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An exact ¢ n ef ‘oblem of dceigni n airfoll with
0 Proacr ed ve ity distributien ¢ tY suct yurface 1 L iven
ifer Tlow 9 i reselt >t fluid | bta A D
{ 1y 1€ 14 be v by v rt a3, R hie dey e,
a method of sovlution develowed, which 18 applicable betl

transferwatien { ed alifell lute a circle can then be
ued and the velecity distridbutien ny auvgle ef attac!

o] uted, Numerical 1llustiratiens ef the msthed are given fer the

nirfeil in caecads.

3

lated airfells and te airfolile in cascade. The cenferu
il 4
1

INTRODUCTION

The problem ef increaeing the output ver stage in axial-flow
compreseers and turbines invelvse the use of high-selidity (clesely
epaced blades) etages of highly combered bladse. In additien, the
velecity distributien muet be carcfully eelected ae a functien ef
arc length aleng the airfeil (blade sectien) beundary in erder te
aveld flew eenaratien er excessively high lecal velecitiee.

Several matheds are available of ebtaining an airfeil with a
veocribed velocity dietribution when placed in a fixed position in
a uniform strcam. The msthede that lesd te theeretically exact
results are baeed en cenfermal mapning theery. (See references 1
and 2.) In reference 3, Muttsrperl extended the methed ef cenfermal
mapping te selve the problem ef cemputing a cascade ef airfeils with
rreecribed velocity distributien but, fer cascadee with clesely
spaced er highly cambered airfeils, this nrocedure becomes very
cumbereome., Approximate selutions have been ebtained by placing
singularities such ae vertices, seurces, and eirks in a unifeim
etream. Cascades of airfeile can alse be computed by distridbuting
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such singularities periodically throughout the region of the cas-
cade, as deacribed by Ackeret (referonce 4). Becavau tuese vor-
tex methods are not exact, a method has been develored with the
vortices on the boundaries of the cascade airinils., Tuis results
in a theorcticelly exact solutlon without the coamutaition difficul-
ties encowntered in conformal mapning methods for hishl; cambored
airfolls or closely sraced cascades. Furthermure, for the :naue
accuracy in computing the airfoil shape, this voriex method re-
quires thc computation of fewer rpoints thsa the method of couformal
mapping because thcese noints may bLe arbitrarily pleced on the airfoil.
The method may be applied to isolated airfoils and to e rfoils in
cascade. For the cascade, the inflow and diacherie velocities and
a velocity distrivution on the surface o an airfoil arc giveu and
the shape of the airfoil is determined. In some casea, the snacing
of tho blados ix preassigned, which places a condition on the as-
sumed velocity distriuvution, DBofore the airfoll shane haa been
evolved, the velocity diatribution may vo computed for any angle

of attack by the method doscribod in &pvendix A,

THEORY
Outline of Method

In ref rence 5, it is demonstrated that the two-dimensional
potential flow about a body in a uniform stream can ve rcpresented
by substituting for the body a sheet of vortices along its boundary.
The vortex strength per arc lengih at any roint i3 ejqual to the
magnitude of the velocity at that point. A proof of this relation
for the case of the cascade 1s givon in appendix B. The problem
of finding a shape with a prescribed velocity distribution when 9laced
in a stream can then be stated: glver a vortex distribution, to find
a contour which satiafies thc condition tlat it will be a sireamline
in the flow field induced by tho uniform flow and the vortices
distributed on the contour.

i The procodure of finding the shape begins by choosing an
approximate shane and distributing the vortices on it. The stream
function of the flow induced by the vortices and the uniform stream
is computod at poiuts on the boundary of the assumed shape. If

this stream function ies constant, the assumed shane is correct.

g Variations of the stream function are a measure of the deviation of
the assumed shavo from tho correct one. These variations are used
to distort the original shape into & new shape whose stream function
1s more nearly conatant. The process is ropeated until the

- mn - —
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variations becomo negligible. In the .process of shape adjustment,
the velocity is alterod on the pressure surface.

Derivation of Equations for the Stream Function
Isolated airfoil. - Tho complex or reflected velocity w'(z)

(vhich is the derivative of the complex potential function w(z))
induced at the »oint 2z by a vortex of strength k located at

zo is
wiz) = £ -1
Znl Z-2,

A cummary of the main symbols used in this report is given in
appendix C.

The complex volocity, w'(z) inducod by a uniform stream with
complex volocity wu' and a distribution of vortex strength per unit

length 7(z,) alony a curve with coordinates 2o, 1is

d
wi(z) =w,' + -2-3;_1,/‘7_(:%%52 (1)

where ds, 1s tho element of arc length along the curve. The complex
potential at the point 2z 1s the integral of w'(z) with respect
to z, namely

w(z) = zw,' + 2—3"—; 7(z,) log (z-z,) ds, (2)

From reference 1 {notation modified)

7(z,) da, = w'(zg) dzg = dw(zg) = dp(zg) + 1d¥(z,)
where
@  velooity potential, R{w(z)]

¥  stream function, I[w(z)]

vhon equation (2) is applied to obtain the complex potential
function at any point 2z 1in the flow field, the integration must be

-




carried out al the bourdary of the body. Because this curve is a
atroamlino, &y and, thersfore, equation (2) beccumes
w(z) = 2w’ + :—l— [ (z-25) ap(z,) (2(a))
ani /
The imaginary part of equation (2(a)) is the siream function at the
point  z,
; Axox )2 2 (v )2
Vo= = XV o+ 3V, - 5= Log WJxexg)e 4 (5-yo)© ae(ze) (3)
whoie
wy' complox velucity of uniform stream for isolated airfoll,
(Ve = 1Vy)
z coordirate of »oint where streum function is computed, (x + iy) v

zZ, coordinate of point vhere vortex is located, (x, + ly,)
Vy x-component of uniform streem velocity V

Vy y-component of uniform stream volocity V

It i3 convenient to uee the arc length along the airfoil as a
parameter. If (x, y) is a polnt on the airfo’l boundary, then e
will denote the arc length there; eimilarly, e, will donote the
arc length at (x,, y,). The vortex at e, on the airfoil influences
the stream functlon at tho point s on the airfoil, The strean
function induced at (x, y) by a vortex of unit strength at
(-"w" -yo) ia

- 1302, ) m =k dog [(xx )2 + (o)) (4)

A plot in the (x, y) plane of curves for a constant f3(z, z,)
consiste of concentric circles wlth center at (xg, ¥o)-

The velocity at tho point s, cn the airfoil ia the directionnl
derivative o'(s,) of tho potential along the stresmline. If the
velocity along the airfoil has beon specified and an airfoll ehape
hag been assumed, the resultant stream function aloug the boundary
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of the airfolil can be approximated by using the approximate shape in
evaluating the intemal '

')
v(a) = ¥, (e) - £ £1(0, 80) @' (8,) ds, (s)

where

V,(s) stream function at (x, y} due to uniform streanm,
(—xvy + yV,)

1 total arc length of airfoll

All variasbles are oxpressed in terme of the arc-length parameters s
and s,. The inte;ral in equation (5) can be evaluated either

numeriocally or graphically over the sntire range of integration
excopt in the region where a = s-s, is small, for in this
rogicn fl(s, 53) bocumes infinite. This portion of tho intogral

can be evaluated by s pnximating the airfoil toundary by a lins
segment. Then,

T1(s, oy) = -41“- 153 (5-50)2
The prescribsd velocity can be givon in this region, which may be

defined by s8-8 § 0, S s+a, by a Taylor oxpanaion as a function

of 8, about the noint s.

o'(s,) =@'(s) +@''(3) (s,-8) +9—'-2'-;-‘3)- (ao-s)z e

where the primes inlicate derivatives with respect to 8. The
integral is then

f“a (8, .85) @' (8,) ds,
3-8

+a
-j: L log ("o"’)z [cp'(a) + @' '(8) (so-s) + . J ds,

-a 4

1 , Iyt 1.
-;Law(s) (105&-1) +‘a%:—'1§)'(1035"5> + o 0] (6)
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In most casos 1t ig Recessary +o 8¢ only the Tirst term ip oqua-~ .
tion (6), mpue same type of approximation gap be used to ovaluate g
Portion of the integra) if the OPposite gige of the airfoi] cones

(z, y)

p+e
4"1:? peb 108 [:(x—xo)z + (.7'.70)2] ®'(85) d(s,)

™ ZJ;-{¢'(P) [c 106 (h2,|.32) -} 108 (h2+b2) - 2(c-'b) + 2 tan'l h‘c-b!
. h2+'bc

+ 2'?',(1’-)[(ha+c2) Yog (h2+c2) - (hz+b2) log (h2+b2) - (ca~ba)]

i + [cs log (112+c2) -3 log (h2+b2) - § (cs-bs) !

+ 2 (c-d) - 2,3 tan=1 :‘2—(“?"’1 + ., } (6(a))
1“4he

vhere 1 is tle Perpendiculgw distance frum g to the Sogment, '
8, = P locateg the foot of tle Jegaent, (psp) and  (nic) ape the

limitsg of the integrat:on of 84, and upprox:matel:,r,
e
PR = @) - by, T 0 (p40)

@' (p) =P ' (b4b) - p ?' ' (psd)

! @'t (p) =9 ' 1(psb)

Bquation (6(a)) T8y be used vhen tpe line segmont ig not of equay

h8 on nithep gide of tje kerpendicula;: £,p or when ©'(s) op

1tg derivativeg a7 discontirugyg at eithep (D48) op (psc), 19 .
a=ce=.p and h =0, ®quation (g(e); reduces +q equation (g),
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The size of a, b, or ¢ 18 determined by ths rsquirements that the
ssgment in questirn be nearly straight (ths approximation is of ths
second dsgrss) and that ©'(s,) be mccuratsly rsprsssntod by a
Taylor ssries expanslon of few terms,

cade, - The sxprsssion for the complex potential
for ths flow about a cascade of airfoils 1s dsrived in apnsndix B.
The notation is dsfined in rigure 1. The formula, which corresponds
to equation (2(a)) fur imolated airfoils, is

w(z) = zwy' + -2_11:_1_\/‘308 [ﬂin (g) (z-zo)] ao(z,) (7

whars
4a distance betwsen sueccsaasive airfolls in cascade

v,' mean strsan vslocity, whicl i1s ons half the sum of complex
(rsflscted) velooitlss upstroam and downstrsam of cascads,
Ve =~ 1V,
x ¥y

The mean vslocity 17.' oorresponds to the uniform velocity w,' of
the isolated airfoid Ilaw,

The term zw,' 18 ths complex potsntial function resulting
from the mean flow. In ths intogral, the slement d&p indicates ths
vortex elewsnt strongth and -log [sin (x/d) (z-z,)] ropressnts
the complex potential at the point 2z caused by an infinits row of
unit vortices at z,#* nd where n=0,1, 2, ., . .. The imaginary
part of equation ( 73) is ths stream function,

rooml
= - £,(s, 4 8)
V() =y,(s) Jogeo 2(8, 8,) dp(s,) (
whore .
fa(s, 8,) = Zl7r' log [uina -:— (x-x5) + sinh® -:11 (y-yo)]
1is oxprsssed in arc-length parameters and Wm(s) is ths stream

"function at (x, y) inducsd by a mean strcam whoas couplsx velocity
is wy'; that is,

Yy = = xvy + ¥y
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The valuos of (::.9) and (.’.3:'2) for verioue values of f, aro

given in table I, A plot of x-x, and <Y, for constant valuee
of fg(z, Zo) 1e ehown in figuro 2. Thess curves may be interpretod
ae the streamlines of the flow induced by an infinite row of vortices
of unit strength located at the points (xO:!:nd 5 -Vo): whoro
n=0,1,2, ..., In the region of a vortex, the etreamlines are
nearly circlee; that ie, the flow ie nearly that induced by an
isolated vortox. At a distance from the vortex row, the streamlinee
are parallel linee, as in the flow rattern induced by a contiimoas
uniform dietribution of vorticity along a etraight line Inatead of

a row of diecrote vortices. Tho velocitiece on tho two 3idos of euch
a vortex line are of equal magnitude but oppoeite direction,

Thie behavior of f, for Large ChiA) and als» for small
Uy-y5)2 + (x-x,)2] x-x

can be deecribed ae follows: When both °

ae "
N 1
and IJo aro small,
[ ]
( ! %2 2 2 ;
f2(2, 2o) » iz 208 53 (x=x5)% + (y=3o) (9)

— -

vhich differs fram £;(z, 2,) only by a constant. For large values
of ¥*Jo T

RN lrrospective of

andi a conetant term,

£5(2, 25) ™ -L':—;ll- (10)

which ie tho stream function of a uniform etream parallel to the
x-axie,

Equation (8) can be ueed for computing the etream function along
the boundary of an airfoil in caecade just as equation (5) 15 ueed
for the isolated airfoil. Tho integral over the range in tho noighbor- |
hood of the point & ie obtained by ueing equation (9) for fa(s, eg). :
The reeult, dorived in the same manner ae equation (6), is
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e

{av@ [10s(F0)- 1]+ 2L 10g(50)- 3+ . .}

(6(v))

8+a
xL fz(e, so)cp'(ao) ds,

The more general equation (6(a)) is mudified for cascades by
multiplying the argument of all logerithms by the factor nz/dz.

Ad Jjustiment of Shape

If the stream function for the assumed alrfoll has been computed
[ and has boon found {0 vary, the shapo muat then be adjusted to give
U a more nearly constant stream function. The shape changes are made
by rotation of the hody, plus displacement nf the individual points
normal to the mean stream. A succossion of such changes results in
the most general tywo of shape distortion. The rctation is used to
place the front atasnation point properly.

- e - -

, Rotation of the airfoil. - In tho formula for computing the

i atream funcilon of an lsgnlated airfoll, tho contribution of a vortex
elemont at (x,, r,) to the stream function of a point at (x, y)
is dependont meirely on the distance betweon the two points. :
Consoquently, if tho entiro airfoil is rotated, the effect of the !
boundary vortices on tho stroam functlon at any point on the alrfoil
boundary will not chango. Ths off'ect of the blade rotation »on the
atrean function along the boundary is therefore detormined by the
change in rolative positinn of the points in the uniform stream.

The first adjustuent in shapo is a rigid rotation of the airfoil in
crder to obtain a morc nearly constunt atream function along ita
boundary.

. If tho airfoil ias rotated through an angle B, tho stream
function is so changed that Y(s) 1s a function of B and s and
may be written V(s, B). When B =0, WVY(s, 0) is tho original
atream function beforo rotation. After rotation the new stream
function WV(s, B) may bo expanded in a Taylor series about the
point B = 0,

Wis, B) =V(s, 0)+B[M] e e
%® Jpo

e
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Only the firet two terms in this series will be ueed because it ias .
assumed that P 1e small. The angle f is to be detcrmined for

the minimum nean-equare deviation of the etream function from ite :
mean value. Becanee the object of the rotation ie eesentially to . s 1
adjust the ehape of the noee, the rotaticn might aleo be made to ;
reduce the root-mean-square deviation of the etream function to a "
nminimun for a2 portion of the ehape including the nose. i

The mean value of the etream function at any angle 8 is

it 1/, A
U(B) = Uo Y(s, B) d8 = -i/:‘[\l.(e, 0) + B(B-B-(e, BDB:O] ds (11)

The difference betwoen the new etream function V(s, B) and its mean
value V{(B) 13 squared and integrated to cbtain a meagure of the )
variation of VY(e, B) from the mean value at the new angle. The ;
condition for obtaining a minimum root-mean-equare deviation by L
| adjusting B 1o !

| afi S RN Y I 1 dy(e, O 2 :
| o=a—9£ [\V(s, 8) -\v(a)] a“a_q[) [\V(s, 0) +B.M§5—LW)] as

=f’z [\V(e, 0) + p Bile, 0) -Iv‘(a)] [éﬂgg,il - %ﬂ] g (12)
'. 1 c aye, 0)
] o z£ Mg—;;——l [\y(s, 0) +8 gg - ¥(p) ]de

. -2 850 ‘[w(a, 0) +p dUELO) w)] de = 0 (29)

The eecond intcgral vanishes by virtue of equation (11), which may
aleo be used to eliminate W(B) from the remaining torm, The eolution ‘
for B 1le

. =‘£L\V(s) ﬂ(-gﬁ-—g)- de - %[/:I VY(e) ds:":/: d_\lﬁ_g_‘,)_(_))_ de]

(14)

L[ o] -f [T "
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r apply equation (14), a¥/dp must be known at points
£ \ir 5 n the case of the 1ted aire
i1, the contribut T the tic inaffected by the rotation
raf ro,

- 3
_i d 3 g X ,,. 1 \
—— = == («xV. + VV - —_ 4 V., =% (1
¥ ( v X p [
Ir 1 5 8 rotated at t ti int ( .;..): oqua=-
+4 Y ) ec y
b2 t(x-x v (y-y.) Vg
A L
= =
7 A O
|(x-xc) Vy - (- ) (_! (16)
where (x, y) are t c inatea of the polnt before rotation.
For small values of B, cquaticn (16) reduces to
dy :
—‘:- (x-x,) Ve + ‘;,'-v,.) \1; \ )
The choice of (x,, y,) Wi have no effect on the results in this
caso,
t il in cascade is rotated, the change 1n the i~
n of v cos of the adjacent blade rust be cons d, I
the ct " the ated airf ; 1L was unneceszary to consider
the chan in v ff the cca becaunc ti inf c f a
vortex (equat:ons (3), (4), and (5) ende n the function f,,
ch 1 nstant on cles. The influenco of the vortices or
the airfoil ls therecfore independent of directisn, Because th
fs contours are not circles, the rot n in cascade does have an
offect, which is approximated by considering all ¢ od  fo curves
(f2<0) as circles 'n order ti thie effce P vortices
in the re 1 fo< By be e cted during rotatlon. The
offect of n~ll v in the r n fo> s ostimated by
assuming that f, contours r fo> are straight lines
inifernly s B y flow corresponde to> that between two infinite
straight para vortex sheets of uniform strength per unit length,

This flow irdvced the vortices in the region f.>0 1is in the
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x-direction, and the direction of the flow induced by the vortices
for which Y5”>Y¥ 1ia opposite in sense to that induced by the vortices
for which Yo <Y,

As the point being considered is changed, the regionaz for
£2>0, yo>y, and 2 >0, yo<y will include different sections
of the blades, and hence different vorticity, with the result that
the x-velocity couponent Vy 1induced by the vortex eheects will vary
with the point vnder consideration. The algebraic wsum of the
x-component of the uniform flow velocity and the variable x-velocity Vg
induced by the vortices in the region fp>0 18 to be used like the
velocity component Vx in rotation of the isvlated airfoil {equa-
tion (17)). The quantity V, in equation (17) is replaced by the corre-
anonding vx,r (= Vx + vx). The vortex strengtih per unit length at any
point on the airfoil ia equal to ©'(s,) <cnd, therofore, fram equa-
tion (10) the x-component of the velocity induced by the vortices is

r
%—d J ©'(sg) ds,, wierse the integration is carried out over the portion

of the airfoil where fa(s, sy)>0. A distinetion must be made between

the two regions y,<y and y,>y because the induced c-mponents have
opposite direction.

The computed result of rotating an airfoil in cascade depends npon
the choice of (xg, y.) because al/dp 1is only approximate, In order
to minimize the error involved, values of dq;/dﬂ are reduced by
choosing (xc, yc) ae the centroid of the vortex dlstribution on the
airfoil. If the improvement in the mean-square deviation of Y 1is
suwall compared with its original value, it may be preferable to omit
the rotation of the airfoil because of the error inherent in the computa-
tion. The decision should be made chiefly on how ¥ varies at the air-
foil nose and whether it ie approaching a constant value in this region
with succeseive currections of the elhape.

Distortion of the shape. - The stream function computed after the
isolated airfoil lwus beon rotated will, in general, still vary along
the boundary. This variation can be reduced by distorting the shape of
the airfoil. If the distortion is small, the change in distance betwsen
any two pointo on the boundary will be small, although the chanze in the
direction of a serment Joining those pointe may be considerable. The
effect of the distortion on the contribution to the stream function of
the vortices on tle boundary is coneequently neglected. The largest
effect of the distortion will be to change the posltion of the boundary
points in the uniform stream. The airfoil is therefore distorted in such
a manner that the change in the contributiun of the uniform stream to the
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stream function will eliminate the variations in stream function.
For points directly opposite each other on the airfoll, the change
in distance will be of the same order of magnitude as the dlstor-
tion. Consequently, distortions that result in change of thicknesa
of the ailrfolil converge very slowly because of the inaccuracy of the
fundamental assumption on which the correction 1s baaed,

Thus, when the stream function along the boundary of the
isolated alrfoil is known, some number 1is arbitirarily chosen as the
desirod cunstant valuc of the stream function, If Ay =y - § 1is
the difference between the computed stream function at a point and
the desired conatant, the point 1s moved a distance - A\y/v perpen-
dicular to the d.rection of the mean stream, where the direction of
increasing uniform atieen function is taren as positvive, Tho alir-
foil in a cascado is distorted in tho same manner, using tho varying

R SES oo i B Y s o e o

resultant local mean stream velocity \/Vx,rz + Vyz ;3 corrections
are made with \B equal to tho mean value of ¥ on the airfoil.

{ COMPUTATIONAL PROCEDURE FOR CASCADES
{ : Ciholice of Velocity Distridbution

Several factors influence the cholce of the veloclty distribu-
tion for which an airfoil is to be found. Especially in rotors,
sturdy blades are roquired. Long thin tail sections must bo
avolded and where high rotativo speods and stressos occur, overhang
of thin sections 15 likely to induce blade fallure. The radial
distribution of airfoil cross-sectional aroa is also fundamental in
determining thie blade-root stressea. Overhang can be reduced
by proper choico of the velocity diagrnus for the sections, but the
other factors aro influenced chiofly by tho thickness of the section.

The desired thichoss way be attained by first assuming a blade

shape and snacing ond using the stream-filament method of roference g
to campute the velocity distribution over a portion of tho airfoil
that determines the thickness. The spacing mny bo regarded as fixed
but the curvature can be adjustod if local volocitles are too high
for the desirod thictness, This comwutod velocity will then serve

o as a gulde to the chcice of an airfoll velucity distribution, which
should be choson to avoid high velocity peacks ond steep negutive
gradients. If the average of the velocities on opposite sides of 5
the blade camber line is retained in the modification of the velocity
distribution computed from the stream-filament method, the thickness

- will also be retained.
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Because of the irrctationality of the fluid motion, the velocity
integral or circulation around the airfoil must be equal to that
around a blade but over a width equal to one blade epace. Therefore,

f p'(e) ds = I = d(vx,l - Vx,z)
where
vx,l tangential velocity ontering caecade
V'x,g tangential velocity leaving cascade
r circulation about alrfoil
This relation places a condition on the assumed velocity distribution.

If the computations thus far have been made in order to eelect
a velocity dietribution for the airfoil cascade in a compressible
fluid flow, an oquivalent velocity distribution for the flow of an
incompressible fluid must be determined before the blado ehape can
be computed by any method based on incompressible flow theory. For
subcritical flows the directions of the incoming and discharge
velocitiee are tlie same for compressible and incompreesivle flows,
but for inc-mpressible flow the component normal to cascade axis is
the same upotrear and dcwnstream., The Karmdn-Teien compressibility
correction (refcrence 7) or that of Gairick and Kaplan (reference 3)
may be ap)lied to the velocity on the blade surface to eetimats
roughly the corrosponding incompregssible flow velocity distribution.
The resulting veiocity distribution in any case muet eatisfy the
circulation condition. This procedure doee not give an exact solu-
tion for compressible flows, but the resultant compreseible flow will
have approximatoly the desired characteristics of low vreeeure
gradiente and no nigh velocity peaks.

Comnutation of Airfoil Shape from the
Clhiosen Veloclty Distribution

The numerical computation of the quantities involved in the
preceding analysis, particularly the function £, 1s extremely
laborious when tublee of T2(s, 8o) are used, Most of the computations
are therefore executed rraphically. In the caecade example, it was
aesumed that the air entered the cascade at an angle of 45° from the

e -

- e m— -




SRS s NV T R SAPTD 1O T

©h emenah e dAmn € AT 3 AT L T

NACA TN No. 1308 15

cascade axis and was discharged at an angle of -30° from the cascado
axis. The asswied velucity distribution is given in figure 3(a).
The value of the lift coefficient for this airfoil is 3.1. The
shapes of the isolated airfoil and the airfoil in cascade are

computed by the following steps:

1. Curves for constant £, for the isolated airfoil, or
oonstant f, (fig. 1) for the airfoll in cascade,are drawn., This
diagram should be made on some transparent material that will neither
chango size nor shape. The coordinates of the curves for constant f,

are given in table I.

2. A desired velocity 9'(s) 1s chosen as & function of the
arc length of the airfoill (fig. 3(a)). An airfoil shape having the
desired total arc length is assumed and 19 drawn to the same scale
as the plot of f; or f,. The drawing is nedc on grid paper and,
in the caso of a cascado, the x-axis 1s taicn along the cascade

axis (fig. 4).

3. The velocity distribution '(s) 1s intcgrated to obtain
the velocity potentilal ofs). This function is plotted on the same
chart as the agsuited airfoll shape for the corresponding y-coordinats,
as shown in figure 4, by plotting both © and the y-coordinato of
the airfoil against s on a supplemcntary greph. In regions of the
airfoll where y varies little with s, that 1s, whore the airfoil
boundary is parallol to the x-direction, ® should be nlotted

against x 1n the same manner, as shown in figure 4.

4. In order to find the stream function at a point (x, y)
on the airfoil, & plot of fp(s, 8y) as a function of ms,) must

be obtainsd to evaluate the quantity f fa(s, 8o) d(s,) of equa-

tion (8). If the chart of f> 1s superimposed on the airfoll with
one vortex center osvorlaying the point (x, y), the value of fp

may be read at (x,, ¥;) and the corresponding value of ©(Xy, ¥o)
may aleo be read from the plot of ®(X5, ¥o). The value of fy(s, s,)
is tho same as would have been obtailned by centering the chart on
(xo, yo) bocause of tho symmetry of the function., A succession of
values of r; and f, are obtained in this fashion for various posi-
tions (x5, y,) that intersect the f contours, and a plot of
thoso pointa (f;, ®) may be made for the assumed position (x, y).

This procedure is 1llustrated in figure 5 for a particular point
(x, ¥) on which the f5 chart is centered. The readings for =
particular (x5, ¥o) are shown by the arrowed lines. The
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efor qua ) can be used to compute dy/dp, the varilable
juantit X, ° > conmputed. ho vorticos in the 3gion fo>
™ 1 9% e t 1% f X" A- trit bi A alor t e Cca '"11 lx*‘
r v ty inducod b; » distribution i
’ 42
X 4
wher 1s the rt ron psr unit length along the cascade
axia for ¢ . Taorofore,
1T N
v = '(a,) de
L*
where tli 6 7y to t 1 : " N Fos 0,
reglon £,>0, y ntributos positive componont t Vg
whereas tho re n f»>0, yo<y contributos a nogative component. \
The computation i3 aimply carried t by making uso of the fact that
the integral for v, 1s the difference botweon values of o at g
points whore fop . The valuos of ©,(s,), plas), (e, ),

and op(s,) from stop (5) are used 2t this point to obtain

vyl =] 9'(85) 48 = @y - @p +T - (B - 7p) (18)
L

where ] 1s introduced bocause of tho diacontinuity in © at tho
trailing edge. The texm Py -®p + I' gives tho effoct of the
vorticity in the reglon fp(s, 8,)>0 near tho trailing edgo, and
the term og -9p glves the effoct of the vorticity in the

region fo(s, s,)> near tho loading edge. If eithor tho leading
edgo or the trailing odge 1lios in the reglon fo(s, 8,)< 0, only
two points of Intorsection will remain and ono of the two groupas of

torms in eoquation (19) will vanish, Tho quantity %a- o' (80) dag

18 added to tho x-componont of tho original uniform stream volocity
and the quantity :1\{:";‘ f equation (17) may bo computed for a
nunbor of points and tho angle B computed from oquation (14), using
tho valuea of (x,, ,,,.) Just dotormined. After thsso computations
have boon mado, tiho airfoll is rotated through ths angle B, and the

valuo V¥ + B % is assigned as ths value of the strsam function of

the point aftor rotation.
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n of Fxnmples and Techniques

For the ng computed, the stream functiens cbtnined
for the in 111 med shape and the first and seventh approxinma
tivng are plotted agalnst the arc length (flg. 6), which 1s taken as
aro at the tra | ¢ ard proceoeds counterclockwleo around the

nirfoll ns shown in figwre 7. Tho fact that Ay for the initial
shape 1g ponitive over tho first half of the arc length and nogativ
ver the second f indicates that it is t thi bocause the
required digtortion in shape will make it thinnor. The change In
thickness rosults In n chanpge in velnclity distributien uver the pres-
ure aide of t 1irfoll in order te maintain the desired circulation.
Tho valecity that wun origiunlly asswned, which 1a equal to the
vorticlity por unit length distributed on the initial airfeil, is
shown in flgure 3(a) and the velocity ever the final shape in fig-
uro 3(b). Tho length of the prossure side liag increased and the
velocity han decronsed in the proportion of 1l:1.l.

Ovor the secction of tho alrfoil that has collapsed to zoro thick-
nens, the surface velocitios of figure 3(b) may not have been obtzined,
but the loading (eirculation per unit arc longth), which le the
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difference in the velucities on opposite sides, has bsen realized,
. In practice, this collapse is prevsntsd by increasing the assumed
i velucity on the airfoil surface. '

If the Ilnitially assumed ajrfoll shepe has a thickness that
differs considerably from the correct one, the process of shape
adjustment w11l convexrije rather slowly. The lebor can bs reduced,
however, by cauputing the stream function at a few points on the
ajrfoil and locating these points to determine the thickness. This
procedure is followed for the first few approximations until the
thickness of the airfoil is fa.rly accurate. Ths stream function
is then computed at © larger number of points, particularly near
the leading edze, in crder to get more detail of the chepe.

If 2 velocity distribution is arbitrarily specifled, the
resulting shape 1:ay nnt bo & physically real airfoil but may resnlt
{ in a figure-C ur a collapted ahape (zere thickness over a portion i
of the blade). It is then necessary to modify the velocity i
Voo ) distribution tu obtain a real shape; these modifications should be |
eelected to kee) the desirable properties of the original distribu- |
{ tion. Velocity peaiis and steep velocity gradients, which tend to
(. occur on tie suction side of an airfoil, are to be evoided. If the !
: airfoil collapsos, tiac vorticities of the two sides tsnd to cancel : {
each otheor and the remaining vorticity represents tho difference in
velocity across tie thin ajrfoll rather than the velocity along the
boundary.

The meth~d was nls- applied to the design of a thin airfoil
(camber 1ine) in a cascade. The vortex distribution is equivalent
to 1load distributiocn (difference in velocity across the airfoil)
rather than velccity as in the case of a thick airfoil. The
velocity diagram for the cescade and the desired velocity difference
are shown in figure &. The valuo of the 1ift coefficient of ths
resultant airfoil iz 4.1, The initial shape wes obteined by
assuming zero spacing between the airfoils., The initial shape and
the first end third approximations to tlhie eirfoil shape are shown
in figure 9. Thore is very little difference between the second
and third approximations., The third approximation is redrawn in
this diagran to show the spacing between airfolls, The convergencs
of the method 1s shown graphically in figure 10. The varia-
tion Ay of the stream function from its mean is divided by Vd to
mal’e it dimensionless and is nlotted against the arc length along
the airfoll where = = O ut the trailing edge. The stream function
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computed- on” the asdond atproximation s nearly constant, which gives
the third aporéximation almost the samé shane as tlhe secend crie,
The rapid adjustment” of - cawber coritrasta’with the slowadjustment
of thickness, y

Flight Pronulsion Ressavch Laboratory,
National-Advisory Comwittes for Aerénautics,
Clevsland, Ohfo, Marth 4, 1847,
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. = -2V, co 19 . 2v, cos 0, - Lo, (A3)
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The natur: ¢ the conformal iransformation is such that t rati
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Therefore, the velocity @ '(s) on the alrfoil at flow angle @, is

©'(s)  @'e)

= (A5)

v‘(k ":’.‘ "'-( 220,
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vhere the design flow angle is taken as zero. Equation (AS5) can
be used to computo the wvelocity distribution on the airfoil except

at the two noints that were stagnation points at the design angle
of aiteck.

Alrfoils in cascade. - The flow about a cescade of airfoils
can bs mappod conformally Into the flow about a unit cirecle with
two esingular pointe located on the real axis gymmetricelly with
rospect to the center of the circle. These singular points cor-
rospond to the noints at infinity in front of and behind the
ceacade, respectivoly. In a cascads of airfoils, the distance
of thoee pointe from the conter of the circle is uniquely deter=-
mincd by the same cond!tlors the' iutsimine the flow about the
circle In tho isolatcd caso; nswoly, the ciliculation per airfoil,
the velocity potontial at the leading edge, the blade spacing,
and the upetream and downstream flow angles.

The distance from the singular points to the center of the
circle 1s denoted by oK. fThe flow about the circle is such
that the location of the stagnation voints €p 1s determined
by the relation
ain € cos 6,
--E-- L oo A + L atn A (A8)
2vd seinh X cosh K

where A 1s the angle of inclination of tho mean stream to the
normal to the cascedo axis. (8ce roferunce 6 for details). The
quantities I', Vv, 4, and A are known from the flow in the
cascade pla.ne and thorefore equation {(46) provides a ralation
betweun X and the location of the stagnation pointe.

" fhe volocity potential at any point on the circle is

P,0 = !_(!-_ sin A tan~l eiﬁhex - cosA tanh~! :::h I)

- ooa A tanh

T, .jtan@ 'va( .1 810 6p -1 08 6g
+§tan — l.x 8in A tan T X A X

+ .Z-I;-m'l ﬁ]

tanh X a7

!
!
[
{
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The exyression in brackets s a cons“ent so chosen that the potential
will vanish at the stagnation noint corresponding to the trailing
edge of the alrroll, In order to map the cascade on the clrcle, it
is required to find X eo that the value of ,C at 9N the
stagnation point correapondlng to tho leading edge of the airroll,

18 equal to @y, the value of the velocity potential there. In
successive avproximations, a value of K 1is assumed and equation (AG)
18 solved simultaneously with the identity

sin 6 b 2 ’cos 6 \"2 2
Binh ¥ slnh® K «+ km. cosh® K= 1

sin 6 cos
for the variables SIL ¥ casr The solutions of these

equations are

—— e am e e e s e e —-

sin 6B 256. cosh?X sin Azcos }W/coshzl( c052>\ < I‘\? coshX sinhCK

sinh K cosi® K - cos? )

coB 9s 5
obtained from equation (AG) . These solutiuns,

|
1
coshh K '
s8in 6,, cos O sin Op cos 6
N N) and(—-—T: 25T\, are substituted in equa~- g
sinh X' cosh K siuh X cosh K {
tion (A7) to find the value of @; o at 0 = 6y, If P, .(6y) 1s :
not equal to py,, another valuwe of X 1s chusen, un the premise ]
that o <o) will decreasc as K 18 decreased. Wuen & o(6y)
is evaluatca, care should be taken to nse consistont values ¢f the
inversge tangents., After two vaiues of K and cpc,c(GN) are deter-

mined, intermolatjon or extrarolation may be used for new valuos
of K.

When K has been found, it is used in equation (A7) io eval-
uete ¢, . at values of € all around the eircle. A poin on the

oircle corresponds to the point on tho airfoil where P(s) =

c c*
The velocity at the point O on the circle ‘s
jol0e) = B 2 B (@3.9.-2’2.32"
n cosh 2K - cos 26 l_ cosia K cosh K

sin € s8in Op ‘
+ sin "( simh K - imb K Ao)
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and the velocity on the airfoil at any other mean flow angle A 1

is
@' (6) = v o (00) 7245l (a-9)

as in the case of the 1lsolated airfoil,

The designed airfoil was man.ed on the unit circle by the
wethod described. Thv constant K, the natural logarithm of tho
distance from the singular points to the center of the unit circle,
is 0.075, The correapondence of points on the airfoil with those
on the circle 1s rlotted in figure 11, which shows the arc length
of the alrfoll as a function of the central angle of thc circle.
The velocity at any point on ths airfoll for any angle of attack
way be obtained from equations (fa®) and (A3), using the velocity
distribution es in figure 3(b) and the relation betwoen s and 8

1
8
as in figure 11, The ratio v—g-%)}\_) is equal to g_‘; (radians)
c,c\7s

and noed be computed only once for any given airfoil.

- e —
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APIENDIX B

IRRIVATION OF THE CASCATE EQUATION

An equation is to bo doveloped for the complex velocliy at any
point in the field of flow of a fluld rest a row of equally spaced,
congruent bodice, Coordinate axes arv choeen with the origin Inaslde
one of the bodiecs and the x-axis in the dircction of the row.

(See fig. 12.) The bedy containing the origln ie denoted by Bg,
bodies along thu posltive dlruction or the x-axis by B,, B,, etc.,
and along the negative direction of the x-axim by B_j, B.p, otc.
A circle A of emall radius is druwn about the point =z where the
velocity 1s to bu detoaminud. A ructungle R 18 drawn with its
center at th: origin and its eldes vrarallsel to the axee of length
(2N+1)d »ond wldth 2t, which centaine the bodles By - - By
Bg, By .. . BN’ and the cirele A. If a alde of the rectangle
interaccte one or the budicvs, the sidv muy be distorted to go
around tho body with no essential change in the proof. The func-
tion w (zo)/zo-z is an analytical function of z 1in the region

inside the rectangle R but outside the bodies By and the 0
'f circle A.

Thorefore
: r r N r
: v'(z,) w'(z,) ST™ [v'(z) o
; P dzg - Zg <z dzy - p 'y Wdlo = JIB1)

L e /¥

! R A n=-N By

The flrgt integral can be broken up into four integrals, one
along each side¢ of the ructangle, namoly,

{N+1/2)d ~t,
w'(z) w'(x,-1t) . q'[(Ii+l/2)d+iy0]idy
—— Q. = e + : ——
F 2,z O -(¥1/2)a Xg-1t-z %o + TNa2Yeviy,z Vo
-(N+1/2)d -t
w' (x.+1t) w'[-(B+1/2)¢+1y,]
* ——ee— idy,
Xaitez o + (HAP) 0y -z o
(N+1/2)a i t °

»2)
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In an evaluation of these integrals, the function v'(z5) 18
Poriodic, with reriod 4, and approaches a constant value
inf'initcly far from the cascade 5 that is,

v'(x, + 1) >y’ as y, e
and
V(% + 150) —3wy" ap yo -t -

. From the last of these esnditions, it follows that

w'(xo -1t) = vs' (x;, - 1t) + v’
where

"5' (xo - {t)«40 as t -k

Therefore, the firat integral on the right mige of equation (Be)!
is

(M1/2)a [XN+1/2)a
' (xo-1t) ' ax,
Xooitz o =W ot
=(N+1/2)a -(N+1/2)a
~AB+1/2)a
[ vs' (x,-1t) ,
* Xo-1tz — 3% "{ms)
A =(m1/2)a

Tne first of thoso integrals is

‘."‘ (R+1/2)a

ax, N+l/2)d-1t -z
[ 4 [ 4 L]
! j X,-1tz = V1 1°9[ﬂ-tn‘+"1,7)')_z d.-_it—l-z_] =i
-(N+1/2)a

\

88 N—> and t— o, provided that 'ﬁ-—-vo. The last integral
in equation (B3):1g
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sL{Ne1/2)a N {n+l/2)a
/ wz' (X -it) \_*‘ ’ w3'(xp-1t)
.~ dxo = 1 P —
Xo=it-z 4_‘ ] Xn-1t-2
j -(N+1/2)a n'= =N (n-1/2)a

- A1f2a
' {

) A=W ._’ 1/24

Hs'(xo'it)
Tt o

\1/24 N pl/2a

: vs' (x5-1t) \ > N 2(xg-it-z)wy' (x,-1t)ax,
) = Xp-it-z -1t-2)2 -2 a2
' Joy/ea a=1-1/2a (3p-1Emd= =t

If t 1is choson sufficiently lerge so that st'(xo-it)|< €, where ¢
is any nreassigned positive muber, the integrals are less than or

{ equal to
] 1/2a A, pr/ea
: el a® ., ’ 2 |xo-ttez | ax,
J—l/za | % -1t-z| Lzg e g(xo-it.-z)z ) az|
. 1/ed :—:i-x:’-'"‘"_ ) _\j_\ ‘rl/Zd ?-'Jm;;_)z%
| e 4/(—10-1).24-(% i S dase (x, %)%+ (35t -y)2-n7e?

When N-—®, <this quantity avproaches

r1/2a
i

‘j ’_‘icot “E l\/(xo'x)z + (YQ't'y)z ‘ho
-1/24 '

Y

——— —— m— —
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e,

’ This integral 1a Tintte and, hecauss € can be mage arbitrarily -
mall ag t.— ®, the last integral 1n oquation (B3) approaches
Zero, Therefore,

' (N1 /2)a
/ wi(x_ -1t
/ x(\:-‘:t-?)' &, — xtwy !
\/-(N+1/2)d

- - B v,

l a8 N-Yo apg t—3e while % 0., 1 the aame way and undey
; the same conditions, i
!

i FY-(Nel/2)a
i v'(x°+it) ,
| ¢ . -EO“'—"ﬂt-z dxo—-puiwz
’ (B+1/2)a

he socond and fourty integraig on the rignt 8ide of equa-
tion IB2) can be evaluated by combining t)ep, Because w' g

e

w! [(N+1/2)d+iy°J =w'[ -(N+1/2)d+iy°]

and thererore »
/\t vt
w' [(N+1/2)d+1yoj v'[-(N+1/2 )d+:ly°]
' / (N+1/2 )d+iy° z W + -(N+l/2)d+iy° <z Vo
ag t

/‘t ~2(N+1/2)a ' [(N+1/2)d+1y°]

2= 14y,
_/_t (17, -z)2 . (N+1/2)2 42 °

. The velocity ¢ [(N+1/2)d+1yoj 18 bowided for a3; values of Yo3
. that is, there ig & constant y gyuop that [y' [(N+1/2)d+iy°Jj<w.
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dyo - : .
. '(iyo-z)z - (m1/2)2 2| I

2a(M+1/2) w

47
(75-7)% + (N+1/2)2 9252

T 2a(me1/2) v

: .2 lHi'...?.'.):.E_-:--_- ’- tan-1 -—“:_-3-3:-'—_*_-* ~ tan™t e ‘
4/(;1/2)2 a2-x2 L A(Be1/2)7 g2 42 Wir+1/2)2 g2 2 f

I A8 N-9o ang t-—o, this Quantity approaches zero. It has beon
shown, thezefors, that when te—9® ang 1 =0, |

| N .

{ . i

{ ¥ (zo) dz i (w * 7) ) '
S Gt (e v, e (

By the residue theorem,

f!z:-(&). dz_ = 2riw'(z) . J25)

The periodicity of vw'(z) implies that
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N
v (2,) = [z
_z';:z— dz, = t,4nd-z dz,
n == N= =N
B, B

x x
] J m d-zo.')‘/‘E w'(zo) cot a— (zo.z)dzo
By B,
)
ag N-——pow,

When equationg (B4), ((B5) > and (BB) are substituted into
oquation (Bl), the expressicn for the complex velocity is obtained:

v'(z) = %(vl'wz') - 2:'—1./‘3\7' (z5) cot % (z5-2) dz,
B

0 {487)

The complex potential ig ovtained from equation {B7) vy integrating
with respect to z and neglecting the arbitrary constant,

w(z) a z ' + 2:'—{ fw' (z5) log ain'a‘- (z-zo) dz, \XBa)
B

0
't
vhere w,' o T 2 18 the mean streanm velocity,
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APPENDIX C

SIMBOLS

The main symbols used throughout the report are listed here
for conveniunce of reference.

4 distance between succossive alrfoils in cascade

f1= 2 log z_(x-xo)g + (y-30)% |

-

2 .
% (I'yo)_g

£y .4%‘_ log é-ain2 ’.é. (x-x,) + sinh
K natnral logarithm of distance from singular point to

center of circle correswonding to cascede airfolls
1 . total arc length o. alrfoil
] arc~length paramcter corresvonding to 2z
8, arc~-length parametor corresnondoung to 2z,
Ve local velocity on circle corresncnding to isolated airfoil
local velocity on circle corresponding to airfoil in casonde
Ve velocity induced by vortices in region fz >0

A 4 magnitude of uniform or muan stream velocity in airfoil or
cagcade plane {fig. 1)

magnitude of uniform stroam volocity 1n circle nlane
Vx x~-component of uniform or mean stream velocity V
vx,r resultant local wean stream x-component of velccity V
Yy y~componocnt of uniform or mwean strvam velocity V

w complex potential function, (o+ 1)

w ' complox velooity of uniform struam for isolated afrfou,
(v,-iv,)

c o teARGE e
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Pe

sC

Oa,”B,
e, 7D

Pmin

complex velocity of mean stream for airfoil in cascude
Tewp') = vy - 1Vy)

1
(Vm' = é-(wl

coordinatcs of point about which airfoil is rotated (centroid
of vortex distribution for cascade airfoils)

coordinate of point where stream function is computed,
(x + 1y)

coordinate of point where vortex is located, (X, + 1y,)
anglo of inclination of uniform stream velocity to x-axis
angle through which airfoil is rotated

vortex strength per unit arc length at z4

circulation about airfoil

central angle of circle

anglo of stagnation vpoint on cirecle corresponding to leading
edge of airfoil

angle of stagnation point on circle corrvsponding to trailing
odge of airfoil

angle of inclination of mean flow to normal to cascado axis
(fig. 1)

velocity potentiul on airfoil, R[w(z)]
velocity potential on circle corresponding to isolated airfoil

velocity potential on circle corresponding to airfoil in
cascade

values of ¢ at points A, B, C, D, respoctively, where
the curve of (s,) intersocts fp(s,s,) = O (e fig-
ure 5.)

velocity potontial at the leading odge of the airfoil

stream function, I [w(z)]
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me strean funotion of mwean stream of cascade flow

W“ stream function of uniform stream flowing about ieoclated
airfoil

‘1'- mean value of etream funcliion over airfoil

AV  variation of etveam function, (V - V)

Subeoripte 1 and 2 waen appended to w', V, and Vy indicate entrance
and diecharge values, reepectively.
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Exit velocity diagram

Entrance velocity dlagram

Reflected velocity diagram

Flgure 1, - Notation for cascade fiow,
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12l x-xo,y-yol
0.3

Iy-yol

Figure 2. - Plot of curves ror constant  falx-x,,y-y ),
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T lnitial airfoi
— First approximation
Thirg approximation
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Figure i1, - Correspondence between points on airfoil
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