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A Method for the Stress Analysis of
Helicopter Blades

DANIEL O. DOMMASCH*
Civil Aeronauticsr Adminisiration

AmsTRACT

‘The method of analysis presented herein is wpplicable to both
fized and hinged rotors, Although the equations developed ap-
ply directly to rectangular blades, the method may be extended
to cnver blades having other shapes.*

Up to this time, nn “exact’” general solution has been found
for even the simplest form of the differential equation goneming
rotor bending moments, aithough solutions can be determined
for certain combinations of coustants (these solutions are not
- general). Because of the Inck of a general exact solution, varl-
ous wpprozimate methods such as serles, perturbation methoda,
ete,, were tried, but cofvergence was poor in most cases, neces-
sitating the use of an unwieldy number of terms.

‘The solution presented in this paper is based on the method of
finite differences and depends on the evaluation of & nnmber of
simuitaneous linear equations. The method leads to a npid
determination of the bending moment at any point on the blade.

SramoLs

= Young's modulus (Tbs. per aq.in.)
= moment of Inertia (in.9)
= ¢ross-section Ares of Blade (sqin.)
= unit weight (Ibe, pq-h.')
= 386 in. peroec.?
- mﬁoulnloclu(nd.p-ue.)
.-celnrihnlloru
= differential mass
= cone angle
.= axls of rotation
= pxis normal tn Z
= undeflected blade azhs
= pxis normalto §
= Jength of blade
= axial load
= ghear
= moment
= punning coordinates
-Mﬂmhuhﬁnwth

5 1fw, Bsind

= E\es~ o.)(”h° -
= hinge damping moment. . .
-Beu‘lll-(l/h‘)
-whﬂumnn*)

-/ - :
-‘!‘Iﬂ 1 i
= boundary conditions . ]
‘m wf12EI 8%, (1/0Y)

= B gin #/8R1, (1/10.9
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fo' = first derivative of f relative tn 5
v = Ssdw/El ]
® = Joad factor

INTRODUCTION

EQUATIONS DEVELOPED 3ELOW hold for blades

of rectangular plan form; the development for
other plan forms follow the same general outline.* At
this point it is noted that the assumption normally
made in beam theory that EIdY/d¢? = A, is also made
here. Thig assumption implies small deflections and
negligible lengthening of the blade under Joad. Be-
sause of the small deflection notion, the angle for freely
hinged blades must+be chosen carefully {sec Eq. 24).

hnpﬂmgt!ﬁlmthod.mmhﬂwywku
required, namely:

4} Dehnmnethebhdepnndpdm

(2) Resolve the air load relative to these axes (the

total thrust may be assumed to cause bending about

the principal aris of minimum igertia). :
Mhummm“puﬂmmlymdeapm-

peller analysis, only the air load normal to the prin-

dpnlmdmhumm“dbeuﬂnoduwt-

ing.! :

mq:hwuwm
Rdamngtol"ig lmdmmology:
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dm = (Aw/g)dt .
dCF. = ru'dm
dCF. = (Aw/g)rutd}

LetB = {Aw/g)w’ cos 9, then, since r = § tos &, we
have:

dC.F. = Bid¢
At any point §, the total C.F. is
' CR¢=B/iWt=B(-5) (D
where the negative value of C.F. is due to the point §
being the origin of integration.
. MoxenT Duz 10 C.F, Anour ANy PomNt

To determine the moment about the point (}, ) due
to CF, the CF. m@ybebtohcnintocun':pontﬂu
-normal to and parallel to the  axis. {See Fi}. 2)

s
4

R B
i —by
Fro. 3. & and ¢ SElisaies

Considering the hormal {relative to §) component of
CF., | o

1

(Se = Bandfludt
(M o), = Bsin /s /3 Wedt

]
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(o= (BanoaE -5 @)
(M o), = (B sin 3/6)(25" + ¢* — 35*) (3
Considering now the parallel component of C.F.

P = axial load = C.F.cos ¢ = (B cos 9/2)(¢* — S')“)
Moment about (£, I) of dC.F. cos & is (see Fig. 3): .
dAM, = dC.F. coa 2{)

but in terms of ¥ and v, dC.F. = Budu, hence:
dAfy, = B coa & rudu
My, = Bcosd [ rudn (5)

Mouzxt Dur 10 Am Loap

The moment due tn a known air-load distribution may
readily be found. Depending on the down-wash dis-
tribufion, blade twist, etc., the air loading may vary
from an approximately triangular distribution to some
nth degree parabolic distribution or may be defined by
a trigpnometric or power serics, Two simple cases are

. considered here: (1) triangular and (2) second degree

parabolic,
(N Trienguler Distribution (See Fig. €)
If tip load = w,, then vy = {w./S)§, and

v, w,
3‘-3-_/:(“"3(5'-3')
v, »,
w2 [ugt - foes+e-v0 @

(6

(D) Persbolic Distribution
Again ket w, = tip load, then vy = (w,/57)§, and

v
)
) ]
Y
s
g e
L

(b)

Fio. 4. Al loadiags considered.
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. STRB‘S ANALYSIS or HlLlCOPTlR BUADES' ) ]

s.-gq'j:m-_,—_éw-s') (ﬁ-_)
M- ,_[:i’dilg-%(&?.‘+£‘.-4$'t) (7a)

Toml. Mouent

() Trienguler Air-Load Distribution
M= -3+ 8 +(

M= (5 -2%2) o4 o - a5 +
B cos ¢ Snd's (8)
Siﬂﬂﬂlﬂ-(d‘r/di').wehaw
- aln- B'“"’)(zs-w —as9 +
B—g-‘! ATNC)
Let
¢ - a5 - 2% (10)
D= 2%-5 (11)
Then:
&

&
(1) Parebolic Alr-Load Distribution
M= —(3) + (5) + (7a)
Bsind
0

w,
A= TS (354§~ 48D - X

(S +¢ - 350 + Beos d [ mdu  (8)
d
£ i 5 - 0
”“}"\%"H —3-5’!)+BT°°'3 ‘vudu  (0a)
Let
Baind
F-UJ(IWS'), G-T (lOa)
Then:
= PES g -4 -

G(2S'+£'—35’£)+Dj:ndu.(12n)

TRANSPORMATION'

Pﬂortnltduﬂdeqs. {12) and {12a), note that .

lheBC.mulelon

-C(zs'+e'-a:s‘t)+n_/s'wdu (2’

(A) Pised Bisdes
$0) = ['(0) = ,"(0) = ©
(B) Ringed Blades ;
© HO) = 1y(0) =
no hinge dmpiag.
100) = £,%(S) = 0; &'(0) = MJ/EI

with hinge damping.

Egs. (12) and (12a) mybe simplified byeouiému
the following? .

& [t = [ b+ o2 - i

Now: 9= () — [(£). Heuce,v(t) -I(E) r(t)-
0; also, dS/d¢ = 0, since S is coustant.
Since u does not depend on §,

(d/d8)(ou)du = udu(dv/dp)
do/dt = dmu) HOVdE = —d/dt

fm,- [ (&) rip

(13)*

Making use of Eq. (13) and differentiating Eqs. (12)
and (12a), one obtains:

& = ace - 59 - D/ate - s')ﬁ (14)

h'(s)=10

b = AP~ 59 ~ 368 = 5 - __
D2 - SHG  (Me)
Let 1 '
v = di/d¢ (15
Then: 1
j;: +D/E - She =3 -5 (1)
T+ D/2E = She = AF(E - 59 —36(8 = 59
(160)
Let
¥S==x (17)
* Note: g
(do/d8)(dt/ds) = do/dx = S(de/dE)
(4/ds)S(de/d8) = (3/ds)do/ds) = d'p/ds?
But -

S(8/ds)(de/d) = Sde/3E)

* This equation, when multiplied by B cos 8, gives the equiva-
htﬁumu&emmmnﬂnh
taxls. i

5/
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| 1§ B5e * " freely hinged blades, # is determined by the condition
. o = that the moment at the root must be zero. ' The angle,
(@/ds")(1/S) = Sy/dE (8) ), which satiabies this condition is given by Eqs. (34)
o :
and (24s).
v = /it S G0 bl T
Then Eqa. (16) and (16a) become 0 o

{ °’ + (DS4/2)(x* — l).p- W -1 (20

¢ + (DSY)(x* — Dp = 4FS(x*— 1) =
. . G =1) (20a)
Finally, let d
8= DSi/2, = 4{FS
“a = 3CSY, ;. 3GS* } @)

And Eqs. (20) and (20s) become &

¢+t =Dy =als = 1) (22)

_"-'_- Blat—=1pmy(x'—1)— 1&"7"‘.1) (22a)

vmdt/dt b= Lledt = SS'vds

At this point it is noted that the angle # is given for
fized blades as the initial dihedral angle (if any); for

* sin 2¢ = 2w,/ SwAw® (24)

() Persbolic Losding

sin 26 = */y(wg/Swedu?) - (242)

It is interesting to note that Eq. (24) antomatically
gives zero bending over the entire blade. This follows
from the fact that the assumed air-Joad distribution in
this case is geometrically similar to the distribution of
centrifugal Joad and it is possible for the blade to align
itself with the total Joad resultant without flexure.

‘DeverorMENT OF FINTTR Dirrsrence EqQuations®

[ o Tiei.(‘..ony{x)m: |

B ) Fied iade - A number of methods were tried i an effort to deter-

e . e . .mine an “exact” solution to Eqs. (22) and (22a).

e #(0) = ¢’(1) =0 However, except for the fictitious case of § = —1
' . (implies negative dihedral, very stiff rotor), none was

. o Al } found. Series solutions were found but the convergence
: o0 = (1) =0 was genenally considered too poor in the working range
' ih‘gu‘ ik of # to make the series solution of practical interest.
- 2 ; ] As a consequence, the method of finite differences was
¢'(0) = SMJ/EI; »'(1) =0 tried, and it was found that this method gave accurate
s E % gy v results with minimum labor.

B . A “th u“ ¢ ‘:-x" Asan aid to those not acquainted with difference solu-
3 ﬁ tions of differential equations, the development of the
3 M= ml_’r_ml_'__d_v ) difference dquations is cutlined below., (See Fig. 5.)

g .ag & - Sdx ‘The slope at the point ¢, for any continuous function
Also ¢(x) may be presented by

#o’ = (Ap/Ax)s B (pas1 — wu-1)/24x  (25)

The rate of change of slope, A%y/Ax? is then ex-
pressed:

Tasn 1
R - 1 ‘2 3 5 7 8

Polat » 8 o =1 @® X Ax? “TaX®X1W0 “gXD ®-2
iy 0 0 0. =1.0000 =0, 00250000 5.00000 0. 1750000 =2, 1750000
iy 1 0.08 0.0025 =0.9975 =0.00249375 4.08750 0.1745625 =2.17458258
-.2 0.10 0.0100 . =0,9900 =—0.00247500 4,95000 0.1733500 =2.1732500
3 0.15 0.0228 =0.9775 =0.00244375 4.88750 0. 1710028 =32.1710625
4 0.20 0.0400 =0.9800 =0.00240000 4.80000 0. 1880000 =2.1680000
] 0.25 0.0825 =0.9375 =0.00234375 4.68750 0. 1640828 =2.1640825
] 0.30 =0.9100 —0.&2@0 4. 85000 0.1592500 -2, 1502500
7 0.35 s =0.8775 =0.0021%375 4.38750 0. 1535028 =2, 1535628
a8 0.40 0.1800 0. 8400 «0.00210000 4., 20000 0.1470000 =12, 1470000
9 0.45 0.2028 -0,7975 =0.Q0199375 3.08750 0. 1395625 =3. 1395625
10 0.50 0.2500 =0,7500 =0.00187500 3.75000 0.1312500 =2.1312500
11 0.55 0.3028 =0.0075 «0.00174375 3.48780 0. 1220628 -=3.1220625
12 0.80 0.3600 =0.0400 =0, 00150000 3.20000 0.1120000 =2.1120000
.13 0.85 0.4225 =0.8778 =0.00144378 2.88750 0.1010625 =3. 1010625
14 0.7 0.4900 =0.5100 =0.00127500 2. 55000 0.0802500 =2.0802500
- 15 0.78 0.584825 -0.4376 =0.00100375 2.18750 0.0765638 -=2.07656628
18 0.8 0.6400 =0,3600 =0.06080000 1, 80000 0.0630000 -3 .0830000
iy - 0.85 0. 7225 =0.2776 =0,00080375 1.38750 0.0485025 = 2.0485625
13 0.90 0.8100 - =0. 1900 = 0.00047500 0.95000 0.0332500 =2.0332500
19 .0.95 0.9025 =0,0075 —0.00024378 0.4875 0.0170625 =2.0170825

20 1.00 - 1.0000 0.0000 0.00000000 0 0
-
- e .
L]

.‘.
e
L)
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STRESS. ANALYSIS OF HELICOPTER BLADES 10

1‘, - 322 amcn%md)-w
\ e, fur '
c"(llzni(ﬂm-wﬁ'/‘)].
o B~ T aas X 10" = 0.1261 X 10~

f{ff (1.5)(5.285)
. Siace w,/S may vary from 0 to 0.25 and B sin # from
/’l 0 to 0483 (approximately 0.5),
’ C ranges from 40.53 X 10410 —1.1 x:m-‘. 1/in¢

n-£§_‘ = 3.22(1)(0.1261)(10-) = 406 X 10~
o = 3GS% $Y = (2.40)* X 10 = 33.20 X 10°
a= 4176 to —3.65 ;

_ DS _406
-X £= =5~ X109 X333 X 10 = 674

x"‘m):' Ao Por a hinged blade: : g

O-mm(ﬂﬂﬂ.ﬁ)nmmalﬂu - 4°19'

- Tl _(i) ‘(O»I"'-_O )ISA Esernple 1
. It is desired 1o determine the bending maomnent in 8
(A%/Ax), = (Pau1 = 20 + #u-)/Ax®  (26) fimed blade kaving # = 70, « = 2, and loaded by & tri-
As Ax — 0, Equ. (25) and (26) approach the exact mm[.(u')(' 1)] and X
derivatives; however, for a continuous function with- {x? = 1)-3].,;“,.1‘“.'501 Ax -l:,(:')

out singularity, even large values of Ax give escellent  Prom Table 1 and Eq. (27), the following set of lnear

approximations to the exact solution. equations is cbtained,
bemthnp B A%/A¢, Bqe. (Raad () may (4 218ty = ~0.00408750

2) o+ o = 21732500 = ~0.00405000
pet1+ o1 + malBfAxt(x? = 1) — 2] = ads¥x* = 1) @) o +n —217H000n = -0.00488750
(m 9

ottt o1 toffax(x?—1) - 2] =

yAIx® — 1) — NAXYxt = 1) (37a) b jél

" The method of solving these equations s Mustrated pon % .
3,
L¢

below by means of three related problems. / e’

lecusTraIvE Exasmrins . DRs
Conasider the following rotor blade. I‘

S = 20 ft. = 240 in. L s 08|
chord = 2 ft. = 24 in. “—‘-’:ﬁi’g
thickness (maximum) = 15percent C = 36in. = §
Al = 0,74 bh = 0.74(3.0)(24) = 63.94 sq.in.
I' = 0.0472 3 = 0.0472(24)(3.6)° = 52.83 in.*
Salid wood construction, E = 1,500,000 Ibs, per aq.in.
v, = 700 lbe. per ft. = 582 lbs. per in. (assumed)
w = 0.60(62.4) = 37.44 Iba. per ft.9 = 0.0216 Ibs. per o TS
2 in!?

£ = 32.2(12) = 386 in. per sec.? A ,,.,'
w,/S = 582/240 = 0.242 Ibs. per sq.in. (may vary

. from 0 to 0.25 approaimately)

« = 300 r.p.m./60 (2x) 10 30 rad. per pec. 0J 234346785
o = 000 x>

sin 20(0 t0 0.5); @, 0° to 15° F10.8. Curves showiag relation between ¢ sad 5 40d ¢" and 5.

. 1
.
A - - ’
1 ]
1 . ‘ =

.Jol:

&

R
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(4) o + v1 ~— 2.168000¢, = —0.00450000

(5) » + »n — 2.161063¢, = —0.00408750 -

6) wr + o — 21502505 = —0.00455000

(M o + ¢ — 2.153563¢; = —0.00438750

(8 1 4+ ¢1 — 2.147000p, = —0.00442000

(9) e+ v — 2.130363¢, = —0.00308750
(10) eu 4+ ¢u — 2.131250p, = —0.00375000
(11) on + p1e.— 2.122003¢,; = —~0.00345750
(12) vu 4+ ¢eu — 2.112000¢n = —0.00320000
(13) wu + o — 2.101003¢,y = —0.00288750
(14) vu + eu ~ 2.030250p = —0.00255000
(16) pu + eu ~ 2.076503py = —0.00218750
(18) v + ¢is — 2.063000p; = —0.00150000
(17) o + eu — 2.048503¢;; = —0.00138750
(18) we + o171 — 2.0332509y = —0.00005000
(19) v + ¢10 = 20170639, = —0.00048750
(20) e+ era=2¢0=0 #

TRPC.em o) 0 o =8
v'(1) -o—.(w "1)/24x = 0
_ﬁl-Pu

Eq. (20) gives 2010 ~ 299 = 0; Or p10 = o0
The above system of equations is easily solved as

follows:

(1) » = 2.174563¢, — 0.0049875 °
(2 & = ~o + 2.173250(2.174563¢, —
0.0040875) — 0.0049500
» = 3.725800, ~ D.0157801 0
(3) o = =2.174503¢ + 0.0040875 +
2.171063(3.725800¢, — 0.0157801) — 0.00#88750
w = 5014514¢ — 0.0341791
). » = —2.725800y, - 0.0157801 +
2.168000(3.914514¢, ~ 0.0341791) — 0.0015000
n = 9.00679Ts ~ 0.0831112
(6) v = =5014514¢ + 0.0341701 +
2.164063(0.00679T¢ ~ 0.0031112) — 0.0046875
n = 13771528 — 0.107085
(6) o1 = —0.006797p, + 0.0631112 +
2.159250(13.771528¢, ~ 0.107085) — 0.0045500
= 20.639373¢, ~ 0.1726821
() »n = =13.771528p +0.107085 +
2.153563(20.630375¢; — 0.1720621) — 0.0043875
# = 30.670600p — 0.2001412
(8) w» = =20.630375¢; + 0.1726621 +
2.147000(30.676660¢ — 0.2601412) — 0.0042000
o = 452234275 ~ 0. 1
(9) o = —30.676000p, + 02601412 +
2.130563(45.223427¢, ~ 0.4003841) — 0.0039875
vie = 60.081705¢, — 0.6107404
(10) wu = —45.223427p + 0.4083841 +
2.131250(68.081705¢; ~ 0.6107404) — 0.0087500

vu = 95.613207s ~ 0.8960250 cn

(11) ou = —66.081705p; + 0.6107494 +
+ 3.122003(05.613207¢, — 0.8060256) — 0.00348750
n = 136815544, ~ 12041600

-
.
- »
L]

-
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(12) ¢ = —95.613207¢, + 0.8060250 +
2, 1wono(1:;13.315544,;.l ~ 1.2941609) ~ 0.0032000
e = 1033412220 — 1.8404422
(13) ou = —136.815544¢; -+ 1.2041609 4
2.101063(183.341222¢, — 1.8404422) = 0.0028875
‘P = 20604005540, — 2.5750118
(14) pu = —193.3412225; -+ 1.8104422 +
2.089250(209.406554¢ — 2.5756116) — 0.0025500
o = 360.516421p, — 3.5432043
(15) e = —269.406354, + 2.5750116 +
2.076563(360.516421¢, — 3.5432043) — 0.00218750
on = 407.017574p — 4.7842029 )
(16) ¢z = —360.510421¢, + 3.5432043 +
2.063000(497.817574¢; — 4.7842029) — 0.0018000
13 = 657.087534¢, — 6.3285301
(17) o = —497.917574¢, + 4.7842629 +
2.048563(657.687534¢y — 6.3285301) — 0.0013875
e = 819.390774y, — 8.1815172
(18) ¢ro-= —857.687534¢, + 6.3285301 +
2.033250(810.396774¢n — 8.1815172) — 0.00095000
12 = 1060.348457¢; — 10.3074897
(19) B49.396774¢ — 8.1815172 —
1.017063(1060.348457¢, — 10.3074897) +
0.0004875 = 0

- 23023367
238.197976

Note: It can be shown that for this type of loading
o is a direct function of a, and the following can be
writt_cn.

= (.0006656

w/a = 00048328 (8 = 70)

Further, ¢ at any point is linearly dependent on o,
with the consequence that ¢’ and A are also lincarly
dependent on a. 1t follows that, knowing M for one
a, M can be determined directly for any other a.

Recapitulating:

= 0.0090656

= 2.174563(0.0080656) — 0.0040575 = 0.016031
= 3.725809(0.0006656) — 00157801 = 0.020224
= 5.014514(0.0000656) — 0.0311701 = 0.022988
= 9.006797(0.0096656) — 0.0631112 = 0.024815
= 13.771628(0.0096056) — 0.107085 = 0.020025
= 20.630375(0.00906506) — 0.1726021 = 0.026830
= 30.6706066(0.0006050) — 0.2691412 = 0.027367
= 45.223427(0.0096650) — 0.4003841 = 0.027728
eu = 06.081705(0.0006650) — 0.6107494 = 0.027970
eu = 95:¢13207(0.0006656) — 0.8060256 = 0.028133
fa = 136.815544(0 .0006056) — 1.2941600 =
0.028243

2393593393

* o = 193.341222(0.0006056) — 1.8404422 =

10.028317
P = 200.406554(0.0000656) — 2.5750116 = -
0.028364
e = 300.516421(0.0090656) — 35432043 =
- 0.028394
o = 40T, 917574(01100005&) —~ 47842029 = 0.028400




Tanrz 2 s
1 2 4 ] [} 7 8
. Point x e =1 ® X Ax? aX® X@® ®-12

0 0 0 =1 -0.100 -0.0200 ={}. 7000 —2.7000
1 0.1 0.01 -0.99 -0.0009 -=0.0198 -—0.06030 =2.6030
2 0.2 0.04° -0.90 -0.0000 =0.0102 =0.6720 , =2.5720
3 0.3 0.09 -0.91 -0.0091 =0.0182 =0.6370 =2.68370
4 0.4 0.18 -0.84 —0.0084 =0.0168 =0, 5880 =32.5880
5 0.5 0.25, -0.756 -0.0073 =0.0150 =0. 5250 -2.5250
] 0.6 0.38 -=0.04 =0.0004 =0.0128 ={0. 4480 =2.4480
7 0.7 0.49 -0.51 =0.0081 =0.0102 =0.3570 ) —2.357%0
8 0.8 0.64 -0.36 =0.0038 =0.0072 =0,2520 -32.2520
@ 0.9 0.81 -0.10 =0.0019 =0).0038 =0.1330 =2.1330 .
10 1.0 1.00 0 0.0000 0.0000 +0.0000 =2.0000

F

e = 657.687534(0.0006656) — 6.3285301 =
0.028415
Pu = 849.306774(0.0006050) — 8.1815172 =
0.028412
P = ey = 1060.348157(0.0006656) —
10.3074897 = 0.028405

The moments at the stations considered will be de-
. termined later; however, in order to determine the ef-
N fect of larger Az, ¢ will be determined first for Ax = {,1.

Esampie 2

Same as Example 1 except for Ax = Q.1.
From Tahle 2, the following system of equations results:

(1) @& + ¢ — 26035 = —0.0108
(2) v + e — 2.072¢y = —0.0192
(3) o + o — 26379y = —0.0182
{(4) & + ¢3 — 2.588p, = —0.0168
(5) ws + ¢ — 252595 = —0.0150
(6) ¢r + y» — 2.448p = —0.0128
(M es + o — 23571 = —0.0102
(8) ¢ + 91— 22529y = —0.0072
(9) w0+ w0 — 2.1330, = —0.0038
(10) on + ¢o — 20000, = =0.0000

The B.C.give ¢y = Dand gy = ¢y = g3y = 0.
Solving:

(1) ¢ = 2.603¢; — 0.0198
(2) v = —p+ 2.672(2.603p1 — 0.0198) — 0.0192
e = 6.195606¢ — 0.0721056
(3) ¢ = —2.6035 + 0.0198 +
2.637(6,195006¢, — 0.0721056) — 0.0182
. = 13.645050¢ — 0.1885425
(4) ¢ = —6.195000p, - 0.0721056 + .

2.588(13.645050¢, — 0.1885425) — 0.0168

os = 29.117603¢, — 0.4326424
(5) gy = 13.04505p, + 0.1885425 +
| 2.525(20.117683p — 0.4326424) — 0.0150
o = 50.877125¢, — 09188796
(6) o1 = —20,117603¢ + 0.4326424 +

2.448({59.877125¢ — 0. 9188796) — 0.0128

g1 = 117.461500¢, — 1.8205749
(7) we = —50.877125¢ + 0.0188706 +

" 2.357(117.461500¢, — 1.8205749)

o1 = 216979652 — 3.4036284 -

- 0.0102

: i
L}
e Udn'w

(8) vs = —117.461500: + 1.8205740 +
2.252(216.979652p, — 3.4036284) — 0.0072
ev = 3711766679 — 58425063 -
(9) 216.970652¢x — 3.4036284 —
1.133(371.176667¢, — 5.8425963) 4 0.0038 = 0

- 32108332
203.5635 2

P o~ 0.00790365

a
Recapitulating:

e = 0.0158173 ‘
s = 2.603(0.0158173) — 0.0198 = 0.02280

v = 6.105696(0.0158173) — 0.0721056 = 0.02589
= 13.645050(0.0158173) — 0.1885425 = 0.02729
= 20.117693(0.0158173) — 0.4326424 = 0.02792
= 50.877125(0.0158178) — 0.9188706 = 0.02821
= 117.461509(0.0158173) — 1.8205740 = 0.02835
= 216.979652(0.0158173) — 3.4036284 = 0.02840
v = 371.176667(0.0158173)
Pu = ¢y = 0.02842

Comparing the above with the results obtained for
Ax = 0.05, one notes that there is a maximum esror of
l‘/.peroentinpmmedbyminuuumdxfmom
toD.l {considerably less work is mvolvadmu-ng

Note p;fotAx-Dl-ﬂforAx-OOS. .

AplotdpvmxforA:-OOSmdA:-o.ln
given below.

Smcethetwou:rvuforpfallalnmtontopdm
another, ' = SAM/EI is detﬂtnmed for Ay = 005
only and plotted in Fig. 8. -

Eq. 25 gives

= 0.0158173;

33332

o = ‘(P_-H‘- Pe-1)/2
»' is taken directly from the plot of ¢. -
i ‘%}; - 0.222(cheek o't 2L = 00096056+
005 = 0.183312)
ey U n_"0.016031 i =
4 g . B s

o =t 0.020224 ;lo.w - 0.10858

— 55125003 = 0.02842

L T




-\ L] b
” - .
' -1~ o 0.022088 — 0.016081 '
7™ 01, s
+ o ® = v 0.024815 — 0.020224
= i - () 1
oo Tar & 0.0450
- Taax 0.1
o = T % 0026830 — °m“-o.oams
“dAc - . el
s P = v 0.027367 ~ 0.026025 _
» s T o
) P 0027728 — 0026830 _ o ooe
o T T T T "

o = DS 0027970 — 0.027367 _ o ooorn
« e 01 -
M= 0.028133 — 0.027728
ol T 01 i
+ o P = o _ 0.028243 — 0.027970 _

O T R i
_m ou_ 0023317 - 0.028133
ok e

e._vu-.n 0.028364 — 0.025243
] Y il "ol = 0.0012
. ou — ou_ 0.028304 ~ 0028317 _
e 2ax 01 g
vu = ou_ 0.028400 — 0.028364
i & ‘28z . 01 T
o = gu_ 0.028415 ~ 0.028304 _
g5 3ds. o R e
o = DS eu_ 0028412 = 0.028409
i E 3‘: [ o-l ]
C o’ I et 0M—0m15_0
2Ax 0.1
' o P00 = #ne_ 0.028405 — 0.028412 _.
L e 0.1 E
.9..'-."0 N
Esemple 3% "

* Same a3 Example 2 except for freely hinged rotor.
The system of equations is the same as that given in

" Example2; however, the B.C. are: ¢’(0) = /(1) = 0;

"th-egweh-m = o

R ,,-+1oean-oows

@) % =~ + 2.672(1.603,» — 0.0198) — 0.0102
‘v = 3.523606p — 0.0721056

(3) o= — 1.602¢; + 0.0198 +0.0108 + -~-

. - -3.637( 35230064 — 0.0721056) — 0.0182
» = 7.5089804p; — 0.1885425

elutdmhcamtehohdo.-khkmu& Note that

..emmnc.-'(ol-v'(l)wwhlrdmv =0

ltﬂpehh. ‘

. i ] -+

*Eq. m)h-thhuulimc-o however, todetumhetlle'
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(4) w = —3.523606y, 4 0.0721056 +
2.588(7.508086y; —~ 0.1885425) — 0.0168
= 10.142480p, —0.4326424
(5) w» = —7.508086p, - 0.1885425 +
2.525(16.142480¢ — 0.4326424) — 0.0150
» = 33.100776p — 0.9188706
(6) oy = —16.142480p + 04326424 +
2.448(33.160776¢, — 0.9188706) — 0.0128
o1'= 05.035010p; — 1.8295740
(N o = —33.1807T70¢, 4 0.9188790 +
. 2.357(65.085010¢ — 1.8205740) — 0.0102
» = 120.126743p, — 3.4036284
(8) oy = —65.035010p + 1.5205740 +
2.252(120.126743¢, — 3.4036284) — 0.0072
» = 205.400415y, —~ 5.8425063
(9) 120.126743¢; — 3.4036284 —
1.133(205.400415¢, —~ 5.8425063) — 0.0038

w1 = 3.2198332/112.603807 = 0.0285715

p.,.l'- 0.0142857
Recapitulating:
o = = 0.0285715
v = 1,603000(0.0285715) — 0.0198 = 0.0285715
= 3.523006(0.0285715) — 0.0721056 =
RS L 0.0285717
# = 7.508085(0.0285715) ~ 0.1885425 =
0.0285719
» = 10.142480(0.0285715) — 0.4326424 =
0.028725
m .= 33.160776(0.0285715) ~ 0.9188706 =
00285735
1 = 65.035010(0.0285715) — 1.8205749 =
0.0285729
o = 120, 126743(0.0285715) — 3.4036234 =
p 0.0285728
P = gy = 205.490415(0.0285715) — 5.8425063 =
0.0285731

The above result is interesting, since it indicates that
an incorrect choice of & did not give an incorrect answer.
In the above prohlem flapping inertia, coriolis and gyro-
scopic loads were not considered. 1f the net distri-
bution of these loads combined with air load were geo-
metrically similar to the centrifugal load distribution,
the condition of zero moment all along the blade would
still exist even if these loads were considered. If the

Joad distributions were not similar, small bending

moments would exist, since, in this case, the blade would
have to flex in order to satisfly the boundary conditions.
The effect of a binge damping moment is considered in
the Appendix.
*

Coxcrusions
(1) ' The method of finite differences leads to a rapid
determination of roter bending moments.

(2) For constant chord (rectangular ‘plan form)
blades of uniform section and weight, loaded with a

/
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1 i ArrFeNpdIx
! 1 1. Summery of Formulas for Untapered Dlades
I P.-”"""(e' sn-29w-mg
Shear with triangular air Joad:
w, Bnn‘
=\~ )(E'
&urmthpnnbnlicairlud' .
S=B@-mn-2Fte-9-
Bcosd o O
. "T"(f"s')&
% Bending Moment: ‘
1 - M = (EI/S)(dy/dz); ¢’ = do/dx
Deflection:
=5/ vis

- I1. Effect of Biede Deod Weight
For a rectangular blade of uniform section and weight,
the dead-weight inertia loading is yniform and hes &
running value of: sdW, where # = load factor and
dW = differential blade weight; but, dW = Awd};
hence, nd W = nAwd}.

Sy = inertia shear = ndw fs'dt = ndw(t — 5)
ndw
= naw [ faer =220+ 5 - 250
The inertia moment acts in opposition to the air-load
moment; hence Eqs, (22) and (22a) become:

o+ B =g =alx? = 1) =n(x=1)
(11—232)

" where y = Swdw/EL.

I, Kfects of Ringe Demping

Since the magnitude of & hinge damping moment is
dependent on the angular flapping velocity and not
alone on the bisde position, the angle, # (and, hence, a)
is indeterminate when hinge moments due to damping
are present. The moment distribution can be deter-
mined, however, if an assumed value of i
used.

‘The method of determining the bending moment at

of consideration of the B.C.—in this case,

%’n’ = My o = SMJ/E!

Assuming a kit Bat Bivwion prind ov:

(» — w)/ &xr = SM,/ET
"= 5‘_’4“/”‘}' e

MNMMQM'“&[*
w are readily determined.
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