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A Method for the Stress Analysis of 
Helicopter Blades 

•  ■ DANIEL 0. DOMMASCH* 
Civil Aeronautic* Administration 

AMTZACT 

The method of analysis presented herein is applicable to both 
fixed and hinged rotors. Although the equations developed ap- 
ply directly to rectangular blades, the method may be extended 
to cover blades having other shapes.* 

Up to this time, no "exact" general solution has been found 
for even the simplest form of the differential equation governing 
rotor bending moments, although solutions can be determined 
for certain combinations of constants (these solutions are not 
general). Because of the lack of a general exact solution, vari- 
ous approximate methods such as scries, perturbation methods, 
etc., were tried, but convergence was poor in most cases, neces- 
sitating the use of an unwieldy number of terms. 

The solution presented in this paper is based on the method of 
finite differences and depends on the evaluation of a number of 
simultaneous linear equations. The method leads to a rapid 
determination of the bending moment at any point on the blade. 

SYMBOLS 

E — Young's modulus (lbs. per sq.in.) 
/ ■■ moment of Inertia (in.*) 
A - cross ■action Area of Blade (sq.in.) 
w - unit weight (lbs. per in.») 
I - 380 in. per see.1 

m — rotational velocity (rad. per sec.) 
C.F. - centrifugal fore« 
dm — differential mam 
4 — cone angle 
X - axis of rotation 
r ■■ axis normal to Z 
| as undeftected blade axis 
{ - axis normal to | 
5 " length of blade 
/' sa axialload 
5. ■ shear 
M - moment 
a, • — running coordinates 
B m lAw/tW cos #. (lbs. per sq.in.) 

Mt - hinge damping moment 
D m B cos 4/SI, (1/m.*) 

■  w, «tip loading (lbs. per in.) 
x - (1/5) 
m - dr/dl 
B.C. ■■ boundary conditions 
r m W./12BJ 5*. (1/in.*) 
€ - B sm #/8fi/. (1/m.*) 
m m SCS* 
ß -D5*/l 
*. - 4/5» 
X - SOS« 
/(a) - value of function at a 

Received July 23.194ft. 
• Aeronautical 

/.'     - first derivative of /relative to x 
v       - 5* nAw/Rl 
u       - loadfactor 

INTäODUCTIOW 

THK EQUATIONS DEVELOPED BELOW hold for blades 
of rectangular plan form; the development for 

other plan forms follow the same general outline.4 At 
this point it is noted that the assumption normally 
made in beam theory thatEIdf/d? - M, is also made 
here. This assumption implies small deflections and 
negligible lengthening of the blade under load. Be- 
cause of the small deflection notion, the angle for freely 
hinged blades must-be chosen carefully (see Eq. 34). 

In applying this method, certain preliminary work is 
required, namely:    . 

(1) Determine the blade principal axes. 
(2) Resolve the air load relative to these axes (the 

total thrust may be assumed to cause bending about 
the principal axis of «nintimim inertia). 

In line with the assumption generally made in pro- 
peller analysis, only the air load normal to the prin- 
cipal axis of minimum inertia need be sssumed as act- 
ing.» 

Derivation oj the Differential Equation 

Referring to Fig. 1 and terminology: 

Auatf RvtQtlon^ 

> ' 

fls/fertctf fltaws /kfr 

Fso.1 

. -* 
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im m {Aw/iHi 
4CX.-*Hm 
4C.P. - (A*/i)n*dl 

"Let B - (Aw/t)•#•co« #, then, since r - j cos #, we 

dC.F. - 3**** 

At any point {. the total C J. is 

C.P.£ - A// *f| - */2(t» - 5«) (1) 

where the negative value of C.P. is doe to the point 5 
being the origin of integration. 

MOMENT DUB TO C.P. ABOUT ANT POINT 

To determine the moment about the point (f. f) doe 
to C.F., the C.P. may be broken into components 
normal to and parallel to the | us.   (See Fi|. ft) 

C*. •). - (J sin #/2)(p - 5") (2) 

(i#t .). - (B sin #/6)(25" + f - 35»{)        (3) 

Considering now the parallel component of C.P. 

P - axial load - C.F.cos* - (Bcos#/2)tt» - S*) 
(4) 

Moment about (|. f) of aXI.F. cos # is (see Pig. 3): 

«•if-, - w£.F. cos *(») 

but in terms of ■ and r. dC.P. - Bmdu, hence: 

(5) 

Deflected Biade AM/3-. 

A'' i 

1     >»di 

Considering the normal (relative to |) 
CF., 

(ifca).- Bmn4jym 

(U.&-B mm rSJS*1***     . 

«•Af» - £ cos # I 
A/, - Bern* fs'rwdn 

MOMBNT DUB TO Am LOAD 

The moment due to a known air-load distribution may 
readily be found. Depending on the down-wash dis- 
tribution, blade twist, etc., the air loading may vary 
from an approximately triangular distribution to some 
ath degree parabolic distribution or may be defined by 
a trigonometric or power series. Two simple casts are 
considered here: (I) triangular and (2) second degree 
parabolic. 

(I)   THswiwaw tMatribmrtom (Ass ftf. 4) 

If tip load - w„ then w, - (wJS)i, and 

Ja-j/Vl-SU'-S-) (6) 

(J)   Pwjaisin Dfcwlswfssw 

Again let w. - tip load, then w, - (wJ&)F, and 

(6) 
mi   Ahliiiiipiiiili    I- 

> 



STRESS ANALYSIS OF HBLICOPTBR BLADBS 

m 

TOTAL MOMENT 

(I)   THmnnilmr Atr-Lomd Distribution 

*ir--(*) + <5) + (7) 

"-(S-^)(2S-+*--3S-e + 

B coiö I tmdu   (8) 

Sin« If*/*/ - (**/.?). we have 

Let 

D- Bcmi 

(10) 

(11) 
Tbea 

HBT" 

^ - C(25» + I« - 85«|) + D^n-fa   (12) 

(J)   FmmboUc Ak-Lomä Distribution 

M -  -(D + («) + Cm) 

f (o) - r,'(o) - r,'(o) - o 

(B)   HinfdBuuUs 

no hinge damping. 

f(0) - f/CS) - 0; V(0) - MEI 

with hinge damping. 
Eqs. (12) and (12a) may be amplified by considering 

the following:' 

Now: •-£(«)-*•(*).   Hence. K0-i-(Ö-r(Ö- 
0; also, dS/d{ - 0, since 5 is constant. 

Since st does not depend on & 

WMfMfc - «*»(*/rfö 
*/<t - rf[r(«) - «öl/«** - -#/«*« 

Hence, 

(!*>• 
Making use of Bq. (13) and differentiating Baa, (12) 
and (12a), one obtains: 

0 - 3CU» - 5«) - D/2(f - 5^0     (14) 

0-4Jtr-J)-SG{p-59- 
* I>/2({»-^^   (14a) 

(2S» + p-3S"0 + Bcos# Au*.      (8a) 

^ OS-+ f - MW + ^jT«*   («a) 

Let 

Then: 

f» - #/*« (15) 

5? + P/kXf - S»), - 3C({» - 5»)        (1«) 

Let 

F - »./(12E7S"); C - 

^->w.3S«+t*-4S»t)- 

Sain« 
"ÄST 

*v ^ + D/W - 5V - 4f|f - *) -3G(p - 

(10a) Let 

Note: 

l/S- x 

(16a) 

(17) 

C(2S»+e,-35»|) + Z>jT,wrfa   (12a) 

TRANtrORMATION 

Prior to reduction of Boa. (12) and (12a), note that 
the B.C. arc as follows: 

But 

fr/dQWdx) - d*/dx - S(d*/d& 

(d/dx)S(d*/dQ - (d/dx)(d*/dx) - rfV/oV 

S(d/dx)(d+/dQ - *(«V*¥) 

* This equation, when multiplied by B cog #, fires the eqttira- 
Icat ■hear due to the centrifugal load component parallel to the 
laxk. 

3 



JOURNAL  OF  THE   AERONAUTICAL   SCIENCES-APRIL,   194« 

(rfV/4fa^(l/5«) - a>/df» 
Let 

(18) 

m 
Then Bqs. (16) and (lfta) become 

,'+(/>SV2)<*-i)*-3CS«(*«-l)     (20) 

P' + awV2)(*» - IV - IW -1) - 
aOSH** - 1)   (20a) 

Fmalry.let 
« _ no/o     - _ irci 1 

(21) 

freely hinged blades, # it detennined by the condition 
that the moment at the root must be sero. The angle, 
#, which satisfies this condition is given by Bqs. (24) 
and (24a). 

CO 

am 24 - 2gwJSwAm* (24) 

(1)   Fmrmbotic Lomding 

an 2d - •Mw.g/SmA»') 

ß - D&/2,   7 - 4Ä* ) 

E ^ 

a«3CS\   X-3GS« 

And Bqs. (20) and (20a) become 

•.' + ^(*«-l)*-a(««-l)/ (22) 

,' + *<**-l),-7(«t-l)-X(**-l) (22a) 

The B.C. oo •»(*) are: 

(d)  Fissd 

(■)  Hatfarf 

*(0) - •/(!) - 0 

si 

* 

•/(0) - /(l) - 0 

no hinge moment. 

*'(0)-.SJ*VE/;,'(l)-0 

with hinge damping. k 

Note that 

Af-E/^-E/---^- (23) 

Ah» 

* - «/* r - J&M - 4tfV* 
At this point it is noted that the angle * is given for 

fixed blades as the initial dihedral angle (if any); for 

(24a) 

It is interesting to note that Eq. (24) automatically 
gives sero bending over the entire blade. This follows 
from the fact that the assumed sir-load distribution in 
this case is geometrically similar to the distribution of 
centrifugal load and it is possible for the blade to align 
itself with the total load resultant without flexure. 

DEVELOPMENT OP FINITE DIPPEEENCE EQUATIONS' 

A number of methods were tried in an effort to deter- 
mine an "exact" solution to Eqs. (22) and (22a). 
However, except for the fictitious case of d - — 1 
(implies negative dihedral, very stiff rotor), none was 
found. Series solutions were found but the convergence 
was generally considered too poor in the working range 
of 0 to make the series solution of practical interest. 

As a consequence, the method of finite differences waa 
tried, and it was found that this method gave accurate 
results with minimum labor. 

As an aid to those not acquainted with difference solu- 
tions of differential equations, the development of the 
difference equations is outlined below.   (See Fig. 5.) 

The slope st the point e. for any continuous function 
r>(x) may be presented by 

*.' - (A,/As). » (^, - *.0/»A*       (26) 

The rate of change of slope, AV/Ax', is then ex- 
pressed: 

1 
Taaul 

1 s s 4 6 6 7 8 
Point s «• ■•-I ® X Ac* -m X ® X 10« "IX® ©-S 

0 0 -1.0000 -0.00360000 6.00000 0 1750000 -2 1750000 
0.05 0.0036 -0.9076 -0.00349375 4.98760 0.1746836 -2 1746636 
0.10 0.0100 .   -0.9900 '0.00347600 4.96000 0.1732500 -2 1732600 
0.16 0.0225 -0.9776 -0.00344375 4.88760 0 1710036 -2 1710636 
O.SO 0.0400 -0.9000 -0.00340000 4.80000 0.1880000 -2 1680000 
0.S5 0.0035 -0.9376 -0.00334375 4.68750 0.1640636 -2.1640626 
0 30 

ft« 
-0.9100 -0.00337600 

-0.0O21W75 
4.66000 0.1693600 -2.1692600 

036 -0.8775 4.38750 0.1636836 -3.1636625 
0.40 0.1000 -0.8400 -0.00310000 4.30000 0 1470000 -2 1470000 i 0.45 0.3036 -0.7976 -0.00199376 

-0.00187600 
3.98760 0.1396836 -3.1396636 

0.50 0.3600 -0.7600 3.76000 0 1312600 -2.1312500 
li 0.65 0.3036 -0.6975 -0.00174375 8.48750 0.1330636 -2.1230636 
is 0.00 0.3000 -0.6400 -0.00180000 3.30000 0 1130000 -2 1130000 
u 0.66 0.4335 -0.6775 -0.00144375 2.88750 0 1010635 -S. 1010636 
u 0.70 0.4000 -0.6100 -0.00137600 1.66000 0.0893600 -2 0892500 

| 
0.76 0.6635 -0.4376 -0.00109375 3.18750 0.0766635 -2 0766826 
O.SO 0.6400 -0.3600 ** —0.00090000 1.80000 0.0830000 -2 0630000 

17 0.86 0.7125 -0.3775 —0.00009375 1.38760 0.0486836 -2.0486036 
It 0.00 0.8100 -0.1900 -0.00047600 0.96000 0.0333600 -2.0332500 
19 0.06 0.9036 -0.0976 -0.00034376 0.4876 0.0170636 -2.0170625 
SO 1.00 1.0000 0.0000 0.00000000 0 0 0 

H 
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B-^«# j**m**>(900)(1) -^ 
fee per eq.m. 

C - (l/El)[(~J*S) -{Bam #/•)] 

B-(isk»)xl0"-aia61xl°" 
Sine« wJS may vary fron 0 to 0.25 and B sin * from 

0 to 0.483 (approximately 0.5), 

C ranges from +0.58 X 10"« to -1.1 X'10"». 1/m.« 

D - ?Sf - U*l)(0.1»l)(10-*) - 40.6 X 10-« 

F» i 

-x 

-fÄ 
(AV/A*-). - (aw. - 2a. + Sb-i)/*-      («•) 

As Ax — 0, Bqs. (25) and (26) approack tin exact 
derivatives; however, for a continuous function with- 
out singularity, even large values of Ax give 

to the esset solution, 
that a* « AV/Ax*. Bos. (22) and (22s) 

be written? 

SVM + #v-i 4- *sj8As*(s* - I) - 2] - «Ast** - 1) 
cm 

«*i + fb-i 4- *\ß*H* - 1) -1| - 
yAs«(**- 1) - sAn*{**- I)   (I7s) 

of salving these equations is asnstisteil 
ans of three related problems. 

ILLUSTSATIVS BXAMSLSS 

Consider the following rotor blade. 

S - 20 ft. - 240 in. 
chord - 2 ft - 24 in. 
thickness (maximum) - 15 per cess C — 1.6 in. -5 
A* - 0.74 5a - 0.74(3.6)(24) - 63*4 sqia. 
P - 0.0472 as« - 0.0472(34)(3.6)" - 53 85 ss.« 
Sobd wood construction, E- 1.500.000lb* rjersqia. 
w. - 700 lbs per ft   - 58 2 lbs psr in. (sssssssd) 
w - 0.60(62.4) - 37.44 lbs. per ft • - 0.0216 lbs per 

in» 
g - 22.2(12) - 386 in. per esc.« 
•JS - 58J/240 - 0J42 urn. per sq.is (sssy vary 

from 0 to 0.25 spprosissstery) 
•» ■ 300 r p.m./60 (2v) si 30 rsd. psr sac. 
w* - tOO 
sss2s\0to0.5); #. 0* to 15* 

a - 3GS*; 5" - (3.40)« X 10* - 33JO X 10« 
«- +176 to -3.65 

0 - ^ - *y x 10-« X 3.32 X HF - 67.4 

For a lunged blade: 

# - arc ssi (0.242/3.22) - arc aa 0.0752 - 4s ir 

tomcat is a 
loaded by s tri- 

It if desired to ilitmssiai the 
Bard blade having 0 - 70. • - 2. 
angular air-load iliatiilailiisi 

The quantities («<Ax«)(x« -  1)) sad  (AA**) X 
(a4- 1)-2) are calculated below for Ax-005. 

Tabs* 1 sad Bq. (27), the foaowiag sat of tsasar 
■ abtoassd. 

(1) at + ss - 117456**  m -0X0406750 
(2) a. + si  - 117»0a, - -0.00405000 
(1)    as  + as   - 117l083vs  - -0.00488750 

1 

10 

J* 

M 

JOB 

.0* 

| JOUr 
•^ 

JOLf " 

• 

I. -^ ~-'W>tf& 
XJD   ' 

. 
XÄ 

N 

XUl 

a' s .lÄ/VH T 
- 

0 

»•    Care« 

J   X   J   Jf   - 5 J 
*- 

b. 

aa 

B J 

ail MM le's-4«. 

• 

jr 
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(4) n + * - 2.168000*  - -0.00480000 
(5) n + * - 2.164083*  - -0.00468750 
(6) *t + * - 2.150250* - -0.00455000 
(7) *•   +0* - 2.153563*7 - -0.00438750 
(8) *•   + * - 2.147000* - -0.00442000 
(•) VM + * - 2.130563* - -0.00306750 

(10) *u + * - 2.131250*« - -0.00375000 
(11) *» ♦ *• - 2.122083*1 - -0.00348750 
(12) »w + *i - 2.112000*1 - -0.00320000 
(13) *M + *i - 2.101063*1 - -0.00288750 
(14) *• + *■ -2.080250*4- -0.00255000 
(16) *u + Hi - 2.076563*» - -0.00218750 
(16) *!? + *i - 2.063000*. - -0.00180000 
(17) Hi ♦ 4oi - 2.048563*7 - -0.00138750 
(18) 001 +  *? - 2.033250*a - -0.00095000 
(19) Hi ♦ «U - 2.017063*. - -0.00048750 
(20) fH + Hi -2*,-0 

TfceB.CarerfOJ-O; ,'-0 

*0)i 0-*-0 

♦'(1) - 0-(*i-*,)/2A«-0 

fit 

Bq. (20) fire« 2*. - 2*. - 0; or *• - *♦. 
Tto above system of equations it easily solved as 

(1) * - 2.174563* - 0.0040875 
(2) 0» - -n + 2.173250(2.174663* - 

0.0049875) - 0.0049500 
* - 3.725869* - 0.0157891     ■ 

(3) *   - -2.174563* + 0.0049875 + 
2.171083(3.725869* - 0.0157891) - 0.00188750 
* - 5914514* - 0.0341791 

(4) * - -3.725869* + 0.0157801 + 
2.168000(6.914614* - 0.0341791) - 0.0048000 
* - 9.096797* - 0.0631112 

(6)   *  - -6.914614* + 0.0341791 + 
2.164063(9.098797* - 00631112) - 0.0046875 
* - 13.771628* - 0.107085 

(6) *   - -9098797* + 0.0631112 + 
2.150250(13.771528* - 0.107086) - 0.0045500 
* - 20.639375* - 0 1726621 

(7) * - -13.771528*+ 0.107085 + 
2.153563(20.639376* - 0.1726621) - 0.0043875 

* - 30.676666* - 0.2691412 
(8) *  - -20.639375*+ 01726621 + 

2.147000(30.676666* - 0.2691412) - 0.0042000 
* - 45223427* - 0 400841 

(9) *,-  -30.676666*+ 0.2691412 + 
2.139663(45.223427* - 0.4093841) - 0.0039875 
*t - 66.081706* - 0.6107494 

(10)   *t -  -45.223427* + 0.4093841 + 
2.131250(66.081706* - 0.6107494) - 0.0037500 

*, - 96.613207* - 0.8960256 
(U)   *• - -68.081705* + 0.6167494 + 

2.122063(95.613207* - 0.8900256) - 000348750 
*, - 136.815544* - 1.2941609 

(12) *. - -95.613207* + 0.8960256 + 
2.112000(136.815544* - 1.2941609) - 0.0032000 

*• - 193.341222* - 1.8101422 
(13) *« - -136.815544* + 1.2941609 + 

2.101063(193.341222* - 1.8404422) - 0.0028875 
*« - 269.406554* - 2.5756116 

(14) *« - -193.341222* + 1.8404422 + 
2.089250(269.406554* - 2.5756116) - 0.0025500 

*• - 369.516421* - 3.5432043 
(15) *• - -269.406554* + 2.5750116 + 

2.076563(369.516421* - 3.5432043) - 0.00218750 
*• - 497.917574* - 4.7842629 

(16) *7 - -369.516421* + 3.5432043 + 
2.063000(497.917574* - 4.7842629) - 0.0018000 

*, - 657.687534* - 6.3285301 
(17) *■ - -497.917574* + 4.7842629 + 
2.048563(657.687534* - 6.3285301) - 0.0013875 

*. - 849.396774* - 8.1815172 
(18) „• - -657.687534* + 6.3285301 + 
2.033250(849.398774* - 8.1815172) - 0.00095000 

*• - 1069.348457* - 10.3074897 
(19) 849.396774* - 8.1815172 - 

1.017063(1069.348457*  -   10.3074897)   + 
0.0004875 - 0 

2.3023367 
238.197976 

0.0096656 

Note: It can be shown that for this type of loading 
* is a direct function of a, and the following can be 
written. 

*/« - 0.0048328   (0 - 70) 

Further, «v at any point is linearly dependent on a, 
with the consequence that •»' and M are also linearly 
dependent on a. It follows that, knowing M for one 
a, it can be determined directly for any other a. 

Recapitulating: 

*• 
*i 

*t 

*4 

0.0096656 
2.174563(0.0096656) - 
3.725869(0.0096656) - 
5.914514(0.0090656) - 
9.098797(0.0096656) - 
13.771628(0.0096056) - 
20.639375(0.0096656) - 
30.676666(0.0096656) - 
45.223427(0.0096656) - 
66.081705(0.0096656) - 
9ftoM3207(0.0096656) - 
136.815544(0.0096656) 

0.0049875 - 
0.0157891 - 
0.0341791 - 
0.0631112 - 
- 0.107085 - 
- 0.1726621 - 
- 0.2691412 - 
- 0.4093841 - 
- 0.6107494 - 
-0.8960256 - 
- 1.2941609 = 

. 193.341222(0.0096656) - 1.8404422 

i 269.406554(0.0096656) - 2.5756116 

> 369.516421(0.0096656) - 3.5432043 

497.917574(0.0096656) - 4.7842629 = 

0.016031 
0.020224 
0.022988 
0.024815 
0.026025 
0.026830 
0.027367 
0.027728 
0.027970 
0.028133 

0.028243 

0.028317 

0.028364 

0.028394 
0.028409 

' (» 
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STRESS  ANALYSIS  OF   HELICOPTER   BLADES »1 

Tiul 
1 2 3 4 6 6 7 8 

Point ■ *» «•- 1 © X A«« a X® *x® ®-2 
0 0 0 -1 -0.100 —0.0200 —0.7000 -2.7000 
1 0.1 0.01 -0.00 -0.0009 -0.0108 -0.6030 -2.6030 
s 0.2 0.04 -0.08 -0.0006 -0.0102 -0.6720 -3.6720 
s 0.3 0.00 -0.81 -0.0001 -0.0182 —0.6370 -2.6370 
4 0.4 0.16 -0.84 -0.0084 -0.0188 -0.6880 -2.5BBO 
• 0.5 0.25 -0.75 -0.0075 -0.0150 -0.6250 -8.6250 
6 0.8 0.36 -0.64 -0.0064 -0.0128 -0.4480 -2.4480 
7 0.7 0.40 -0.51 -0.0061 -0.0102 -0.3670 1   -2.3570 
8 0.8 0.84 -0.36 -0.0036 —0.0072 -0.2520 -2.2520 
0 0.0 0.81 -0.10 -0.0010 -0.0088 -0.1330 -2.1330 

10 1.0 1.00 0 0.0000 0.0000 +0.0000 -2.0000 

*T - 657.687534(0.0096656) - 6.3285301 

*• - 849.396774(0.0096656) - 8.1815172 

*•-*•- 1069.348457(0.0096656) - 
10.3074897 - 

0.028415 

0.028412 

0.028405 

(8) *• -117.461509* +1.8295749 + 
2.252(216.979652* - 3.4036284) - 0.0072 

* - 371.176667* - 5.8425963 
(9) 216.979652* - 3.4036284 - 

1.133(371.176667* - 5.8425963) + 0.0038 - 0 

3.2198332 

The moments at the stations considered will be de- 
termined later; however, in order to determine the ef- 
fect of larger Ax, <p will be determined first for Ax — 0.1. 

Example 2 

Same as Example 1 except for Ax = 0.1. 
From Table 2, the following system of equations results: 

<f>\ -D.0158173; 

(1) * 
(2) * 
(3) * 
(4) * 
(6) * 
(6) * 
(7) * 
(8) * 
(9) *• 

(10) ** 

+ * 
+ * 

+ * 
+ * 
+ * 
+ * 
+ * 

2.693* 
2.672* 
2.637* 
2.588* 
2.525* 
2.448* 
2.357* 
2.252* 
2.133* 
2.000*. 

-0.0198 
-0.0192 
-0.0182 
-0.0168 
-0.0150 
-0.0128 
-0.0102 
-0.0072 
-0.0038 
-0.0000 

203.563512 

2 - 0.00790865 
a 

Recapitulating: 

- 0.0158173 
- 2.693(0.0158173) - 0.0198 - 0.02280 
- 6.195696(0.0158173) - 0.0721056 - 0.02589 
- 13.645050(0.0158173) - 0.1885425 - 0.02729 
- 29.117693(0.0158173) - 0.4326424 - 0.02792 
- 59.877125(0.0158178) - 0.9188796 - 0.02821 
- 117.461509(0.0158173) - 1.8295749 - 0.02835 
- 216.979652(0.0158173) - 3.4036284 - 0.02840 
- 371.176667(0.0158173) - 5.8425963 - 0.02842 
- * - 0.02842 

¥>7 

ft 

The B.C. give * ■ 0 and *i - * - *• - 0. 
Solving: 

(1) * - 2.693* - 0.0198 
(2) * - -* + 2.672(2.693* - 0.0198) - 0.0192 

* - 6.195696* - 0.0721056 
(3) * - -2.693* + 0.0198 + 

2.637(6.195696* - 0.0721056) - 0.0182 
* - 13.645050* - 0.1885425 

(4) * - -6.195696* + 0.0721056 +    . 
2.588(13.645050* - 0.1885425) - 0.0168 

* - 29.117693* - 0.4326424 
(5) * • 13.64505* + 0.1885425 4- • 

2.525(29.117093* - 0.4326424) - 0.0150 
* - 59.877125* - 0.9188796 

(6) * - -29.117693* + 0.4326424 + 
2.448(59.877125* - 0.9188796) - 0.0128 

* - 117.461509* - 1.8295749 
(7) *- -59.877125*+ 0.9188796 + 

2.357(117.461509* - 1.8295749) - 0.0102 
* - 216.979652* - 3.4036284 

. 

Comparing the above with the results obtained for 
Ax — 0.05, one notes that there is a maximum error of 
1 Vi per cent in <p caused by an increase in Ax from 0.05 
to 0.1 (considerably less work is involved in using 
Ax -0.1). 

Note: * for Ax - 0.1 - * for Ax - 0.05, etc. 
A plot of >p versus x for Ax — 0.05 and Ax — 0.1 is 

given below. 
Since the two curves for <p fall almost on top of one 

another, *' - Shi/El is determined for Ax - 0.05 
only and plotted in Fig. 6. 

Eq. 25 gives 

*•' - Wi - *^0/2Ax 

*' is taken directly from the plot of * 

*•'   - ?^ " 0.222(check *'~ *L m 0.0096656+ 
0.018 Ax 

m *- —    t).016O31 
2Ax 0.1 

_*-*     0.020224 - 0.0006656 

0.05 - 0.193312) 

0.16031 

2 Ax 0.1 
- 0.10558 

« 
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n' - « - «,0022088 - 0.010031 m ooe957 
2 Ax 0.1 

# m *-*^ 0.084815 - 0.020224 _ 0fKW1 

2 Ax 0.1 
«V  - BtZJfi. 0^80025 - 0.022988 _ M 

2 As 0.1 
J - »-«   ooae»3o-o.a248i6_ WBWfi 

2Ax 0.1 

/.aa.»—•«■ - Q.Q1342 
2Ax 0.1 

2 Ax 0.1 
tf . gLUg.OJCTTO - 0.027367 . „„^ 

2 Ax 0.1 
«, . SLZg . I—- 0.027728 . omm 

2 Ax 0.1 
. g-«._ M— - MWIQ . 

2 Ax 0.1 

* - 2^2. "■"-«— - 0.00184 
2 Ax 0.1 

j.aa.iMi.-Miii 
2 Ax 0.1 

~.' - *»-*»    0.028394 - 0.028317     nftrvvrf 

~ "  2* ST 0Ä)077 

„, - «LZ^, ggg^agg! - 0.00046 
' 2 Ax 0.1 

„, - S£~_ "■";«■* _ 0.0002. 
2Ax 0.1 

PIT' 
Pis-**_ 0.028412 - 0.028409 

2Ax 0.1 
ÜJ  •  »i»-»IT    0.028405 - 0.028415     . 
*       ~2Ü öl ° 

_ m-Jgm    0.028405- 0.028412    * 
 B  "iST"^"ar   """° 

Pst'-O 

EmmptaV 
Some as Example 2 except for freely hinged rotor. 

The system of equations is the same as that given in 
Example 2; however, the B.C. are: ?'(0) - »'(1) - 0; 
these give** -*;*«*#. 
Solving: 

(1)   * - +1.093»» - 0.0198 
(2)' * - -* + 2.872(1.098* - 0.0198) - 0.0192 

* - 3.523696* - 0.0721056 
(3)   * - - 1.692* + 0.0196 + 0.0198 +    «* 

2.637( 3.523696* - 0.0721056) - 0.0182 
* - 7.5989864* - 0.1885425 

• Eq. (34) far this cue fives a -0; however, to determine the 
effect of an incorrect choice of #, m is taken u 2. Note that 
« - 0. with the B.C. w'(0) - w'(U automatically gives *' - 0 
at aD point». 

(4) * - -3.523696* + 0. 0721056 + 
2.588(7.598986* - 0.1885425) - 0.0168 

* - 16.142480* -0.4326424 
(5) * - -7.598986* + 0.1885425 + 

2.525(16.142480* - 0.4326424) - 0.0150 
* - 33.160776* - 0.9188796 

(6) * - -16.142480* + 0.4326424 + 
2.448(33.160776* - 0.9188796) - 0.0128 

* - 65X135010* - 1.8295749 
(7) PI - -33.160776* + 0.9188796 + 

2.357(65.035010* - 1.8296749) - 0.0102 
* - 120.126743* - 3.4036284 

(8) * - -65.035010* + 1.8295749 + 
2.252(120.126743* - 3.4036284) - 0.0072 

* - 205.490415* - 5.8425963 
(9) 120.126743* - 3.4036284 - 

1.133(205.490415* - 5.8425963) - 0.0038 

* • 3.2198332/112.693897 - 0.0285715 
*/. - 0.0142857 

Recapitulating: 

* - Vi » 0.0285715 
* - 1.693000(0.0285715) - 0.0198 - 0.0285715 
* - 3.523696(0.0285715) - 0.0721056 - 

0.0285717 
* - 7.598986(0.0285715) - 0.1885425 - 

0.0285719 
* - 16.142480(0.0285715) - 0.4326424 - 

0.028725 
* - 33.160776(0.0285715) - 0.9188796 - 

0.0285735 
* - 65.035010(0.0285715) - 1.8295749 - 

. t 0.0285729 
* - 120.126743(0.0285715) - 3.4036234 - 

0.0286728 
*i, - * - 205.490415(0.0285715) - 5.8425963 - 

0.0285731 

The above result is interesting, since it indicates that 
an incorrect choice of d did not give an incorrect answer. 
In the above problem napping inertia, coriolis and gyro- 
scopic loads were not considered. If the net distri- 
bution of these loads combined with air load were geo- 
metrically similar to the centrifugal load distribution, 
the condition of lero moment all along the blade would 
still exist even if these loads were considered. If the 
load distributions were not similar, small bending 
moments would exist, since, in this case, the blade would 
have to flex in order to satisfy the boundary conditions. 
The effect of a hinge damping moment is considered in 
the Appendix. 

V» 
CONCLUSIONS 

(1) The method of finite differences leads to a rapid 
determination of rotor bending moments. 

(2) For constant chord (rectangular plan form) 
blades of uniform section and weight, loaded with a 

' 
. I 
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triangular load, the bending moments are directly pro-     •»' + Ä** - 1)* - *(** - 1) - X(s* - 1) - M* - 1> 
portional to .a and, hence, to the tip loading. (II—22a> 

AfffKNUZ 

I.   Jniminwji 0/ Formuitu for Uutmmwä 

Anal Load: 

a - PuAw/El 

III.     Ef9Ct$9Jm*** 

Shear with triangular air load: 

Shear with parabolic air load: 

JcOS# 

Since the magnitude of a hinge damping moment i» 
dependent on the angular flapping velocity and not 
alone on the blade position, the angle, # (and, hence, a), 
it indeterminate when hinge moment« due to damping 
are present. The moment distribution can be deter- 
mined, however, if an assumed value of # is 
used. 

The method of determining the bending moment at 
any point with hinge damping follow» exactly the pro- 
cedure of the JMustisliu examples with the exception 
of consideration of the B.C.—in this case, 

*£W-M*i   W-SUJRI 

Assuming a straight line between v>i and es: 

(« - o*)/** - SMJBI 
m - SM.tu/EI + * 

Knowing the relation uctntui * and p* the remaining 
Sj are readily determined. 

//.   Eg*lo/mmd,DmdW**hl 

Tot a rectangular blade of uniform section and weight, 
the dead-weight inertia loading is uniform and has a 
running value of:  niW. where n - load factor and    Hal Bask fiwjssj. lac.. Ns» Tarn. 1M0 
dW - differential blade weight;  but, iW - Jssif;    _■ Hww+S O.A Am TmWmmwU; GM,«S 

hence, nd W ■ nAwil 

Sn - inertia shear - nAwfaUt - «w4w<| - 5) 

<r-*J 
»      Bending Moment: 

Jsf - (£//5)(aV/da); •»' - d+/dx 

Deflection: 
t-Sf.' + 

»wsfcfc, Fwd B.. jjajsjl fhsJsssi gsjtm Ut Bd.; 

jkf, - nAwfJ^Wt - ^(f + S» - 150 

The inertia moment acts in opposition to the air-load 
moment; hence Bqs. (22) and (22a) 

•«saw. j. J. Bmdmt mi B-Mmj 4 
rm.pp »mm4K, N** Yark Uatowstty, IMI. 

O. fatC—»af Em*mif***Ammtyu 
tflmm*rnpmmBmm,9immu4*im 
Mnissjafuw l-USttaf «a» llsreissihslSri-c«s. Wm Yws, 
JimarySSJI.lSSS AVTBOBS Nora: Taub* nliianisw- 

issisiriMn'i 1 lissfUMtBasreiiiMliiillsnwatas- 

S + «*• - IV - •<*• - 1) - •<« - 1) 
(U-M) 

to MI tmtakfi u 

I '   I 1 
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