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A HÄIOHT DATA SMOOTHING MECHANISM 

The schematic diagram of a new typ« of height data 

smoothing meohsnism Is shown In Figur« 1. The discontinuous 

haight data alt) la fad Into the Input shaft at lntarrals. 

This drlras a differential, connected also to the ball car- 

riage and roller of an Integrator whose disk Is turned by a 

oonstant spaed motor. A correcting handwheel and the Inte- 

grator roller feed another differential whoae output Is the 

output of the deTloe. The output and Input of the naohine are 

oompared through a differential feeding dial. The operator 

is supposed to turn the handwheel In such a way that the posi- 

tiv« and negative oscillations of th« dial about z«ro are 

•qual. 

lb« actual height of the target hit) la a continuous 

funotion of time and we may assume that Just after each read- 

ing alt) la an approximation to this. Thus hit) and «It) might 

be aa shown in Figure 2. 

Th« shaft y(t) dearly satisfies the aquation 

ID y ♦ J r - «(t) • 

The z shaft satisfies 

(£) xlt) - y(t) ♦ alt) 
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and the dial reads 

(3) D(t) - e(t) - x(t) . 

During the period between height readings the position of the 

e(t) shaft Is constant, say elt^), the reading taken at t&9 

7 * J r - «(V 

y- •(Xn) * Alle■'"lt"tn,  t^ - t < 1^ + x . 

Slnoe y Is obviously continuous, it will follow a ourre con- 

sisting of a series of connected exponentials, each with the 

sane tine constant, i • The continuity of the ourre implies 

e(ta) ♦ Aa e 
-«Vrt1 

- •ihrt) * Vi •' 
-m.0 

-«(ta+x-tn) 
^n*l " ^n •        " «tVl> * •(tn) • 

Assuming the intervals between readings the same, say a seoonds, 

the response y for two different time oonstants m^a - In £ and 

m2a ■ In 10 are shown in Figure 3. 

Die larger the time constant, the more the lag in 

response of y(t), but the smoother the ourre* This may be 

seen another way: the e to y system is equivalent to an R, 

L oiroult with position of shafts analogous to voltage as shown 
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la figure 4. With f; small y follow» • olosely including the 

irregularities. With -g largo y(t) is smooth compared to o but 

lags considerably. 

lfOToaont of the handwheel do«a not affoot y(t) but 

shifts x(t) up or down with rospoot to y. If tho operator 

turns tho wheel to giro equal positive sad negative movemeats 

of the dial, it may be seen that in the "steady state" (say 

with fit) - at) there is s oonstaat lag even whoa the damping 

is low sad the Interpolation nearly linear. In this oase the 

systea bridges linearly between the mid-ordinates of the steps, 

while actually it should bridge between the points (tg + 0). 

With higher damping the shape becomes worse but the Interpolated 

exponentials are nearer to the true ourve aost of the tine* «<e 

shall find a formula for the best tins oonstaat of the system 

under the following assumptions 

1* That the "beet" time constant is the one making the 

aotual error least in the moon square sense. 

•• That we may take as the true ourve, so far as our 

knowledge goes, the linear interpolation between 

the points tg ♦ 0. This may be justified by the 

fact that the devioe eaanot in any way perform 

higher order interpolation - the ourve y(t) is eon- 

vex upward whamsvor e(t) Increased in its last step 

over tho final value of y from the preceding step, 

and this is quite independent of the ourvsture of 

e(t). 

f 
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3. That the «/»tea la la a "steady atata", that la, 

that la the atap under consideration y(t) ends at 

the aaa» diataaaa balow e(t) aa It was Just before 

tha atap. 

4* That tha atapa ooae at approximately equal inter- 

nals of a seoonds» 

Aa interral under these condition* la shown in 

Figure 5« Hare «a aaauaad that tha handwheel «aa turned to 

gire a ratio of -2- aa defleotlon of the dial Juat after to 

juat before a atap« 

We hare 

y- Aa 
-at 

with 

Henoe 

alao 

y(e) - b - y(a) 

A - b - A e" 

A - 

1 - • 

±JL 
-at 

1- a" 

x - 7 - 7(0) *o 

1 - e-"* - b fc-SJl   ♦ 0 
1 - e 

-am 
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The integral of the squared error per second is then 

5 ■*[[. 

i-=-i -at 

1 - e* 
♦ o ♦ •]' dt 

1.1 
!fl 

dt 

«here k m £ 

letting     D .1 

U>8 - A i* 0»)      * |Ww?J du 

■tft 
♦ u   ♦ (1 - gj 

(l - •-» ) 
♦ I ku 

-2k A-Z-l 
-DU 

1-0 -D 
- S u i - «-*H 

1 - o-D J 
du 

-*[*• id* 1 
■      (l-.-0)" u • * e Ä ,-Du . o 

-«DU| 

rr 
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a "♦♦♦T^E-«*-"'-4^ 

.1 
• I (S * r}      TT  D»  U.#-D)8      ID (1 - e-»)   J 

It la «Tidsnt fro« phjraioal oonaidaratioaa that tha «lalm of 

this axpraaalon oeoura for a fairly larga D. In faot tha arrer 

ourra waa plottoa for k - .6 (Ilgura 6) and tha »lal—> la aaoa 

to ha at about 7 or 8. With D thla larga tha ahoro azpraa- 

aloa la Tory naarljr aqual to 
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*-i[l*»»**l«f*»*i-"*«i;,,M] 

alnoa a"D la T»ry nail.    lb looate tha ■tali« «• bar« 

fl,mm-A-MJlJUfcLsJLU^JttlJLlJU  ,p 

(6 - ek) D - 16 

5 - 4k 

lor  k-^ 

1 - 8 

Since th« mlnli« la ao flat (Figure 6) tola fomula la oar- 

talnly oloae enough. However a aaooad approximation may ba 

found aa follows: for z small m     • 1 ♦ x. Ualng thle In 

tha axaat axpraaalon to eliminate the denominator» «a gat aa a 

aaoond approximation 
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U5-0--8 ♦ (8-4k) D ♦ [6D (DO.) ♦ 8D* (k-1)] e"*D*eD (D*l) e"80 

Using the first approximation to obtain the valuea lnYolrlng 

exponentials, a better value nay bo obtained, lor k - •= tho 

■ooond approximation 1» D - 8.03. Tho first and aoooad approxi- 

mation« aro plottod la Figure 7» 

With k - •» tho aurre x(t) la plottod for an iatorral 

with tho «boat« D, In Figure 8. It will bo aotod that tho 

ourro la highly damped la oompariaoa to tho tine between read- 

inga. Tho RMS error la thoa equal to 

i-ß¥- * 
It la latoroatlag to oompare tola with tho RMS orrora obtalaod 

ander other ooadltioaa. If the derloo la aot uaed at all, bat 

a dlreot ooupllag made between the Input aad output, tho RMS 

error between the atop faaetion and the linear interpolation 

between polnta ^ + 0 la 

on 
] dt 

I. 877 
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■o that the RMS «nor ha« been reduced to 40% of tills value. 

In figure 9,  th« output of th« smoothing meohanism, 

x(t), la plottod for a oertain forolng function o(t)( ualng 

tho "boot" value of a« Zt any appear that the output la still 

far froa smooth,  and this is in a sense true, but it snast be 

remembered that the variations in e(t) are hero greatly ex- 

aggerated over «hat would be ezpeoted in praotioe. 

Finally it should be pointed out that a very mater- 

ial improvement in operation oould bo obtained if the opera- 

tor mere trained to turn the handmhoel to obtain a ratio ■£ 

»«., t. »TO th» A. m.. l*-™r. «Od ^».tt, b. 1- 

practical. 
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