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Preface ' . 
The work described ~n this report is pertinent to the projects 

designated by the N:J.vy.Department-Liaison Officer as:' N0- 11 and ·NS-109 
and to Division 2 project P2 - 303 , 

This work wa.s carried out and reported by the C3.lifornia Institute 
of Technology under Contract OEWsr- 3h8 • . , .. . . \ 

· .... 
The author wishes to acknowledge the suggestions of C, Zener and 

J . H. Hollomon who pointed out :1n .NDRC lViemo'randum A- 37M (OSRD No . 659 ) 
that in von K.3.rnan 1 s theory of t he pr opagation of plastic defor.llBtion the stress that app·e3.r'ed ·in the equations vras in r~ali ty t he apparent, 
or en_gin~ering , . stress and not t he true str9ss as n ·:J.d been assumed . 
They showed that with this change tne e:XJ.'Jeriment al results herein re- · · 
ported were in agreement with the theory. :tpproprhte changes nave 
accordingly be.en rria.de in this revis iOi1 of IJD}ZC Report A- 33 (OSRD t~o . 380) . I .•• 

• , 

Initial d i stribution of copies of this report · 

Nos . 1 to 25~ inclusive, to the Office _ of the SeC?retary of . the 
Committee for distribution in the usual manner; 

No . 26 to R. c . Tolman , Vice Chair ·an· ... ' NDRG; 
No . 27 to R. 'Adams, Member, . NDRC,; 

.' ' No . 28 t o F . B. Jewett , 1'1ember , NDRC; 

No . 29 to J . E. Burchard~ Chief, 'Division 2; 
No . 30 toW . Bleakney, Deputy Chief, Division 2· 

~ 

No . 31 toW , F . Davidson, Off i ce O.L the Chairman, i'.1)RC; 
No . 32 to R. A. Beth, loomber, Division 2; 
No . 33 to H. 1, Bowman , Me mber, Division 2; 
No . 34 to c. w. Curtis , Member, Division 2; 
No . 35 to c. w. Lampson, Member , Di vision 2; 
No . 36 to :·w~ · i{ Lawson , Member , Division 2; 

' 
No . 37 to . F . Seitz , Jr .' Merrber, Division 2· 

' No • 38 to A, H. Taub, Member, .Division 2; 
No . 39 to E. ~ . Wilson, Jr . , 1ie:rr.ber, Divis ion 2; 
Nos . 40 and h1 'to R. J. Slutz, Technica~ A.ide, Division 2; 
No . h2 to liril\Y Air Forces (Brig , Gen . B. W. Chi dlaw); 
Nos . h3 and h4 to Corps of Engineer$ -(Maj . W. J. New); 

'No . 45 to Ordnance Department (l:ol • . S' . B. Ritchie); 
.... I 
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No . 46 t o M, P . White , Techni.cal tU'ie , D:ivis ion 2; 

Nos . 47 and 4o to Watertown Ars::mal (Col . H, H. L.ornig , C. Zener); 

~o . 49 to trankford Arsenal (Lt . Col , G. J:i , Greem.'ll) ; 

Nos . 50 and 51 t o Aberdeen Provin~ Gr ound (R. H. Kent , 0 , Veblen); 

No . 52 to Watervliet IU'senal (Col , S . L , Conner) ; 

Nos . 53 and 54 to Bureau of .Ordnance ( Comir . T . J . Flynn , A, 
Wertheimer); 

No . 55 t'o ColTli113.pding Officer , u.s . Naval Proving Ground; 

No . 56 to David Tayl or .rv,ode l Basin (C3.p t , W. P . ·Roop); 

Nos. 57 and 58 to Bureau of Shivs (Lt • . Com:ir . R. Yv , Go ranson , 
E, Fassman); . 

No , .59 to Bureau of Yards anl .Jocks (War f b.ns .J_tv'ision); 

· No . 60 to U. S . Naval Research Laboratory ( R, uunn) ; 

No . 61 t o Rear Adm. R. S , Holmes, California I ns titute of Tech-
nology; 

No . 62 to N, l\1 , Newmark , Consultant, .Uiv :i.sion 2; 

No . 6J to Th , von Karman , ConsultanL, ~ivis ion 2; 

No . 64 to A, Nadai , Consultant , : . .~i\T ision 2; 

No . 65 toP . W, Bridgl1l3.n, Consu.L iJant, u ivis i on 2; 

No . 66 to L, H, Adams, Chief , tl:cvlsion 1; 

No . 67 to E. L. Rose, i•:!ember, 1J .c ,, lsion 1; 

No . 68 to D. S , Cl3.rk, C'l.lilornia J.nstitute Llf Technol ogy; 

No , 69 toP , E. Duwez , C-:tli f.Jrn~. l Institute of l'echnology; 

The N.JhC technical reports ·section · 
for aroor and ori m .nce ed_ited . 

t h is repor t and prep'3.red it for duplication . 
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RE3TRICTED 

PRELIMINARY EXPERIMENTS ON THE PROPlGlTICN 

OF PLASTIC DEF'OR!v!l\.TION 

Abstract 

In a recent report+! von Kirman develops a theory of the propag~­
tion of plastic deform3.tion in solicts that may open the way to a sys­
terratic interpretation of a great rrany in~act and penetn.tion problems 
in which plal'ltic deformations of beams, plates and armor are involved . 
The present report describes exper im:mts t hat ha.v8 been made with the 
object of testing the assumptions of t he t heory and that provide data 
on (i) the existence of a plastic vave front of a given amplitude, 
(ii) the relation between the velocity of impact and the amplitude ~f 
the plastic wave front, and (iii) t he shape of the plastic wave and 
the velocity of propagation of the plastic front . The experiments 
show that the theory is able to describe , along general lines , the 
process of the propagation of Jeforrrati on in solids . In particular, 
the t heoretically predicted r el3. tion betvreen t he velocit.t of impact 
and the resulting maximum pl :1st i c deforrration checks quite well with 
the experiments . The ac t ual shape of tne plasti c wave is f ound to be 
at some variance with t he t heoreticall ;J- obta i ned curves and , hence, 
needs f~ther explanation. 

The object of the experiment s des cribed in t hi s report i s to check 

the formulas established in von K3.rui n ts theory of the pr opagation of 

plastic deformation in solids . The verifjcation deals chiefly with 

the f ollowi ng t hree points . 

(i) The existence of a plas tic -.rave front of a given amplitude . 

(ii) The relation between the ar,vl itude t 1 of t he plas tic vmve 

f t d th 1 •t f . t 1 gj ron an e ve oc 1 y o 11npac - v 1 , na:ne _ y, 

l/ Th. von Karman , 
solids , NDRC Report A- 29 

~ This is Eq. (11) , ref. 1. 

( 1) 

deformation in 
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where !! is the app9.rent or engineerins s t ress , £ is the str9. i n and e.. 
is t he mass densi.~y of t he s olid ma.terhl . 

(iii) The d istributi on of the p l astic strain ~ between the pl9.stic 
)} 

and the elastic front as g iven· by the fontiUla 

( 2 ) 

where dtS"/d~ is the nodulus of defor m':l t ion , ~ is the di stance fro m t he 

end of the wire to the point under consideration, a nd t is the t ime . 

1. · · ~eriinental setup 

... The· testing machine empl oyed in Lhi s jnvesti g:.tion W¥ 9.vailab l e 

in th~ ~mpact. Testing 13.bon.to r y 9. t ·L,he C1.lifornh Il)stit~te of Tech­

nology under the direction of D. s. Gl:.rk . ln this machine , the i mpac t 
.. 

is produced by a hammer . t h3.t f 3.lls betw·een tvvo vertical r3.ils and th3.t 

is accelerated by pr~stre tched rubber oands . The maxi mum veloc i ty ~t­

tainable is appr oxl.rnat ely 200 f t/sec . The velocity is me3.sured by 1. 

suitable electr i c device . 

The specimen used was an annealed copper wire about 100 in . long 

and o. 071 in , in diame t er . On ever .> s pe c iraen equ idis t 3.nt narks were 

nade with 1- in . spacing . After t he test , the plastic strain was deter-

mined by rreasuring the di spl ace ment of eacri mark . I n order to ob s erve 

the propa ga t i on of the pl a st ic wave ·xhiJ.8 i t t.:r~vels up the wire , a 

s eri:es of exper iments w:1s made , 1.ll 1,:i th tbe .aJ.me vel ocity but with the 

i mpact stopped after d iffer ent time L 1ter vals whJ.c h v3.r ied from 0 . 4 t o 

4 millisec . 

V Eq. ( 9 ), ref . 1 . 
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To control the duration of imp ac t , the following device '\\ lS em­

ployed. The bottom end of the wire i s at}ache9 tq a rigid piece A 

(Fig. 1 )._ At B is a ve'rtical rod t hat rests on the . bottom frame of 

the machine . The upper end of this r od .f its loosely into the tubular 

part of ~. When the hannner !! hits the p i ece ~ ' the specimen elongates 

until A reaches the rod B. The p i ece ~ crm tii ns a circular notch g, 
and the rim of A breaks off at t.his notch after A b:1s travel ed the d is­

tance D and COI$S . to rest on the rod B. The purpos e of. thjs arrange­

ment is to allow the hammer to cont.lnue to moye downwar d and '3.lso to 

dissipate some of its remaining ki netlr,> ener gy • . However, no kinetic 

energy is transferred to the specin~n after A reaches ~. The time of 

impact is therefore the distance D divided by the velocity of the ham­

mer during the process of elongation. 

2 . Static stress-strain curve for the s 1::mcimen used 

The static stress-strain curve f or the, copper used in the impact 

tests is shovm in Fig . 2 . The spec i men employed in t he static test 

was a 20- in . length of the wire us ed fo r t he i..npact exper;Wnen:ts . The 

stress plotted in Fig . 2 is t he apparent stre ss~ which is t he load 

divided by the initial cross-sec t i onal area •. : 

From the afore-·mentioned statlc str ess-strain curve the value of 

d6'/dE- was cal·cula:ted as a function of · t- and t hen a· curve was pl otted 

showing the quantity 

as a function of~. This quanti t,}" , ac cord ing t o the theory, g iv-es the 

velocity of propagation .:;:, correspond i n;.; to each strain§. In Fig •. 3 

R E $ T R I C T E D 
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the value of c derived from the st:1tic stress- strain curve i s plotted 

as a f unction of the strain ~ . Figure 1-t represents t he continuation .... 

of the curve of F'ig. 3 u~ to the veloci t .v of t he elastic front . 'Frorn 

these curves the value of the qu3.ntity 

(3) 

·· can be calculB. ted for each 'value of e~, v1bere v 1 is· t he velocity of 

impact correspond ing to 3. phst-ic fro c1t of 3.mplittide t:J.O The curve v1 

versus l~ is· sho·wn in Fig . 5. 'l'his curve reac11es an end· it the point 

t~ = 16 percent , v 1 = 1.50 ft/s ec . The i mpact veloc'ity of 150 ft/sec 

is therefore the 11 crit:Lc::~.1 ~v-elocity11 for this mite~hl. A.n impact 

with a higher velocity must produ.::e an ins{Ant :uieous breakdown of th~ 

specimen. 
' 

3 . Measurements of the distri-buti on --o-f the str'l i~n · along· t ·he s pecimen 

A.s mentioned i n Sec • . 1 ' m3.rks H<H' 8 . made on. the specimen at inter-

vals · of 1 in . TLe dis t ance ~etween -Lhe or:i.gi.n artd e:J.ch oork is denoted 

by x 1 , ·~ , ••• xn, respectively. A:fter the test t he new distances be­

tween . the origin · and ·the m3.rks were •measured; thes e distances ·are de-

noted by x~ r, x2 1, ••• xn 1 • • When t he differences · xn ' • ~ xn are plotted 

as a function of· !, curves ·su:ch 3.s thos e sho•vri- in Fig. 6 are obtained . 

The sequenceof curves corresponds to incr e3.sing dU:rations of impact . 

The slope of the curves at 1.ny point gwes the v:J.lue of the perm3.nent 

strain at that point . This way of mJasuring the str:1in has been found 

to be the most practic3.l one . It vras not found necess 3.ry to rrake the 

distinction• b'etween permanent stn.in and 3.ctu:1l str:1in ~ beo3.use the 

elastic recovery W3.s reb.tively too s nnll to be t3.ken into cons id E;;rati on . 
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4. Resul t s of the high- veloc ity im:>ac t tes ts 

The r esults ~re given in three sep~rate subs ections -- ( i) , ( i f) 

and (iii ) -- in order t o show to vvha t ex tent they agr ee with t.he t hree 

principal theoretical r esults which were expr es sed ~t- the b eginning of 

this report . 

(i) Existence of ~ plast ic w~ve front . -- The first serie s of 

tests was m:l.de in order to show t hat t he ampl i tude of t he pb.stic front 

is a function of the v eloc i ty of impad, a l one . This 3.mpl i tude r emains 

constant while the eb .stic front ~nJ the pl~s t ic f r ont tn.vel a l ong t he 

specimen . In t hese part icul 3.r exper11::-.mts , the vel oc ity of i mpact W3. S 

always 92 . 50 ft/sec, but tne dun.ti ons of the i mpJ.ct wer e va r ied . To 

control the duration of impact , t he t wo p i ec es ~ and :!?_ shovm in Fig . 1 

must be placed at a proper d ist3.nce aiJart . I t i s r3.t her Jiffi cult to 

measure thi s distance accurately . For tnat r eason t he appr oxi m'l t e 

dura tion of impact .!: was calcul1.te.:l ;·ron: ·the to t~l elong~tion !2_ , meas -

ured on t he spec imen ~fter the t e?t , and '\jhe velo~ity v 1 of the ham.mer 

after i mpact; t he f or mula used is. t = tJ / vl" The ve l ocity 'v1 of t he 

hammer af t er i mpact was determined f ro r: t he measured va lue of t he ve-

loc i ty of t he hammer i mmediately b e:i. ore t !1e i mpact which is mult i plied 

by the rat i o ~/(~ + mA) , where mH a nd mA denote the m:l.s ses of t he 

hammer and the piec e A, res pectively. 

Figure 6 shows t he dis tribut i on o.i t he e l onga tion x • - x a long 
n n 

the wire; the ~pproximate du:r:3.ti on ol i r.r_t>a c t i s iudic~ted on each c ur ve 

and is als o gi ven in Ta ble I . T11e de·IJernd.m.tion of t he dur ati on of 

impact and the comput3.tion of t he ve l ocity of prop3.gation ~ i s d is­

cussed in Sec. 4(iii) . The slopes of t he str :J.igllt portions of all the 

R E S T R I C T E D 
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curve s s hovm in Fig . 6 are t he s a.me . Fi~ure 7 shows the a.ctu'3.l read-

ings and thejr deviations fro m a. s trai~ht line f or ea.ch test , The 

curves in Fig , 8 -- obtained by corr{.)utin; the deriva. tives of the func -

tions shown in Fig, 6 -- gi ve the dis t r ibution of the strain 1long t he 

specimen. We may the r efor e c on~ luJe t hat a plas t ic fro nt of , a. gi ven 

arrrplitu,~e £1 is reve a. led by t he exper i ments as predicted f r om the 

theory . 

Table I , Tests "in which t.~lG vel ocity of impact v 1 
was a lways 92.50 f~/sec but the durati ons of i upa.ct t were 
different. 

!2_, to tal elonga. tion of L·1e s pee j_;-uen; 
~' -d istance trweleJ by- t he front of the pl3.stic W'3.Ve a.nd­

measured on t ne cu.::'vas of ~' ~ · .• o; 
_ _!:[= D/ 'r ] , appr oxi r,3.te 1Ur:1tion ~:i. ln!J 9.Ct ( rnill i sec ); 
,£ [ = d/ tt , appr oxi na. t e V'3 l ocity oJ p.rop3.<S J.tion of the pl .a.s ­

tic wave . 

D d t c 
(in. ) Cin. ) ( 10_3- sec) (f t 7sec) 

0. 46 4.4 v. 41.5 c39U 
0. 925 9. 45 0. 834 945 
1.1 4 12 , 4 1. 03 1000 
1_ 81 17, 8 1. 63 910 
2. 50 26. 4 2,255 975 
4.1 7 41. 5 3. 76 920 

Mean VJ.l ue 940 

(ii) Rel a tion between the veloc i-...~,. of imp3.ct and the amplitude of 

the plastic wave f r ont . · -- In thi:3 s en.es of tests , the veloc ity of 

impact was varied. from one t est t o t :2e o ttle r , The t o t a.l e l onga. tion 

was not necessaril y the s3.rne f or 3.11 the t ests . 1h9 stoppi ng dev ic e 

was adjus t ed in such 3. ma.nner tln t .:luri nr:, the i mp3.ct th3 pl3.s tic f r ont 

traveled a distance of be t.ween 20 ancl 40 i n , Fi...,ur e 9 a g:dn shows t he 

RESTRICTE D 
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elongations x ' - x a t poi nt s on tha ~> ;)':; c i rnen corr espon l in~ to the n n 

distances x fro m t he or ig:in , The slo:1e of t he scr a i ght- l:i ne portion 

of each cur ve g1ves the aJEpl i t uJe o.t t i1e pl3.s tic f r ont for e 'lch veloc-

ity of i npact. Fi gure 10 g ives the i is-tribution of the s t rain a lont? 

the specim:m in e :~.ch case . '!'he e.x:peT:Lnlental values of £ 1 cor r espond-

ing t o each velocity t ested are l is t.ed i h 'l'able II . F-or comp:~.rison 

with the theory , t he experimental values a r e pl o t ted as points in 

Fig , 5, whereas the solid curve r epres ent s the reo'..tl t of t he theore ti-

cal conputation , The ::tgree ment bet1·men t he expe riite nt:~.l r esul t s a nd 

Table II . 'l'ests i n wllich t tw ve l ocities of i mp::tc t v 1 
.were varied , 

v1 , velocity of impac t ; 
&1 , amplitude o.f the pl3.stic wave (per cent); 
Q, t otal elong :~. tion of t he s pec imen; 
3_ , distance traveled by the .Lrout o .f the plas t i c w~ve and 

measured on the curves of li _~ . 10; 
~[= D/ v 1 ], approxim3.te dun.tion of :imp:1.ct ( millisec); 
.2_[= d/ t] , approxim:~. te velocity of pr o_t.J'lg::t tion of t he pb.s t ic 

wave , 

v1 t1 D d t c -
( 1 0-J-sec) ( f t/sec) (percent) ( i n , ) (in, ) (.ft/sec) 

23 .. 1 1. 0 0. 47 2S , O 1. 70 1230 
46. 2 2. 9 o.d2 20, 0 1. 47 1130 
69 .4 5, 0 2, 81 ho. 5 3 .37 1000 
92 .5 6.6 1 • 81 17 .8 1,63 910 

11 5, 0 8,7 2. 14 16, 0 1. 55 860 
139, 0 10.8 3. 24 17. 0 1. 94 7J O 
148 . 0 12.5 2. 49 10,. 5 1. 40 630 
171, 0 Rupture 

the predetermined curve is f a irl y good , The hi ghes t velocit y of i mpact 

used was 171 ft/ sec , For tns.t velocit31· , the specimen broke wi t hin the 

first inch, indicatine; t h3.t a veloc i ty· of 171 ft/sec is above the crit-

i cal velocity , as predic t ed by the t heor y .- The d is trioution of the 
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._,, 
~~----~~----~~--~-----~+-~~~------+---_, s 
rn 

o 10 1S 20 2S 30 
Distance ! along the specimen (in.) 

Fig. 12. Plastic waves computed from theory (solid curves) and measured (broken 
curves). Impact velocity, 92.5 ft/sec. The duration of impact (milliseo) is indi­
cated on each cUrYe. 
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Fig. 13. SUie curve as Fig. 3 with experimental 
results (dots) added. 
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strain along the specimen is · sho'vn in Fi g. 11 . It must be poi nted out 

that , whereas the r upture occurs ~t the bottom end of the specimen, a 

plastic wave of relatively small intensit y travel s a consi derable di s­

tance along the specimen , as sho~n by t he curve in Fig . 11 , It appears 

that the rupture required a relat ivel y large time interval . The first 

inch of the specimen showed an elongation of ab out 50 percent; this 

corresponds t o a time interval pf 0. 24 rnillisec . r.~ore experi.roonts on 

the critical impact velocity are necessary to el uc idate this point. 

(iii) Shape of the plastic wave and vel ocity of propagation of the 

plastic front . -- The d~stribution oi the plastic strain ~along the 

wire between the plastic and elastic front s may be calculated from 

Eq. (2 ), using the curves of f i gs . 3 anC. 4. 'I'he solid curves in 

Fig. 12 r epresent theoretical l y computed amplitude distribut i ons of a 

plastic wave after time i nt ervals equJ.l to 0. 5, 1, 1. 5 and 2 millisec; 

the assumed velocity of i mpact v1 i s 92 . 5 ft/s ec and 81 is 6.6 percent . 

The dashed curves in Fig. 12 represent plo ts of t he di s tr ibuti on of 

the strain for three tes t s made with a vel ocit y of i mpac t of 92 • .5 f t / sec . 

I t i s seen t hat the experiroontal and theoretical curves Jeviate cons i1-

erably. This deviation is probably due to t he i naccuracy in t he val ue 

of the duration of i mpact, and t o the .perturbating effects wrought by 

the sudden stopping of the i mp act . 

As pointed out i n Sec . 4(i) , the method of computing the duration 

of impact f r om the t otal ext ension of t he specimen at the completion 

of the t est is not qui te correct . Additional theoreti cal ;rork -- d~ne 

after these preliminar y exper iments vrere f irs t published -- has shown 

that after t he hammer, which pul l s the end of the wire wi th a constant 

R E S T R I C T E D 
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velocity, is stopped , t ne portion of t he specimen th~t is in motion is 

not stopped instantaneously. During t he deceleration period , the ki­

netic energy s tored in the specimen is transformed into strain energy , 

and the total extension is larger than t he distance ~ through which 

the harrnner has been in contact with t he specimen . No provision was 

made in the experirnent.:~.l setup to permit t he end of t be s11ecirnen to 

travel down aft er the h~rnrner was s topped . 'l'he vel o.; ity of the end of 

the specimen; therefore , .dropped suddenly f ro m v1 to 0 and thi s condi­

tion , as revealed by furtner theoretical considerations , leads to the 

initiation of a compressive wave in the specime n. It is very probable 

that such a compressive wave could not t ravel along a specimen of the 

type used for these experinents· and aviuence of · loc:J.lized buckling was 

found , chiefly in the tests rrade at hi 2;h impact veloc i ti'es . Accord­

ingly, it is necessary to consider Unt all t he veloci t i es of propag3.­

tion reported here which involve t he ·neas urement of tha jurat.ion of 

impact are approximate . 

The measured shapes of · t he plas t ic vaves given in Fig. 12 are 

greatly influenced by the stopping ef fect and cann0t logipally be com­

pared with the theoretical curves that r epresent t he shape of the wave 

-at a certain instant during impac t . l urt her t heore t i cal work has shovm 

that the measured curves of strain d1..3 t r:1.bution s hould be displaced to 

the right vrith respect to t he computed cu.cve, as shovm in Fig. 12 . The 

mor e complete theory also shows t lu t t he d istance t ravel ed by t he nax­

irnurn plastic strain t:1 is slightly inf l uenced by the stopping e1 f ec t . 

This indicates that a rather goo:i agreE:ment s hould be observ-;d be t vreen 

theoretical and experimental velocity of 9ropag~tion of the strain £1 • 
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The values of these velocities h~ve been plotted in Fig. 13, ~nd the 

agreement is ·, as expected, fairly good . 

In the original report (A~JJ) , i t was stated t hat the discrepan­

cies between theory and experiments Here probably due to the influence 

of the finite length of the specimen, t he influence of the rate of 

strain on the stress- strain reh t i un of t11 e rraterhl (neelected i n 

the theory) and the fact that the i mpact •~s not perfectly inst1ntane­

ous. Thes e three reasons were founJ l3.ter to be lass i nfluential t ll3.n 

the stopping effect discussed in the present report . 

5 •. Conclusions 

It is ~een that the theory i s able t o describe in general lines 

the process of the propagation of pl astic deforrration in solids . The 

theoretical relation established betvmen t he velocity of impact and \ 

the maximum plastic defor ma tion produced by the san~ inpact checks 

quite well with the experiments . The shape of t he pl3.stic wave is at 

some variance with the theor et i cally obta i ned curves. A.s shown by 

further theoretical and experimental r esearch , these variances have 

been attributed prim1rily to the pertur bation initiated after the im-

pact has been s~opped • 
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