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NAT10.VA1. ADVISORY COMMUTEK MR AERONAWTCfl 

TECHNICAL MJTE NO. 1300 

ISOLATED AND OASCAPE AIRFOILS WITH IRE3CRIBKD 

VELOCITY DISTRIBUTION 

By Arthur V. Go?detain and Mayor Jerison 

SUMMARY 

An exact aolutlon of the problom of designing an airfoil with 
a proscribed velocity distribution on tho suction surface in a given 
uniform flow of an iucotmressiblo perfect fluid is obtained "oy 
replacing the bound3 j of the airfoil by vortices. By this device, 
a method of solution io developed, which Is applicable both to 
Isolated airfoils and to airfoils In cascade. The conformal 
transformation of the designed aiifoil into a circle can then be 
obtained and the velocity distribution at any angle of attach 
computed. Numerical Illustrations of the method are giveri for the 
airfoil In cascade. 

INTRODUCTION 

The problem of increasing the output per stage in axial-flow 
compressors and turbines involves the U30 of high-solidity (closely 
spaced blades) stages of highly cambered blades. In addition, the 
volocity distribution must be carefully selected as a function of 
arc length along the airfoil (blade section) boundary in order to 
avoid flow separation or excessively high lccal velocities. 

Several methods are available of obtaining an airfoil with a 
nrcocribed volocity distribution when placed in a fixed position in 
a uniform stream. The methods that lead to theoretically exact 
results are based on confonual mapping theory. (Soe references 1 
and 2.) In reference 3, Mutterperl extended the method of conformal 
mapping to solve the problem of computing a cascade of airfoils with 
prescribed velocity distribution but, for cascades with closely 
spaced or highly cauberod airfoils, this procedure becomes very 
cumbersome. Approximate solutions have been obtained by placing 
singularities such as vortices, sources, and slrJrs in a unifonn 
stream. Cascades of airfoils can also be computed by distributing 
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such singularities periodically throughout the region of the cas- 
cade, as described by Ackeret (reference 4). Becai'su tjjeae vor- 
tex methods are not exact, a method has been developed with the 
vortices on the boundaries of the caacade airfoils. T.'iis results 
in a theoretically exact solution without the coiii»ut;'.tIon difficul- 
ties encountered in conformal mapping methods for hißlily cambered 
airfoils or closely spaced cascades. Furthermore, for the .-.a:je 
accuracy in computing the airfoil shape, this vortex method re- 
quires the computation of fewer points tha:i the method of conforms1 
mapping because these points may be arbitrarily plcood on the airfoil. 
The method may be applied to Isolated airfoils and to airfoils in 
cascade. For the cascade, the inflow and discharge velocities and 
a velocity distribution on the surface of an airfoil are given aud 
the ohnpe of the airfoil is determined. In. some casea, the spacing 
of the blades la  preaaaigned, which places a condition on the as- 
sumed velocity distribution. Before the airfoil shape has been 
evolved, the velocity distribution may bo computed for any angle 
of attack by the method described in appendix A. 

THEOHY 

Outline of Method 

I 
I 

I 

1 ( 
In reference 5, it is demonstrated that the two-dimensional 

potential flow about a body In a uniform stream can be represented 
by substituting for the body a sheet of vortices along Its boundary. 
The vortex strength per arc length at any point i3 equal to the 
magnitude of the velocity at that point. A proof of this relation 
for the case of the cascade is given in appendix 3. The problem 
of finding a shape with a prescribed velocity distribution when placed 
In a stream can then be stated: 3lver. a vortex distribution, to find 
a contour which satisfies the condition tjjat it will be a streamline 
In the flow field induced by tho uniform flow and the vortices 
distributed on the contour. 

The procedure of finding the shape begins by choosing an 
approximate shape and distributing too vortices on It. The stream 
function of the flow induced by the vortices and the unifom stream 
is computod at points on the boundary of the assumed shape. If 
this stream function is constant, the assumed shape la correct. 
Variations of the stream function are a measure of the deviation of 
the assumed shape from the correct one. These variations are used 
to distort the original shape Into a new shape whose stream function 
is more nearly constant. The process is repeated until the 

•r •••-—n-  ' 
•4 • *    ' 

•;w..,- ••*    •:•*< 
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variations become negligible. In the process of shape adjustment, 
the velocity Is altered on the pressure surface. 

Derivation of Equations for the Stream Function 

Isolated airfoil. - The complex or reflected velocity w'(z) 
(which la the derivative of the complex potential function w(z)) 
induced at the point z by a vortex of strength k   located at 
z. is o 

v'(z) .jc . 1 
K«l Z-Z_ 

A summary of the main symbols uaod in this roport is given in 
appendix C. 

The complex velocity, w'(z) inducod by a uniform stream with 
complex velocity wu' and a distribution of vortex strength per unit 
length y(zQ)    alonü a curve with coordinates z0, Is 

v'(z) V+Ä/ 
7(zQ)as0 

(i) 

where ds0 is the element of arc length along the curve. The complex 
potential at the point z is the Integral of w'(z) with respect 
to z, namely 

(2) w(z) - zwu' + J-T 7(z0) log (z-z0) ds0 

From reference 1 (notation modified) 

?-(z0) ds0 « w*(z0) dz0 = dw(z0) = d<p(z0) + icty(z0) 

where 

«p  veloolty potential, B[w(z)] 

\|r  stream function, I[w(z)] 

When equation (2) is applied to obtain the complex potential 
function at any point z In the flow field, the integration oust be 

;:^:; 
%,., 

•  f 
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carried out along the boundary of the body. Because this ourve Is a 
streamline, dh|/ = 0 and, therefore, equation (2) becomes 

w(z) . zwu' + ^/"lo« (z-*0) *?(«o>       (2(a)) 

The imaginary part of equation (2(a)) is the stream function at the 
p.iint z, 

where 

xVy + *Yx - STJ log ^*-*o)2 • (y-y0)
2 1<P(Zo) (•:) 

complex velocity of uniform stream for isolated airfoil, 

I 

»v.. vrr) 

z coordinate of ,'oint where stream function ia computed, (x  + iy) 

z0 coordinate of point where vortex is locatßd, (x0 + iy;3) 

Vx x-component of uniform stream velocity V 

V y-componont of uniform stream velocity V 

It ia convenient to use the arc length along the airfoil as a 
parameter. If (x, y) is a point on the airfo'.l boundary, then a 
will denote the arc length there; similarly, a0   will denote the 
arc length at (x , y0). The vertex at e0 on the airfoil influences 
the stream function at the point s on the airfoil. The stream 
function induce! at (x, y) by a vortox of unit strength at 
(x0,  y0) is 

- f^z, ^) . - i lop [(x-x0)
2 + (y-y0)

2]       (4) 

A plot in the (x, y) plane of curves for n constant fj(z, z0) 
consists of ooncentrlc circles with center at (x0, y0). 

The velocity at the point a0   on tho airfoil is the directional 
derivative <p'(s0) of the potential along the streamline. If the 
velocity along the airfoil has been specified and an airfoil shape 
has been assumed, tho resultant stream function aloijg tho boundary 

1 
i 
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of the airfoil can be approximated by using the approximate shape In 
evaluating the integral 

\Ks) =^U(B) -£
fl<B>  s0)q>'(s0) 

dao (5) 

vhere 

\|fu(s) stream function at (x, y) due to uniform stream, 
(-xVy + yVx) 

I total arc length of airfoil 

All variables are expressed in terms of the arc-length parameters s 
and s0. The integral in equation (G) can be evaluated either 
numerically or graphically over the entire range of integration 
excopt in the region where a = s-s0 is small, for In this 
region f^(s, s3) becomes infinite. This portion of the integral 
can be evaluated by njpvosimating the airfoil boundary by a line 
segment. Then, 

fj(s, s0) » i I03 (s-s0)
2 

The prescribed velocity can be given in this region, which may be 
defined by s-a 1! aQ -£  s+a, by a Taylor expansion as a function 
of s  about the point s. 

<p'(s0) =*'(s) + <p"(s) (s0-s) *9'^  (s0-s)
2 + ... . 

vhere the primes inlicate derivatives vlth respect to s. The 
Integral Is then 

f: fl(a,So)«P'(s0) ds0 

"(a) (s0-s) + . . .1 J       ^ log (s0-s)
2U'(a) + <p' 

- ; I a <?'(s) (log a-1) + a3y'"(a) (log a - |) + . . . 1 (6) 

7"TT 

... . 1 
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' - z(c-b) + gh t^-i hfc-b^ ] 

*SL^£i[t.2   o h2+bc   J 
L ,  . (h2+b2j loß (h2+b2) _  ^ 

3;        1°    *. ftM,  . b3 loß  (h2+b2)  _ f ^ 

+ 2h2 <••*>  - 2h3 ttt'l hic^l «, 
*«•*. J+ • • 7 where   h    • •* ' 

•o « P   ^t^CSJ^Xdtrt— *-   •   to «, 
"•"• of the Int06rat:on ot   B    °*°*T'     ,F+b>    ~    (£TS> 

°'    and approximately 

V(P) = «p.(p+b) . 2 

lp+1>; " b V"(p+b) 

9'"^ -*"'(p+b) 

(6(a)) 

we the 

I 

I 
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The size of a, b, or c la determined by the requirements that the 
segment In question bo nearly straight (the approximation la of the 
second degree) aiul that «P'(s0) be accurately represented by a 
Taylor series expansion of few terns. 

Alrfolla In cascade. - The expression for the complex potential 
for the flow about a cascade of airfoils la derived In appendix B. 
The notation is defined In i'iguro 1. The formula, which corresponds 
to equation (2(a)) for isolated airfoils, 13 

w(z) = zwm< + ~fl°ß ["ln(f) (z-zo)J dT>(*o)     (7) 

where 

d  distance between successive airfoils In cascade 

wm' mean stream velocity, which is one half the sum of complex 
(reflected) velocities upstream and downstream of cascade, 
VX - «y 

The mean velocity vK' corresponds to the uniform velocity wu' of 
the Isolated airfop i'l~v. 

The term zwrj' is the complex potential function resulting 
from the mean flow. In the integral, the element dip indicates the 
vortex element strength and -log [sin (ir/d) (z-z0)J represents 
the complex potential at the point z caused by an infinite row of 
unit vortices at z., ± nd where n » 0, 1, 2, . . ,. The Imaginary 
part of equation (7) is the stream function, 

\Ks) -*B(B) - F0"  f2(s, s0) dcp(a0) (e) 

where 

W»  so) - j~ log ["in2 I (*-*o) + sinh2 | (y-y0)J 

Is oxpreosed in arc-length parameters and $m(e)    is the stream 
function at (x, y) induced by a mean stream whose complex velocity 
Is wm';    that is, 

*. m xvy + yVx 

^..•4,,.,,- . 4, v : 
.,   ..,-. i -ar-'-lp-.". 

•••" "'*   -XtZn'&r-' 
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The valuos of    v--2/ a 
given In table I.    A plot of 

and '—x—' for various values of fg are 

x-x0 and y-yD for constant values 
of t^iz,  x0) is shown in figure 2. These curves may be Interpreted 
as the streamlines of the flow induced by an Infinite row of vortices 
of unit strength located at the points (xQ±nd, y0), whore 
n « 0, 1, 2, In the region of a vortex, the streamlines are 
nearly circles; that is, the flow is nearly tJiat induced by an 
Isolated vortex. At a distance from the vortex row, the streamlines 
are parallel lines, as in the flow pattern induced by a loirttanoas 
uniform distribution of vortloity alang a straight line instead of 
a rov of discrete vortices. The velocities on the twj sides of such 
a vortex line are of equal magnitude but opposite direction. 

|y-yp| 
d 

[(y-yj2 + (*-x0)
2] x-xD 

— can be described as follows: When both   
d 

This behavior of fg for large 

and 
78" 

y-y0 
d 

and also for small 

are small, 

,(z, z0) m £ log 2j [(x-x0)
2 + (y-y0)

2]       (9) 

which differs from 

of 

fjCz, z0) only by a constant. For large values 
*-*o 
d 

irrespective of and a constant term, 

, I 

**Si,  *0) 2d 
(10) 

which is the stream function of a uniform stream parallel to the 
x>axis. 

Equation (0) can be used for computing the stream function along 
the boundary of an airfoil in cascade Just as equation (5) is used 
for the Isolated airfoil. The integral over the range in the neighbor- 
hood of the point s is obtained by using equation (9) for fg(s, s0). 
The result, derived in the same manner as equation (G), is 
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f" f?(s» a ) <P'(s ) ds 

{.».(.J^f.).^.«^}.).}   +.  .  .} 
(6(b)) 

The more general equation (6(a)) ia modified for cascades by 
multiplying the arouiüent of all logarithms by the factor   «2/d^. 

I ! 
1 

Adjustment of Shape 

If the stream function for the assumed airfoil has been computed 
and has boon found to vary, the shape must then be adjusted to give 
a more nearly constant stream function. The shape changes are made 
by rotation of the body, plus displacement of the individual points 
normal to the mean stream. A succession of such changes results in 
the most general tyyo of shape distortion. The rotation is used to 
place the front stagnation point properly. 

Rotation of the airfoil. - In the formula for computing the 
stream function of an isolated airfoil, the contribution of a vortex 
element at (x0, ;-0) to the stream function of a point at (x, y) 
is dependent merely on  the distance between the two points. 
Consequently, if tho entire airfoil is rotated, the effect of the 
boundary vortices on tho stream function at any point on the airfoil 
boundary will not change. Tho effect of the blade rotation on the 
stream function alone the boundary is therefore determined by tho 
change in relative position of tho points in the uniform stream. 
The first adjustment in sliapo is a rigid rotation of the airfoil in 
order to obtain a more nearly constant stream function along its 
boundary. 

If tho airfoil is rotated through an angle ß, tho stream 
function is so changed that ij/(s) is a function of ß and s and 
may be written \J/(a, (3). When ß = 0, V|/(3, 0) is the original 
stream function before rotation. After rotation tlie new stream 
function \|/(3, ß) may bo expanded in a Taylor series about the 
point ß = 0, 

i'(s, ß) = Ws, 0) + ß [>K El] 
ß=0 

.i 
•• -   i 
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Only the first two terms in this series will be used because It is 
assumed that ß Is small. The angle 0 Is to be determined for 
the minimum mean-square deviation of the stream function from its 
mean value. Because the object of the rotation is essentially to 
adjust the shape of the nose, the rotation might also be made to 
reduce the root-mean-square deviation of the stream function to a 
minimum for a portion of the shape including the nose. 

The mean value of the stream function at any angle ß Is 

ip(P) - y/%(*, P) ds - y  [*(s, 0) + ß(^(a, ß))  Ids (11) 

The difference between the new stream function \|/(s, 3) and its mean 
value \j/(p) is squared and Integrated to obtain a measure of the 
variation of ijrfs, p) from the mean value at the new angle. The 
condition for obtaining a minimum root-mean-square deviation by 
adjusting 0 lo 

0 •= {£ [*(•, P) - ftß)]8 ds = J]j£[«», 0) + 0 *Kf0 °> - *(ß)]2 ds 

^2[*(S)0,+ß^.^][^ mi]iB (12) 

- 2 ^P£[MB, 0) + ß ä*C|j-2l . *(,,] ds = 0 (13) 

The second Integral vanishes by virtue of equation (11), which may 
also be used to eliminate $(ß) from the remaining torm. The solution 
for ß is 

(H) 

1  *     i 

:,} 

) 
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In order to apply equation (14), d\J//dß must be known at points 
along the boundary of the airfoil. In the case of the isolated air- 
foil, the contribution of the vortices is unaffected by the rotation 
and therefore, 

If the airfoil Is rotated about the point (xc, yc), equa- 
tion (15) becomes 

fj - cos ß[(x-xc) Vx+ (y-y0) Vyj 

+ sin ß l(x-xc) Vy - (y-y0) vj (16) 

where (x, y) are the coordinates of tho point before rotation. 
I'or small values of P, equation (16) reduces to 

dp (x-xc) vx + (y-yc) vy (17) 

The choice of 
case. 

(x_, yc) will have no effect on the results in this 

'..hen the • Lrfoil in caucade io rstntsd, the change in the posi- 
tion of t:>.o vortioes of the adjacent blade must bo considered. In 
tho caoe of the iaj..ated airfoil, it was unnecessary to consider 
the change in position of tho vertices bocauso tho infl;;once of a 
vjrtox (equations (3), (4), and (.';)) ]e;.iended on the function fx, 
which i3 constant on circlo3. The influence of the vortices on 
the airfoil is therefore independent of direction. Because tho 
fg contours are not circles, the rotation In cascade does have an 
effect, which is approximated by considering all cloaod fg curves 
(f2<0) as ciroloo n ardor that the effoct of all vortices 
in the rogion f^<0 ;;iay be neglected during rotation. The 
effect of all vortices in the region fg>0 is estimated by 
assuming that all t:.o f2 contours for fg>0 are straight lines 
uniformly spaced. K:o flow corresponds to that between two infinite 
straight parallel vortex sheets of uniform strength per unit length. 
This flow indi-ced by the vortices in the region r%>0   is in the 

' 

. 
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x-dlrection, and the direction of the flow Induced by the vortices 
for which 
for which 

> y0>y is opposite in sense to that Induced by the vortices 

As the paint being considered is changed, the regions for 
f2>0>    yo>y> and f2>0, y0<y will include different sections 
of the blades, and hence different vorticity, with the result that 
the x-velocity component vx Induced by the vortex sheets will vary 
with the point under consideration. The algebraic sum of the 
x-component of the uniform flow velocity and the variable x-velocity vx 
induced by the vortices in the region fg>0 is to be used like the 
velocity component Vx in rotation of the isolated airfoil (equa- 
tion (17)). The quantity V^ in equation (17) is replaced by the corre- 
sponding Vx r (= Vx + vx). The vortex strength per unit length at any 
point on the airfoil is equal to p'(s0) r.nd, therefore, fron equa- 
tion (10) the x-com;>onent of the velocity Induced by the vortices is 

k.r 
2d '7 <p'(a0)  ds0, where the integration is carried out over the portion 

of the airfoil whore fgfs, so)>0. A distinction must be made between 
the two regions y0<y 
opposite direction. 

and y0>y because the induced components have 

The computed result of rotating an airfoil in cascade depends upon 
the choice of (x0, yc) because dv|//dß is only approximate. In order 
to minimize tlie error involved, values of <fy/dß are reduced by • 
choosing (xc, yc) as the centroid of the vortex distribution on the 
airfoil. If the improvement in the nean-aquare deviation of ijf is 
small compared with its original value, it may be preferable to omit 
the rotation of the airfoil because of the error inherent In the computa- 
tion. The decioijn .ihould be made chiefly on how if varies at the air- 
foil nose and whether it is approaching a constant value In this region 
with successive corrections of the shape. 

Distortion of the shape. - Die stream function computed after the 
Isolated airfoil lias beon rotated will, in general, still vary along 
the boundary. This variation can bo reduced by distorting the shape of 
the airfoil. If the distortion is small, the change in distance between 
any two points on the boundary will be email, although the change In the 
direction of a sol'>ment Joining those points may ue considerable. The 
effect of the distortion on the contribution to the stream function of 
the vortices on the boundary is consequently noglected. The largest 
effect of the distortion will be to change the position of the boundary 
points in the uniform stream. The airfoil is therefore distorted in such 
a manner that the change in the contribution of the uniform stream to the 

."  I    •• 
J 
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stream function will eliminate the variations In stream function. 
For points directly opposite each other on the airfoil, the change 
In distance will be of the same order of magnitude as the distor- 
tion. Consequently, distortions that result in change of thickness 
of the airfoil converge very slowly because of the inaccuracy of the 
fundamental assumption on which the correction is based. 

Thus, vhen tho stream function along the boundary of the 
isolated airfoil is known, some number is arbitrarily chosen as tho 
desired constant value of tho stream function. If A\J/ «= \|/ - ip is 
the difference between the computed stream function at a point and 
the desired constant, the point is moved a distance - A\J//V perpen- 
dicular to tho direction of the mean stream, where the direction of 
increasing uniform stream function is tairen as positive. Tho air- 
foil in a cascade is distorted in tho same manner, using tho varying 

yv resultant local mean atroam velocity »/Vx r 
are made with ij/ equal to the mean value of 

+ Vy°; corrections 

\J/ on the airfoil. 

CQMPUTATIOKAL PROCEDURE FOR CASCADES 

Choice of Velocity Distribution 

Several factors influence the choice of the velocity distribu- 
tion for which an airfoil is to be found. Especially in rotors, 
sturdy blades are required. Long thin tail sections must bo 
avoided and where high rotative speeds and stressos occur, overhar% 
of thin sections IG likely to induce blade failure. The radial 
distribution of airfoil cross-sectional area is also fundamental in 
determining the blade-root stresses. Overhang can be reduced 
by proper choice of the velocity diagrams for tho sections, but the 
other factors aro influenced chiofly by tho thickness of tho section. 

The desired thic.'ci.oos nay be attained by first assuming a blade 
shape and spacing and using the stream-filament method of reference g 
to compute the velocity distribution over a portion of tho airfoil 
that determines the thickness. Tho spacing may bo regarded as fixed 
but the curvature can be adjusted if local velocities are too high 
for the dosirod thic.'moss. This computed velocity will then serve 
as a guide to tho chcico of an airfoil velocity distribution, which 
should be choaen to avoid high velocity peaks and steep negative 
gradients. If the average of the velocities on opposite sides of 
the blade camber line is retained in the modification of the velocity 
distribution computed from the atream-filament method, tho thickness 
will also be retained. 

4    '    WA 
,:feü • 
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Because of the irrotationality of the fluid motion, the velocity 
Integral or circulation around the airfoil must be equal to that 
around a blade but over a width equal to one blade space. Therefore, 

r tp'(a)  ds - r = d(Vx<1 - VXj2) 

where 

Vx I   tangential velocity entering cascade 

Vx 2 tangential velocity leaving cascade 

r   circulation about airfoil 

This relation place« a condition on the assumed velocity distribution. 

If the computations thus far have been made in order to select 
a velocity distribution for the airfoil cascade in a compressible 
fluid flow, an equivalent velocity distribution for the flow of an 
incompressible fluid must be determined before the blade shape can 
be computed by any method based on Incompressible flow theory. For 
subcritical fljws the directions of the incoming and discharge 
velocities are the same for compressible and incompressible flows, 
but for lnc"rapresaible flow the component normal to cascade axis is 
the same upatrean and downstream. The Ka'rman-Tsien compressibility 
correction (reference 7) or that of Gairicl: and Kaplan (reference a) 
may be applied to the velocity on the blade surface to estimate 
roughly the corresponding incompressible flow velocity distribution. 
The resulting velocity distribution in any case must satisfy the 
circulation condition. This procedure does not give an exact solu- 
tion for compressible flows, but the resultant compressible flow will 
have approximately the desired characteristics of low pressure 
gradients and no high velocity peaks. 

Computation of Airfoil Shape from the 

Clioaen Velocity Distribution 

The numerical computation of the quantities involved in the 
preceding analysis, particularly the function fg, is extremely 
laborious when tables of fg(s, So) are used. Most of the computations 
are therefore executed graphically. In the cascade example, it was 
assumed that the air entered the cascade at an angle of 45° from the 

:? 
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cascade axis and vau discharged at an angle of'-50 from the cascade 
axis. The assumed velocity distribution is given in figure 3(a). 
The value of the lift coefficient for this airfoil is 3.1. The 
shapes of the Isolated airfoil and the airfoil in cascade are 
computed by the following steps: 

1. Curves for constant f^ for the isolated airfoil, or 
constant f2 (fig. 1) for the airfoil in cascade, are drawn. This 
diagram should bo made on some transparent material that vill neither 
change size nor shape. 
are given in table I. 

The coordinates of the curves for constant fo 

2. A desired velocity <?'(s) is chosen as a function of the 
arc length of the airfoil (fig. 3(a)). An airfoil shape having the 
desired total arc length is assumed and is drawn to the same 3cale 
as the plot of f^ or f2. The drawing is uado on grid paper and, 
in the case of a cascade, the x-axls is talccn along the cascade 
axis (fig. 4). 

3. The velocity distribution i"?'(s) is integrated to obtain 
the velocity potential qp(s). This function is plotted on the same 
chart as the assumed airfoil shape for the corresponding y-coordinate, 
as shovn in figure 4, by plotting both c? and the y-coordinato of 
the airfoil against s on a supplementary graph. In regions of the 
airfoil where y varies little with s, that is, where the airfoil 
boundary is parallel to the x-direction, c? should be plotted 
against x in the same manner, as shown in figure 4, 

4. In order to find the stream function at a point (x, y) 
on the nirfoil, a ;>lot of f2(s, s0) aa  a function of c?(s0) must 

be obtained to evaluate the quantity / fg(s, s0) d
rXs0) of equa- 

tion (8). If the chart of fg is superimposed on the airfoil with 
one vortex center overlaying the point (x, y), the value of fg 
may be read at (x0)  y0) and the corresponding value of <P(x0, y0) 
may also be read from the plot of qp(xD, y0). The value of f2(s, s0) 
is tho same as would have been obtained by centering the chart on 
(x-, y0) because of the symmetry of the function. A succession of 
values of 7 and f2 are obtained in this fashion for various posi- 
tions (x0, y0) that intersect the f2 contours, and a plot of 
these points (f2, cp) may be made for the assumed position (x, y). 
This procedure is illustrated in figure 5 for a particular point 
(x, y) on which the f2 chart is centered. The readings for a 
particular (XQ, y0) are shown by the arrowed lines. The 

j 
"""' '"»"• 

• - y-"  W; 
*    • ;;!•'. 

•M 

•.••••  _'K^-r-^    •'" 
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points 1 to 6 on the Made are shown on J '1ng fj 
The dlacoatloulto f   be-iveen points 3 and 6 is the ei)>- 
Tfce discontinuity between 4 and 5 represent?« the region where fo 
approaches -». 

5. The prop«      if IntegratJ ••• tl  pj •••  
6 to 7 and then to the ^rlgin, with constant f?     '      The 
region fron 4 to . with f- approaching - o» la computed by eqi:-i- 
tion (6) or (6(b)); the constant a   sd to b« the radl 
the near-circle, which correspond? t • ' ••>• value of f?   where 
discontinuity frou 4 to 5 occ.irs. 

The total area including thJ i n id'I ion I • 

/ op *(R0) f2(a, a0) da  / 

which is the stream functJ 
airfoils in cascade. '/!mre f-. - • at the polntn A, 3, 
(tlC-  5), the values of -p are noted as r>A(i), ?R(9)>   <P(j(s)» 
and 3JJ(S), Those values are lead In oomputing the stren- 
change caused by rotating the blade. The stream function 
point (JC, y) may now be computed from equation (0) 

I 

I 

I 

! 

*, -V + V^ 
A plot of the strea» function (variation from the moan value) 

is shown in .'.' ,..re S for the initially assumed 3hnpe, Correaponding 
points 3n adjacent airfoil a have a difference >f AwV^  '     1.0. 

6. When \JKs) -s .mrwn at a sufficient number f points, 
airfoil may be rotated an previously described. For tho isolated 
foil, equations (14) and (17) :.iay be used directly. For t 
in cascade, ~;ie coordinates of the centroid of the alrfol '  tat 
be computed by 

yc • j^'ßy  -v.'.i J ds0 
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Before equation (.17) can be used to compute d\J./dß, the variable 
quantity Vx r must be computed. Tho vortlcea in the region f2

>0 
aro considered to bo uniformly distributed along the cascade axis 
and the velocity induced by such a distribution is 

vx=±f 

where y    ifi the vortex strength per unit length along the cascade 
axis for i'2> °* Therefore, 

f2>0. The 

VX   = Til    n'(8o)   d80 

where the Integral is to bo taken over the regions 
region f2>0, yo>J" contributes a positive component to vx, 
whereas the region f2 >0,    y0<y contributes a negative component. 
The computation la simply carried out by making use of the fact that 
the integral for vx is the difference between values of <p at 
points where f2 = 0. The values of r.iA(s0), 

f^(s0), ^.(s0), 
and <Pjj(s0) from atep (5) are used at thla point to obtain 

2vxd m     c?'(s0) ds0 = c?A - <?D +T - (r?c  -r?B) (18) 

where r is introduced because of tho discontinuity in cp at the 
trailing edge. The term T>A - <?* + T gives the effect of the 

vortlcity in the region t^B> Bo^>^   near the trailing' edgo, and 
the term OQ -<$-n   civee the effect of the vortlcity in the 

region f2(s, s0)> 0 near the leading edge. If either tho leading 
edge or the trailing edge lies in the region fgfs, 8o)<0, only 
two points of intersection will reaain and one of tho two group3 of 

terms in equation (10) will vaniuh. The quantity sr/ t?'(s0) ds0 

is added to tho x-conponent of the original uniform strean velocity 
and the quantity d\Jj/dfl of equation (17) may be computed for a 
number of points and the angle 0 computed from equation (14), using 
the valuea of (xc, yc) Just determined. After theao computations 
have been made, the airfoil is rotated through the angle ß, and the 

value \|/ + ß Ox   is assigned as the value of the stream function of 
dß 

the point after rotation. 
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7, A '••  of ijr(e) io knovr. at p'.ir.ta along *!•• airfoi. boundary. 
.'.- ore* tho 'iirf.:. J la subtraotad from V leaving 
:•.'.-: ••.:-"-,: , no eubtraetlon 'a  necessary. Sach .-.oi.nt is 

• — 'y      —• in the direction perpendicular to 
A. •r "2 

*  f-1 'x,r   T *y 
'.r.o velocity competed In step 6. The c .rvo Joining the points in their 
i.'.-v ,-•/»!••,: ma la tha a/lasted airfoil. 

ore length of the adjjgtod airfoil will be different 
!'r ;,. '.'r.n   ,r.'-'.lr.'i. or.o, ir. general, aithouch locai changes in length 

••:.Lglble. The airfoil is so scaled that the length of the 
auction uldo :.-i t...o .-j.-ujo length an it h*d teen toforo distort, on 
I,'.O'I>-J'J this -i'.rf'ic; Is the critical surface of the airfoil. This 
prooeaa wij. roault ir. a change in length vf the proosure side. The 
ye .';'<../ ',•/• r '.,.'; ,..-'j.ia ro side -p'fs) sust then be altered !n such 
'i manner that the difference In potential between the two stagnat.'on 
[jolnt.'i ro.-.-i:. •: *.h'; .-i-.-.e. As a roault, the quantities that retain 
specified value« 'iro *.ho length and tho velocity distribution on the 
auction nido and the circulation aroimd the airfoil. The entire 
procedure La repeated with the adjusted shape until the variations 
in tho ntro'uii function result In very little change in the shape of 
the 'dr-r ,i j. i 

iJlncunclon of Examples and Techniques 

For tho example being computed, tho stream functions obtainod 
for tlie initially assumed shape und tho first and seventh approxima- 
tions aro plottod against the arc length (fig. 6), which is taken aa 
zero at the trailing odgo and proceeds countercloclcwlse around the 
airfoil as ehovn in figure 7. The fact that o\|/ for the initial 
shape lu ponltlvo over tho first half of tho arc length and negatlvo 
ovor tho second half indicatoo that it is too thick because the 
required distortion Jn shape will make it thinner. The change in 
thickness results Jn a change in velocity distribution over the pres- 
sure aide of tJio airfoil in ordor to maintain the desired circulation. 
Tho vnlocity that wan orlgiiially assumed, which is equal to the 
vortlclfcy por unit length distributed on the initial airfoil, la 
•bora in figure 3(a) and tho velocity over the flnul shape In flg- 
uro .Tfb). Tho lon/;th of the prossure side lias increased and the 
velocity has docroaood In the proportion of 1:1.1. 

ovor tho section of tho airfjil that has collapsed to zero thick- 
nons, tho surface valueLtlos of figure 3(b) may not havo been obtained, 
but tho loading (circulation per unit arc longth), which Is the 
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difference In the velocities on opposite aides, has been realized. 
In practice, this collapse is prevented by increasing the assumed 
velocity on the airfoil surface. 

If the Initially assumed airfoil shape has a thickness that 
differs considerably from the correct one, the process of shape 
adjustment will converge rather slowly. The labor can be reduced, 
however, by computing the stream function at a few points on the 
airfoil and locating these points to determine the thiclcness. This 
procedure is followed for the first few approximations until the 
thickness of the airfoil is.fairly accurate. The stream function 
is then computed at & larger numbor of points, particularly near 
the leading ed^e, in order to get more detail of the shape. 

If a velocity distribution is arbitrarily specified, the 
resulting shape x.:ay n.'it bo a physically real airfoil but may result 
In a fl£uro-C ;r a collapsed shape (zero thickness over a portion 
of the blade). It is then necessary to modify the velocity 
distribution to obtain a real shape; those modifications should be 
selected to keoj the desirable properties of the original distribu- 
tion. Velocity ponies and steep velocity gradients, which tend to 
occur on the auction side of an airfoil, are to be avoided. If the 
airfoil collapses, tho vorticitios of the two sides tend to cancel 
each other and the remaining vorticity represents tho difference in 
velocity across the thin airfoil rather than the velocity along the 
boundary. 

The method was nls.t applied to the design of a thin airfoil 
(camber line) in a cascade. The vortex distribution is equivalent 
to load distribution (difference in velocity across the airfoil) 
rather than velocity as in the case of a thick airfoil. The 
velocity diagram for tho cascado and tho desired velocity difference 
are shown in figure £. Tho valro of tho lift coefficient of the 
resultant airfoil is 4.1. The initial shape was obtained by 
assuming zero spacing between the airfoils. Tho initial shape and 
the first and third approximations to the airfoil shape are shown 
in figure 0.    There is very little difference between the second 
and third approximations. The third approximation Is redrawn in 
this diagraci to show the spacing between airfoils. The convergence 
of tho method is shown graphically in figure 10. The varia- 
tion Ai|> of the stream function from its moan is divided by Vd to 
ma::o it dimenaionlosa and is plotted against the arc length along 
the airfoil where s • 0 at the trailing edge. The stream function 
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computed on the aetfond eppröx-laiation is nearly constant, vfiich give« 
the third approximation ilmost  the same nhape 9a the second one. 
The rapid adjustment of oaw*er sontrasta with the 3 1<MT adjustment 
of thickness. 

Plight Propaleion Research Laboratory, 
.Mt.ionel Adr^sory ComMttee for Aeronawtioa, 

Clsvetal«, 0Mo, MMHSh 4,  1947. 
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APPENDIX A 

VELOCITY DIfiTBtBUTION ON THE DHHIVED AIKIÜIL 

AT D1FSEKENT JXOW ANGLES 

Conformal Mapping. - When P,n airfoil is given, the velocity 
distribution over JLO surface muot frequently bo found at different 
angles of attnc!:. This problem may be solved by the method of con- 
formal mapping, which consists of mapping the region exterior to 
the airfoil on tho exterior of a circle. The velocity around tho 
airfoil is obtained from the known velocity around the circle. 
Procedures for finding the function that maps a given airfoil into 
a circle ore presented :n references 1 and ft for the isolated 
airfoil and references 3 and 10 for the airfoil in cascade. 

In general, the procedure for finding the mapping function 
of an airfoil is a laborious one. But when, as in tho present 
case, the velocity distribution over the airfoil at a particular 
angle of attack is known, the correspondence between points on 
t>e airfoil and en the circle, and hence tlie flow velocity at 
other an,'jleo of -tttack, can bo obtained very easily. Indeed, 
the correspondence of points and the velocities for various 
angles of attack can be obtained by the method of Weiuig and 
Gebeleln (reference 11) from tho initial data without knowing 
the airfoil shape, because the complex potentials of the airfoil 
plane and tho napping circle plane- are equal. Before the airfoil 
is designed, therefore, it is possible to check whether the air- 
foil to bo computed will be satisfactory under conditions different 
from the dt-oign condition. 

Isolated airfoil. - Tho flow .-..bout any airfoil shape can be 
mapped on ti.e- flow about a unit circle in such a way that corre- 
sponding points have- the same potential. The flow about the air- 
foil is given and the potential function <p(s) at each point is 
computed. If tho potential function on the airfoil is computed 
by Integrating the velocity from the stagnation point at the 
trailing edge- In a counterclockwise direction around tho airfoil 
oriented like the ono in figure 1, the potential will be zero at 
the trailing edge, docrease to a minimum ^mjn at the stagnation 
point at the leading edge, and then increase to a value equal to 
the circulation T   at  the trailing edgo. Tho corresponding flow 
about the circle is deGermin^d by the conditions that it must 
have the some values of fjfojn and r for a correspondence to 
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exist between all alrfol? and circle points. If ©j is the contra! 
angle of the stagnation point on the circle that corresponds to the 
trailing edge of the- airfoil, 

nin 
= - (cot eT + 9f + n/2) (Al) 

Equation (Al) can be solved numerically for Sj because all the 
other quantities are known. The velocity at Infinity in the circle 
plane Vc can then be deternlnod frow the KUtta-Joukowsky condition, 
which requires that 0j, be a stagnation point; that is, 

c = "" 4« sin 0a, 

The velocity potential at points on the circle is 

(tf) 

cpc = -2V0 cos 0 + g + 2VC cos 0T r a 
2n r (AS) 

The quantity 2VC cos 0T - —• flj, is a constant that is subtracted 

in jrdur to make (^j » 0 at the stagnation point corresponding to 
the trailing edge. 

The correspondence- of points on the airfoil with points on the 
circle Is obtained by associating points where <p(e) = cpc. The 
velocity on the circle at a uniform stream flow angle a^    js 

v0 (0,«^) = 2VC . sin(0 + e^) - sin (Oj. + OjW (A4) 

Tlie nature of the conforraal vransformution is oucli that the ratio 
of the velocity at a point on the airfoil to the velocity at the 
corresponding ^oint en the circle ie Independent of angle of attack. 
Therefore-, the velocity (^'(s) on the airfoil at flow angle a^    la 

?;).'(s)   tp'(e) 

v"c(0,»l) = vc(0,0) 
(A5) 
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where tisu design flow nagle la taten a« zero. Equation (AS) can 
be used to computo tho TO loci cy distribution on the airfoil except 
at the two *>lnts that were stagnation points at the design angle 
of attack. 

Airfoils In cascade. - We flow about a cascade of airfoils 
can bo mapped oonforaally into ths flow about a unit circle with 
two singular points located on the real axis symmetrically with 
respect to the center of the circle. These singular points cor- 
respond to the points at Infinity In front of and behind the 
cascade, respectively. In a cascade of airfoils, the distance 
of those points from the center of tho circle Is uniquely deter- 
mined by the sane conditions thr.'. ietöraino tho flow about the 
circle in the Isolated case; aeaely, the circulation per airfoil, 
the velocity potential at the leading edge, the blade spacing, 
and the upstream and downstream flow angles. • 

Wo distance from the singular points to the center of the 
circle Is denoted by eK. We flow about the circle Is such 
that the location of the stagnation joints 
by the relation 

% Is determined 

p   sin 0m       cos 6m 
—- m ——— oos X + ——— sin X 
2Vd  sinh K      cosh K 

where \   is the angle of inclination of the mean stream to the 
normal to the cascade axis. (See reference 6 for details). We 
quantities T,   v, d, and X are known from the flow In the 
cascade plane and therefore equation (Äff) provides a relation 
between X and tho location of the stagnation,points. 

The velocity potential at any point on the circle Is 

<P< '0,0 - ¥4/ .i. x +.--1 sin fl  „„„» •.„h-1 cos 6 \ .-^sinXtan^—g-j-cosX %„&>•—-] 

L tan-1 S22JL Aim Xtan-1 2g$ - cos* ft** Sjjfi 2* tanh X    L< V alnh X cosh K/ 

2« tanh Xj W) I 
saß 

T—T 

\\ 

• 
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The expression In brackets Is a constant so chosen that the potential 
will vanish at the stagnation point corresponding to the trailing 
edge 01" the airi'oil. In order to map the cascade on the circle, It 
is required to find K so that the value of pc c at 0N, the 
stagnation point corresponding to tho leading edge of the airfoil, 
is equal to cp^in, the value of the velocity potential there. In 
successive; approximations, a value of K   is assumed and equation (AC) 
is solved simultaneously with the Identity 

/sin 0 Kß        „   /cos 0 \2  „ 
VESTS/ alnfa2 K + l^shXj °°sh2 Km 1 

for the variables jm ^ and °°°i -. The solutions of these 

equations are 

sin 0 
r 

~2Vd 

sinh K 

cosh2K sin X±oo8 ^«/cogh2K- cos2\ -( cosh2K alnh2K  I yavdy    
cosh£ K - COB

0^ 

cos 0- 
and  - 

cosh K 
/sin 0j. cos 

obtained from equation (AG) • These solutions, 

sh K/    NsJuh K cosh K/ 
are substituted in equa- 

\sinh K* cosh K/   \e1uh K cosh K/ 
tion ,(A7)' to find the value of rpCj0 at 0 = 0]y. If <PC O(0K) is 
not equal to <Pnin, another value of K Is chosen, ^n the premise 
that CDQ c(0fj) will decrease as K is decreased. Mien <pc c(0j}) 
is evaluated, care should bo taken to 'ise consistent values of the 
inverse tangents. After two values of K and q>0 o(0u) are deter- 

mined, interpolation or extra«) lat Jon may be U3ed for new values 
of K. 

When K has been found, it Is used in equation ,(WTj) to eval- 
uate cp„ „    at values of 0 all around the circle. A point on the 
circle corresponds to the point on tho airfoil wbtre <P\B) 

The velocity at the point 0 on the circle fa 
% 

.<*,«) = * 
Vd   Sinh 2K 

it cosh 2K - cos 20 
fcos*^-- SSJl) 
L    \c°s:i K cosh K/ 

+ sin \i 
( 

sin 0      oin 0j 
sinh K     oinh K )] 

•  / TV 

:•? 
i 

iJW) 
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and the velocity on the airfoil at any other mean flow angle 
la 

•V« - *.,.<»A> v^fer (A-9) 

In the caae of the iaolatod airfoil. 

I 

The designed airfoil was moored on the unit circle by the 
method described. The constant K, the natural logarithm of the 
distance from the singular points to the center of the unit circle, 
la 0.075. The correspondence of points on the airfoil with those 
on the circle Is plotted in figure 11, which shows the arc length 
of the airfoil as a function of the central angle of the circle. 
The velocity at any point on the airfoil for any angle of attack o^ 
»ay be obtained from equations ((Aff) and (A3}, using the velocity 
distribution as in figure 3(b) and the relation between s and 0 

as In figure 11. The ratio SLLMI 
(Ml is equal to d6 , JS" (radians) 

and need be computed only once for any given airfoil 
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APPENDIX B 

SERtVATIOH OF THE CASCADE EQUATION 

An equation 1B to bo developed for the complex velocity at any 
point in the field of flov of a fluid r-aBt a row of equally apaeed, 
congruent bodies.    Coordinate axes art* cho8<?n with the origin inside 
one of the bodies and tho x-axlo in the direction of the row. 
(See fig. 12.)    The hedy containing the origin is denoted by   BQ» 

bodiea along the poaltlvu direction of the x-axls by   Bj_,    B2, etc., 
and along thu negative direction of the x-axis by   B.^,    B_g, etc. 
A circle    A   of small radius is drawn about tho point    z    where the 
velocity Is to bo detormlnod.    A roctungle   B   is drawn with its 
center at the origin and its sides parallel to tho axes of length 
(2H+l)d    und width   2t,    which ocntalne the bodies   B.M  .   .   . B.^, 
BQ,    B-^  .   .   . BM,    and tno circle    A.    If a aido of the rectangle 
Intersects one 01* the bodies,  the side may be distorted to go 
around tho body with no essential change in the proof.    The func- 
tion   w (zu)/z0-z    is an analytical function of   z    in the region 
inside the rectangle    R   but outside tho bodies   Bn   and the 
circle    A. 

Therefore 

f., /»'('o),      N'(*o dzr l^fcfc-0      ,tBl) 

n = -N   Bn 
1  4o 

The first Integral can be broken up into four integrala, one 
along each side of the rectangle, namely, 

|v(B+l/2)d |H+1/Z)d -t 
v'(x„-it) I     w'[(H4-l/2)4+ly0 

(N+i/a)d "V^^ dX° V-t "TK7«raFo=S 
I4y0 

-(N+l/2)d 

I(»+1/2)4 

w'(xc+it) 
x0+it-z 0x„ 

p-t 

Jt 

w'[-(K+i/2)e+iy0] 
-(H+l/2)i+iy0-z   idy0 

(B2) 

.;•••»• ••; 

4 

•sä- 

,- t -- m 



and 

IUCA TN No. 1308 

In an evaluation of these Integrals, the function v'(z0)    Is 
periodic, with period d, and approaches a constant value 
Infinitely far from the cascade; that is, 

w'(x0 + iy0)—»wg* as ya-*<» 

v'(xc + ly0)— »<*!* as y0-* ••» 

trow the last of these- conditions, it follows that 

v'(x0  -it) - v3' (xc - it) + Wl' 

«hero 

w3' (xo - it)-»»0 as t-*>» 

Therefore, the first Integral on the right side of equation (B&V is 

27 

*(N+l/2)d 

/-(N+1/3)d    * J.(N+1/2)d *"»• 

J-(N+l/2)d 

She first of those integrals is 

WK+l/2)d 

+    / y5'(*0-it) 
<BS) 

V 
p(N+l/2)d 

J-(»+i/2)d^'"-    * loefeifeidT^*^' 

" e^LXj;^"' piwldodthat "*•*••  »» l«* «« 

* 

I ii -I 
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f <»fl/2)d 

J 
VJV^it) 

(H+l/2)d 
Xo-it-z ***'  /      t 

»   i-(n+l/2)d 
\  /       V(xb-lt) 

»=-IK'(n-l/2)d 
<**o 

,.ÄV .^l/2d 

Z-w   ,  ^,+nd-it-T **o 
n = -N«./ -l/2d 

l/2d N_  *l/2d 
v3'(ao-it)     N" /   2(x0-:it-z)v3'(x0-lt)dx0 

u  ,/« Xo'"*2       *w / ,    (*o-»-i)* "•* ö2 ••'-l/ted n-lJ-l/Zd 

If t is ohoeon sufficiently large so that |v '(x -it}|< e, vhere e 
is any predesigned positive niiuber, the integrals are less than or 
equal to 

r1^ JL, ri/2d 

J-l/2d 

**o 
i2 d2| 

l/2d 
dx 

f'l/2d 

k' -i/2d •   »       -V    -       —  , 

When   • -,.,    this quantity aoproach.s 

/•l/2d 

J -l/2d 

J 
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««».    Therefore; ' 1°^1 4» •Xt&^/Jjj^»* 

/ w'(*Q-it) 

V-(N+l/2)d * 

^ "while   £ —*/,     , 
«» eaae condition^ »       "'    ln the "• «V «^ undor 

29 

y. 
/••»-(n+i/2)a 

(N+l/2)d 

w        lg 

and therefore, 

/it 

••n^H]..'!^^ 

r x idy0 



so 

8d(»+l/2) w 
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r*y0_  

N^o-*)2 " (»+1/2)2 d21 

i 

»I 

5 2d (M/S) w     /       f£o  

|        (yc-y)2 + (W+l/2)2 d2.,2 
w-t 

" "7===±==rs—==   tau'1 *SL_      .    ., _t.v "l 
V(B+l/2)2 d2-x2 ^+T^Trf8!f "ta" S=^== 

S-H"LSt.r2 Za :^ty appr°acfcos —• » «« *- t—*» and i_xn 

B 

By the residue theorem, 

J  z0-
z   ° &eiv'(«) 

»• periodicity of w'fz) iBpn^t^t 

•<B4) 

;?B5) 
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as  If—»oo. 

0) cot - (z0-z)dzo 

(US) 

When equations ,(B4), ((B5), and (Bö) ore substituted Into 
equation (Bl), the expression for the complex velocity Is obtained: 

V(z) » |(n'+v8') - g^/| w' (z0) oot i (z0-z) dz0 
Bn 

The complex potential Is obtained from equation (B7'J by Integrating 
with respect to z and neglecting the arbitrary constant, 

VCt) " * V + S^T /•' (-o) log sin | (z-z0, dz0 
B 
o 

where v • * Vl * v2' . .. 
2    18 tae "»an stress velocity. 

#*e) 



32 IMCA IV JTo. 1308 

AEPEKDHt C 

SYMBOLS 

The main symbols used throughout the report are Hated here 
for convenience of reference. 

d   distance between successive airfoils In cascade 

fis r^sKx-io)2 + (y-.v0)2: 

f2 = -i. log • sin2 * (x-xj + slnh2 5. (y-yn) 

K 

I 

natural logarithm of distance from singular point to 
center of circle corresponding to cascade airfoils 

"o 

*c 

total arc length o* airfoil 

arc-length parameter corresponding to z 

arc-length parameter correspondong to z0 

local velocity on circle corresponding to Isolated airfoil 

vc 0 local velocity on circle corresponding to airfoil in cascade 

vx   velocity Induced by vortices in region f2 > 0 

7        magnitude of uniform or moan stream velocity in airfoil or 
cascade plane (fig. 1) 

magnitude of uniform stream velocity in circle plane 

x-component of uniform or mean stream velocity V 

resultant local mean stream x-component of velocity V 

y-oomponcnt of uniform or mean stream velocity V 

•x.r 

w   complex potential function, (9 + l\p) 

v '  complex velocity of uniform stream for Isolated airfoil, 
(Vnr,) 

-... ,. f 

Ifff 
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va' complex velocity of mean stream for airfoil in cascade 

(V "f^l' + vz">  = vx • «y> 
xc'^c  coordinates of point about which airfoil is rotated (centroid 

of vortex distribution for cascade airfoils) 

t coordinate of point where stream function Is computed, 
(x + iy) 

z0    coordinate of point where vortex Is located, (x0 + iyQ) 

anglo of Inclination of uniform stream velocity to x-uxls 

angle through which airfoil Is rotated 

vortex strength per unit arc length at z0 

circulation about airfoil 

central angle of circle 

angle of stagnation point on circle corresponding to leading 
edge of airfoil 

0_    angle of stagnation point on circle corresponding to trailing 
edge of airfoil 

X     angle of inclination of mean flow to normal to cascade axis 
(fig. 1) 

ip    velocity potential on airfoil, B[w(*)] 

tp0    velocity potential on circle corresponding to Isolated airfoil 

9C c  velocity potential on circle corresponding to airfoil in 
'     cascade 

"A °B  values of n   at points A, B, C, D, respectively, where 
'?c'"?n tb0  curve of <p(s0) intersects f2(s,s0) = 0 (Sbe fig- 

'     ure 5.) 

c^jj,  velocity potential at the loading edge of the airfoil 

ty     stream function, I[w(z)] 

a 

P 

r(t0) 

r 
e 
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I. 

i|/B  stream function of mean stream of cascade flow 

tyu  atrean function of uniform stream flowing about Isolated 
airfoil 

.if       mean value of stream function over airfoil 

AV    variation of stream function, 0/  - if) 

Subscripts 1 and 2 wlien appended to V,  V, and Vs indicate entrance 
and discbarge values, respectively. 
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TABU   '.      COORDINATES OF   'jl«   «0. >->„' 

(a)    Values of 

NATIONAL  ADVISORY 
COMMITTEE  rOK  AERONAUT I 

V*-*? 

0 0-05 o.io 0. 19 0.20 0.25 0.50 7.35 0.40 0.45 0.50 

'l \ 
-0.40 1.0257 

- .38 .0292 m _ _ . _ .. .. _ • _ 

-  .36 .0331 

- .34 .03/9 

- .32 .0425 

- .30 .0481 m _ _ - m _ - m _ - 

- .28 .0545 0.0229 

- .26 .0618 .0371 _ _ Ä m m — m m _ 

- .24 .0699 .0497 

- .22 .0791 .0621 m _ m _ .. _ _ _ .. 

- .20 .0894 .0750 m .. m — m _ — m _ 
- .18 .1010 .0887 d.0296 _ _ — m m _ m _ 
- .16 .1140 .1039 .0620 m — ^ _ m — m m 
- .14 .1286 .1195 .0871 _ — — _ 

- .12 .1447 .1369 . 1107 a 0392 
- .10 .1626 .I960 .1344 .0881 

- .08 .1824 .1768 .1988 .1241 0.0494 m _ _ 
- .06 .2041 .1993 .1844 .1972 .110! m _ m _i _ _ 

- .04 .2277 .2236 .2(13 .1896 .159« 9.1014 m m _ m pj 

- .02 .2932 .2498 .2396 .2222 .1966 . 1608 A 1096 . . 
0 .2809 .2778 .2694 .2553 .2394 .2096 .1777 9. 1400 10969 10496 0.0000 
.02 .3097 .3074 .3006 .2892 .2737 .2542 .2318 .2081 .1858 . 1692 .1629 
.04 .3403 .3386 .3331 .3239 .3117 •2804 jjjfiifl P2»»I .2389 i?3S2 
.06 .3728 .3713 JM •359 5 -«JtfS. -JJB4 • 3260 ^3_L32 -.iUifi. • 2969 .2940 
.08 .4064 .4092 ,.40.16 .3996 -JMJ uilSi .3333 juaz .3464 
.10 .4412 .4402 .43/3 «412Z. -*A2hl ^Aiatt .4126 <Jfl5ä .4001 .Mb* .3951 
.12 .4769 i*76.l .4739 .•702 .4655 .4601 .4945 .4403 .«4SI -4423 .4413 
.14 .9133 .3129 .9111 .9082 .904! .9003 .4960 .4030 .4888 .4867 .4899 
.16 .3908 .9993 .9*08 .9466 .9437 .9404 .9371 .5340 .5316 .5299 .9294 

.20 .6269 
uWZ. .5871 .9893 .9630 .9609 .3779 .97» .9736 .9724 .972 • 
.626« .6297 .6243 .6229 .6209 .6185 .6167 .6)52 .6143 .6140 

.22 .6699 ,6693 .6646 .6639 .6621 .6606 .6390 .6576 .6565 .6997 ,6955 

•?• .7044 ,7042 .7037 t*>» •70'8. .7006 .6994 •ay {6974 .6968 «PM 
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TABLE   I.     COORDINATES Or   fjl *-*„,/-/„>   -  CONTINUED. 

y-y0 I a I     Values  of - Concluded. 

NATIONAL ADVISORY 
COMMITTEE FOR AERONAUTICS 

0.05 0. 10 0. 15 0.20 0.25 0.30 0.35 o.*o 0.45 0.50 

J.26 0.7436 17434 0.7430 17424 8.741! 0.7406 0,7396 0.7388 0.7381 ^ 7377 0.7375 

.782» 7828 • 7629 ,7820 .7813 .7806 ,7798 .779i .7787 ,7783 7782 

.30 .8224 ,8223 •a« I •6217 .821 .8206 .8200 .8195 .8191 • 8188 .6167 

.32 • 8620 8619 .8617 ,8614 *£6_!0 .8606 ,8601 .8597 .8594 ,8592 •8592 

.34 .9017 .9016 .9019 .9012 .9009 .9006 • 9002 .8998 • 0997 8995 8?95 

.36 .9419 ,9414 .941 .9411 .9409 .9406 .9403 JUO. .939» 9398 .9397 

.9813 .9812 .9811 • 9810 ,9808 • 9806 ,9804 •2B0J .WPP jiaoi .9799 
.40 

.42 

1.0211 
1.0610 

1.0211 

1.0610 

1.0210 1.0209 .0207 

1.0609 1.0608 1.0607 

1.0206 

1.0606 

1.0204 1.0203 1.0201 1.0201 1.0201 

1.0604 1.0603 1.0602 1.0602 1.0602 

1.1009 I. 1009 1.1008 I.1008 I. 1007 I. 1006 I. 1005 I. 1004 I. 1003 I. 1002 I. 1003 

1.1406 I. 1408 I. 1408 I. 1407 1.1407 1406 I. 1405 I. I4C-4 I. 1404 I. 1403 I. 1403 

.46 I. 1808 1. inn; I. MMg ,'. '807 I. 1806 1. 1806 I. 1805 UtfiOS UdBQA I. 1804 I. 1804 

J0_ 1.2207 I•2207 1-9*» U22Q6. 1.220/ 1.2206 i^22Qi uzsa. •,2204 U2204 • 22Q4. 

-52_ 1.2607 i_26QZ 1.2607 L^fififi. iu$S6. .2ääü i~2fifl£ 1^2603. uaoa 1.2605 1  MOB 
UflOZ i-iQOÄ '•30061 Jfififi. Uififi6LJ0flfi i^soöa i^SflOa UJ5Q05 1.30051.3009 

1.3406 1.3406 1.34061.3406 1.3406 1.3406 '.3405 '.3405 1.3405 1.34051.3405 

tSfi. ',3806 1.3606 1.3806 1.3806 1.3806 1.3806 1.3805 1.3809 urns, 1.380! 1.3805 

.60 1.4206 1.4206 1.42061.4206 1.4206 1.4206 1.4205 1.4209 1.4205 1.420! 1.4205 

.62 1.4606 1.4606 1.4606 •<«* 1.4606 1.4606 1.4605 1.4609 1.4605 1.46051.4605 

.64 1.9006 1.9006 1.9006 .5006 1.9006 1.9006 1.9009 1.9005 [.japs 1.900! I. 9005 

ma 1.9406 1.5406 1.5406 1.9406 1.5406 1.5406 1.9409 1.5409 1.94051.5409 

1.9606 1.9606] '..98ÜV, 1.9806 usasfi 1.9806 1.9806 uaos 1.9809 1.58051.9609 

•tZS. L6206I '.6206 1.6206 1.6206 1.6206 1.6206 1.6206 --63U5 utaasi 1.62091.6205 
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TA81E  I.    COOROIMATES OF '2lx-*0,y-yo» CONCLUDED. 

NATIONAL  ADVISORY 
COMHITTEC FOR AERONAUTICS 

lb»    Values of 

\y-*o 
0 0.029 >.050 1075 7.100 J.I25 0.190 U. 175 0.200 1225 a 250 

•0.40 10258 0.006C 

- .36 .0293 .0191 

- .36 .0532 •9217 

- .34 .0377 .0281 _ m, ^ p. ^ _ m ^p 

- .52 .0428 .034« M m _ » m » «. _ 
- .30 .0489 .0414 - a. . p. _ — ^ «* „, 
- .20 .0951 .0489 0.0219 

- .26 .0629 .0973 .0567 .« f  _ 
- .24 .0710 .0663 .0496 _ +. m p. p. — _ „, 

- .22 .0808 .076« .0625 ä 0256 • *. v m . _ _ 
• .20 .0918 .0882 .0761 .0500 — mr _ m — 
- .18 .1046 . 1015 .0908 .0700 3D 148 — —, m — ^ 
- .16 .1192 .1162 . 1071 .0897 .0571 mr tm _ ~  J 
> .14 .1362 . 1336 .1254 . 1105 .0894 >.03I7 - 
- .12 . 1559 .I535J .1462 .1330 .1123 .0782 

- .10 .1791 . 1769 . 1702 .1985 . 1405 .1157 3.0685 — m ^ 
- .08 .2068 .2047 . 1985 . 1877 . 1717 . 1490 .1160 tUHSli _ - 
- .06 .2406 .2386 .2526 .2225 .2076 .1875 . 1598 . 1204 1.0463 _ _ 
- .04 .2637 .2616 .2756 .2654 .2509 .2517 .2068 .1743 . 1290 ).040fl - 
• .02 .3437 .3414 .3344 .3229 .5072 .2871 .2624 .2321 .1942 .1432 0.0487 
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Exit 

Fig-     I 

diagram   . 

Entrance  velocity   „, agram 
Reflected velocity diagram 

Figure I. - Notation for 
cascade flow. 
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Fig.   7 

Initial  airfoil 
Fln*l airfoil 

""" '•' '"'"A::; airsa- -« - 
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Fig.    9 
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V 

~ Inlt i a I   airfoiI 
First   approximation 
Third  approximation 

Figure 9.   . Assumed  shape an«  #• 
•' tM„  „rrh

0*n 1Z.V•.••"»  .PProxim,tlons •"••lo. cascade  spacing. 
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• SO 
Central «igle of circle,  e.  deg 

Figur« II. - Correspondence beteeen points on airfoil and points on unit circle 
bp ConforMl transformation. 
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