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in February 1976 for publication as a technical report.
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SECTION I
INTRODUCTION

In the static analysis of continua by the finite element method,
the stiffness and load matrices are obtained by the application of the
principle of stationary potential energy within the displacement method.

In this approach, the strain energy of an element is expressed in terms of
some assumed displacement functions. For the monotonic convergence to the
actual solution, it is necessary that these functions should satisfy the
compatibility conditions at the boundaries of the elements. The con-
struction of displacement functions for the interior of an element which
will also ensure compatibility at the boundaries, in most cases, is rather
complicated even for elements with simple geometry.

In 1964, Pian [1] proposed an approach for the static analysis of
continua, by means of which compatible stiffness matrices could be obtained
without undue difficulties. In Pian's approach [2,3,4], one assumes stres-
ses within the element and displacements on its boundary, hence the word
hybrid. This approach is extended for the nonlinear analysis of multi-
layered shell structures with shear deformation [5]. It contains the fol-
lowing new developments in finite element formulations:

(a) the foundation of the hybrid stress finite element method for
initial stress problems [6],

(b) the adoption of the above initial stress theory for shell-type
structures, and

(c) the extension of the resultina shell theory for the analysis
of laminated shells with arbitrary stress distribution across
the thickness coordinate.
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Since the u1timaté goal of this analysis is the solution of the un-
bonded contact of the tire with a rigid frictionless surface, flat trian-
gular reference surface elements are used. The coupling of these flat
plate elements to form a discretized shell reference: surface is accomplished
by the nodal displacements referred to a fixed global reference system,
which is chosen to be the base vectors of the toroidal reference surface
of pneumatic tires. Three rectilinear displacements and two rotations are
assigned to each node of the triangular surface element. Thus, each ele-
ment is characterized by 15 generalized nodal displacements. These surface
elements are built up of layers of different elastic properties and cord
angle orientations with respect to the local reference frame of the element
under consideration.

Within the hybrid stress method, an equilibrating stress field is
assumed over each laver in terms of sinple polynomials whose coefficients
are then related to the aforementioned generalized displacements by the
hybrid stress variational principle. Thus, a shell theory results.

An important aspect of the finite element concept is that the finite
elements may first be considered to be disjoint for the purpose of ap-
proximating a function locally over an element. That is, one can consider
an individual e]ementnto be completely isolated from the collection of all
elements and can proceed to approximate a function over the element in terms
of its values at the nodes of the element, independent of the ultimate loca-
tion of the element in the connected model and independent of the behavior

of the function in other finite elements. Thus, it is possible to develop

ROPATaA Lot
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a catalog of the various finite elements in which nodal values of the local
approximation are left arbitrary.

Clearly, in order to stay within the philosophy of the finite ele-
ment analysis, the aforementioned equilibrating layer stress fields must be
disjoint from layer to layer. Moreover, this local (layer) stress approx-
imation must be the same over each layer, usually simpie polynomials whose
coefficients will be referred to as stress coordinates. Recall now that in
the usual finite element method, the connectivity of disjoint elements are
established by relating the local coordinates to global coordinates, often
called as the assembling procedure. In this case, the connectivity of the
layers within a finite element is established by satisfying the interlayer
equilibrium, which is facilitated by the matching of appropriate stress coor-
dinates of the two layers under consideration.

Since, in the hybrid stress method, the interelement equilibrium
need not be satisfied explicitly, the set of stress coordinates are inde-
pendent for each element. Connectivity is satisfied in the variational
sense. Of course, the price one pays for the element-wise disjoint stress
field is that, in the construction of the element stiffness matrix, one must
eliminate the stress coordinates in terms of the generalized displacements
in the hybrid stress functional, in order to construct the stiffness matrix

associated with the generalized nodal displacements.

The extension to nonlinear problems utilizes an intrinsic local
coordinate frame which follows the element during deformation. The asso-
ciated initial stress resultants and the effect of the displacements on the
equilibrium equations manifest themselves in the particular solution of the

element equilibrium equations in terms of the stress resultants.

.
b R s hC et

a3 ihaiten PO, g T




il

oo

The initial or unloaded geometry of the carcass is represented by an
arbitrary plane curve which, when rotated about the wheel axis, defines the
tire middle surface. The carcass thickness varies in the meridian direc-
tion but is constant in the circumferential direction. The initial cord
angle varies with the meridian position according to the classical lift
equation of bias tire censtruction [7].

The tire carcass material is treated elastically as a laminated
anisotropic composite. Each ply is considered as an orthotropic layer con-
sisting of elastic textile cords embedded in an elastic rubber matrix. The
principle orthotropic moduli for a given ply are then calculated in terms
of the elastic properties of the cord and rubber based on the principle
of compatible deformation.

The external loads applied to the tire are inflation pressure and
inertial forces due to rotation.

In the numerical implementation of the aforementionzd disjoint
stress field concept, certain software problems associated with the construc-
tion of the element stiffness matrix were experienced. Namely, for many
layered shells, extensive out-of-core matrix manipulations were required, %
including the inversion cf the stress field matrix for the elimination of |
the stress coordinates in terms of the generalized nodal displacments. These 3
out-of-core operations resulted in prohibitive computer time requirements,
even for a linear problem. Therefore, alternate approaches were investi-
gated, which included layer lumping schemes and the use of displacement- vi
type formulations with the capability of incorporating an arbitrary shear

stress variation across the shell thickness.
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In Section II, a systematic development of initial stress formulations
is provided, which is then specialized for the analysis of general toroidal
shells in Section III. In Sections IV and V, the appropriate numerical
formulations are described, which include the hybrid stress finite element
formulation and a displacement-type finite element approach which is based
on a piecewise parabolic shear stress variation across the tire thickness.

The Fortran extended version of the Fortran-Compass computer code is

written for the CDC-6600 machine under the Scope 3.3 and Scope 3.4.3 oper-

ating systems.




SECTION II
BASIC FORMULATIONS FOR INITIAL STRESS PROBLEMS

For clarity in presentation, the ideas will first be developed
here within the framework of flat plate theory.

Each material particle in the original configuration C1 is iden-
tified, in general, by three curvilinear coordinates Si (i =1, 2, 3).
The numerical values of Ei which define a'particle in C] define the same
particle in every subsequent configuration (also referred to as convected
coordinates). To describe the motion of the body relative to C], a fixed
rectangular cartesian coordinate system X5 (i =1,2, 3)in three-dimen-
sional space is also established.

In general, CN is defined to be the configuration of the body before

the addition of the n-th increment of load; whereas, C is the config-

N+1
uration of tiie body after the addition of the n-th load increment. In
configuration CN’ the states of stress, strain, and deformation are pre-
sumed to be known. During the process of the n-th load increment, con-
figuration CN is treated to be in a state of "initial stress". Incremen-
tal displacements due to the addition of the n-th 1oad increment are mea-
sured from CN' In the following, as a generic case, the movement of the
body from the reference state CN to the deformed state CN+1 through small
but finite increments in stresses, displacements, and external loads is
treated.

The position vector of a particle in CN is denoted by r and that

of the same particle in CN+1 is denoted by R. If x; are the cartesian

coordinates of the point in CN and E} are cartesian bases, it follows



5 Gl (2.1)

The covariant base vectors tangent to gi lines in configuration CN are then

given by
L3 (2.2)

and the covariant and contravariant metric tensors and contravariant base

vectors in CN are given by

s = 9 9

0 8g, = 6; (2.3)

where 6: is unity when r = t,and zero otherwise.

For a flat plate, gl and 52 are taken as the reference surface
coordinates and g4 as the thickness coordinate.

In such a coordinate system, the vector field of incremental dis- ;

placements from CN to CN+1 is measured in the basis system of CN as e

G=ua5a+w§3+g3wa§°‘ (2.4)

which gives the usual representation of Green's strain tensor in CN as

N
€ =T Uy g U gt Uy gyt

aB W)
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=y +tw_ tw 24
T =¥ 7 Wa * “y M fetet
where

e ., = membrane strain,

aB

Uyg = curvature strain, and

Y, * shear strain, and
= total rotation.

In the reference state CN, which is presumed to be known, let

the initial stress resultants be defined by
" = Tas %3

ms fh €3 Top 953

o

] s fh T84 dEg (2.6)

where
n°_ = membrane stress resultant,

af
m&B = couple stress resultant,

-
o
]

= shear stress resultant,

1&8,1&3 = Piola-Kirchoff stresses, measured per unit area in CN’ and

F
]

plate thickness.

Let the initial surface loads and edge tractions in the current

reference state CN be given by




(m,) (2.7)

One can then prescribe additional surface forces (fa, p), additional
edge tractions (ﬁa, r ﬁa) on a portion S1 of the boundary, and additional
displacements and rotations (Ga, W, Ga) on a portion 52 of the boundary.
Let the corresponding increment in the Piola-Kirchoff resultants be rep-

resented by Nogs Mygs and o The principle of virtual work then states,

{ [(n;B + nas)deae + (m;B + maB)akaB + (r& + ra)dyu - (f; + fa)éua

- (p° + p)ow]dA - é] [(ng + nu)Gua + (mo + m_) 8w,

+ (r& + ra)dw]ds =0 (2.8)

where the strains are given by Equations (2.5). In Equation (2.8), the

area A and the boundary S] refer to the known current reference state CN

and & denotes variations. Note that Uys Ws and W, vanish on 52.
Equation (2.8) may be written as

aB
/ [n,g Se,g * Mg Sk g+ 1 sy, * 7 8w W

A 98 ¥ UVQO’« u\)sB)

mO
5 208 + +r° -
5 G(UY’Q bt U wy,a) re 6(wY uY‘a) fa éua

nO
- powldA - [ [ng, Su, +m, Su, +réwlds = - W ag §(u

5, B o) b
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OLB o
+ uB’OL) t = G(woc,B +w&a) A é(wu + w,oa)
- f2 Su - p° wldA + £ [nS Su, + mo du
1

+ r° Sw]dS (2.9)

It is now assumed that the known initial stress state (n&e, m&B,
T W o P : -
o fa, P%s Ngs Ms T ) in CN is in equilibrium prior to the addition of
the incremental loads. Then, the right hand side of Equation (2.9) can

be shown to be identically equal to zero. That is,

Nag,8 * T = 0

m&B,B - r& =0

ra’a +p°=0 (2.10)
and

n& = n&s ng

m& = m;B ng

re=ren, (2.11)

where n, (o = 1, 2) are the components of the edge normal. However, due

to the numerical incremental solution technique for solving the above
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problem, the initial stress state CN may not be in equilibrium. Following

[8], it is possible to derive an equilibrium error check if the right-hand

side terms in Equation (2.9) are retained.
Assuming now that the reference state CN is one of equilibrium,
Equation (2.9) can be shown to yield the equilibrium equations for the
incremental resultants referred to the current known reference state CN
E as follows,
4 + +n° +
4 "uges ¥ [Myg * Mglo g,y * Llmg + migla, o1
[y * rdugd o+ F,=10
= + + m° - + r° =
mOLBaB Y‘a [(mYB mYB)uavY]ss [(rY r'Y)uOL"Y] 2
+ + 4+ n° =
) [(nuB naB)w,a],B 0 (2.12)
and
Ny = Nyg Ng * (n B YB)ua g Ny + (m gt mYB)wa,B n,
+ +
(rY rY)wa n,
A = °
My = MgNg + (Mg + miplu, o ng
A = ° P
rer, n,+ ("aB + naB)w’a ng on Sy. (2.13)
on S].

; The principle of virtual work as given by Equation (2.9) can now be
generalized through the usual methods into a counterpart of the Hu-Washizu

principle in linear elasticity [9].

1
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Assuming that the elastic stress-strain relations are of the type
*
naB = naB(eY)\’ kY)\’ Y)\)

_ *
muB = maB(eY)\’ kY)\’ Y)\)

R ¢ G S WA R S e sy
= " ; P r =

*
ry ° ra(eYA, kyk’ Yx) (2.14)
or :
s " eaB("yk’ M rx) ¢
* !
kae = kae(an, Mo rx) % ,
- o 2 :
Ya = Ya(n_YAQ m.Y>\s r)\) ( .]5)
i
one can define an elastic strain energy function -ﬁ
SR Y GeaB ¥ Mg 6kaB Yl Yy (2.16) ;
g
£

In addition, introduce the constraint conditions (2.15), and

Ua = ua
W= W
W, = W, 2.17)

on 52'

Then, one can formulate the genaralized functional

%*
Ty = “g(eaB’ kaB’ Y3 Uys We Wi Nogs Mo, rys Ngs My r) (2.18)

12




where

% + + ro(e -
7 (U ooyt Uy g wy a) ¥ raley Uy ) - Ty,

—

+u +u

B0 o

pw - niglene - 7 (uy g ot o s

1
- Moglkag = 7 (ug g ¥ gy * Uy G0y g Uy gt )]

f A A
- ra[yu - (wu + Yoo + Wy uY’a)]}dA - é (nu u, tm w
1
+ rw)dS - £ [na(ua - Ga) + ma(wu - wu) + r{w - w)]dS
2
- i (2.19)
in which
*
€ = - £ ["ae Uyg Mo Yp T (w, * w,a) - 2 u, - pw]dA
+ é [n& u, +meow ¥ r°w]dsS (2.20)
1

In Equation (2.10), e* is the zorrection term to check the
equilibrium of initial stress state in the reference state CN. If the
reference state is theoretically in equilibrium, then the variation of

e* with respect to Uys Wos and w is zero. It follows that the Euler equa-

a

tions corresponding to Gvg = 0 are:




Gl s

E

b

b (a) the equilibrium equations,

: (b) strain-displacement relations,
(c) displacement boundary conditions,
(d) traction boundary conditions, and

(e) stress-strain relations:

]2
n = ————
aB BeaB
Ml & oF
oB BEaB
_2E_
R B, (2.21)

The assumption of Equation (2.16) is equivalent to the existence of

a potential B such that |

B(naB’ Mg? ra) * Nag Cag ¥ M8 kaB ry Yo " E (2.22)

Now, using Equation (2.22) in Equation (2.19), one obtains the functional

“R(naB’ Myg> Tob Uy» Ws ma) such that

nO
2 af

m
+ 9B ° L -
7 (U0 o Uy,e ) * o {0y Uy o) = Fy g - P

n
oB _oB
= (ua,B 4 Ug o * Uy,a Uy, * W W,B) 3 (wa,B

k + + + + + +
oot Uya O.p F Uy, Uyaa) tTally T W o Ty Uy ) A

-£ma%+aa%+?mﬁ-£[%ma-%)+%ma-%)
1 2

+riw-w))ds - e (2.23)




-M-mﬂ g ;A‘:

Now, the variation of T with respect to the stress resultants ("aB’
Mg ra) and the displacements (ua, "B wa) yields the following:
(a) the equilibrium equations,
(4
(b) displacement boundary conditions, )
(¢) traction boundary conditions, and

(d) displacement-gradient-resultant relations:

+u, +u Woow ) s =

1
g Uy gtug, tu, Ju, gtW W,

1

_ oB
7o, gtugotu o gtu gu )=

_ 0B
) = o (2.24)

(w +w _+
& o

1] w'Y u'Y$0‘
If in Equation (2.19) one assumes a priori that the strain-displace-
ment relations (2.5) and the displacement boundary conditions (2.17) are
satisfied, then one arrives at the functional

n° m
- ad
P l{ [Euys wa ) + = (W W g +uy Uy g) 7 (g gy g

+u Y+ r°(w. u, ) -f u - pwldA - £ (n_u

V, B wY,a a‘y y,o o o

A ~ %*
tm,ow, t rw)dS - € (2.25)
which is the potential energy functional for the initially stressed plate.
At this stage, it is desirable to construct a theory which allows

large deflections but requires the angles of rotations to be small com-

pared to unity. For this degree of accuracy, it is necessary to retain

15




in the strain-displacement relations only those nonlinear terms which in-
volve the product of the normal displacement gradients, and neglect all

others. Thus,

euB ) 2_ (uasB x Us,a i wsa waB)

Ya = wu+w,a (2-26)

Then, the generalized functional “g of Equation (2.19) takes the

form

')

n
- (XB
- A{E(eas’ Ky v,) '?T'(w,a W,B) - f U, - W - "uB[eaB

] ] 1
i) (uoc,B YU o TV W,B)] N maB[kaB 2?2 (woc,B k wB,a)] i

- Ly, - (g, +w TR - ] (R u, + My wy * TW)dS

1 R
i Js'z[na(ua S5+ mylay - Og) + vl - WS - & (2.27) ﬁ

The Euler equations corresponding to the above functional are the

equilibrium equations

"aB,B + fu =0
maB,B 5 [GEas 0
r(l,u * [(naﬁ ¥ n&B)wsa]yB i p= L (2.28)




with the boundary conditions

Ny = Nug Mg

ﬁa = Mg Mg

r = ry Mo * ("aB + n&B)w,a ng (2.29)
on S]. and

U, = u,

Wo=w

£u =W, (2.30)

on SZ'
Furthermore, the strain-displacement relations as defined by (2.26)

and the stress resultant-strain relations are:

oE
n —
af aeaB
_ oF
Mg = I
|
P 2 3Y0‘ (2.31)

Next, certain simplifications can be made in order to facilitate
the above developments for numerical calculations. One can assume that

each increment is such that the incremental displacements Uys Ws and

rotations w, are of order 0(e); whereas the initial stresses are of order

0(1).




Then, the incremental strain-displacement relations are

_ 1 2
eap = 7 (Uy,p * Ug,q) + O(€7)

1
kag = 7 {0y, + wg o)

2 e in ) (2.32)

Similarly, for elastic materials,

R

n,e = 0(e); ngg = 0(1)

a o

R

Myg = 0(e); m&B 0(1)

0(e); r;

R

-
24

0(1) (2.33)

Using Equations (2.32) and (2.33), the third equilibrium equation

in (2.28) can be simplified as

r + w )

re (n&B o).p +p=0 (2.34)

and the third traction condition of Equation (2.29) takes the form

PR n&e Wy Mg (2.35)

With the above simplifications, the generalized functional “g’ the

Reissner functional TR and the potential energy functional “p take the

forms




n
o]

28 (w’a W,B) - f, U, - W - naﬁ[eas

T = {\ {Eeygr kogr Yo) *

(ua.B i uB,a)] B maﬁ[kocB B %— (woc,B * wS,a)] B r‘oc[yoc

N —

(w, * w’a)]}dA = £ (ﬁa u, * rﬁa w, * rw)dS
]

" I [n

[ u -0 Hm - B) +rw - WS - & (2.36)
2

nO
e = { [ - B(naB’ m.g° ra) + —%ﬁ-(w’a w’B) - f, u, -pw

naB maB
+ -?—'(ua,B * uB,a) o (wa,B ¥ wB,a) * ra(wa * w,a)]dA

- £ ("a u, +my w, * rw)qs - él[na(ua - ua) + ma(wa - wa)
1 , 2
¢ rlw-w)lds - € (2.37)
and
n;B .
Ty (% £ [E(u,, w, 0) + WoWg - f, U, - pw]dA - £1 (n, u,
£ w, + NS - e (2.38)

At this point, note that the functional of Equation (2.37) leads to
a mixed numerical formulation while the functional of (2.38) leads to the
displacement formulation of finite element analysis.

If in Equation (2.36) one assumes that the linearized incremental

equilibrium equations, the boundary traction conditions, and the stress
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resultant-strain equations are satisfied a priori, then the following
functional can be constructed by utilizing Equation (2.22),
~ A ~ *
it £ B(nuB, LI ra)dA + £ ("a u, *mow, * rw)dS - € (2.39)
2
which is now suitable for the hybrid stress finite element formulation
with the following modifications.
*

First, note that the functional € 1is a constant with respect to
variations in the resultants Nag® Myg? and ros and hence does not contri-
bute any terms in the variational equation Gnc = 0. However, an equili-

*
brium check on the initial stresses can be performed by retaining € in
Equation (2.39), as in the usual displacement formulation. If the condi-

tion

na = na
mOL = mO’.
ro=r (2.40)

on S, is satisfied a priori, then one can introduce it as a subsidiary con-

dition and consider

%* A ~ A
me = - £ B(nas, Mg r,JdA + éz(na u, +mow + rw)ds
A A ~ *
+ £ [("a - ngdu, + (m, - ma)wa + (r - r)wldS - € (2.41)

1

*
The variational equation Gﬂc = 0 then leads to the linearized strain-

displacement boundary conditions on S, (2.30).
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It is emphasized that one assumes a priori that the linearized
equilibrium equations are satisfied in terms of the Piola-Kirchoff re-

sultants, taken per unit area in CN as

naB,B * fa =0
maB,B 3= 0
Fo,a + (n&8 W,a),s +p=0 (2.42)

Following Pian and Tong[4], one can modify the functional in Equa-
tion (2.41) for the hybrid stress formulation of the finite element model

as

=
f
LU o B4

{ - £ B(nae’ Mg r,JdA + ) (nd u, tmow + rw)ds }

oA

L n n

- € (2.43)

where M is the number of elements, An is the area of the n-th element,
and aAn is the interelement boundary of the n-th element. In the above
equation, Uys Wy and w are the interelement boundary displacements and
rotations, and the meaning of Lagrangian multipliers can be used to satis-
fy the interelement traction continuity requirement on the average. These
interelement boundary displacements and rotations are prescribed such that
they inherently satisfy the interelement compatibility conditions.

The numerical facilitation of Equations (2.38) and (2.43) for the

stress analysis of pneumatic tires will be discussed in Section 1IV.
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SECTION III
INITIAL STRESS FORMULATIONS FOR GENERAL TOROIDAL SHELLS

Geometrical Considerations

The linearized field equations in the presence of initial stresses

are developed here for toroidal shells with arbitrary reference meridian

profiles, following the basic ideas of Section II.

Let Xy be rectangular cartesian coordinates with the origin fixed in

space, as indicated in Figure 1. The position vector of a point P is

defined by

r=x; e (3.1)

where E} are unit base vectors. Introducing the curvilinear coordinate

system,

= (ro + r cos gz) cos &,

(rQ + 7 cos 52) sin &,

z sin Ez

z(&,)

the base vectors of the above reference surface become

(ro + T cos 52)56

= (z cos 52)’2 e. + (z sin 52),2 &




Xa [53}
r
s 0 ——
4
&9
— XZ
=
4
5 7
(PARALLEL)
&
(MERIDIAN)

Figure 1. Reference Frames
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and the unit outward normal is

- 1

J 3y = ;%;:E;%%g [(z sin g,) , &, - (tcos &) , &3] (3.4)
where
e = cos £ & +sin g &
e, = - sin g, & + cos & & 6

Next, certain basic properties of the above reference surface are summar-

ized.

The Tength of a line element is given by

ds? = a8 dEa dEB (3.6)
where

a8 = a, * Eé (3.7)
Thus,

ayy = (rg + ¢ cos 52)2

ag = &+ T,

3y = 0 (3.8)

Therefore, 5] and £y are the orthogonal curvilinear coordinates.
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The second fundamental form of the reference surface is
da3 = dp = baB dEa dEB
where the second metric tensor components are

(z sin EZ}JA
T,

= - (rg * £ cos &)

byy = - (2% + 222 - oz )/ VEH T,
bi2 = (3.10)

Thus, the reference coordinate systems are those of the lines of

curvature coordinates. The radii of curvatures are

1
Ry

AT 1

Ry 3y
The Gauss-Codazzi relations take the form

baB,Y g baY.B

_dr
R2 cos w = T

sin w = r/R]




The non-zero Crystoffel symbols, defined by

— _ Vv = —_
a,B PaB a, + baB A3 (3.15)

(<]

are found to be

F%1 (PO + C cos 52)(C cos 52)’2/(C2 + sz)

o e (z cos 52)’2
12 21 o + C cos Ez

. (z cos Ez)’z (z cos 52),22 + (¢ sin 52)’22 (z sin 52)’2

Covariant differentiation on the surface is defined in the usual

manner,

(3.18)

The position vector of a particle not on the reference surface is

given by

(3.16)

RIS b R I W 0

T e 5
- ,




P g 5y) 8t 6,

where 53 is the tnhickness coordinate.

The covariant base vectors of the shell space can now be written as

L )2,
=a + E —
o o 3 aga

Ja]
L]

93 = a3 (3.20)

The metric tensor of the shell space beccmes

28 o0 = 2 BA
%8 = 9% "9 T g t2 g3 baB E €3 bB bax

In the above 1ines of curvature coordinate system,

= &3 A
97 “+'RT) ]

O
n

— £3
) 62 (] + g) (322)

Thus, if the thickness is small compared to the radii of curvatures,

then it may be assumed that

9% = %y

gaB = aaB




dEt(gaB) = det(aaB) = a (3.23)

This approximation means that the Chri§toffe1 symbols for the

space are equal to their value on the reference surface.

Field Equations

Consider now that the shell is deformed due to external loads so

that each point undergoes a displacement

=T -0, —3 —0,
U=u a +wa +Ew a (3.24)
where Uy, and w are the reference surface displacements und Wy, denotes the
rotation of the normal to the reference surface.

Then, the Green's strain tensor, according to the approximation

embodied in Equations (2.26).takes the form

+u +2b_ w+w W

B,0 af Nl ,B)

v 1 ,.v v
+bmbvsw+7(b0‘u\)’6+bB u\),a)

The stress resultants are defined in the usual fashion,

8 = [ %8 dEs
h

opf
3T d&




Using Equations (3.25) and (3.26), the principle of virtual dis-

placements yields the following equilibrium equations:

: oB o VB a .V o _
i n,B + bv m’B + bv r+f =0

- apg _ 0 _
] m’B r 0

a _ .of _ QB LV Y8 - .
ra™ " baB m ba bv + (n"Pw ot 0 (3.27)

B ’B)’

The corresponding edge tractions take the farms:

B _ ;. 0B B av
n® = (n"" + b, m )vv
m®* = n*8 Vg
ro=rty +n®y v (3.28)
o ,0 B *

T; Finally, within the framework of the initial stress formulation out-
lined in Section II,the linearized field equations ana]ogobs to Equations

(2.26), (2.28), and (2.29) are

y, =5 lu +w_-b u) (3.29)
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af o VB 0 Vv o _
n’B + bv m’B + bv r+f =0

m?g -r*=0

r?a - nof baB s b; byg * (noaB W,B),a +p=0 (3.30)
and

nf = (n® 4 bs n™’)v,,

% = maB vy

e v, * no%8 W o Vg (3.31)

where n°®® are the initial membrane stress resultants.

Note at this point that if one is to pursue the hybrid stress fi-
nite element formulation, then one must satisfy the equilibrium equations
(3.30) identically, which may introduce a certain degree of numerical com-
plexity when one deals with "deep" shell elements. Certain simplifications
may arise, however, when the shell element is sufficiently shallow.

First of all, recall that, for surfaces, the only non-zero components

of the Riemann-Christoffel tensor RanA are equal to * R1212' Moreover 0],

Ri212 = ka (3.32)

where k is the gaussian curvature of the surface.




i
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From the Gauss-Codazzi relations,

Rip;p = b 3 b= det(b o) (3.33)

s0
k = b/a (3.34)

Consequently, whenever k is small enough or zero (developable sur-
faces), the Riemann-Christoffel tensor can be taken equal to zero,and then
the order of covariant differentiation on the surface may be interchanged.
In this case, a stress function may be employed to satisfy the homogeneous
equilibrium equations. Otherwise, recourse should be made to the static-
geometric analogy {11].

For flat elements or for developable surfaces, one recovers the

plate equations of Section II.

C. Inertial Loads Due to Rotation

The position vector of a generic point in the deformed state is
R=(F+g33,+ (u”* a +way + i, w¥ a) (3.35)

If the shell rotates with a constant angular velocity,

Q=Q e3

Then, the absolute velocity of a generic point is

R

v=0Q xR+ 5t

3]

R S IR i it




and the acceleration is

=0 x (QxR)+20ax

Q
[S)
=

(3.38)

A
+

QU

A

For the static analysis,

so that

3= Qz{Eé X [Eé x (r + £s 55) + Eé x (u* 5& + wis + &3 W 5&)]} (3.40)

Since |¥] >> (u%; w; 53), the final acceleration is

a-= 92[65 x (e5 x )] (3.41)

Using Equation (3.1), the above acceleration becomes

E — )
a=-0"x e, (a =1, 2) (3.42)

and the correspending inertia force is

R i ({1) v(g4)dE (3.43)

where vy denotes tne mass density distribution across the shell thickness.



SECTION IV
MATERIAL CHARACTERIZATION

A. One-Ply Systems

A unidirectional ply of cord and rubber is shown in Figure 2. The
cord direction, denoted by 1, and the direction perpendicular to the cord,
denoted by 2, form a set of directions referred to as the principal di-
rections of the ply. The constitutive law of this cord-rubber ply com-

posite may be characterized by five elastic constants:

m
L]

longitudinal Young's modulus,

transverse Young's modulus,

Vi T major Poisson ratio,

Vor T secondary Poisson ratio, and
G = in-plane shear modulus.

Thus, the single-layered composite has the constitutive law

o v
1 21
€, = T = = O
1 E.| E2 2
g v
2 12
€, T 7= = =—0
2 E2 E-I 1
o
_ 12
€9 = 35 (4.1)
If
E] Vo1 = E2 V19 (4.2)

33 ,
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Figure 2. Unidirectional Ply

Figure 3. Tensile Test Figure 4. Simplified Model
for Contraction




then the cord-ply system is referred to as a structurally orthotropic

composite.

The rubber matrix and the reinforcing cord are assumed to be

1

isotropic. Thus, for the rubber,

R_1 (R R
9 % o)
R_1 R R
ez-q(oz-vR c])
R
' R _ %12
; €1, = BE- (4.3)
12 ZR
and, for the cord,
€.l (0
= {gmiey = i)
(R C . C
EZ-EF(OZ-UC 02)
C
¢ _ %

In the next section, the elastic constants of the composite will be
determined in terms of the constituents. It will be assumed that the rub-

ber matrix and the reinforcing cords are firmly bonded together.

P AN T

Gl Sk
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B. Tensile Test
To determine the modulus of elasticity in the fiber direction, con-
sider a test specimen as shown in Figure 3. The state of stress of this

composite is

oy #0

gy = 0

ip = 0 (a.5)
Thus,

B Vi §

€yp = 0 @.6)

cords,

R
€ = €1 7 g @.7)

The condition of eauilibrium in the 1 direction is

[ o) da= i 0? da + [ 05 da (4.8)
A A A
C R

where
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>
"

total cross-sectional area.

>
n

C total cord area, and

p-J
n

R cross-sectional area of the rubber matrix.

If one deals with mean values,

o =r 0? + (1 - r)o? (4.9)

where

>
o

(4.10)

The state of stress in the constituents is

C F
oy #0




Using Equations (4.6) and (4.12) in (4.9), one obtains

(4.13)

E =il - r)ER tr EC

)

To determine the Poisson ratio Vi2 consider the simplified model

shown by Figure 4. Based on this model, the total contraction is the

sum of the contraction of the constituents,

(4.14)

_ C R
= r 6yt (1 - r)e2

52
putting Equations (4.6) and (4.12) in (4.14),

Vi = rvet (1 - r)vR

Strip Test

The strip test in the 1 direction is a pure homogeneous strain, as

in Figure 5,

& (4.16)




%

SLIDING HOOKS /

SLIDING HOOKS

Figure 5. Strip Test

Figure 6. Sheet Test




Assuming perfect bonding,

_ R C

oy = (1 - r)o.l +r o (4.17)
_R_C
¥ R C

0o = (1 - r)e:2 tre, (4.19)

For the composite, one obtains

€ = ET (1 - 27 vz]) (4.20)

Using Equation (4.18) and the averaged equilibrium condition in the 2 di-

rection,

O R_ ¢ 4
o, = 0, = 0, (4.21) |

21 R

17 E (o7 - g %)

3 )

R _1 R

€y = EE (02 - g 0]) (4.22)
1 ,.C

&)= g (07 - v 9)

C

5 = lEE (0, - v %) (4.23)
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From Equations (4.20), (4.22), and (4.23),

E

R 2
AT EREAFRE V2%
E
C. 2

The substitution of Equations (4.24) into (4.1) yields

E2 Vyp © E-| Vo1 (4.25)

Using Equations (4.20) and (4.24) in (4.22) and (4.23), one obtains

- vl
€R = ] \)R \Y 0y = Vp E
2 ER 21 71 R -1
1 -2
€ - C

Putting Equation (4.26) in (4.19), and employing (4.15), yields

v E, E
_ 1 R Ec ,
% = 3,y T =TT = gk, ¥ w1 - Vg, (4.27)

Comparing the above expression with Equation (4.20), one obtains

By Yy Ex Ec

B Vo1 aO-n0 - va)Ec +r(T - viE,

(4.28)
1= vy Vg

With Equation (4.25), the above expression yields

4




E ER EC

2 =
1 - V2 V2 a-nr- VE)EC + r(l - vE)ER (4.29)
or
Ezn= BT - n{ - vE§EEc+E1(1 —VIVET * By E. V3 (4.30)
1 R'C c’/R R °C V12

Eliminating E4 and V12 from Equation (4.30), one obtains the
secondary Young's modulus in terms of the constituent properties,
ER Ec [ - r)ER +r EC]

E2 = ER EC + r(] - r)[(ER - EC)Z 3 (ER vc = EC vR)&] (4.3])

D. Sheet Test

The sheet test is a pure homogencous strain with (Fig. 6)

€1 = 62 =6 (4.32)

Again, employ the perfect bond condition and the equilibrium in the 1 and

2 directions,

e$ = e% =€

€ = eg (1-r)+tre

oy = (1 - r)oﬁ +r o

R =050, (4.33)
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For the composite, one obtains

0 V,
1 V21
€= =— = =0
e CE 2
a, \Y
1 €=E_2'E_1£01
. 2 "
f or
' °1=1—.—\)E]‘v—€
12 V21

For the constituents,

R_1 ,R
ik - g %)
R 1 R
Ez'q("z"’kcﬁ)
and
1 ,.C
ey = EE-(O] - V¢ 02)
C 1 c
E2"@("2"’(:"1)

Following the steps of the previous section, one obtains

Ey V2 = By Vpy

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)




E. E.[(1 - r)E, + r E.]
R L S : (4.39)
ER EC +r(1 - r)[(ER - EC) - (ER Ve - Ec vR) ]

E2=
E. Pure Shear
Consider the test illustrated fn Figure 7. At the center of the

specimen, the state of stress may be Fharacterized by

01 =0
Ty =0
99 #0 (4.40)

Using the simplified model, Figure 7, for the composite, the average

shear may be written as

C
Eyp = (- r)s?z +roeg (4.41)
From static equilibrium,
Ry o =6 =

Thus, the constitutive relations read,

. )

12° G

R _ %12

E | ——

12 7 26,

¢ _ %12

612 = 2-6'6 (4.43)
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(a) Pure Shear

(b) Simplified Model for Shear

Figure 7. Models for Pure Shear




3

where

B
A

Using Equation (4.43) in (4.41), one obtains

G. G
g CR

) (1 - r)GC +r GR

Summary of In-Plane Test Results

The elastic moduli for the one-ply composite are:

E, = E.(1 - r)A+r

1 C
Vip = P Ve + (1 - r)vR

(1 -=r)X+r

B = R X TR - 107 - g = vl

(4.44)

(4.45)

(4.46)

Note that Equation (4.45) is not an a priori assumption, but a con-

sequence of this modeling approach.

These formulas should be compared with the experimental results of

the previously prescribed tests.




R A i

Thus, in the tensile tests,
(a) measure 0ps 9> and €,, and

(b) calculate E] and Vip

In the strip or sheet tests,

(a) measure o and €y and

(d) calculate E]/(1 - vy vz]) = 0]/51,

from which

Finally, using Equation (4.45),

Thus,

E, v
e a2l

2 v]z

Material Properties in the Transverse

Direction

In the longitudinal direction,

_ R
Ty = r gt (-,

T3 = 2 GC €13
=2 6p g3

T3~ 2 Gy3 893

[
I
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(4.47)

(4.48)

(4.49)

(4.50)




G,
523 = TT= 116 * 16

Transformation to Local Frame

In general, the local coordinate system does not coincide with the
coordinate system used to formulate the layer constitutive relations.
At each point on the reference surface, the cord orientation may

be defined by the vector

a. a.
c = cos B—-—]—+sin 8—2—-

e a9

where the cord angle B is specified by the 1ift equation [7]

cos B = (r0 + 7 cos gz)cos /vy

= bead radius

Green angle




In the principal frame of reference (B = 0), the constitutive rela-

tions have the form

%*
il
E

-=0

Vo1 *
E,

1

Y12 =

* -
N3 *

* *
Yp3 = (4.55)

The new elastic constants in the lines of curvature coordinate

are, [12]

Sl

o9 =




ARV i
_cos* B R | 2 2 sin* 8
11 E + (312 2 )sin B cos® B+ E,
2 v e
= l— ]_ 12 = _1_ 2 2 2 o _lg_
Cy2 (E] + Ez + —ET_ G]Z) sin® B cos® B E]
_ ofsin® B _ cos® B AT 2 2
€13 [2( EZ E1 >+ (612 S _E] ) (cos? B - sin )]

x sin B cos B

sin B ( e \’12) " , . . cos" B
Chp = + sin® B cos B ¥ —g—
22 E] G12 E] E2
Gy = [2(————°°Sz B _ sin’ B) - ( L. 2»\)]2) (cos? 8 - sin® B)]
23 E2 E] G]2 E]

x sin B cos B

2V
] 1 12 1 . 2 2 1

c -4<_+_—+———--———)s1n B cos® B+ ag—
337\ B By G2

s 2 2

sin® B cos® B
S +
1N G23 613

_ (A 1 ) ’

$.n = (7 - =) sin B cos B
12 (G23 G13

cos® B sin? B
B8 + (4.57)
22 623 G]3
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Is In-Plane Cord Angle Change

Consider a filament emanating from a material point P in the un-
deformed configuration, characterized Ly the vector dR. After deformation,
the same filament will be characterized by the vector dr, Figure 8. If

F is the deformation gradient, then, [13]
dr = F dR (4.58)
Let the disp]acement vector be u, such that
u=r-R | (4.59)
Thus,
du = dr - dR = (E - E)dW (4.60)

where I is the unit map.

The stretch is defined by

N %5 (4.61)
where

ds = |dR]

ds = |dr| (4.62)

Using Equation (4.58), one obtains the following expression for the stretch,

an

FN

AZ = N o ET EN‘ (4.63)
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UNDEFORMED
CONFIGURATION

DEFORMED
CONFIGURATION

UNDEFORMED
CONFIGURATION

DEFORMED
CONFIGURATION

Figure 8. Angle Change Between Two Fibers
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where

N= %Rg- (4.64)

Define the displacement gradient as

du = 5 dR (4.65)
Comparing the above definition with Equation (4.60), one obtains

A=E-1 (4.66)

The classical strain tensor is defined by

£ (EE-D) (@.67)
or, using Equation (4.66),

E=3 (A+AT+ATA) , (4.68)

In terms of the above strain tensor, the stretch defined by Equa-

tion (4.63) is
A= 2 N EN+1 (4.69)

Note that if E = 9, then the stretch is unity.
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For deformations in the small strain domain, it is convenient to

define the extension §,

vm e

§=x-1 (4.70) H
LY
Using Equation (4.70), one obtains the following expression for ;7
the extension, .
2+25=2N-EN (@.7) |
If §2<< 1, then “5
§=N+EN 4.72)
i
and it is spoken of as small extension.
In component form, Equation (4.72) reads f
§=E NN (4.73) |
oB e a
where
__ a_
N"N au ;
L gt
E=Ep (a~ xa (4.74) in

=0 = . s q
where a~ and a are contravariant and covariant base vectors, respectively.

P T

Consider now two fibers in the undeformed conf%guration, defined

iicsoms




reos R P

C, = cg 3 (4.75)

as shown by Figure 8. The shear of these two fibers is defined by v,
Y=0-0 (4.76)

where

® = the angle between the two fibers in the undeformed configura-
tion, and

O = the angle between the same two fibers in the deformed config-
uration.

Using Equation (4.63), the corresponding deformed directions are

= = L
“1”x]ft1
R Y (4.77)
27 %, ~ 2 &
Thus,
80 = h s bt o f EE (4.78) !
IR T W Ve S :
Since |
FlF=2E+] (4.79)

then Equation (4.78) yields

= -——]— L ]
cos Q = o [2 C'Z E C'1 + cos @] (4.80)

.




cos®=C] .CZ

Using Equation (4.76),
cos® = cos ® cos Y + sin ® sin ¥
and the component form of (4.80) becomes

cos ® cos y + sin® siny = 7\;1?—[2 EaB C? Cg+cos @) (4.83)

2

Note that the usual (® = 7/2) shear is

. _ 1 o AB
s1ny————>\])\ [2E_C C2]

? aB 1

For small extensions, Equation (4.83) yields

cos ® cos Y + sin@sin y =2 EaB C? Cg+cos~® @ .85)

Knowing C?, Cg, ®, and the strain tensor EaB’ Equation (4 .85)

is a transcendental equation for the shear y. For small shear,
cos Y
sin y

one obtains

a B
2 EaB c] C2

A sin ®




Knowing the shear y, the angle between the two fibers after deformation is '
2E, & ¢ ?

_ ag 1 72
©=e- sin ® L L j

The above cord angle change is not yet incorporated into the com- |

puter code.
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SECTION V
NUMERICAL FORMULATIONS

A. Discretization

Flat triangular elements are used with nodes being located on the

reference surface. For the rotationally symmetric problem, the global

coordinate system is that of the lines of curvature coordinates of the

reference configuration.

.‘.,...' e =

Each of these triangles is defined by its vertex position vectors
rys Yoo and rs.
Using the vertex position vectors, the following local base vectors

are generated,

9 = o3/ I3

9, = 93 X 0

93 = (T3 x )15 x 34 (6.1)
where

Ty =Ty - T

TN 6.2)

The origin of this local coordinate system is taken to be the cen-

troid of the triangle. The cartesian components of the local base vectors
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are defined by

9 =98 (1,371,203 (5.3)
The area integrations are carried out by gaussian cubatures
over T2 simplexes [14]. The procedure is now outlined for an integral of

the form

I= { F(nys ny)dny dn, (5.4)

Let the in-plane vertex coordinates be denoted by Vol and Vo2 in a bary-
centric local coordinate system. In order to use gaussian cubature formu-
lae for the numerical inteoration of Equation(5.4), each triangle is
mapped onto a standard triangle (0,0; 1,0; 0,1) by the following simplex

transformation:
2y(ngs mp) =2y my +ay My + 2y
zz(n], n2) = by ny ¥ b, n, + by (5.5)

where the constants a;, and bi are calculated from the transformation con-

straints:
21(Vyqs Vo) = 0
21(Vy» V) =1

21 (vgys Vgp) = 0




and

20y Vyp) = 0

2p(Va1> Vop) =

23(v3], v32) = | (5.7)
Then, using the inverse of Equation (5.5),

Mizys 25) = [lzy - ag)by - (25 - by)by)/(ay by - 2, by)

nz(z], 22) = [(z2 - b3)a] - (z1 - a3)a2]/(a] b, - a, b]) (5.8)

the integral defined by Equation (5.4) becomes

1 1-z
[ = ITl é é F[n](Z], 22); n2(2'|9 22)]d2-| d22 (5-9)

where the Jacobian T is defined by

Bn] Bn]
o my) %M1 %% ]
-m_detﬂﬁ (-]0)
821 312

which is calculated from Equation (5.8).
Next, the limits of integration in Equation (5.9) are changed to f§

[-1, 1] by

4H = (v - ¢g)/2




z,= (1 -n)(1 +¢£)/4 (5.11)

Thus,
1 -
= BL 1 e o e an (5.12)

where .

£(g, ) = Finylz1(£), 2,(8, )1, nylz1(8), zp(6, M1} (5.13)

Equation (5.12) is now in the desired form to use tabulated gaussian

weights and nodes. For
¢ G G

=J_I.l.2 Y
I 8 i:] j:] Cij f(gis ﬂj)

Ci; = A B, (5.14)

where the weights Ai and Bj and the nodes Ei and “j are tabulated in

14 according to the following schedule:

1 G ;
_{ h(x)(1 + x)dx = 151 A, h(xi) ]
] G

[ h(x)dx = = B; h(xi) (5.15)
-1 j=

1 E

An alternative form of Equation (5.15) is
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where P is the gaussian node defined by the pair (EQ, nQ).

Product integrations are performed as follows:

[11= [ [ [F(ns n,)1" [01 [6(n;, ny))ldny dn, (5.17)
A
UPRLPY
where the compliance matrix is assumed to be constant over the element.
Thus, one way to perform the designated integration is to carry out the

multiplication to obtain

[I] £ fA f [E(n]’ nz)]dn] dnz
mna

E(m]s nz) s FT (“1’ nz)D G(n|, nz) (5-]9)

Each term in the E matrix is a simple polynomial whose integral may
easily be tabulated using the above procedure.
However, at this development stage, a more flexible approach is

adopted which performs integration on matrix products in general. Thus,

G
= 8L 5 e 165, 01 00 [6s5, n))] (5.20)

1,j=1




i el 4

B. The Hybrid Stress Finite Element
Formulation

The hybrid stress functional for the problem under consideration has

the form, from Equation (2.43),

3
"

I M=

—

1 [Tty 3 x3)1" [0(x3)1[o(n;» nys %5)]
n
N

+ 2Lt(ny, s x3)17 [D(x3)Ilnys ny3 xg)1)dxgldn, dn,

- ¢ [N(s) - Uls) + M(s) « 5(s)1ds (5.21)
Ry
where
D = direct stress compliance,
S = shear stress compliance,
o = column (o]], Tpos 012) = direct stress,

@ T = column (013, 023) = shear stress,
N(s) = (Nv’ Ni» A) = boundary moment resultant vector,

M(s) = (Mt’ Mv) = boundary moment resultant vector,

u(s) = boundary displacement vector, and
¢(s) = boundary rotation vector. ,?
The stress field for each layer is chosen such that the layer equil- ;
ibrium, interlayer equilibrium, and overall resultant equilibrium for an d

element are satisfied. However, stress continuity along the interelement

teundary need not be satisfied. Accordingly, the solution of the equilib-

rium equations is obtained as the sum of the homogeneous and particular

solution, such that the homogeneous state of stress satisfies
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OaB,B * Ou3,3 =0
43,0 0 (5.22)

throughout the thickness of the shell. Thus, for each layer i,
i i =
98,8 4 93,3 ° 0

ol =0 (i=1,2..L) (5.23)

where L is the number of layers. In order to satisfy interlayer equilibrium,

one must have
o (s Mg ) & ci—](n Nos hs) (5.24)
a3'’1? 2 4 a3 Y1 2 4 )

where hi is the thickness coordinate of the interface.
The particular stress field is obtained in terms of the stress re-

sultants which satisfy the incremental equilibrium equations

k k _
NaB,B + Fa =0
k k 4
Mag,p = % = O
k k-1 k k _
Qa.a + (Nuy w’Y),a + F3 =0 (6.25)
for the k-thstep in an initial stress formulation, where Fg and Fg are

k

the k-th load increments, and w= is the current normal displacement. In

the case of the rotating tire, the external loads F? are replaced by the
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associated inertial forces. After calculating the stress resultants NEB’ 3
MEB, and Qz in terms of the incremental loads, the particular stress field ‘

is obtained in the usual fashion,

Xa\2
oKy = 3= 11 - 4 (h—3) 1 (5.26)

where h is the shell thickness.

Thus, the total stress field for each layer will have the form

Q
1]

GB(nl’ Nys x3)B + ou(n], Ny x3)a + oq(n], Ny x3)q

~
|}

= TB(n], Ny x3)6 + ru(n], Mo x3)u + Oq(n1, Ny x3)q (5.27)

where

OB(n], o3 x3)B homogeneous direct stress field ,

Oa(n], M3 x3)a particular direct stress field due to the exter-

nal incremental loads, and

oq(n], o3 x3)q = particular direct stress field due to the presence

of normal displacements in the third resultant
equilibrium.

with identical definition for the shear stress distribution T. Further-

more,

o]
[}

= column (B], 82""828) = undetermined stress coefficients,

a = column (a], az,....ag) = external force vector obtained by

ligear interpolation of the nodal values,
an
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q = column (q], q2,...q]5) = n$da1 displacement vector for an
element.

The vectors o and q are common to all layers, while the vector B

for each layer is such that the interlayer equilibrium (5.24) is satisfied.

For each element, the edge resultants may be calculated from the

stress field (5.27) to yield

N(s) = INo(s)8 + NO(s)aTv + [NE(s) + MY()TE + [Q°(s)e

+ 0%(s)a + QI(s)qlm

fits) = IME(s)e + Mi(s)a + M3(s)qT0 + TMG(s)8 + M3(s)a

+ Mg(s)q]f (5.28) i ]

where Vv and t are the outward normal and tangent vectors along the edge

of an element and n is the outward normal to the plane of the element.

The displacement and rotation vectors along the boundary of an

element are

u(s) = (U(s)a)t + (U (s)a)v + (W(s)g)n

6(s) = (oy(s)a)t + (o, (s)a)v (5.29)

where the vectors Ut(s), Uv(s), W(s), ¢t(s) and ¢v(s) imply interpolation

along the boundary of an element in terms of the nodal displacements dy>

SFARRERI 5
Using Equations (5.27), (5.28), and (5.29) in (5.1), one obtains

the following hybrid stress functional suitable for numerical computation,



=

n(8,q) = & (I8¢
n=1

+2 07 q+q' aC

g+2 8N P, +280 A

BB B

.
qq 1 - [B" Hg,

Aq g

q+ zl q+ qT AW

qq

ql}

(5.30)

where the vector B refers to all the stress coefficients for an element,

and where
" (cpp)
C..= M (c .
B3 i=1 BB’
" (p,)
P,= M (p,):
B 4=y BT
L
= A .
ACBq i§1 ( ch)1
L
#y = 3 (tny);
L
L
- Hq = M. (aq)s
.
z, = waq o
with
h,
[ | o} 0o
c k3
BB B B
A b

T
+2 Tg STB]dX3 dn] dn2

T R i e g o



T
Tg STa]dXB dn] dn2

T
Tg STquX3 dn] dn2

T
Ty STq]dx3 dn] dn2

T
T STq]dx3 dn] dn2

= SenB(s) T uy(s) + I ()17 Uy(s) + ()T g (s)

+ ()17 0, (5) + [03()1T W(s)les

g = § {[N(\x)(s)]T U (s) + [N%(s)]T Uy (s) + [M%(s)]T 9,(s)

+ I (s)TT 0y(s) + [0%(s)17 W(s))es

g = § (DR 6,(5) + M) 6(6) + [0%(s)T' Wis)as (5.31)

For clarity in presentation, the following nomenclature is intro-




CBB = element flexibility matrix,

P8 = element flexibility vector,
ACBq = homogeneous incremental element flexibility matrix,
AP = incremental element flexibility vector,
Aqu = particular incremental element flexibility matrix,
qu = hybrid element load matrix,
Zu = hybrid element load vector, and
Awqq = incremental hybrid element load matrix.

The symbol M in Equations (5.31) implies merging procedures accord-
ing to the interlayer equilibrium condition (5.24).
Since the stress coefficients B are independent for each element,

the variation of 7 with respect to B yields for each element,

CBB 8+PB+ACqu - w6q= 0 (5.32)
from which
= - -1 -
B CBB [PB + (ACBq WBq)QJ (5.33)

Next, substituting Equation (5.33) into (5.30), and taking the variation
with respect to q, one obtains
N

Z

: (kr - p)n =0 (5.34)
n

where k and p are the element stiffness and load matrices, defined by

bl
f

Ky * k2

o
L}

= p'l + Py (5.35)
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1 where

T

ky = = Wgq Cg Woq
ky = - ACT €L ac, + (aC] y+@cT ¢l )T
B BB ““Bq 8 Cae Waq Bq 88 "gq’
+ Aqu + % (Awqq + Aw;q)
Py = 24 - Wzq Cap P
p, = - AP+ AC.éq CLP, (5.36)

where
k] = linear hybrid stress element stiffness matrix,
k2 = jincremental hybrid stress element stiffness matrix,
Py = linear hybrid stress element load vector, and
Py = incremental hybrid stress element load vector.
From this point, the analysis follows the usual steps of the dis-

placement method. . Thus,

kr = g “m%hﬁmmﬁ‘m. (5.37)
where
N
K= 3 (k)n = structure stiffness matrix
n=1
N
g= = (p)n = structure load vector
n=1
r = unrestrained generalized displacements (5.38)
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Finally, Equation (5.37) is solved for the unknown displacements r,
which are used to update the geometrical configuration and to calculate
the initial stress resultants exhibited in the resultant equilibrium equa-

tions.

B. Displacement Formulation with an Assumed
- Piecewise Parabolic Shear Stress Distribution

The linearized field equations of Section I are first summarized

here for clarity in presentation.

(a) strain-displacement equations:

O
eys = 7 (Uy g * Ug o)

T (5.39)

"aB,B + fa =0
maB,B B 0
P + (n&6 w,a),B +p=20 (5.40)

(c) boundary conditions:

el




"o = Mg V8
m = maB \)B

(5.42)

s>
n

+ ]
Po Vo ¥ Mog ¥ o Vg

(d) strain-stress relations:

€8 = n

» (nygs Mygs To)

oB

kaB 4 BmaB ("uB’ maB’ ru)

- af
L £ - B(nas, "ag® ro) * = "aVs " fig ey = P¥

B,a) 2 (wa,B i wB,a) * r‘Ot(wm i w,a)}dA

- (ﬁa u, + ﬁa w, * rw)ds - £ ["a(ua - Ga)
1 2

tm (-6 )+ r(w-wlds (5.44)



The variational equation GnR = 0 yields

(a) equilibrium equations,

(b) displacement boundary conditions,

(c) traction boundary conditions, and

(d) displacement gradient-resultant relations.

This variational principle #ill now be utilized to relate the ref-

k k
af and T3 where k denotes

erence surface strains to the layer stresses T
the layer number. First, in order to cope with an arbitrary shear stress
distribution across the thickness, a piecewise parabolic shear stress

field is introduced in the following form:

K ow 2k
Ty3 = S (2)ry (5.45)

and the direct stresses will be represented by

K oo ok k
Ted N (Z)"as + M (z)mmB (5.46)
where k indicates the k-th layer, and the functions Mk(z), Nk(z), and
Sk(z) will be determined later in Section V.C.1.

For the purposes of the present discussion, it is sufficient to note
that Sk(z) is a second-degree polynomial in the thickness (z) coordinate.

In each layer, the local strain-stress relations are (see Figure 9

for cord angle description)

K K k . k k . Kk k
M T2 2t93 T2

Kk Kk .k kK .k k
€22 = C12 Ty * €22 Tap * C23 Ty
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Figure 9. Cord Angle Description
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s k k .k k _k k k

‘ M2 7 13 ™1t C23 T2z T 33 T2
é V3= sty T3 * 51z T
j Y53 = S12 3 * S5z s (5.47)
where the constants CEJ and s$j are given by Equations (4.57) for the layer f‘

under consideration.

In short, !
k _ ok k s
€8 Cagys Tys 3
Y
Y% = 0kg 53 (5.48) '

The cqmplementary energy density for the k-th layer is

k o =K k _k k k& Kk
B" = caBYG Tas Tys + DaB .3 T3 (5.49)

Using Equations (5.45) and (5.46) in (5.49), one obtains the com-

plementary energy density in Equation (5.44) as follows:

c
L k+1 k
B(naB’ Myg? ru) = kfl c{ B (naB’ Myg® Yo z)dz (5.50)

It follows that the variationally consistent reference surface
strain-resultant relations are those of Equation (5.43). The inversion

of these relations yields the resultant-strain relations in the form:

n,=A k

a8 = Pagys  Evs t Bapys Kys
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Mg = BGBYG s * COLBYG kY(S

iy = 8he (5.51)

At this stage, recourse is made to the potential energy functional,

nO
T ~ £ [E(ua, Ws wu) + gB WaWe- fy ug - pw]dA
- é (aa u, + ﬁa w, + rw)dS (5.52)
1

and thus, the analysis will be based on the qjsplgcemgnt.Variationalnprin-

ciple.

1. Piecewise Parabolic Shear Stress Distribution

For each layer, the components of the stress tensor are expressed

in terms of the stress resultants as follows:

k1 d2 ek 1 d &

Tag = & Tdz°? (Z)naB tE 4z (Z)maﬁ

k 1

3§ of (z)r, (5.53)

where k denotes the layer number, Figure 10, and the constants A and B,

and the fun:tions eﬁ (z) are established such that

L %kn
naB = E: f TCX.B(n]’ nz; Z)dZ
k‘] Ck
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| L Sk# |
My = 2 'z TuB(n], ny; z)dz i
4 k=1 Cy i
: {
] i
4
L ka1, i

ry = § f Ta3(n], Ny z)dz A (5.54)

k=1 Cy
where Ck and C+] denote the k-th layer surface positions as measured from

the reference surface, Figure 10, %f
For each layer, the usual three-dimensional equilibrium equations i
2 - . - OB, > = = !
. - “are to be satisfied, 3!
k k k _
Tae,e " Tanz " fa =0 f
k ok " "-'.;
T3t (Topg ¥, * 33,2 % O &3 ;iﬁ
The overall equilibrium requires that the shear stresses are continuous %i
across the boundaries of adjacent layers, iu
it
k _ k# _ 13
1u3(ck+1) = T3 (Ck+1) [k =1, 2,...(L-1)] (5.56) il
On the inner and outer surfaces, the shear stresses are zero, ??
1
Ta3(c'|) =0 : .
i
T gl 4ol = 0 (5.57)
a3 L+ ) il
1
Equations (5.54) require that i
L k41 go K |

A= T f 4z (Z)dZ (558)

k=1 Cx

L&

l
1
i1
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L “k+1 4 K
IO ) dd@' (z)dz (5.59)
= 4
k=1 C\
L Ck+] d2 @k
k=1 Ck
- _ P B . Ck‘” - = k g .
18 B o e —dde (z)dz (5.61)
k=1 ¢ z
k
L Sk+1 )
BREEEE S (5.62)
k=] ck

Now, Equations (5.56) and (5.57) imply that Equation (5.59) is
identically satisfied. It also follows that Equation (5.61) is identical
to that of Equation (5.62).

Equation (5.60) essentially defines the reference surface location,
Figure 10.

If the shear stress distribution across the shell thickness is
approximated by a piecewise parabolic distribution, then<9k(z) has the

form

z) - s (2% - cg) +'5, (5.63)

where S and Sk are characteristics of the layer under consideration.

Using the above form,

L
A= I

2.5.(c -c.)
k=1 k' k+1 k
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%
k=1

From Figure 10,

=b, - h (5.65)

so that the third of Equations (5.64) takes the form

nof—
[ag N

L
< (h2 _ h2 -
k=1 °k(bk+1 bk)/kf] Sk(bk+1 bk) (5.66)

From Equations (5.56) and (5.57), one obtains

= 2 2 =
k = Sk_'l + Sk_'l (Ck = Ck_]) (k =2, 3,..-L) (5.67)

The stress tensor components for the layers are
2s 2s
K oo Tk "k
T8 - A Mag g 2 M

g = - g s (22 - ) +5.0r, (5.68)

Note that fg in Equation (5.55) can be shown to be

selebp - fL=0 . TR




b= ol ) - Thale) (5.70)

" “The transverse normal stress from the second equationsof (5.55)

Wi Sl Pl s

and (5.68) is found to be
s (z) = l-{s [l-(z3 -¢d) -c¥(z-¢))+S,(z-¢c,)
33 B "7k-3 k k k k k
+ Rk}ra’a (5.71)

in the absence of the initial stress term, where Rk is chosen such that
the normal transverse stress is continuous across the boundaries of adja-
cent layers.

Using Equations (5.68), a variationally consistent set of reference
strain-resultant relations are now derived according to the outline of
Section V.C.

For compactness, the following notation is introduced:

k _ k ok
B LS B "M

k

Ek
Too 22

)

k k
12 12

k k
13 Y13

k kK
T23 5~ Y23

~ ~

—
X PX WX X

M h

22




Ny =Ny Egf £ 55

g =My ey —
g = Moy g5 = kop

g = My gg = 2kqp

771N €7 7 M2

ng = Ty g = V13 (5.72)

Thus, the layer strain-stress relations (5.47) may be written as

ko= pk LK (i, 5=1, 2,...,5) (5.73)

The layer stress components are related to the resultants by

kK _ .k -
o= NG (g (121,205 =1, 2,...,8) (5.74)

where the matrix Nﬁj(z) is given in Appendix A.

The complementary energy (5.50) can now be written as

L
_1
B-Z{E

L LR
O Dij [ £ NS (z)NjS (z)dz] n. ng (5.75)
k

or

1

B(n], nz) = ?rY‘S nr(n]: nz)ns(n]s nz) (I",S E ], 2,...8) (5.76)

where the result of the thickness integration Frs is given in Appendix "\.

Using the above form for the complementary energy density in Equa-

tion (5.44), one obtains
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s

B =g iy (ry s=1,2,...,8) (5.77)

Taking the inverse, one obtains the resultant-reference strain

relations

N = E.. E (ry s =1, 2,...,8) (5.78)

2. rinite Element Formulation

The potential energy for the present numerical formulation is

H
= 1 1 .
5 & n§1 £f [5 Eah 5 5 N;i ri s o Py ri]dS
n
(Fs & =11, 2ape B S J =015 2505 . 15) (5.79)

where N = number of elements, and where the initial stress matrix N$j and
the incremental load matrix p; are defined in Appendix A.

In Equation (5.79), the vector rs (i = 1, 15) refers to the gener-
alized nodal displacements based on a linear interpolation scheme for the
three rectilinear displacements and for the two rotations.

Thus, the reference surface strains can be put in the form (see

Appendix A),

e, = B (nys mplrg (5.80)
so that
N ] A A
Ty = E] [Z'krs re s = Pg rs]n (g s&: V502 0 0510150 (5.81)
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where the stiffness and load matrices k and p in the loca1 frane are

>

= -]
[ e B ® +~tq1dn1
n

and

P, = éf p, dny dn, (5.82) 4
n

For the rotationally symmetric problem, the global coordinate frame

is that of the lines of curvature coordinates. Thus, if the transforma-

tion matrix from the local to the global frame is Trs’ then 3
57 Tiy 9 4
/4
Pi = Ti5 Py (5.83) 1

6

where q; and pj refer to the generalized nodal displacements and nodal :

loads in the global (lines of curvature) coordinate system. Thus,

3
n
|| ™M =

[?' rs 9 9% ° Py 9l (e284)

where the element stiffness and load matrices in the global frame are

~

krs % Tri kij Tjs

Pr = Tps Ps (5.85)

The numbering scheme for the generalized nodal displacements is

defined by
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.M._w,””_wwg p

e e

e a, a a
u () = q =l a 2 i a, _3
Jall Jazz Ja33

al A a
vy

(5.86)

a (P) = - qs £ q4
a
22
where P is the first node of the triangular element.
After solving the variational equation dnp = 0 for the un-
restrained generalized nodal displacements, the following calcu-

lations can easily be performed:

(a) local displacements:

rg = Tsr q. (5.87)
(b) reference surface strains:

G = Brs(nl, ”Z)rs (5.88)
(c) stress resultants:

n.=E . e (N, ny) (5.89)
(d) layer stresses:

e = ij(z) ny(n), M) (5.90)

(e) update the geometry: in the reference configuration,
the nodal position vector is given by Equaticn (3.1),

r (P) = x; (P) Ei (5.91)

thus, the new nodal position becomes:

R () =T (P) + [G (P) * Ek]ak (5.92)
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Equilibrium Check

& As outlined in Section II, the equilibrium check is per-
formed at each increment by retaining the correction term, c*,
defined by Equation (2.20) in the potential energy formulation.

Thus, Equation (5.79) is modified as follows:

N
g = 21 f/ [% B e &, % % Njj T3 Ty " Py r;]as
n=

n .
+ ff [nd ez = BY rr]dS (5.93)
S
n

where

0 0 0 0 0 0

- 0 0
n, = column(nll, Noye n12' mll' m22, m12' rl, rz)

0
r

and p° is the load vector at the previous increment. Using

Equation (5.80) for the reference surface strains, the above

functionsal becomes

N A A N
o = 2; [% Kpg Ty Tg = Pg I + Ry rs}n (5.94)
n=1
where the residual load vector, RS, is
A - 0 _ 0
R, ff (n® B__ - pg)ds (5.95)
S
n
1 Thus, the element stiffness equation becomes
k _r =p_+R (5.96)

rs s r r




A

where Rr is known from the previous step and P is the current

incremental load.

Next, Equation (5.96) is evaluated for each element and by

applying interelement compatibility, these can be assembléd into-.. .

a system of linear incremental equilibrium equations for the

entire structure,

K Qy = QN + RN (5.97)

where
K" = incremental stiffness at the Nth step,
ay = incremental nodal displacements,

Q.. = current incremental load, and

RN = residual load.

If the N-1 state is exactly in equilibrium, then the re-
sidual load, RN is zero.
For the first incremental step (linear problem) R, = 0, so

1
that

q, = ®h™ o (5.98)

After this and every succeeding step, the geometrical con-
figuration is updated and the total stresses and strains are cal-
culated by adding all incremental contributions, and a new stiff-

ness matrix is formed.

87

i,




e

solution. Thus,

solution dqv and at

linear equations is
2 v
Py D

The quantity,

rium) introduced by

Load

the residual load, R

2°

As shown in Figure 11, q; # qi, where q; represents the true

is calculated using the

the second step the following system of

solved:

Rys represerts the unbalance in nodal equilib-

the linearization process.

illustrated by Figure 1l.

A

(5.99)

This process is

9

Figure 1l.

*
9 9,

Nisplacement

Incremental Process




D. Numerical Results

First, a clamped square plate under uniform pressure is
considered. The variation of the central deflection with respect
to the pressure load is shown in Figure 12. The exact solution
indicated in this figure does not take shear deformation into
account.

The next example is that of the inflation of a six-ply
aircraft tire [7]. Uniform thickness is assumed with the fol-
lowing material characteristics:

Cord Properties:

E 1.56 x 10° psi,

Cc

L 0.5 psi, and

d (cord diameter) = 0.031 in.

Rubber Properties:

E

k- 450 psi, and

v 0.49.

r

Tire Construction Parameters:

n (number of plies) = 6,

Green angle 57 degrees,

9.15 in.,

bead radius
number of cords per inch = 26, and

ply thickness = 0.043 in.



G ahng

The undeformed meridian profile is depicted by Figure 13
and also described in a cartesion refercnce frame in Table 1.

The initial cord angle varies with the meridian position
according to the classical lift equation of bias tire construc-
tions, whose results are shown in Figure 14.

In the numerical solution, rotational symmetry is employed
by specifying zero rotation with respect to the meridian and re-
straining the motion in the parallel direction of a discretized
strip consisting of 80 elements and 62 nodes, as shown in
Figure 15.

The variation of the crown displacement with respect to
infla tion pressure is depicted in Figure 16, showing a substan-
tial deviation from that of the exact numerical solution of [7],
which does not consider shear deformation. Therefore, further
verification is required to evaluate the presented numerical

results.
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Figure 12. Center Deflection versus Pressure Loading for a
Square Clamped Plate
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Table 1

Meridian Profile Description

X y
4.69 0.00
4.68 0.37
4.66 0.74
4.63 1.10
4.58 1.47
4.51 1.84
4.40 2.19
4.25 2.52
4.05 2.84
3.83 3.13
3.57 3.39
3.29 3.62
2.97 3.81
2.63 3.95
2.29 4.03
1.89 4.04
1.52 3.97
1.16 3.88
0.82 3.73
0.50 3.55
0.18 3.35
0.00 3.24
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APPENDIX A
ATTACHMENT TO NUMERICAL FORMULATION

Equation (5.74):

a=2s/hA b =2 s 2/B; c=- é [sk(z2 - cﬁ) + Sk]
Ny = a Nig = b
Ny = 2 Nps = b
Ny = 2 Ngg = b
NE, = Ng = ¢ (A.1)

and all others are zero.

Equation (5.76):

k _ 2
ok = 252 (c2.. - ¢c2)/(AB)
2 k ‘“k+1 k

k _ 4
SRR E SR

k
o = (st [chyy = /5 = 5 cklcin - cf) * cilegyy - )]
* Silegy - o) *+ 25y Sllekyy - )3

- ci(ck+] - ck)]}/B2 (A.2)
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From Equation (5.79), one defines

% el en Gz S5 )
] €21 T %2 2 3| |22
V72 “13 €23 C33d LTy (A.3)
; and
: "3 ‘ M 512 ; 3 ;
Y23 521 S22] 123 (A.4)

where the coefficients matrices will be dennted by C&S and Sts, respectively.

Then, it follows that

L
e k -k
Trs = kzl 9 Cps
L
_ k ~k
I11",s+3 - kEI %2 Crs
I1\r'+3,s N rs,r‘+3
L
r = 1 ofck (r,s =1, 2, 3) (A.5)
r#3,s+3 0, 3 rs ’ > S :
and
r = ; k ok (r.s = 1,2) A.6
r+6,s+6 k=1 %4 “ps r.s =1, (A.6)

I and all others are zero.
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Equation (5.80):

In a local barycentric coordinate system, the membrane displacements
(u]. “2)’ the rotations (w], wz), and the normal displacement (w) are

linearly interpolated. Thus, the components of the reference surface strain

tensor are
& = Fig B (1= 1,2,...% § = 1,2,...12) (A.7)
where
e = colum (e1qs €90 Mo Kqps Kppo 2 Kips Mo Vp3)  (A8)
Fp =1 Fog = 1 Fio = ! Fag = 1
Fag = ! Fs,0 = | Fg,7 = 1 Fo,9 =
Py 5 st F2,6 =™ Foa=m P sl
Fg,g = Fg,0 = ™ Fgi0="  fgi2 ™! (A.9)

The vector Bi is defined by
uTap B m ¢

pAL Al R s R

w = Bg * B T B M




(A1) i

Bg * Bg ny * Byg My

=
|

=Cp tBy M B

In the local frame, the generalized nodal displacement schedule 1is

o
uy (P) = ry uy(Q) = ry uy(R) = ry
u,(P) = 1y u,(Q) = rg uy(R) = rg
w (P) = rs w (Q) = rg wy (R) = rg
up((RlS Iy (@) = wp(R) = 1y
w(P) = rg w(Q) = ry, W(R) = ryg (A.11)

The result of the interpolation according to Equctions (A.10) and

B: = R;: r. (i =1,2,...125 j = 1,2,...15) (A.12)

Thus, Equation (A.7) becomes

& = Fij Rys s (A.13)
so that in Equation (5.80),
Brs(n]s le) = Frk(nl’ nz)RkS (A.]4)

+00

b 5




sl ok

ST R

Equation (5.79):
The initial stress matrix in Equation (5.79) is calculated from
c = "&B W (A.15)
so that
o = nf = - =
NwS = R‘r,p ";k Rks (r,s = 1,2,...15;5 p,k = 1,2,...12) (A.16)
wherc
- o
ML M ’ L
° = no 1
"M,2 " M2 i
2,11 = M2
2,12 = "2 (A.17)
and all others are zero.
The load matrix in Equation (5.79) is derived as follows. For
constant pressure loading, consider
pw(n], nz) = P(C] + 61] n] + B]z nz) (A-]B)
} I
In a barycentric coordinate system, it is sufficient to consider f;
pw(ngs my) = pe, (A.19)
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where ¢ is determined from a linear interpolation in the form ' ?

=l rztprgt iz (A.20)
j% Thus, the components of the pressure load matrix are
3 et oL

Pra = 1 Iy

P15 = P I13 (A.21)

For the derivation of the inertial load matrix, begin with Equation

i el V5 MR !

(3.43),
—= = 2 a ‘
F=0-0x, ({) v(£5)d E5Te, (A.22) ﬁ
The mass density in the above equation is calculated for each %?

layer from the cord and rubber mass densities as
Yo = r, S+ (1 - r Ve (A.23)

k- "k Yk k' Yk '
where r, is defined by Equation (4.10). Thus, the total mass density m is

1
m= [ y(E)d &£ = I y(c g - Cp) (R.24) 5
hy TR T L e T

which is concentrated at the centroid of each element, so that

A f=-ma®x e, (A.25)




The corresponding inertial load matrix is then defined by

F o Luy(ngs mplgy + uplmys n,)3, + Wlngs ny)851 = Py 1y (A.26)
Therefore, in a barycentric coordinate system,

py=-m 02 op Qu (e 9)

JRRLERIFENICRL

py= - m 9 Ly X, &+ 9)

Py = - M@ Iy X, (& + B

pg = - m A% Ipp X, (& * )

pg = - M2 L3 X, (& * B)

Prg = - ma* Iy X, (& * )

Prg = - M9 Iy X, (& + 3g)

prg = - Mm@ Ly X (8, Gy) o (n2n)

2t
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APPENDIX B
CLOSED FORM PLATE SOLUTION

For cbmparison purposes, an analytical solution is derived here for
the response of a moderately thick, simple supported plate under sinusoidal
pressure loading.

From Section I, the field equations of an isotropic plate are as

follows.

Equilibrium equations:

Resultant-displacement and rotation gradient relations:

My = Dy g+ v 0 0)
Moy = D(uuz,2 + v w]’1)
Myp = D(1 - \))(uo.l’2 & w2’1)/2 (B.3)
r o= 5/h% D(1 - \))(w,1 + w])
ry = 5/h? D(1 - \))(w,2 * wp) (B.4)
where
0 = 1315 '-"3"\»’7 (B:5) i
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3
4 ;
I:'v

The solution of the above set of equations may easily be obtained by
the following change in variables:
® = wy -y (definition)
Q= Wy 4 + Wy o (definition) (B.6)
It can be shown that the governing equations are
DVie +p=0
v ¢ = 10/h? o
5/h2 D(1 - v)(V2w+ @) +p =0 (8.7) }_
Consider now a rectangular plate of dimensions a x b, such that the
edges are defined by Xy = ¢t a/2 and Xo = % b/2. Let the pressure load
be defined by
P =P cosaxy €os B X,
o= m/a
B = /b (8.8) 47
. In a simple supported situation, ¢ is identically zero and w and :
© have the forms -ft
W = W, COS a Xy COS B X, 1
©= 6, cos a Xj €OS B X, (B.9) ]
|
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a3 where

=
"

1
o = PofD (1 + k) (CETR

% = P/D T
and
k = (a® + B2)h2/5(1 - v) (B.10)

The rotations and shear strains then become

P«
L 0 .
W = PRE T )T Sihe X cos B X,

Po @

Wy = Bcgrﬁ;—gryf oS a X, sin B Xo

] k ap
= - 0 i
> Y1 —('—r—T)'TD TR sin o X-I cos B X2

k 8P,

Yo = - D—(OL_Z—*'_BZT cos o X-I sin B X2 (B.11)

so that the k = 0 situation corresponds to the Kirchoff-Love plate theory.

The resultants become

m = py(a? + v a2)/(a? + %)% COS o X COS B X,
Myp = Po(v a2 + 2)/(a® + %)% cOS o Xy €OS B X,
M = = Poll - vap/(a? + %)% sina xy sin g x,

s 4
s -y

34
. i
%4
&3
N

s
k



: ry =Py af/(0? + 82) sin a xq €OS B X,

e

= - p, B/(a® + B2) cos a X sin B X, (B.12)
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