 1is presented in Section A (below).

The second and third efforts have led to two new and rather
promising attrition models--one a generalized stochastic
Lanchester process (in which the square-law/linear-law distinc-
tion is considerably clarified) and the other a Markov model of
barrier-penetration interactions. Section B contains detailed
descriptions and interpretations of these new processes. We

also present the attrition models recommended for two other
classes of combat processes, which are not newly derived,
however.

A. CLASSIFICATION OF COMBAT PROCESSES

In this section we present a rather general and heuristic
scheme for classifying (from the standpoint of attrition model-
ing) physical combat processes. The general classification
scheme clarifies, we hope, the distinctions that can be made
among different combat situations, as well as suggesting for
inclusion in attrition models factors not currently treated.

In effect, each of the large family of combat situations
delineated by our classification scheme should be described

by its own attrition model (otherwise, there would be no parti-
cular reason to distinguish such situations). Unfortunately,
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our knowledge of theater-level attrition modeling is currently
such that only one of the several classifications presented is

actually operative.

The context of this discussion is that of computerized,
theater-level combat models such as IDAGAM I [3], in which
the primary outputs of interest are casualties (to personnel
and to equipment) and FEBA position. 1In particular, this con-
text influences the level of resolution of the distinctions
made in the characterization scheme. Further, only nonnuclear
combat is considered. We have sought, however, to make the
characterization structure sufficiently general to include
ground, air, and naval combat.

In this scheme for the classification and characterization
of combat processes, the categories are largely heuristic and
connote mostly an attempt to clarify the ways in which one can
think about combat processes. Some secondary purposes are to
elucidate the assumptions made in choosing a mathematical model
of combat attrition, to suggest areas for furtrer research, and
to stimulate development of more precise classifications. In-
deed, a good classification of combat processes is the key step
in choosing attrition models on the basis of their underlying

assumptions.

The main purpose of mathematical models of attrition is to
describe (as accurately as possible, subject to the constraints
of the context within which we are working) the time history of
the position, size, and structure of the two opposing forces.
Seen in this light, actual losses of personnel, equipment, and
supplies are almost a secondary output of the model. 1In the
context of IDAGAM I, position is represented only by a FEBA
separating the two sides and the division of the territory
held by each side into smaller regions and sectors.

Following tradition, we refer to the two opposing sides
as Red and Blue, respectively. The FEBA represents the line
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separating the opposing forces, and the calculation of its posi-
tion (and the variation over time thereof) is a prineipal goal
of many combat models. (One can also be interested in the
modeling of combat interactions--guerrilla warfare and air-to-
air combat being examples--in which there exists no FEBA at
all; the present comments, but not the whole paper, are not
relevant to this case). Orthogonal to the FEBA, there exists
for each side a partition of its area into some sectors (not
necessarily the same number on both sides), and the level of
resolution of the model is to maintain time-evolving totals of
the number of each type of resource in each sector. The
existence of rear regions of some sort is also possible--but
of less interest and importance in terms of computation of the
immediate effects of combat interactions.

The role of sectors is nontrivial: they are, as surrogates
for more detailed positional information, determinants of inter-
action eligibility. That is, the sectors provide as inputs to
mathematical models the numbers of resources participating in
interactions that are not, in general, further divisible, except
possibly for purposes of modeling and computation. The inter-
actions determined by these sectors proceed 1ndependené1y of one
another; and their effects are aggregated linearly (except for
that on movement of the FEBA, which is computed separately in
each sector, independently of the others).

For the purposes of characterizing combat situations, we
limit attention to indecomposable interactions of the type dis-
cussed in the preceding paragraph. Hence, there is no explicit
representation at all of the positions of the resources involved
in the interaction; and all resources present are assumed to be
vulnerable (to some extent) to one another.

In Figure 3-1, we present a general set of descriptors of
combat processes. A discussion follows the figure. The choice
of these descriptive characteristics is largely on the basis of

129




Qualitative Characteristics

A. Relative Positions of the Two Opposing Forces
1. On Opposite Sides of FEBA
2. Essentially Completely Intermingled
Nature of the Interaction
1. Each Side Searching to Find the Other

2. One Side Maintaining a Barrier Through Which the
Other Attempts to Fenetrate

3. One Side Attempting to Destroy Passive Targets
on the Other

Objectives of the Two Sides
1. Infliction of Casualties
2. FEBA Movement
3. Limitation of Losses and Loss Rates of Own
Resources
I1. Principal Quantifiable Characteristics
A. Scale

1. Numbers of Objects of Each Type Participating
in the Interaction and Numbers of Newly Arriving
Objects as Functions of Time

2. Geographic Dimensions of the Set Over Which the
Interaction Takes Place

3. Length of Time

Interaction-Independent Characteristics of Weapons
1. Range

2. Mobility

3. Effect of Shots: single or multiple kill (and,
in the latter case, how many); also various
suppressive effects

Personnel Requirements
Supply Requirements

(continued on next page)

Figure 3-1. CHARACTERIZATION OF COMBAT PROCESSES




III. Important Factors That Are Possibly Neither Quantifiable
Nor Easy to Deal With Qualitatively

A. Organizational Characteristics
1. Command and Control
2. Communications
3. Morale
Environmental Factors
1. Weather
2. Terrain
Synergistic Effects
Exogenous Events

Figure 3-1 (concluded)
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their use in determining the possible applicability of certailn
mathematical models of attrition to the physical processes being
studied and, in particular, that of the four models discussed in
the next section.

We remark that the classification scheme 1is also intended
to be valid for processes (e.g., naval combat) not treated ex-
plicitly in IDAGAM I, provided that the levels of resolution
and aggregation be the same.

Some remarks on the classification scheme are in order.'
It seems rather clear that combat situations in which the two
sides are separated by a clearly defined FEBA are qualitatively
different from those (e.g., air-to-air combat or guerrilla war-
fare) in which they are quite intermingled. Few models yet
developed, however, appear to do a good job of making this dis-
tinction; thus, further research may be merited.

The category I.B (Nature of the Interaction) 1is crucial.
In fact, it forms the basis for deciding which of the four
models discussed in the next section is applicable to a given
combat'process. In other words, the state of mathematical
models of attrition is such that only this part of the classi-
fication is operative.

The situation (I.B.1l) is characterized by symmetry: ele-
ments of each side are seeking to engage those of the other.
It is also an ongoing process, as opposed to that of barrier
penetration (I.B.2), which occurs over a relatively short
period of time and wherein one side seeks to evade the other,
which is seeking to detect and engage it. The attack of
passive targets (I.B.3) 1is self-explanatory.

Objectives of the two sides are important, but we seem not
to know how to incorporate them into models. Even the notion
of breakpoints is still rather primitive, in terms of potential
incorporation into combat simulations.
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The quantifiable characteristics listed under II.A (Scale)
are self-explanatory. Geographical scale is relevant even in

the absence of explicit information concerning positions
(indeed, more so in this case); it clearly affects the values
of certain input parameters.

"Interaction-Independent Characteristics of Weapons" 1is
intended to connote those properties that are the same for all
interaétions in which a given (type of) weapon 1s involved and
can be measured in a noncombat situation. In some sense, a
weapon possesses no truly interaction-independent character-
istics except physical dimensions, yet 1t seems reasonable
that the characteristics listed are also roughly interaction-
independent. It turns out that the present state of attrition
modeling also requires that such properties as method and rate
of engagement initiation also be taken to be interaction inde-
pendent (see the next section for details).

The factors in Category III are important, but no model
yet devised comes near to handling any of them adequately.
IDAGAM I makes at least an attempt to include synergistic
effects.

B. SOME RECOMMENDED ATTRITION MODELS =

We begin by classifying a number of combat situations into
the three categories:

(I.B.1) Mutual Search and Engagement,
(I.B.2) Barrier Penetration, and
(I.B.3) Attack of Passive Targets;

and we present a recommended form of attrition model for each
of these three classes of situations.

The combat situations are classified and presentec ."
Figure 3-2, which 1s not complete and to which we hope others
wiil add. We shall next discuss, in some detall, the
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] (I.B.1) Processes of Mutual Search and Engage-
ment

(a) Ground Combat With Objective of Either
FEBA Movement or Casualties

(b) Ground-Air Combat

(c) Aircraft Combat for Maintenance of Air
Superiority

(d) Combat Among Submarines
(e) Combat Among Naval Surface Forces

(I.B.2) Processes of Barrier Penetration

[ (a) Bomber Aircraft Through Interceptors
(b) Aircraft Through SAMs and AAA

E (c) Submarines Through Minefields

I

(d) Submarines Through Submarine Barriers
(e) Submarines Through Search Aircraft
(f) Submarines Through Convoy Escort Ships

l (I.B.3) Processes of Attack of Passive Targets
(a) Attacks of Various Targets by Aircraft
(b) Attacks of Merchant Ships by Submarines

I
’ Figure 3-2. A CLASSIFICATION OF CERTAIN COMBAT SITUATIONS
E
I
]
i




attrition models we recommend for use in each of these
categories.

i, Processes With Both Sides Searching

For processes of the class (I.B.1), we recommend a new,
mixed-mode, stochastic Lanchester-type attrition process.

The analysis leading to the mixed-mode (or, as we have
called it, generalized) Lanchester attrition process is rele-
vant to the previously rather obscure distinction between
Lanchester square combat and Lanchester linear combat, to
which we now address ourselves. Lanchester himself [6]
sought to distinguish the two according as the numerically
superior side is able to make full use of 1its superiority
(square law) or not (linear law). This 1s one interpretation
of the distinction as we have come to understand it, at least
in the case of homogeneous forces. For heterogeneous forces,
however, the problem is considerably more subtle; and we feel
that the explanation to be presented below is the most cogent
yet constructed.

In this process, weapons are grouped into four classes on
the basis of two qualitative distinctions. One of these is a
single-kill or multiple-kill (per shot) distinction, which we

shall consider below. he second distinction is based on the

qualitative nature of the r s of engagement initiation (i.e.,

rates at which shots are fired). rticular type of weapon
is said to have square law engagement initiation if the total
mean rate at which it fires shots at opposition weapons 1s
independent of the numerical size of the opposition force (as
well as of its precise structure). In other words, the mean
firing rate depends only on the type of weapon. This may be
interpreted to the effect that the weapon simply fires at its
own mean rate, independent of the behavior of the opposition

(e.g., an artillery piece) or that it can move and that it
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divances in such a manner as to maintain a constant rate of
contact with the opposition. The possibility that the rates
at which shots directed at particular types of opposition
weapons are fired may depend on the numbers of various kinds
of opposition weapons present is not inconsistent with our
first statement, which concerned only the total mean rate

of fire.

On the other hand, a type of weapon 1s sald to possess
linear law engagement initiation if the mean rate at which it
fires shots at a target force y = (yl, AL A yn) (assuming that

the opposition has n different types of weapons) 1s of the form
n
2 @Yy where the oy are nonnegative constants. A word of
i=]1 1
warning is in order here concerning our usage of the term

"mean rate." What we intend is that it be interpreted in the
sense of the infinitesimal generator of a continuous-time Markov

process: that is, the lnstantaneous rate at which the event in
question tends to occur, given the current state of the process.
It seems to us that the most appealing interpretation of linear-
law engagement initiation 1s that each given opposition weapon
requires an exponentially distributed random time to detect;
different opposition weapons are detected independently; and
an'engagement occurs if and only if an cpposition weapon is
detected. We refer the reader to Reference [4] for further
details; an understanding of the mathematics there 1s not
essential to the present development. In particular, the rate
at which shots are fired at opposition weapons of any given
type is directly proportional to the number of weapons of that
type currently surviving.

From the above analysis, possibly the most important
conclusion to be drawn is that the square-law/linear-law
distinction applies not to the combat as a whole but to indivi-
dual types of weapons. In other words, while a particular type
of weapon may be sald to have square-law or linear-law engage-
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ment initiation, the combat itself cannot be said to possess
either property. Even 1f all weapons present belonged to one
of the two classes (in this case one would have essentially
Process S3 or Process L3 of [4]), it would still be a misnomer
to say that the combat itself is of that type, bccause the dis-
tinction simply 1is not of that nature. The square-law/linear-
law distinction appllies only to individual types of weapons.

Now wh~-t determines whether a particular type of weapon
possesses square-law or linear-law engagement initlation? It
seems to us that Lanchester's original differentiation 1s
fairly close to the truth. A weapon type has square-law en-
gagement initlation if all weapons of that type are able
simultaneously to bring their fire to bear on the opposition.
Two ways 1in which this can be envisioned are that shots are
simply fired (at a rate determined only by the shooting weapon)
at an area in which the opposition is known (or thought) to be
located, or that the weapons are mobile and push forward in
such a way as to maintain a rate of contacts with enemy weapons
that 1s independent of the number of enemy weapons present.
Linear-law engagement initiation, on the other hand, requires
a prior detection and proceeds essentially in a one-on-one
fashion.

The problem of deciding whether a particular type of
weapon has square-law or linear-law engagement initiation seems
to us crucial and difficult in terms of attrition modeling.
The implications in terms of computed levels of attrition and
FEBA movement are likely to be substantial; experiments with
simplified homogeneous models (essentially discretized ver-
sions of Lanchester's original differential equations) have
shown this to be so. Hence, this classification should not
be undertaken lightly or in ignorance, as it may have over-
whelming effects on the outputs of combat-simulation models.
For certain types of' weapons, such as artillery (square law)
or small arms (linear law), the choice seems fairly clear.
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But, for some other types (e.g., tanks), the choice is not at
all clear; and it appears that to which category a tank belongs
may be the result of tactical decisions by the two sides, may
change during the course of a battle, and is more properly an
output of the attrition model rather than a prescribed input.

We cannot refute all these criticisms. We note, however, that no
attrition model yet devised correctly addresses any of the dif-
ficulties raised. The possibility that engagement initiation

is in its qualitative nature the result of tactical decisions

is particularly interesting, however; the weaker side would

seek to create linear-law engagement initiation and the stronger
side would desire square-law initiation.

The foregoing remarks, we hope, have clarified the square-
law/linear-law distinction and will serve as a stimulus to
further research in this important arez.

Our second classification characterizes weapons as single-
kill or multiple-kill according as one shot can kill at most
one (or, possibly, more than one) opposition weapon. An artil-
lery piece is an example of a multiple-kill weapon, while an
antitank weapon exemplifies'the notion of a single-kill weapon.
It seems that whether a weapon be single-kill or multiple-kill
should depend on the type of target (an artillery piece fired
at infantrymen is clearly multiple-kill, but is single-<kill when
fired at tanks); the mathematical structure we describe here
is in fact sufficiently general to represent this phenomenon--
but only with somewhat of a loss of clarity.

According to our scheme of classification, there are thus
four qualitative classes of weapons:

SS- - Weapons with square-law engagement initiation and
single kill per shot;

LS - Weapons with linear-law engagement limitation and
single kill per shot;

SM - Weapons with square-law engagement inltiation and
multiple kills per shot; and
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LM - Weapons with linear-law engagement initiation and
multiple kills per shot.
The classical term "area fire" seems best represented by
SM weapons; small-arms point fire involves weapons of class LS.
The interested reader can devise hils own interpretations for
all four categories.

For each class of weapon, certain input parameters will be

required for the attrition process to be discussed below; our

new process generalizes the processes presented in Reference
[4], from which the qualitative nature of the input parameters
is determined. In particular, SS weapons behave as described
in the Processes S3 and S3a of Reference [4], LS weapons as in
Process L3, SM weapons as in Process Al (suitably generalized),
and LM weapons as in the linear-law analogue of Process Al,
which does not appear in Reference [4]. The reader is referred
to Reference [U] for the statement and interpretations of these
specialized attrition processes.

Here are the assumptions and notations for the new general-
ized Lanchester attrition process. The combat is bilateral, in-
volving two heterogeneous forces (Red and Blue); weapons are not
distinguished except by the qualitative classes given above and,
within each class, only by numerical values of parameters. '

a. Assumptions

(1) The Blue force consists of M1 types of weapons of the
class SS, M2 weapon types of class LS, M3 weapon types
of the class SM, and Mu weapon types of the class LM.
Hence, Blue has altogether M = Ml + M2 + M3 + Mu types
of weapons. The analogous numbers for the Red side
are Nl’ N2, N3, Nu; and N = N1 + N2 + N3 + Nu.

The notation used below is of the following form:
The letter i will be used as a generic index for Blue
weapon types. Types 1, ..., M, are the SS weapons;

1
M, + 1, ..., M1 + M2 are LS weapons; weapon types

1
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(2)

(3)

(4)

(5)

(6)

(7)

(8)

Ml + M2 ® Ry si03 M1 + M2 + M3 are of class SM; and

the remaining types belong to the class LM. Certain
parameters below are defined only for Blue weapons
belonging to only one class; if, for example, that
class is SM, the relevant index i1 ranges over 1, ...,
M3; when all Blue weapon types are considered, the

index 1 ranges over 1, ..., M. For Red, a similar
situation holds for the index J.

Blue forces are denoted by vectors x € NM, where
B A0, T, 2, wiatd Xy is the number of tjype-1 weapons

(1 =1, ..., M) currently present. Red forces are,
analogously, denoted by vectors y € NN.

Times between shots fired by a surviving Blue
type-1 SS weapon and independent and identically
exponentially distributed with mean l/rB(i); i =1,

& v Ml‘

When a Blue type-i SS weapon fires a shot, it is
directed at exactly one Red weapon, chosen from
among all Red weapons currently surviving, according
to a uniform distribution, independently of the past
history of the process.

The conditional probability that a Blue type-1 SS
weapon kills a Red type-j weapon, given a shot fired
at that weapon, is p,(1,j) for 1 =1, ..., M, and
TS TR B 1

Assuﬁptions (3), (4), and (5) hold for Red SS weapons
with parameters rB(J), =1, ..., N; and pR(J,i),

J’l’ ¢ e 09 N1;1=1’ ..., M.

The time required for a particular, surviving Blue
type-1 LS weapon to detect a particular, surviving
Red type-j weapon is exponentially distributed with
mean l/dB(i,J) for 1 =1, ..., My and §J =1, ..., N.

Each Blue LS weapon detects different Red weapons
independently of one another.

A Blue LS weapon attacks every Red weapon it detects.
The conditional probability that a Blue type-1 LS

weapon kills a Red type-j weapon, given detection and
attack, is kB(i,J) for 1 =1, ..., My} b TR

Red LS weapons satisfy Assumptions (6) and (7) with
mean detection times l/dR(J,i) and kill probabilities

kR(J,i), defined for jJ =1, ..., N2 and 1 =2, ..., M.

140




(9) Times between shote fired by a surviving Blue type-1i
SM weapon (i = 1, ..., M) are independent and iden-
tically exponentially diétributed with mean 1/r§(1).

(10) Given that a Blue type-1 SM weapon fires a shot at a
currently surviving Red force y (recall the notation
introduced above), the probability that the
surviving target force has the composition z 1is
OB(i,y;z). Symbolically,

UB(i,y;z) = P{Surviving Red force 1s z|shot 1is
fired at Blue type-1 SM weapon at
Red force with composition y}-.

Here y,2z € gN.

(11) Red SM weapons obey Assumptions (9) and (10), with

mean firing rates rﬁ(d), - KX el N3 and kill

distributions'¢R(J,x;w) defined for J.= Ay N3;
X,W € QM.

(12) The time réquired for a particular surviving Blue
type-1 LM weapon (i =1, ..., Mu\ to detect a parti-

cular, surviving Red type-J weapon (3 =1, «ovy N)
1s exponentially distributed with mean l/dg(i,J).

Each Blue LM weapon detects different Red weapons
independently of one another.

(13) At the instant of each detection, a Blue LM weapon
fires a shot.

(14) Each shot is independent of the previous history of
the attrition process. If a Blue type-i LM weapon
fires at a Red force of composition y after having
detected a Red type-j weapon (J =1, ..., N), the
probability that the Red force survives the shot
is z, is denoted by uB(i,J,y;z).

(15) Red weapons of the class (not type!) LM satisfy
Assumptions (12), (13), and (14), with parameters
dﬁ(J,i), uR(J,i,x;w), defined for J =1, ..., Ny,

1=1, ..., Mand x,W € QM.

(16) The detection, attack, and kill processes of all
weapons are mutually independent.

b. Remarks on the Assumptions

The spirit and meaning of the assumptions is that of
Reference [4]. In particular, the terminology used, although'
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suggestive and frequently (we feel) the most plausible interpreta-
tion, need not be adhered to exactly. Especially, the apparent
dichotomy between square- and linear-law engagement initiations
(on the basis of no detections or individual detection) can be
interpreted differently; further comments can be found in
Reference [4, p. 39] and in the beginning of the subsection (B.1).

The derivation of the kill distributions ¥ps ¥R> UB, and
Mp is a problem that we have not yet treated in any depth. In
any application of our model to computerized simulations, this
would be the problem most in need of attention. Here we have
indicated abstractly what functional dependencies seem plausible
and, hence, those that we feel can safely be ignored. For
example, the killl distributions do not depend on the structure
of the force to which a shooting weapon belongs, although in
principle they could. Indeed, a reasonable way of describing
such cdependence would allow representation of the synergistic
effects of weapons on the same side. Similarly, the kill dis-
tributions Mg and UR for LM weapons indicate that the distribu-
tion ot weapons killed can depend on the particular (type of)
weapon detected; differing ammunition or tactics used against
different detected weapons can thus be modeled. Further
comments appear in Subsection ¢ (below), where we also give
some examples.

For certaln parameters, to avold unnecessary proliferation
of notatlion, asterisks denote multiple-kill weapons and no
asterisk denotes single-kill weapons.

That all "engagements" occur instantaneously, with ensuing
total loss of contact, is admittedly an unrealistic aspect of
the model (although no other theater-level models seem to have
successfully addressed the difficulty either). One way of
including binary engagements with exponentially distributed
lengths 1s discussed in the Process L2 of Reference [4].
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¢c. Results

We can now describe and characterize the stochastic attri-

tion process engendered by Assumptions (1-16), above. Let
E = NM+N

thought of as a possible pair of surviving forces at some

consist of states denoted by a = (x,y); a is to be

instant, with x corresponding to the Blue force and y the Red.

As a measurable space, E is assumed to be endowed with the o-
algebra of all its subsets. The sample space for our attrition
process 1s the family Q of functions from §+ to E that are right-
continuous and have limits from the left with respect to the
discrete topology on E. The coordinate (vector-valued) stochas-
tic process ((B,,R.)).,, (here B :Q » gM and R :Q gN for each
t) has the usual interpretation: Bt is the surviving Blue force

at time t, and Rt is the Red force at time t. We further defilne

Fp = o((B,R )3 0 cuct),

which is the history of the attrition process until time t, and
F=o((B,R)3 u20),

which is the entire history of the process. For each a € E,

we denote by P* the probability law on (Q,F) of the attrition

process governed by Assumptions (1-16,, subject to the initial
condition

a = =

One then has the following characterization of the stochas-
tic attrition process defined by Assumptions (1-16); the reader
is referred to Reference [4] for details concerning the role of
continuous -time Markov processes in attrition modeling and
interpretation of the quantities involved.




THEOREM. Subject to Assumptions (1-16) listed above, thé
stochastic process

(B,R) = (®,F,F,(By,R,),PY)

is a regular Markov process with state space E. The infinitesi-
mal generator A of the process is of the following form: con-
sider two states a = (x,y) and a“ = (x“,y”) such that y* =y

and xi =X, for all k except k = 1, where i is a fixed index,
and xi =X .- 1 (the new state a” is reached from o by the
destruction of exactly one Blue type-1 weapon). Then

N
xi 1
A(a,a') £ M_ z rR(J)pR(J’i)yJ
3w 901
k=1
N,

+ X d (J:i)k (J:i)y
1 le R R N, +J

N
3
+ r¥(J)eg(J,x3x7%)y
le R R N, +N+

N
M 4
+ b ¢ d.(J’k)u (J’k’x;xf)y . (1)
kzl k le - R Ny #N, N3+

For any state a“ = (x°,y”) with y~ = y, x{ < x, for all 1,
and ] (x; - x7) > 2 (this corresponds to the simultaneous
i

destruction of more than one Blue weapon and can be effected only
by Red weapons of classes SM and LM), we have
N
Ala,a”) = § rR(J)e (J,x;x")y
O oy R Ny #N,*d
M Ny

+ * X as (J,k)u (J>k,x3x7)y
kzl k le R R N1+N2+N3+J . (2)
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Similarly, for a” = (x”,y”) such that x° = x, Yy = ¥, for
all L #J andy3=yj-l A

y
Ala,a®) = 1— ] ry(D)pg(1,8)x,

+ dp(i,J)k (1,J)x
Y3 iil B B M, +1

M
3
[ + ¥ rE(L)eg(1,¥39 )Xy oM 41

i=1 1 Nikiar
? ?u ( (
+ y ar*(i,)u(1,2,y;y")x
pey U8 457 VB B M1+M2+M3+i s

while for any other state a” = (x“,y”) such that x° = x, yj < Yy

[ for all J and | (yJ - ys) > 2, we have
J

M

3
A(a,a®) = § ri(i)e (1,y;y°)x
f S Mo M) +M,+1

N M

+ ¥ oy, I ax(a,0)ug(i,e,y;y°)x >
il T b Bkl M) +M +H 41

Moreover, for all a” ¥ a and not of the forms above, we
have

Ala,a”) = 0 ;
and, finally,
A(a,a) = - ; A(a,a”) .
a’Ffa

T g v —
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The expressions for the generator A have probabilistic
interpretations and are written in what we feel is the most | 4
revealing form. Consider for example, the term A(a,a”) of
Equation (1). Here the first summand on the right (of the
four) is the (instantaneous) rate at which Blue type-1 weapons ;

are being killed by Red SS weapons when the two forces have
compositions x and y, respectively, and the second term 1is a
similar rate arising from Red LS weapons. For kills caused

by single-shot weapons, "rate of kill" and "rate of kill one
at a time" are the same notion, but not for multiple-shot
weapons. Hence, the third summand on the right-hand side

; of Equation (1) must be interpreted as the instantaneous

' rate at which Blue type-1 weapons are being killed ezactly

one at a time by Red SM weapons. The interpretation of the
fourth summand is then analogous; note that the kill of a
type-1i weapon can in principle arise from the detection of any
type of weapon. Hence, A(a,a”) is, when the structure of the :
two forces is a = (x,y), the instantaneous rate at which Blue ;
type-1 weapons are being destroyed precisely one at a time.
Note that single kills can, in general, arise from multiple-
shot weapons, as indicated by the presence of the third and
fourth summands in Equation (1).

For the term of A given by Equation (2), only multiple-
kill weapons need be considered; and interpretations are
similar to those given above.

; We next discuss in this section the potential application

b of the attrition model derived above as the assessment mechan-
ism in a theater-level deterministic combat simulation (such

as IDAGAM I [3]). There are three principal problems to be
considered: implementation of the attrition model on a com-
puter, derivation of the qualitative form of the kill distri-
butions $p> OR, Mgs Mg for multiple-shot weapons, and selection

of the exact values of input parameters. We shall discuss mostly

146

e e e S G R Lo i A

Wl e Bl R A i e e e



the first two problems, with brief consideration of the third
and of other, minor problems.

Within an iterative deterministic simulation like IDAGAM I,
the most difficult problem is the proper handling of expected
values of random variables. At present there 1s no justified
method of doing so in this context. Consider the attrition
model derived above. When the initial forces are (the deter-
ministic point) (x,y), what is the expected attrition to a
given type of weapon in a unit interval of time? Denote by

(Pt)t>0 the transition function of the attricion process (B,R);

that is,

L a L
P, (a,a%) = P*{(B,,R,) = a’}

for all o, o € E. The expected number of Blue type-1 weapons
surviving at the end of one time period is then

X

1
E(x’y)[Bl(i)] = kzl k P(x’y){Bl(i) = k}

Xy

k = P, ((x,y),07)
k=1 a‘-(x‘,y‘):x£=k

when initial conditions are (x,y). From this the expected
attrition is easily computed. Hence proper expected attri-
tions for deterministic initial conditions can be computed

once the transition function is known and, in fact, once the

Markov matrix P1 is known.

Computation of the transition function from the generator
A, however, is not a simple matter in practice. The relevant

I expression 1s

(3)




Uniformly good finite approximations may be possible, but
they would entall enormous requirements for storage and compu-
tation time for forces of theater- (or even sector-) level
magnitude. The only approximation involving no such difficulties
is the first-order approximation given by

X

1
E(x,y)[Bl(i)] SR ) A((x,y)3(x7,y7)) ,  (4)
k=1 (x%,y7):xJ=k

which 1s quite feasible for implementation. Note that in
addition we have

P(x’y){Bl(i) o | PR A((x,y)3(x%,y0)) ,  (5)
(x7,y7):1x,=k
which gives the approximate probability distribution of the

number of surviving Blue type-i weapons. Joint distributions
of number of surviving weapons may be similarly approximated.

IDAGAM I and similar models employ an iterative method of
calculation for representing the evolution of time. 1In such a
scheme, the outputs of the attrition calculation for one time-
period constitute a portion of the inputs for the computation
corresponding to the next time-period. Im particular, if a
deterministic equation of the form given in Equation (4)--or
even a correct evaluation of expected numbers of survivors--
1s used to compute numbers of survivors, then the inputs for
the second period's calculations are the expected number of sur-
vivors from the first; and therefore the result of that calcula-
tion wlll not, in general, be the expected number of survivors
at the end of the second period. What has happened, of course,
is that the random number of survivors at the end of the first
period was replaced by its expected value for use as an initial
condition for the secornd period. Within the current structure
of IDAGAM, there is no way to circumvent this difficulty.
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Rather drastic alterations to IDAGAM might allow the program
to carry from one period to the next the joint distribution of
the numbers of surviving weapons, in which case Equation (5) 1s
the relevant approximation and no further approximations or

simplifications are required.

In a somewhat different setting, the generator A contains
sufficient data to perform Monte Carlo simulations designed to
improve the approximations in Equations (4) and (5) without per-
forming the computations required to obtain Equation (3) or
one of the approximating partial sums. This possibility appears
worthy of further investigation.

The storige and bookkeeping problems assoclated with imple-
mentation of Equation (4) as an attrition equation would be
significant, but probably not overwhelming. Most of the dif-
ficulties would arise from the large size of the generator
matrix A and the large number of kill distributions required

to be stored for possible use in computations.

We discuss next the problem of derivation of the form of
the kill distributions for multiple-shot weapons. First of all,
each type of weapon must be placed in one of the four classes of
weapons defined earlier. Then for each multiple-kill weapon the
form of the kill distributions must be determined. This is
evidently an arduous and lengthy task, and there 1is no clear
conception as to how one should even begin. We offer here only
some plausible examples and interpretive comments.

We first show how single-shot weapons can be looked upon
as special cases of multiple-shot weapons. Consider a Blue
type-i SM weapon and the associated kill distribution
¢B(1, .3+). 1If for each y the probability measure oB(i,y; )

is of the form
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y
wB(i,y;y(J)) --TTJL—-pg(i,J) s
Eyg
=1

where

Vi if 'k # 3
H{J} = :
k

yy =1, if k=

and 0 < pé(k,J) < 1, then the weapon becomes an SS weapon satis-
fying Assumptions (2-4), provided wa(i,y;y') = 0 for y° not of
the form above nor equal to y.

More generally, suppose that whenever y“ is such that
yi = ¥, for all 2 # J one has

eg(1,y3y7) = —EZJ—- eg(1:d,¥4597) ,
R

where wé(i,J,yJ;y') is the probability that if the weapon in
question fires at a type-j target when there are y, such
targets present, yj of them survive. 1In this case, the target
type is chosen by the uniform fire allocation of Assumption
(3), but possibly (although not necessarily) more than one of
the class of target weapons can be destroyed. This structure
admits, therefore, the situation in which a weapon 1is single-
kill against some kinds of targets but multiple-kill against
others, answering the potential criticism raised previously.

The binomial distributions of the Process Al of Reference
[4] could be used for the kill distributions vé (above).

For weapons of class LM, it might be reasonable to allow
only weapons of the same type as that detected to be killed.
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Further work on deriving reasonably simple kill distribu-
tions based on rigorous but plausible hypotheses 1s the aspect
of this model in greatest need of further research.

Data-gathering and interpretation problems could also
prove troublesome. Firing rates, for example, must be averaged
to account for periods Hf time in which no interaction occurs,
which may possibly preclude use of existing data. This problem,
however, is irrelevant to the internal consistency and plausi-
bility of the attrition model.

& Barrier Penetration Processes

We next describe a new attrition model, which we propose
for the description of processes of barrier penetration (Class
I.B.2). While related to the binomial attrition model dis-
cussed below, thlis new model is different in several important
respects, the most crucial of which is that the families of
underlying assumptions are different (and such differences, as
we have previously noted, are the most sensible basis for com-
paring and distinguishing different models). Secondly, the
new model separates explicitly the detection and attack phases
of combat interaction, which other models of comparable sim-
plicity do not. Moreover, the model permits simple computations
of the probability distributions (rather than just expectations)
of relevant random variables. This property is especially im-
portant in view of the desirability of developing combat simu-
lations in which random variables are not incorrectly and un-
Justifiably replaced by their expectations.

Our model describes a bilateral combat attrition process
involving a set of defenders and a set of penetrators (or
éttackers). The assumptions we give here attempt to be as free
of restrictive physical interpretation as possible, but obviously
cannot be entirely so; roughly speaking, one should envision the

defenders as protecting some target that the penetrators wish to

attack.
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a. Assumptions

(1) Penetrators attempt to penetrate the defenses and
reach the target successively, one after another.

(2) An attacker attempting penetration of the defenses
i1s detected by each defender present with probability
d, independent of detections by any other defenders.

(3) If the penetrator is detected by one or more
defenders, then exactly one defender is assigned to
engage the penetrator in a one-on-one duel.

E (4) An engagement between a penetrator and a defender
ends in one of the following outcomes (with the

[ respective probabilities shown), independent of

the past history of the process.

Outcome of Engagement Probability
[ Destruction of both Py
] Destruction of penetrator only p2
Destruction of defender only p3
Destruction of neither Py

Clearly, 0 <« pi _<_ 1 (i = 1, 2, 3’ ’4) and pl +p2 + p3
+ P, = T

(5) A defender that survives a duel is unable to return
] to the set of active defenders; a penetrator that
! survives a duel must turn back without attempting
] to attack the target.
Assumptions (1), (3), and (5) are those that are distinctive
to this model. All action is supposed to occur within some fixed

period of time.

We now define some jquantities of interest in this attrition
model, whose probability distributions and expectations we shall
then proceed to compute. Let

Dk = number of active defenders remaining after k pene-

trators have attempted penetrations;

Bk = number of engagements involving one of the first k
penetrators;

xk = number of defenders destroyed by the first k
penetrators;

Yk = number of the first k penetrators destroyed;

152




Uk = number of defenders engaged, but not destroyed, by
the first k penetrators; and

Vk = number of the first k penetrators that are engaged
by defenders, but not destroyed.

Obviously,

for each k.

b. Results

The stochastic process D = (Dk)k>0 describing the
evolution of the set of active defenders is the key to the
analysis of this attrition model and may be characterized
in the following manner.

THEOREM. The stochastic process D 1s a Markov process
with state space § = {0,1,2,-°+} transition matrix P given by

P(o,00 = 3 ,

while for 1 > 1,

1-@-a)d, 1 §=1 -1

P(1,3) =
(T = dde ir =1

The transition matrix P has the following simple form:




0 ¥ 2 g 1 )
o1
1la .- (a=ay
2o 1-(1~4)%2 (1-4)2
P = i
1 1e(1=d) . (1eq)d
- d

which should allow efficient calculation on a computer of the
powers of P used in the following further computations; iurther
details appear below.

The engagement process B 1s somewhat harder to describe.
Because of the presence of the randgm variable D0 in Equation
(6), this process is not a Markov process. But we can state
two descriptions; the first is interesting in an abstract sense,
and the second 1s of practical computational value.

THEOREM. Conditioned on the random variable DO, B is a
Markov process with transition matrix P given by

P(1,3) = P(Dy - 1, D, - ) .

THEOREM. For each k and for J < k we have

Kk
P{Bk = Jj} = E P{D, = L}P (%, & - J)

We next compute the probability distributions for the

attrition processes X = (X and Y = (Y

k' k>0 k' k>0
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THEOREM. For & < k, we have

k
m L m-%
px, = 0b = 1 (F)eey *pptie, + 2" piE, = m)

and

P{Y = 2} = % M (p, + p)*(p, + p)" "t P{B, = n}
k xR P Be TR K

By éxactly the same methods, we obtain probability distri-
butions for the processes U and V, included here for the sake
of completeness.

THEOREM. Provided that & < k ,

R 7 "

m=2
P{V, = 2} = % n (p, + p) ¥(p, + )" tp(B, = n}
K by S Ps " Put ARy TRs S

There are other quantities of interest, whose probability
distributions one would like to obtain. Let
Rk = number of defenders surviving (but not necessarily
active) after k attempted penetrations;

Sk = number of the first k penetrators that are not
detected and engaged by defenders; and

Tk = number of the first k penetrators surviving inter-
actions (if any) with defenders.

Clearly,
By = W= Xps
Sk =k - Bk; and

Thus, we have the following result:
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THEOREM. For appropriate values of £, one has the follow- % §

ing expressions: § ;
e s L (?-i+3)(pz * ) My ¢ )1 PG, 19)pID ) 3
3 A

P{Sk = 4} = P{Bk =k - &}; and

P{T, = 2} = P{Yy, = k - ¢}. {

So far we have considered fixed numbers of penetrators.
What happens to all this if the number of penetrators attempting
to penetrate the defense within the time period under considera-
tion 1s a random variable A? Essentially, all the necessary
mathematics is doné. For eiample, supposé wé wish to computé
the probability distribution of the number of defenders killed,
which in this case is the random variable xA. Then we have
(assuming that A is independent of Do and the attrition process)

P{xA = q} = E P{xA =q, A =k}

= £ P{Xk =q, A =k}

= £ P{X,_ = q}P{A = k} ,

which is immediately calculable in terms of the probability
distribution of A and quantities glven above. Similar comments
apply to the other stochastic processes we have defined.

In Figure 3-3, we summarize how all relevant probability
distributions can be computed in terms of the probability dis-
tributions of the numbers of defenders and penetrators, the
detection probability d and the kill probabilities P1s> Py p3,
and py- We also include the expectation of each random
variable.

In some cases, identities glven below allow simplification of
the expressions for expectations. Indeed, all expectations depend
only on E[DOJ, E[A], and E[DA].
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Given: u(i) = P{D0 = §} (initial number of defenders)
A(J) = P{A = j} (number of penetrators)
P = transition matrix of (Dk)

p].pz.p3.p4 = engagement-outcome probabilities

Computations:

(1) DA = number of remaining active defenders after all at-
tempted penetrations.

POy = kI = w(A()PI (1K) .
’ j
E[D,] = $)A(3)kPI(d,k) .
[0,] 1’§’k u(1)A(3)IkPY(1,k)
(2) BA = number of one-on-one engagements occurring.
JUR RIS WA )PI(1,1-k) .
E[B,] = E[Dy] - E[D,]
s frit = (1A (3)KkPI (1,K).
1,3,k
(3) Xy = number of defenders destroyed.
Pty kb E u(1)A(j)Pj(1.1-2)(§)(P1+P3)k(Pz+P4)2-k .
E[Xp] = (py+p4)E[B,]

- (p,+p3)(§ i S 8 u(i)x(j)kpj(i.kg

(concluded on next page)

Figure 3-3. COMPUTATION OF PROBABILITY DISTRIBUTIONS

157




(4)

(5)

(6)

(7)

YA = number of penetrators destroyed.

Pvg = k) = E (AP L-0(F) (58 (pg#py)
53,2

(py+p,)ELB,]

(pyeo) (3 1801 = 3 w(DA@KPI1,0)
i k

2-k

ELY,]

RA = number of defenders surviving at the end of the
time period under consideration.

PRy = k3w T W) @,T+“>(p2+p4)k'1fm(p]+p2)1'm
x PI(i,i-m). f
£[R,] = E[Dy] - E[X,]

S Ugreg) J 1)+ (Byeng)  F w(IURPIK).

SA = number of penetrators able to attack the target.
rs A T L W(A(3)PI (4, 8-5+k) .
s )

2 § NG - Tau(i) ¢ w(A(KPI(1,K) .
i 153k

L XV % ]

TA = number of penetrators surviving interactions (if any)
with defenders.

J-k m-J+kpJj
P{TA =k} = 1,§,m u(1)A(j)(ka)(p.|+p3) (p2+p4) P (1n]'m) .

E[Tp] = E[A] - E[Y,]
= 7 3r(3) - (py#*py) § ip(d)
J

AV WA 3)RPI (k).
T L
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Details concerning the assumptions of this model, thelr
interpretations, and their validity can be found in
Reference [2].

Implementation of this model in the context of a computerized
combat simulation requires an efficient way to compute powers of
the transition matrix P, a problem to which we next briefly turn.
Such computations are facilitated by the special form of P.

P is a lower triangular matrix of the following form (when
restricted to a finite subset of {0, l, ..., n} of the full
state space N = {0, 1, 2, ...}):

2(0,0) g
P(1,0) P(1,1)
P(2,1)  P(2,2)

P(n,n-1) P(n,n)
-

While one can make use of this structure in order to diagona-
lize the matrix P and thus obtain its powers, those powers may be
found explicitly, by using a transform agrument.

THEOREM. For each n, 1, and j, we have

1-1 1-1 n km-k+1k-1
o (-1-0)*) % o) .
L=J k=1 m=1 "¢ k q
T ((1-4)* - (1-9)9)
i |
n & e
) ¢ T ) 1f § <1,1-3<n; |
(1-a)in | if J =1 !
0, otherwise. '
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When the number of attempted penetrations is small,
recursive calculations of the quantities of interest may be
carried out in the following manner. Recall that B2 is the
number of the first % penetrators that are detected. Then it

can be shown that

= = = = - = - - M-k+1 -
P{B, = k|Dy = M} = P{B,_, = k - 1|Dy = M}1 - (1-d) ]

M-k
+ P{B,_ k|D, = M}(1-d) g

1

It 1s also true that

= = M
P{B, = o|D0 M} = (1-d) g
Consequently, given
P{B, = 1|D0 =M} for 2 =14, ..., M,
one can easlly compute

PiEy #®d % 1|D0 =M} for £ =1 +1, ..., M.

From this, E[BR'ID0 = M] can be computed directly.

Little computer storage is required to implement these
calculations. For notation purposes, let

f(k, £, M) = P{B, = k|D, = M}

Supressing the index M, we see that only values of
f(i, %=1, *) for 2 = 1, ..., M are needed to calculate
f(i+1, &, *) for 2 =1 + 1, ..., M. Thus, only a single
vector need be maintained to calculate entries of the array f.
Maintaining, additionally, a vector E[BRJ enables the computa-
tion of an expected number of detections, given & attampted
penetrations.

Some preliminary computational testing of this model has
shown it to be rather efficient; it has as yet recelived no
implementation cr testing in the context of computerized
combat simulation models.
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3 Processes of Attack of Passive Targets

Finally, for processes of attack of passive targets, we
recommend binomial attrition equations of either single-shot
or multiple-shot form, as appropriate, which we now proceed
to describe. The reader can find full details in Reference
[5]. We begin with the homogeneous, single-shot case.

Consider a one-sided combat between two homogeneous forces,
a force of R 1ndistingulshable "targets" and a force of B
indistinguishable "searchers." We make the following assump-
tions concerning this combat.

a. Assumptions

(1) At a fixed time, all R targets become vulnerable to
detection and attack by the B searchers.

(2) The probability that the ith searcher detects the Jth

target is 4 for all 1 =1, ..., Band § = 1, ..., R.
Each particular searcher detects different targets
independently of one another.

(3) A searcher that makes no detections makes no attack.
A searcher that makes one or more detections chooses
one target to attack according to a uniform distri-
bution over the set of targets detected, independent
of the detection process.

(4) The conditional probability that a searcher kills a
target (given detection and attack) is k, for all
searchers and targets.

(5) No searcher may attack more than one target.

(6) Detection and attack processes of different searchers
are mutually independent.

b. Results

We begin by computing the expected number of targets killed.
PROPOSITION. Assume that Assumptions (1-6) above are

satisfied. Then, if K denotes the number of targets killed,
we have
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B
EK] =R(1- 1-E01--0fp)

To compute the probabllity cistribution of the number of
targets Killed, which is needed to extend this static model to i
a dlscrete-time dynamic model, we take an alternative approach.
It 1s not true, as one might conjecture, that the number of
targets killed 1s binomially distributed with parameters R and
q, where

B wa
q WIS ARt . @) ‘

The reason for this 1s that even though searchers operate inde-
pendently of one another, different targets do not die indepen-
dently of one another. Since each searcher can attack at most
one target, knowing that a particular target was killed means
that some other target was not attacked by the searcher that
killed the former target and 1s, hence, less likely to have
been killed.

PROPOSITION. For m such that m < R and m < B, we have

m . daPraB | :
P{K = m} = (g) ) (-1)m'r(§)[(1-qR) + —%—] 5

r=0
where

ap = k1 - (1 - OF] .
Use of the approximation
E[K] -~ R[l - exp (- %%[1 - (1 - d)R]ﬂ
or the further approximation
E[K] ~ R[l -exp ( - %%[l - e'dR]ﬂ

1s vallid 1n the sense that

1im  |e™@" - (1 - ) =0 ;
n+e, a0
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but such use is largely unnecessary, especially within the
context of computerized combat simulations. The correct
expression glven above can be computed as quickly (or perhaps
even more quickly, depending on how a speciflc computer performs
exponentiations) as either approximation. Moreover, the approxi-
mations may be rather poor for small values of B or R or for
moderately large values of k and d.

We can extend the model above to the case 1n which there
are several types of targets and searchers, with detection and
ki1l probabilities dependent on the type of target and type of
searcher. The physics of the process, however, rgmains un-
changed.

Let us assume that there are M types of searchers, Bi
type-i searchers (1 = 1, ..., M), N types of targets, and RJ
type-j targets (J = 1, ..., N). We will impose the following

hypotheses:
(1) At a fixed time all targets become vulnerable to
detection and attack.

(2) The probability that a given, fixed type-1 searcher
detects a given, fixed type-j target is diJ’

(3) Of the targets (of all kinds) detected by a given
searcher, he chocses one to fire upon, according
to a uniform distribution.

(4) Given that he detects and fires upon a type-J
target, a given type-1 searcher destroys that

target with probabllity kiJ‘

(5) A given searcher detects different targets
independently of one another.

(6) No searcher may fire more than once.
(7) The detection and firing processes of all the
searchers are mutually independent.
We wish to compute, under these assumptions, the expected
number of targets of each type destroyed. First, we give an
analytical solution. Let

B=B1+...+BM
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denote the total number of Ssearchers; and let

R = Rl F Ton ek RN

be the total number of targets. Let KJ be the number of type-j
targets destroyed.

THEOREM. Under the Assumptions (1-7) above, the
expected number of type-j targets destroyed is given by

M B1
E[KJ] = RJ( - 1r-I1 [1 = dijkijP(i,J)] ) $ (7)
where
R, Ry_y Ry=1 Ry, Ry
P(1,]) = 20 ; Zo ; . Zo
1 /RJ-I r RJ-l-rJ
A\ )di,j(l - dyy)
1+ §J r
p=1 P
R r R -r
q AQrq o qQ q
X 1523N (rq)diq(l diq) ¢ (8)
q#J

Instead of the Assumptions (1) and (3) concerning the
physics of the process of detection and attack, we could assume
that targets become vulnerable to a given searcher sequentially
in a randomly chosen order, with all R! orders equally probable,
that each target is either detected or not, and that the first
detected target is fired upon. This process occurs (once for
each searcher) independently of the processes corresponding to
other searchers, but no targets are destroyed until the end of
the entire process. This interpretation is useful in consider-
ing allocation-of-fire problems.
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It should be noted that this model has no provision for
searcher determination of whether a given detected target is to
be attacked or not. In reality, a searcher might be tempted to
pass over low-value targets in the hope of detecting a high-
value target. Or, if all targets are vulnerable simultaneously,
a given searcher would not choose among them uniformly, but would
instead choose the target whose destruction entalils the largest
reward to him.

While the model makes no explicit provision for such a
cholce mechanism, it could be incorporated in the "simultane-
ously vulnerable" interpretation. It develops 1n the derivation
of Equation (7) that the uniform target choice 1s anifested
only in the conditional probabllities

P{AiJ(k,z)lciJ(rl, s rN;k,z)} =

th

where Aij(k,z) is the event that the &  type-] target is

attacked by kth type-i searcher and GiJ(rl’ g e N;k,z) is
the event that the kth type-1 searcher detects, 1 addition
to the zth type-] target, rJ other type-j targets and rp

targets of type p # J.

Hence, a different rule for target cholce can be incor-
porated simply by changing the form of this conditional proba-
bility, subject to some obvious regularity conditions.

EXAMPLE. Suppose that the value to a type-i searcher of
destroying a type-J target 1s uij' Then, :

[

viJ = kijuid

is the expected return from an attack upon a typ#-J target.

-
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The rule "Of the targets detected, fire at one whose destruction
entails maximal expected return" leads to

P{AiJ(k,Z)IGiJ(rl, vees Tpik,2))
1
T_T_F; T v1J B Vo for all m # J such that
= r, > e B
0 otherwise. :

Here we have assumed for simplicity that viJ # vim whenever
J # m. Other examples can be described similarly.

To implement Equation (7) as the attrition equation in a
computerized combat model would be laborious and would lead to
a cumbersome result. Let us consider the difficulties more
carefully, beginning with some simple cases. First suppose
that

N =3
and

Rl = R2 = R3 =

In this case, Equation (8) yields

1 1
Plolls ot il Wi—ﬁn‘[@) 2(1 = agp)

£=0 m=0
1l l-m
(m)di3(1 o d ) ]

= 1L - 4,01 - 4,3)]

+ i -a

5 d12(1 -d

12)d13 + i3)]

1

i
PR T o, P

5ldy, + dyq 3(d12 13)
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Analogous exvoressions for p(i,2) and p(i,3) clearly exist. If
N =2y

and

R1 = R2 = R3 = Ru =] ,

we have
(1,1) = 1 = 2(d,. + d,, + d,))
pii, 2 %42 13 14

+ %(d +ad +4

12833 * dypdyy +dy5dy,)

B
= § 9429539y -
The general pattern is by now evident; we summarize 1t in
the following result.

PROPOSITION. For any N, if

R1=R2-R3-ooo-RN:1’

then for 1 <1 <Mand 1<J <N,

N m
p(i’J)Il+ z S.:_l)_ Z cee d d ceee d %
w2 T T Sy ngm_l 1.d; 1+d2 Ladp
IETIEIC TR I ¥

The Proposition is not so useless as it first appears: in
a computer implementation, one could assume that there is only
one target of each type--even though some targets have the same
probabilities of detection and kill glven detection--then carry
out the attrition calculation using Equation (7) and the
Proposition. If targets were grouped into classes of indistin-
guishable (except by artificial notation) objects, attrition
ARk to objects in the kth class would then be given by

LA o 1Y)
AR, = 1- R [1-4d,.k,,p(1,] > (
e 1=1 13749 ¥
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where C, 1s the set of indices § such that the 3*P object belongs
to the k class. For fixed i1 and k, diJ and kiJ are independent
¢of J & Ck'

While Equation (9) could be implemented on a computer, its
use might involve long and time-consuming computations, especial-
ly if R were of the magnitude of the number of soldiers in a
moderate-sized land battle. Hence it is worthwhile to seek sim-
plified versions of Equation (7), several of which we now proceed

to consider.

The following result, which 2ids in developing simplified
versions of Equation (7), shows that the complicated form of
Equation (7) arises from having more than one type of target,
rather than from having more than one type of searcher.

PROPOSITION. If n =1, then

M K B
E[K] = R(l - 1nl (1 - —Rl[l -1 - di)R]) 1) ’

where subscripts 1 denote the type of searcher.

We next discuss three simplified versions of Equation (7)
for the case N > 1. The notation ARJ = E[KJ] is used hereafter.
Successive Application of A1l Searchers to Each Type of
Target. If there were only type-j targets, then the expected

number of such targets destroyed would be

M k, R, Bi]
AR, =RJ[1-191 (1--§31[1- (1-d1J) . (10)
One means of attrition assessment would calculate each
ARJ by Equation (10), but this method clearly gives an advan-
tage to searchers which 1s unwarranted in terms of Assumption
(1). In effect, this method allows each searcher one shot at

each type of target, rather than one shot altogether.
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Ca'~ulation With Weighted Probabilities. For each 1, the
quantity

reprecents a detection probability for type-1 searchers
averaged with respect to the numbers of targets present, while

g
k, = k, ,R
1 yo1 139

o=

is a similarly averaged conditional probability of kill, given
detectioi:.

We could then approximate the original attrition process
by one with R targets of a single type and B1 type-1 searchers
with detection and kill probabilities di and ki’ respectively.
Attrition to these R targets would be

M k B
AR = R( - 1-30-a-aphy 1) .
i=

Against type-J targets would then be assessed the fraction

1 RJ/R of this attrition AR, so that
M k B
i = Ry 1
=R (l- N (1-<f1-((-4d : 11
R, J( 0 o0-dn-a-afy ) (1)

In Equation (11) it was unnecessary to use the averaged
conditional probabilities of kill given detection and attack,
and we could more accurately have written

M k B
= 1 Ryy 1 b
AR, RJ(l - 151 (1 - —§1[1 - (1.-4,)]) ) .+ (117)

It 1s possible, using one further averaging step, to use
the homogeneous equation directly. The numbers
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and

1
k B B,k

are, respectively, probabilities of detection and kill, given
detection, averaged with respect to both targets and searchers.

We may approximate the original attrition process by an
attrition process with R targets of a single type, B searchers
of a single type, and parameters d and k as computed just above.
The expected attrition in such a process is given by

B
R = R(L - (1 - ¥11 - (1 - ©FD))

Using the same attrition apportionment as in Equation (11),
these three equations yield the following values for the
expected attrition to type-j targets:

bR, = R, (1 - (1 - K1 - - aHRnB . (12)

Prior Apportionment of Searchers. We might also model the
attrition process as a number of smaller engagements by (prior
to attrition assessment) dividing the searchers among different:-
types of targets on the basis of relative numbers of targets
present and vulnerable. That 1is, type-J targets would be
vulnerable only to

R
B(1,§) = B ° ?%

type-1 searchers, rather than to all B1 type-1 searchers. One
can interpret this method as assigning to each searcher one and
only one type of target.
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Then attrition to type-j targets is given in this case by

B(1,J)
M K R

" - 7 4 o J
bR, RJ(l n (1 2 [1 (1 - dyy) ]) ) (13)

i=1 J

But there are other methods of prior searcher allocation
that are more closely related to our model and to methods de-
veloped by L. B. Anderson [1]. Here one computes explicitly
the searcher allocation for a "typical" target set (we leave the
term purposely vague) and uses this allocation to allocate
searchers in each attrition computation, as described below.

Suppose that tJ is the proportion of a "typical" target set

that are type-J targets and that azj'is the fraction of the shots

fired by a type-1 searcher that are directed at type-J targets
when the target set 1s "typical." If we put

a

i
e -t—Ji ; (14)

then the fraction of shots fired (by a type-1 searcher) that 1s
aimed at type-j targets, when the target set consists of RJ type-
J targets (J =1, ..., N), 1s given by

ailR! .
s
] o, R
K ik 'k
and we could then define
( ) oy R
B(i,j) = B Y—ALJL_ 3
? i aikRk

k
to be used in Equation (13).

An interesting question at this point 1s, Can the agj be
derived from other given quantities using the assumptions set
forth above? To begin, we note that the object 1s to derive a
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distribution of the fire of each searcher. For the model
described by Assumptions (1-7), we have the following
result:

PROPOSITION. For each i and j, the conditional probabi-
lity that a fixed type-i searcher attacks some type-j target,
given that the searcher makes an attack, is

RJdin(i,J) :
N ( . )Rk
et W S
) ik

with p(i,j) defined by Equation (8).

Suppose now that a "typical" target set consists of R

t
J
type-j targets (J = 1, ..., N). We can then define

Rt

£ 5 - - .

2

J N &

! Ry
k=1

and define
t t
at . 313119 (1,3)
3 N gt ’
1= n (1-qa,.)%

k=1 TE

with pt(i,J) computed by Equation (8), with the Rk there replaced
by Ri. Then, to compute attrition in an engagement with arbi-
trary numbers Rl, exaly RN of targets, we would compute the Oy

by Equation (14) and apply Equation (13). 1In use, this proce-
dure would require only one computation of the p(i,j)--that for

the "typical" target set.

The rationale behind this procedure is that, in a statis-
tical sense of the long run, the probability that a given type
of target 1s fired upon, given that there is a shot fired, is
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the same as the fraction of shots fired at type-j targets if

the attrition process were carried out experimentally a large
number of times.

While we feel that for most situations of attack against
passive targets the one-shot-per-searcher hypothesis is plausi-
ble, there are situations in which it is not. Hence, we have
also developed an attrition model in which each searcher has
essentially unlimited firing capability and attacks each
target it detects. If we replace Assumption (3) by (37)

Each searcher has sufficient firing capability to
fire once and only once at each target he detects,

then we have the following results:
PROPOSITION. Under Assumptions (1), (2), (3°) and (4-7),

M By
E[KJ] = RJ(l - 121 (1 - diJkiJ) ) (15)

for each J.

Equation (15) is a reasonable and easily computable equa-
tion for use in modeling situations in which the one-shot
hypothesis (Assumption (3)) seems unrealistic.

As in the other cases, exponential approximations are, in
the context of computerized simulations, superfluous.
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Chapter 4

METHODOLOGICAL DEVELOPMENT OF PROCEDURES TO RELATE
WEAPON-SYSTEM EFFECTIVENESS TO PHYSICAL CHARACTERISTICS

Roy J. Shanker

This chapter discusses the development of two methodological
approaches to the problem of quantifying the trade-off between
the quality of a specific weapon system and the quantity of that
weapon system available--this, of course, being under the con-
straint of a fixed budget. A third area relevant to the general
problem of data development is discussed in the final section of
the report.

Conceptually, the solution to the problem of quality-versus-
quantity (Q-Q) is rather easy. Let us assume that the global goal
of this endeavor is force planning. Let us also assume that we
have some black box (attrition relationships, war-game simulator,
etc.) that can assess the relative worth of different forces. In
turn, the forces are usually described by thelr number (quantity)
and some aggregate measures of effectiveness (quality--e.g., for
an aircraft this may be a set of parameters describing perfor-
mance such as the aircraft's probability of kill). Finall , let
us assume that the cost of the weapon system can be specified as
a function of the measure of quality' and that the aggregate
budget for the total force is specified. Then the solution to
the Q-Q problem may be derived from the straightforward use of
techniques of mathematical programming.

There is, however, an impasse in the above methodology.
Measures of effectiveness are usually stated 1in abstractions
that are compatible with the black boxes used for force

_ 1An example of this costing is presented in RAND Report R-761-PR,
. Cost Estimating Relationshipe for Aircraft Airframes.
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assessment, while cost relationships are usually stated in
terms of overt physical characteristics. Thus, if the two-
parameter single-engagement binomial attrition equation--see
Equation (3), below--was used for aircraft-force planning, we
would describe these aircraft in terms of their probability of
detection and probability of kill. However, in actuality, an
aircraft is most likely to be described in terms of X dollars
for a better rocket or radar system. The necessary link,
which supplies the conversion of a change in probability of
kill (a force-planning parameter) to physical characteristics,
is missing.

The following two methodologies developed for this project
are directed towards the establishment of a quantitative speci-
fication of that link--i.e., the statement of "force-planning
parameters" as a function of cost or some direct surrogate that
can be costed (such as physical characteristics).

It should be made clear that the intent of this chapter
is methodological development, not the derivation of empirical
results. The author recognizes the many limitations in the
derived data base. Also, several technical issues of aero-
dynamics are approached without extensive attention to the
physical meaning of aeronautical engineering parameters. How-
ever, the conceptual structure offers a potentially desirable
approach to a difficult problem and may warrant a careful
empirical implementation on contemporary weapon systems. The
detailed analysis necessary for such empirical work is beyond
the scope and resources of this study.

A. PROCESSING OF EMPIRICAL OBSERVATIONS

The first methodology addresses the use of empirical infor-
mation. This procedure attempts to use this information to
estimate the parameters for some force-planning model and, in
turn, to find a functional relationship between these parameters
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and the physical attributes of the weapon system. To match the

empirical example, the methodology is presented in the context
of the fighter aircraft.

Let By (L =1, ..., I) denote the I different types of
Blue aircraft, and Bi’ the Blue aircraft losses. For each Bi’

there will be a physical-quality-attribute set {X } (k =1,
dils o K ) describing the Kg attributes of the 1th aircraft.
Similarly, define RJ Gl Ls ot RS RJ and {xjk} (k =1,

& Byl Kg) for the various Red aircraft types. For each of the

at-most 2(IxJ) possible pairings of aircraft (B1 versus RJ),
there will be S1J observations of combat encounters.!

We then select N attrition models Qn (n=1, ..., N). For
each of the IxJ conflict sets B1 versus RJ, a parameter set
" 1g} (n =1, <.., N) composed of elements h = 1, ..., H? will

be estimated The problem is then to find a functional form,

ij(xil’ g X?Kb, le’ s o ats X§Kr; h) that "best" describes

each - J

: L% P UM RS

n
(h) 11’ Ll gl iK Jl’ ® 3 JKJ

PiJ (X

J

CRL I RS, L (1)

This functional relationship thus specifies the force-planning
parameters as a function of aircraft and aircraft-opponent attri-
butes. Allowing that we can differentially cost aircraft of
varying attribute sets, the above supplies the missing segment
for the solution of the Q-Q problem. Of course, each solution
will be dependent on the attrition equation selected. The pro-
cedure does not indicate the "best" attrition relationship.

Due to the symmetry of most attrition situations, there are
2(IxJ) pairings: 1 attacking J and jJ attacking i. While

stated for a single i x j pair, all comments are consistent
with all pairs.
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It i1s important to notice that in this methodology the
"quantity" side of the Q-Q problem is submerged in the set of
force-planning parameters {Pij} When we use an attrition or
simulation model, it has been assumed that the set {Pij} fully
determines this model. Thus, if we are able to cost the weapon
system and if we have a budget constraint, we may determine the
quantity available. Given f?J, we can also assess the quality
of the system as stated by P1J Finally, with the force-planning
model Q , we can measure the effectiveness of the force. The
Q-Q trade off is visible as we change either the quallty {Pij}
or quantity (as reflected by the budget constraint and the cost
of the weapon system associated with P?J). The quantificatior
of the effect of these trade-offs is manifest in the changes 1in
the output of the planning model Qn.

Given the above, three modes of comparison are of interest.
First, the comparison of the difference in the forms of fgj as
n varies allows a differentiation between the various attrition
(force-planning) models that may be of interest. The second
type of comparison 1s between various classifications of Ri’BJ
pairs (i.e., the results that would occur from considering only
such pairs as Red fighters and Blue bombers). This comparison
allows for the estimation of Q-Q in specific combat roles.

The third mode of comparison is the most subtle and is a
method of investigating hypothesized effects of tactics in the
above model.

Assume that as an alternative to Equation (1) we had
chosen the two-equation system

11° 1k > Sy

1J

(h) = gf,(TACTICS, g5 R b T e XEKE; h),

b 1 cemay e 4E)




#*
TACTICS(h) = gi?(xgl, B x‘i’Kt;, xgl, ~LO% xS’Krj-; h),

h=1, ..., H' . (2b)

That is, tactics and physical attributes determine the parameter
set P, and tactics are determined by relations among the physical
attributes of the two weapons systems involved. It is clear that
a relationship like Equations (2a-b) 1is very difficult (if not
impossible) to specify. However, if Equations (2a-b) are the
"tpue" model, the use of a "compressed" model such as Equation (1)
leads to a concatenation of the information held in the parameters
of the estimated function in Equation (1).

Recognition of the above possibility allows for the investl-
gation of hypotheses concerning the contribution of tactics.
Consider a simple form for f,

n
Pij = o + B(s1 - SJ)

That is, the parameter of force planning is a linear function of
the difference in speed of the Red and Blue aircraft. If this
is a proper expression for P?J, we might consider that (1) when
Sy - s.j is positive, the tactics used by the Bi aircraft would
exploit speed; and (2 when Sy - sJ is negative, alternative
tactics would be used to de-emphasize speed. We could test this
inferential measure of tactics by segmenting our data into two
groups (As > 0, and As < 0) and then estimating B for each group.
If our hypothesis about tactics 1is correct, we would expect

B(As > 0) > B(As < 0).

1. U.S. Versus German Aircraft in World War II

A very simple example of this methodology was worked out,
using historical data. These data were collected from group
records of World War II. The summary of engagements and appro-
priate comments are shown in Appendix U4-A (below). A subset of
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these encounters was selected, consisting only of fighters
flying bomber-escort missions. This selection was made so as

to simplify estimation of a P?J.

Again, it must be remembered that this application con-
stitutes an exercise on a data base of convenience (although
even so limited an investigation was quite time-consuming).
Several discrepancies exist in the recoprds available. It was
impossible to identify the specific model types of the aircraft
involved, and no attempt was made to integrate the operations
into the full scope of the war (decreasing German logistic
supplies may have limited intensity of encounters). The ob-
Jective was conceptual development, not the exactness of the
empirical data base.

The exponential form of the single-engagement binomial
attrition equation is as follows:

/]
L]

number of shooters,

d = probability that a particular shooter detects a
particular target;

k = probability that a shooter kills a target, given
detection and attack; and

I T = number of targets;
| T = number of targets killed.
|

In any conflict, both parties assume the roles of "shooter"
and "target," and thus two relationships are reported for
each pairing. As the missions were bomber escorts and the
enemy sought the engagement, d was set equal to 1. The



results of estimating k from Equation (3) and the encounters
displayed in Appendix 4-A are shown in Table 4-1.1!

Table 4-1. DERIVED PROBABILITIES OF KILL

Paired Encounter Number of
(Shooter vs Target) Observations Probability of Kill
P-51 versus FW190 7 0.250

P-51 versus Mel09 25 0.220

P-47 versus Mel09 8 0.070

P-47 versus FW190 18 0.080

FW190 versus P-51 7 0.060

Mel109 versus P-51 25 0.040

Mel109 versus P-47 8 0.058

FW190 versus P-47 18 0.058

A summary of the physical attributes of the aircraft was
made (see Appendix 4-B); and maximum speed, service to ceiling,
wing loading, power loading, and armament were selected to be
used as ng and ng. These values are denoted in Table 4-2. A
compilation of differences and ratios of the five characteris-
tics between combatant pairs 1s shown in Table 4-3. Finally,
various function forms, f?d, easily estimable by linear tech-
niques, were tried--with quite satisfactory results. (See
Table 4-14).

As can be seen in Table 4-4, several of the relations have
a very high estimating ability (R2 adjusted; see starred
Equations 7, 19, 36, 41, 45, 51) and may be considered as
a statistically significant measure of the correlation between
probability of kill and the physical attributes of the two
planes involved. Some caution is needed in interpreting the
estimated relationships. Due to the high degree of multi-

1p grid search routine programmed by J. Bracken was used.
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colinearity, the coefficients should not be interpreted
separately as marginal contributions to P, . (See Table 4-5

for correlation table.) Rather, the independent variables in
aggregate should be considered as a system that makes changes
in Pk—-which is not only a proper statistical but also a proper
physical interpretation, as many of the aircraft's attributes
are interrelated (due to physical laws manifest in the plane's
design).

The intent here is not to claim that these specific
relationships are a reasonable portrayal of the causality of
Pk. What is intended, rather, is to show the full conceptual
process. In no way would the author offer these relationships
as accurate depictions of the structure of Pk' To hope to make
such claims validly, a more formal aeronautical analysis is
needed as the preliminary stages of data collection, variable
definition, and model structure.

Application to Design of Current Aircraft

In fact, the interrrelation of the physical attributes
suggests a method for the search and selection of new aircraft
designs, given that an appropriate f?d has been developed for

contemporary aircraft.
k

Consider a multidimensional space R i, where each dimension
represents a physical attribute of the Blue aircraft. There

k
exists a region W 1cnr i, which describes the combinations of
attributes Xi’ e T Xik for a physically feasible aircraft.
i * k
For a specified opponent, we then seek the vector X ¢ W i

which optimizes’® f?J:

1The term "optimize" is used rather than "maximize" or "mini-
mize," because the nature of optimization is dependent on the
force planning parameter being estimated and, in turn, is
dependent on n, the index of the planning model used.
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Table 4-5. CORRELATION OF AIRCRAFT ATTRIBUTES

NL]
7

Attribute

AA1
AAOS




) . (4)
J

opt r (x*|x M ey
3 k1 1 J1 Jk
X eW
These results, based on obsolete World War II aircraft, are

not relevant to present planning functions, except as a poten-

tially attractive conceptual design to solve a very difficult

problem.

It would be desirable to develop a data base relevant to
modern aircraft (such as the current SED/ASSIF project) and then
to implement this methodology. It would also be beneficial to
have an aeronautical engineer involved in the development of
the relevant models concerning the physical attributes of the

aircraft.

The application of this methodology for current aircraft
might occur in the following manner. Initially, test flights
or simulations of aerial combat would be run over the spectrum
of USAF-Soviet aircraft pairs. The results of these conflicts
would be used to estimate a set of attrition parameters for
each pair of aircraft. In turn, functional relationships would
be sought that specify these attrition or force-planning parame-
ters as a function of the physical attributes of the two aircraft.
The final step is then to use this functional relationship as an
objective function in the design of possible aircraft as denoted

above in Equation (4).

B. PROCESSING OF SUBJECCTIVE DATA

A second procedure was also considered for providing a link
between physical attributes and quality. This procedure is a
modification of the psychometric technique of conjoint measure-

ment.

Conjoint measurement takes as an input a preference order
on a set of objects that represents the concatenation of several
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independent attributes. For example, in Figure 4-1 the nine
cells represent the objects; the order is represented by the
notations A to I (low to high); and there are two attributes
(X,Y), each having three levels.

Xy1X2] X3
X

Figure 4-1. TWO-ATTRIBUTE CONJOINT
MEASUREMENT MATRIX

The problem, which can be generalized for multiple attri-
butes, is to find a set of functions fl(xi),fz(yJ) such that
their sum (product) is the "best" fit to the original order, A

to I. The desirable property of this procedure is that it
transforms ordinal preferences on a concatenation into interval
measures for each level of the separate attributes. These in-
terval values of each attribute level are unique within a linear
transformation and may be interpreted as utilities.

One of the major drawbacks of this procedure is the
difficulty in collecting data when more than two attributes
are involved. People seem to find a two-dimensional preference
ordering trivial, while anything greater than two dimensions
becomes difficult if not impossible. Thus, the major effort
for this report was to develop a technique for the simultaneous
estimation of multiple-attribute utilities while using only
pairwise preference orderings as input. This has been accom-
plished and is now described.

Consider the general case where we have n attributes X

i=1, ..., n. Each attribute in turn has m, levels (X
191
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=N el YT - ). Then the total number of possible cells to
ip 1mi

be ordered is M = 1 m, . Clearly, M becomes quite large even
i=1 !
when the number of attributes is relatively small. As well,

as mentioned earlier, it 1is quite difficult for people to make
subjective orderings when n > 2. Thus, an approach based on
the n(n - 1)/2 possible attribute pairs and their associated
orderings was developed. Consider for a moment a single attri-
bute pair (xi,xj) of my and mJ levels, respectively.

The subjective data gives an order X:
X = {(p,q)1 < p< m, l<aqcx< mj}, for a given 1 and J.

If we assume an additive relationship between the attributes

qu = f(xip) + g(qu) and give arbitrary starting values to

the discrete levels of f(Xip) and g(XJq), we can solve for the
"pest" values of f and g using a gradient technique. From the
initial order X, we can derive a series of values of qu using
the initialized values of f and g. As we wish the order to be
increasing in value, we then perform a monotonic transformation

on the value qu of the order. That 1is

% 2
-9 =
min pgix (qu pq) S1J s (5)
subjJect to
A A '

]
where the notation < implies the ordering based on X.

Similarly, we can derive an S for all i,J pairs. Let
d=1 Syy+ Then we wish to take the gradient of of, Ved, with
respect to all the levels of all the attributes.! In other

!The usual procedure is to normalize S with respect to the

total deviation. This gives Equation (5) a standardized

range from O to 1 and will allow comparisons with other
applications. However, for our purposes, the normalization
only complicates the mathematics--at no gain to understanding--
and 1s thus left out.
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words, there will be ) m, elements in the gradient.
i

The form of each element in the gradient is

oed
X

= J 20(f(x
ipo X

1po) * 8(Xy) - $poq)] ]

IThe form 1is slightly more complex but simplifies to the above.)

Finally, we adjust each function value f(Xip), g(XJ ) in
the direction of -Vg{ and iterate the procedure until V44 = 0.
The final values for each f(Xip) and g(qu) can then be inter-
preted as interval measures of utility for each attribute
level.

It should be noted that one need not have all n-1 pairs
for each attribute. Thus, if cost limits the number cf paired
orders to be obtained, then the palrs may be allocated on some
a priori measure of significance. Also, individual elements
of.ci may be 1lnspected separately to see if any particular pair
is causing an unusually large contribution to.gl. These
elements may have several useful interpretations, dependent on
the problem context.

The question now arises as to the worth of this procedure
in solving the Q-Q problem. If we consider the attributes to
be physical characteristics of a weapon system and the cells
to be the specified system, then the subjective rank orderings
of competent judges can be used to derive as utilities of the
various attributes. Given interval utilities and cost, we now
have the information necessary for the solution of the Q-Q
problem.

Presumably, there is a set of people whose function is to
establish the design and performance specifications for new
weapons systems. Ideally, these are the individuals whose
Judgment should be used to establish the preference ordering.
The benefits of this approach are two-fold. First, it accom-
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plishes the solution of the Q-Q problem. Second, it makes
manifest to these planners the inherent utility that they have
placed on certain attributes, which may be of considerable 1im-
portance in their future work.

It should also be noted that there 1s no constraint to
make the preference order subjective. If adequate data 1s
available, the ordering of cells may be based on actual per-
formance such as combat performance, when the ordering is based
on the dominance of one weapon system over another.

C. CALIBRATION AND ESTIMATION OF HISTORICAL DATA

A problem that arose in the search for appropriate data to
use with the first methodology seems worth discussing at this
time, due to its relevance to all facets of research that used
historical combat data. A desirable trait for such data is
the existence of corroborative evidence on both sides of the
conflict. In fact, so little credibility 1s given to uncorrob-
orated data that in many instances only the corroborated data
are deemed admissible--an unfortunate situation, since the
corroborated data exist only for a very small (and possibly
biased) portion of historic engagements.

The following suggests a method of using this pool of
corroborated data as a calibration for other data, which would
allow a much broader spectrum of engagements to be used. Assume
that for each engagement i (1 = 1, ..., n) we have two sets of
observations:

on,f 1o,

the former are the observations by Blue of engagement 1 (OB )3
i

the latter, by Red, 0R . For simplicity, let us say these sets
i

contain only four elements each:

194




0 % - ié JBOL R, R %
3 B, B,> °B,* "B’ Pg,

0 % * 3é , B . B 4 R i
Ry Ry® "Ry’ "Ry® Ry

where B, B are Blue losses and initial forces and R, R are Red
losses and initial forces. The subscript then denotes which

side estimated B, B, R, R. If we believe that RR 5 BB 5 BB
i i i
are the accurate descriptors of the engagement then our goal

is to find some way of estimating RR 5 R (or BB , BB.) when

i i i

1
B., °B R,* Bp -

R
we are given only R R (or B 3
i’ i i it

In general, we seek some function f such that

;RRi, RRis = f(OBi, - I
where X is a vector of attributes that detalls the environment
of the engagement. Typical elements of X may be weather,
observer's rank, etc. Thus, whenever we are presented with an
uncorroborated data base, we could then use the functlon f to
aid us in estimating enemy forces and casualties.
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Appendix 4-A
AIR -COMBAT DATA

These data are based on group combat records received
through'the office of the United States Air Force Historian
(acting director, Mr. M. Rosenberg) from the archives of
Maxwell Air Force Base, Montgomery, Alabama.

Information was received for the following groups: U4th
(England WWII), 354th (England WWII), 33rd (North Africa WWII),
and 23rd (Pacific WWII).

This 1nitial selection is somewhat biased, since it repre-
sents very famous and successful U.S. fighter groups. While

difficult to quantify, such biases may be eliminated by simply
researchling more representative group records.

The information contained in these records varied widely.

Within a group (and even within a squadron), record-keeping
format and procedure was constantly changing. In general, even
simple observations such as "5 P-51's engaged 6 Me-109's with 2
kills each" were not available and, thus, had to be deduced from
the records.

Aside from lack of consistency in reporting, two major
problems prevent complete usage of the records. The first was
simply a lack of definitive reporting and incomplete description
of an encounter. The second was the recurring problems of
squadrons or sections reporting onliy their own actions without
acknowledging the presence of other allied aircraft--which made
it difficult to discern the full extent of an engagement, dis-
allowing a considerable amount of observations.
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Within these limitations, three general types of data
observations were made to which a "reasonable" degree of confi-
dence (of course, all kills are estimates) 1s given.

(1) Toial group or squadron encounters. Here only

a summary of the total encounter was avallable,
and the group or squadron fought independently.

(2) Seetion encounters. This is a relatively better
source of data. When flying bomber escort, U.S.
aircraft were assigned tc¢ incoming enemy aircraft
a section (4 planes) at a time. Then separable
encounters offer a good data base.

(3) Individual or pair encounters. From pllot sum-
maries, it was possible to deduce the outcome of
l-on-1, 2-on-1l, 2-on-2 (etc.) encounters. When
these seemed separable from a larger engagement,
they were recorded.

The presence of very thorough statistical reviews by the
group statistical-control section for the group and wing were
alluded to in the records. However, in conversations with the
archivist at Maxwell AFB, it was determined that, aslide from an
innumerative search through all group and wing records, there
would be no way of finding such reviews. The table lists the
"most reasonable" summary of aircraft in an encounter, with

associated kills listed below.

gth AIR FORCE (Btﬁ FIGHTER COMMAND, 65th WING, 4th GROUP,
334th, 335th, and 336th SQUADRONS) - Europe

Date Encounter Mission
31 Jan 44 16 P647S Versus 28 Me-109s Bomber Escort*
6 Feb 44 4 P-47s Versus 5 FW-190s
0 1/2%*
3 P-47s Versus 5 FW-190s
0 1 down

*A1]1 unmarked missions are Bomber-escorted.
**1/2 denotes aircraft damaged. Multiple damaged aircraft de-
noted by n x 1/2

(continued on next page)
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Date Encounter Mission
9 Feb 44 8 P-47s Versus 5 Me-109s
0 1 loss
5 P-47s Versus 3 FW-190s
1/2 1-1/2
20 Feb 44 4 P-47s Versus 2 FW-190s
0 1
4 P-47s Versus 2 FW-190s
0 1
21 Feb 44 15 P-47s Versus 15 FW=-190s
0 3-1/2
25 Feb 44 4 P-47s Versus 2 FW-190s
0 1
2 Nov 43 48 P-47s Versus 24 Me-109s
2-1/2 2
4 Nov 43 16 P-47s Versus 12 FW-190s
0 1/2
16 P-47s Versus 8 FW-190s
0 1
8 Nov 43 1 P-47 Versus 2 FW-190s
0 1/2
26 Nov 43 1 P-47 Versus 1 Me-109
0 1
28 Nov 43 1 P-47 Versus 1 Me-109
0 1/2
12 Aug 43 4 P-47s Versus 4 FW-190s
0 1
4 P-47s Versus 8 Me-109s
1/2 2-1/¢
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Date Encounter Mission
28 Aug 43 16 P-47s Yersus 8-10 FW-190s
0 2
26 Jul 43 4 P-47s Versus 4 FW-190s Strafing
0 =z ]
28 Jul 43 2 P-47s Versus € FW-190s
0 3-1/2
26 Jun 43 8 P-87s Versus 6 Me-109s
2
16 May 43 36 P-47s Versus 15 FW-190s
2 x 2-1/2 3 x 1/2
24 P-47s Versus 20 Me-109s
1 2
29 May 43 38 P-47s Versus 6 FW 190s
1/2 0
10 Apr 43 16 P-47s Versus 5 FW 190s Cover for Strafing
0 3-1/2
8 Mar 43 25 SF (Last SF)Versus 7 FW-190s Escort
0 1
11 Mar 43 4 P-?7s Versus 2 FW-190s
1
1 Apr 44 16 P-51s Versus 4 Me-109s
0 3
8-30 Apr 44 30 Aircraft down, no good record
11 Apr 44 16 P-51s Versus 4 Me-109s
0 4
13 Apr 44 28 P-51s Versus 20+ FW-190s
1 2
22 Apr 44 24 P-51s Versus 20 Me-109s
0 2
30 Apr 44 3 P-51s Versus 1 Me-109
0 1
8 Apr 44 2 P-51s Versus 1 Me-109
0 1
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Date Encounter . Mission

24 Apr 44 2 P-51s Versus 1 Me-109
1 1
1 P-51 Versus 1 Me-109
1
19 Apr 44 2 P-51s Versus 1 Me-109
0 1
8 Apr 44 3 P-51s Versus 1 Me-109
0 1
3 P-51s Versus 3 FW-190s
0 2
3 P-51s Versus 6 Me-109s

1 Apr 44 16 P-51s Versus 4 Me-109s

0 1
12 Apr 44 12 P-51s Versus 4 Me-109s
1/2 4
8 May 44 4 P-51s Versus 4 Me-109s
0 2 x 1/2
19 May 44 16 P-51s Versus 3 Me-109s
0 1
16 P-51¢ Versus 6 Me-109s
0 5
18 Aug 44 | 8 P-51s Versus 6 Me-109s Bombing/Strafing
1 0
4 P-51s Versus 15 Me-109s
2 2
5 Aug 44 | 2 P-51s Versus 1 Me-109 Strafing
0 1 4
16 Aug 44 |1 P-51 Versus 1 Me-109 '
0 1
25 Aug 44 14 P-51s Versus 11 Me-109s
0 3+ R

(concluded on next page)
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Encounter

Mission

Versus

Versus

Versus

Versus

Versus

Versus

Versus

Versus

Versus

Versus

Versus

Versus

Versus

14 FW-190s
2

15 FW-190s
6

l]Me-109

8 Me-109s
0

10 Me-109s
1

l]Me-410

6 FW-190s
2

24 Me-109s
5

2 FN-190s
2

1 Me-109
1

15 FW-190s
11-1/2

8 Me-262s
3-1/2

1 Me-262
1

Patrol

Strafing




23rd GROUP - North Africa

Date Encounter Mission

12 Jdan 43 2 F-40s Versus 4 Me-109s Defensive Patrol
0 1

14 Jan 43 4 P-40s Versus 4 Me-109s Defensive Patrol

. 0 0

2 Feb 43 4 P-40s Versus 4 Me-109s Patrol
1-1/2 1

30 Mar 43 48 P-40s Versus 12 Me-109s Escort
1 6

3 Feb 43 1 M"-40 Versus 12 Me-109s Base Defense
1 0

23rd FIGHTER GROUP - Asia

30 Jul 43 1 P-40 Versus 1 Zer? Escort

31 Jul 43 7 P6405 Versus 23 Z;ros Base Defense
1 P-40 Versus 2 Zer?s Base Defense

5 Aug 43 8 P3405 Versus 16 Z;ros Base Defense

8 Aug 43 7 P-40s Versus 6 Ze;os Escort

2 Nov 43 2 P;40$ Versus 12 Zgros Base Defense
3 P-40s Versus 1 Ze;o Base Defense
1 P-40 Versus 6 Zeros Base Defense

0 0
9 Nov 43 2 P-40s Versus 1 Ze{o Base Defense

(continued on next page)
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FIGHTER GROUP - Asia (continued)

Encounter

Mission

P-40s Versus 1 Zero
0 1

P-40 Versus 1 Zero
1

P-40s Versus 1 I[-97
0 0

P-40s Versus 1 Zero
1

P-40 Versus 1 Zero
1

P-40 Versus 1 I-9{

P-40s Versus 2 [-97s
0 0

P-40 Versus 1 Zero
1

P-40 Versus 1 [-45
0 1

P-40 Versus 1 Zero
1 0

Base Defense

Base Defense

Bomber

Escort

Escort

Escort

Bomber Escort

Base Defense

Escort




Appendix 4-8B
A PHYSICAL REVIEW OF WORLD WAR II FIGHTERS

The following tables represent summaries of the physical
attributes of fighter alrcraft active in World War II. This in-
formation was gathered from several sources, and in some instances
the data shown represent a composite of several production models
of the aircraft. Sources used were the following:

(1) Jane's All the World's Aircraft, 1940-45.

(2) William Green, Famous Fightere of the Second World War,
2 vols. (New York: Doubleday, 1962).

(3) Luftwaffe, Avalon-Hill Bookcase Game (Baltimore: Avalon-
H111, 1971).

(4) Spitfire, an Historical Simulations Game (New York:
Simulations Publications, 1973).
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