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In Part I a method of analysis of linear carrier freoueney systems is 
i?^?*^» P1* applied in particular to parallel "T" eervos using the 
Uienl two-phase control motor. Improvements are described by the 
Nyojiist Bode prooedure for analysis of a feedback amplifier or servo- 
mechanism. 

Part II contains detailed design procedures and tables of values for 
various forma of parallel "T" networks. The several forms arise fron 
the fact that there are five time constants in the parallel "T", four 
of which are Independent. The renaining degree of freedom may be used 
to obtain the most suitable input and output impedances for the source 
and load impedances with tihich the parallel "T" is to be used. 

Part III contains deaign formulae anu tables of values for Bridge "T" 
and V.ien Bridge proportionrl-derivative networks. 

In Part IV various methods of obtaining the required 90* phase diff• rence 
of the 60-cycle voltages on the fixed and control winuin^s of the Diehl 
motor are discussed and compared. In order to obtain a large phase shift 
it is necessary to add either a ai ri.es input or a load impedance to the 
parallel "T", or to use a phase-shifting network preceding or following 
the parallel "T". Formulae and tabi's of values for phase lag networks 
are given. 

In Part V tolerance requirements on the ca.iponeiit3 of parallel "T", bridge 
"T", and phase lag networks are derived. 

Finally in Part VI the method ic Indicated by .naans of which the deaign 
formulae of Part II were obtained. 
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PARALLEL »T» STABai7,IW5 HPTtinBKft Pf» AC SKRVfR 

Part X - Introduction 
CAHHIUt FKteUENCX SXifthitS 

The reader ls ersumcJ lo bf fa.id.llar »ith olercentary 
Laplace transform theory, the mo-iarn äquivalent of the Heaviaide 
operational calculua.    This subject is excellently presented 
in the recent took:    Uardner-Barr.sa, Transients in Linear Systems. 
Vol. I. 

1.    Condition JTor, Ecuivalence ta a d.c. System: Quadrature Voltage 

O- 
Input 

■■■ 

•h 
0_ 

0(p) 

The steady-state output of 

a linear system for a sin- 

usoidal input may be cal- 

*ig. 1 

____^)ut-)ut -minted conveniently as 

follows. Let the trans- 

fer characteristic of the 

linear system be G(p), as 

in Fig. 1. In complex 

representation, for an input E, - ex.-  (Jut), the output is E_ ■ G(Ju) 

exp (Jut). For an input E, ■ exp (-jut), the output ls E_ • U(Ju>) 

exp(-Jwt). (A bar over a complex nucber inuicates tne conjugate 

complex nuobtr; thus if ■ • A • JB, then N •> A - JB.) Ta calculate 

the output for a real input, say cos ut, apply the principle of 

superposition: E^ • coa u>t • ^ [exp (juit) ♦ exp (-Jut)], and the 

(real) output ia *2 " 2 fG(J*J)exP(-3'Jt) * c(ju>) OXF (-jut)]. 

Let a denote a modulating angular frequency, w the 

carrier angular frequency. Suppose a modulated carrier E, ■ cos 
1 ■nt coa u   t o 2 fexp[j((i>0 • m)t] ♦ exp [-J(u>0 • m)t] ♦ exp [j^ . m)t] 

* exp [-j(u   - m)t]J is iapressec on the linear system G(p).    Then 
the output la   E_ - 4* £[J(««0 • ■")] «*P [JH. • ">>*■] • G[j(uo - ■)] 

xp [j(w„ - m)t]> - | ■ | G[j(w   ♦ ■)]! exp 
o '        "V o 

cos [(u   ♦ m)t ♦ 0] »iGtjfw   - m)] co« 

[(<*   - m)t ♦  1/ ] where 0 - <G[j(w0 ♦ m)], i'-<0[j(w() - m)].    Thia may be 
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expa.ided In the form *-2 ' 2 / crj(ö-'0 ♦ "031 {cos (nt » 0^)00» 
(wot ♦ 02) - «in (at ' 0X) »in (uj * 0J) ♦ |/Gfj(«0 - ".)]/ £< 
(«rt « y^Jcos (wot * p2) ♦ sin (mt ♦ V^)»in (<»>0t + %) )■ where 

0j, 02i ^, l//2   are arbitrary angles such that 0j ♦ 02 ■ 0i J'j - J^ * ^ 
We take V, - 0, <fz - 0^ to obtain the fjrm   R2 - * £/afJ(*°0 " B)J/ 
♦ I 0[j(«»o** n)f/Jcja (rat ♦ 0^008 («>ot « 0j) ♦ ^{/Ofj^0 - a)]/ 
- /C[j(<"0 • *)]J/»Ül (at ♦ 0j) »in (w0t * 02), 0X - | (0 -^), 
0« ■ 5 (2 ♦j*'),     which ia a resolution into a main component 
and e quadrature coapwient having the stininua possible amplitude. 

The ar.plituie of the main '"omponent la the average 
of tho amplitudes   0       tad   0 "i   of the upper and lovier aide- 
bands; the phase of the ttrrloi* is the average of the phaaea 
of the respective aiaeb&nds, »hlle the jioiulatiun phase ia one- 
half the differencet    The amplitude of tho quadrature coraponent 

la one-half the difference 
of 'he solitudes of the xO mod. 

0* mod. cnaso 
l)wer and upper aidebandaj 

0# carrier li 
1 r. "I J 1 + the quadrature 

and aide-   component laga the main 
ana p. as 3

Cja.5onentf and the carrier 

and modulation phasea of the 
p.      j^ cjadrature component lag 

those ot the r.mir» component by 93*.    The relationships between 
the sidebands, main component (ir.c). «uadrature component (o.e.), 
and their rhise ang'.ee, are indicated veetorially in Fig. la. 

Evidently if the amplitude jharacLeriatic of the linear 
erstem C (p) ia ry.nel.r'ea; about the carrier fr« .u-.r :; , 

/t»[j(»   - ra)]/"/Cfj(u   ♦ ■)]/, the qusd-ature coirponent disappears, 
and the effect of C(p) is similar to the effect of a d.c. system 
on the modulation, with a ph&s»? rinUt 0~ of the carrier.    In this 
farm, the phaae shift 02 .?.ay wry witii the moduli ting frecuencyj 
if desired • different re&olutlon nay be male »ith a conatant 
carrier phaae shift angle in the isain component. 
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2.    Servo ar.ri Ser.ro Controller; Stability 

kH(p)     |       .   °        Fig. 2 

9o " «W- £ • I^fefe 

servo diagram.    The output 
0    ia related to the error, 
or oiffirerce of the input 
6. and outp'it, through the 
transfer characteristic H(p), 
r. alt ;,..i •.tj bj a gain factor k. 

Fig. 2 
The portion of the servo eariced k H(p) is c.lUd the servo controller. 
and k H(p) ia the transfer characteristic for the servo controller. 

The plot of 8o/e - k H(J<i)) in 
UM C'jffipler plane, as ui ranges 
from Qton, is the well- 

known Nyqulst diagram for the 
servo.    If the origin is shifted 
ts the point -1, the SSJM plot 
Li also the graph of 6./e, eine« 

«■ " \ ~ V er l 

Fig. 4 (3ee Fig. <) 
VE " Ve* 

The degree of stability of the »ervo in expressed by 

the peak height of th% frequency cr<ar«cteri&tlc, that is the 

value of 'i - max ( 9/9.1 . Tae greater t io vaJ.u? of the ratio 

M, tne less atacle ia tM servo. Also, for any particular 

application, of course the frequency u for «hicii the maximum 

value U is attainco, lo lBi;jrtar.t. S'.ubiHty corresponding to 

values If If between 1.0 and 2.0 usually is sM,i«factory. 

In the Nyqulst plane, t'. v system of curves of equal 

values of the ratio II - 1 "„/e.l are circles of diameter (M ♦ 1)" 

♦ (U - l)"1, with centers at -1 - ~  [(U - l)"1 - (M ♦ i)"1]. 
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Given the Nyquist graph for s stalle servo, the pp»k height 

X is the value of U for tbat circle or the system which is 

Just tangent to the feraph. 

For easy determination of appropriate values of the 

gain factor k, and a?so for other reasons, the following pro- 

cedure (Bode and Nichols) is advantageous. In rectangular 

coordinates, plot the ratio' 9 Ae > » !<I(j<i>)< in decibrls, 
|0|i      i 

as a function of the logarithm of the angular frequency u. 

Also plot the ph*se aiarjjin ■ [< H(Ju) - x]  as a function of 

log dt. From UM resulting chart, decibels corresponding to 

phase margin tray be easily determined; or also tha latter may 

be determined directly from!H(Ju)! end-"-H(jiii), Plot decibel« 
i    i 

versus phase margin to obti.'-i a transformed Hyquiot graph. 

Let this gr=.ph be r-iferred to as A. Figure 5 (Nichols) gives 

the curves «rich correspond, -aider the same transformation, 

to the system of circles of equ; 1 values of U. Figure 5 is 

then «uj-erpo.ied on A and translated up or dsm '.»til the curve 

corresponding to tiie desired pack ' 0 /3 I • U Just touches the 

graph in A. The position of 0 db. in Fig. S on A then is read, 

to deteral.it the value of the gain ftctor k ir decibels. If 

0 db. in Fig, 5 corresponds to -x db., tnon 20 log k ■ x. 

(For this purpose it »ouid fcc convenient to have the curves of 

Fig. S on a sheet of transparent material.) The freouency at 

which the peak VBllM M «till be Attained then ray be determined 

by referring the decibel or phase margin coordinate of the point 

of contact to the strlier chart. 

The ratio of error to input, £ ■ I t/9,', for any 

setting of k and &>y frequency of the input, nu»y be read by 

comparing the plot A of the servo controller vith the dashed- 

line curves in Fig. Ö. (The E-curves are reflections in the 

0 db. axis of the corresponding '« curves.) Similarly, the phase 
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shift v of output with rca| act to incut, y ^-^J^J- 
may be determined fc;,- superposing A on the dashed-line curves 

of rig. 6a. 

If ths Nyqulst plan« is the corrplex »-plane, then 
the above trM^fomed plant is essentially the w-plsne for 

10 the transfomsT.isn w « iog s.    f >i  If t ■ rs*  , log z » log r ♦ jö. 
Since log z is analytic, if rictajiguiAr coordinate scales in 
the «-plane »ere chosen such that i radian ar.d 1 neper ■ 8.696db 
were eoual units of distance, then angles t.ould be .reserved by 
the tr>»nsformation.    That is, an crthj;or.sl lntrrscction •' currea 
in the Nyqulst 2-plane would be transformed into an orthogonal intersection. 

H. Hurewlcz suggests a proc«'.'..» e for craphical con- 
struction of the above cesibal-ph.-.se grapr which may be very 
convenient fcr iiorvo controller characteristic H(p) of the 

for» 
K(?J fa.   (TiLlil (T2P * 1} 

V " Töx? ♦ U "?Ü2P ♦ 1) 

Let the z-piane be trsr.sfon.od into the decibel-phase plane 
of Fig. 5b.    The curve." In i'lg. 5b are images of the lines 

■ " 1 li 1 2< 1 *» 1 ö«   •••»  ■ • I "i-s>  * 0.25, ♦  .125  
Z - ♦ U, ♦ 2J, .... 2 - ♦ 0.£J, *  0.25J, ... in the z-plane. 

By means cf the crves, for etch frequency u the transformed 

vectors (T.lw ♦ l)  (-U.Jtt - l), ••■ are located in the 
decibel-phiiS« plane; arid H(ju) " 9  /kt is then simply the 

aux of these vectors. 

A plot Indicating |90/»»J db and t(8/a.), with 

frequency w as pa, ire: or, may be directly constructed on a 

g.-l . •_ Lox .. :..  •    . ■-..  :' '.i  v .   .;  is sufficiently 

extended, and if ..here are curves corresponding to z ■ • k and 

z • ♦ jh for a set of values of k, h sjfficicnt for the required 

accuracy. (A unit change of z corresponds to a very «.all distance 

at the top of Fig, 5b, ana to a very large uistance at the bottom.) 
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»(or -) Phase Margin 0 

FIGURE 5A 
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For since c - ^ - 8e, 8^ - l/(«790 ♦ 1), log^/Oj) - - log(e/«0 ♦ 1). 

Thus one would plot on Fig. Fb the curve of j \e/9 Lw - - /•0Ave|db 

and ^(l^e/8^) »^(eV»:«) • 130».   T.ie e/»0 curve would be obtained 
froa the K r./d   curve by * translation corresponding to subtraction 

of (OJKJ Rnd points en the curve corresponding to t/9   ♦ 1 are V oo « o 
obtained by proceding along the curves z 'J*(t/9 ) from 
t - ^(eao) to t "J%>(t/90) * 1.    Chinglng the sign of the db and 
phase scales, tills curve is th<r. the plot of the amplitude and phase 

An ait.    -atwe methoo cf construction of the 9_/84 curve 
would 0e based .:.   . e relationships 9,/e - 1 ♦ tVti   ~cg (8/C.) 
■ log {9je)- log (1 ♦ a /e).    The (J. ♦ 9 /e) curve could easily 
be constructed froa t';e ö /e curve, by means of the z • ♦ k and 
i ■ ♦ Jh curves; and the 8/9.  curve then would be obtained by 
laying out from the origin the vector differences of corresponding 
points on the 8  'e and (1 ♦ flVe) curves. 

i O 

3.    Equation for TgQggfam Uotor 

i: H    • X cos 'J t 

H    - XP(t) 

i »t H » X cos u) t, X ■ constant, 

be the voltage applied to the 

J'ixcd winding; and let H - XP(t) 

be the voltage applied to the 

control winding. (Fig. 6.) The 

differential equation relating 

(he output 9 of the motor and 

the input voltage ß(t) has been 

derived by Nichols; it is 

T 9 

Fig. 6 

_ • tX ♦ cos a» t ♦ 2P*(t)]8   • 2 u) ß(t) sin u t ♦ 20(t) cos <■> t 
O Q O 0 0 

►here T is a iinc cot.jtant ^ssoci^ted with the motor and the load on 

the output. (In the derivation of this eouatixi, the effect of 

circulating rotor currents on the stiitor field was neglected.) 

For ssall aapiituc:«» of thi input 9(t), if the high- 

frequency term cou 2u t is neglected, the above equation simplifies 

to the linear equation 

18 »8-2 uj(t) sin w t ♦ 2ß(t) cos at t 

(1) 

(2> 
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If ß(t) - 8   »in a t (ß(t) tl:tn is 9C* out of phase with the 
9 O 

fixed winding excitation), the motor will run at constant speed 

2w03s.    Iffl(0 3e cos a) t, the right hand side of the equation 
is zero, and the noto." »ill not run. 

If 0(t) 
m sin At sin Zu t. If t(t)  - cos at cos ut, the right 

cos mt sin ait, t.ne right hand side is 2u o o 
COS Bit 

hand Side is - a sin mt (1 • coy 2ut).    Thus    f 8(t) • 0, cos mt 
sin (w t ♦ 0) and the high frequency terms are ne^'.ected, the 
right hanl side is B,[2ui off t cos r.t - a sin 0 sin mtj ■ P, 
(*u>i * cos' 0 ♦ masin"0) cos (rat ♦ Y ) » «P^"- cos 0 see y 
cos (nt • if), where tanj^" (m/2ui0) tan 0. 

Any carrier frequency servo using UM above motor 
now nay be analyzed by tie method of section ?     The characteristic 
of the servo controller for the a.c. servo is ehe result of the 
combination of a characteristic G(p) as in sect Ian 1 with the 
motor characteristic.    Tne output of G(p) is applied to the control 
winding of trie motor.    As in sectlcr. 1, if the input to G(p) 
la e, ccs it cos u t, that is r » e,  cos mt, t.-e output is 

1L - e, (Alm)cos(mt ♦ 0, )cos(u t ♦ 0   * J>) * B(oJ sin (mt ♦ 0,) sin (u t ♦ 0 
c 1 JiOO ICO 

where *(B) - jjfp~l* /«*/] - §fk(J(">0 - «»)])♦/G"J(w0 • m)]j] 

B(m) - Jr/G"| -/G*/J, 0* -^Gfj(<uo ♦ m)J, 0* -«JGfj(ü>o - ■)], 

0j - § (0* - 0"), t " rK0* ♦ 0")- 0O, 0tf -^0(>o).    Suppose that 

cos (at t ♦ 01 ) is the proper carrier phase for the control winding 
of the motor.    rhon when t - t,  cos mt, by the preceding paragraph, 
the differ«ntial eouatijn of the motor is 
..      . 

Tfl   ♦ «>0" 2e^[X(a)<iio cos 0 seo^" cos (mt ♦ 0^ * #) * 9(m)oi0 sin 0 eoc^' eos 

(mt ♦ 0X *y> - p] (3) 

0)1 
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- f2A(ra,V - B(m)m]coo 0 cos (at ♦ 0,) • (23(RI)«0 - A(n)m]sln 0 sln(mt ♦ 0j) 

where tana-- B tan 0/2a> , ten 2f • » - ■ cot 0/2w .   Fro« thia 0/c rcay be 
easily calculated, and the Nyqv.lrt or equivalent decibel-phase margin 
diagram constructed, following the procedure outlined In the next section. 

4.   Construction of Sajp-Phefe, Mer£*n BaMTM for Any s^p^ Mtn Motor of   | 3 

From the differential eyati an (3) for t - coe irt, the 
angle of *0Avs evi-Jentlj iai 

9^ 

V ♦ «<« 90* - arc tan mT 

»here fani 3(a) - ■ A(a)J oin 0 
tan*- - ff*flffz ; B;a)j 55 i 

Thus »,- have 

(4) 

(5) 

Phase U-.rgln ■ 90» + 0, ♦<< - arc tsn mT (6) 

Kith quantities es In the previous section, he hive also 

f2»0A(B) 
I v." *lL^GO^)^"(rr«*Ta;1/2 

- a 3(m)Jcoa 0 coti (arc tnn mT) 

whers II ■ (output rat<= eorreapanJing to error)/error Is the 

"velocity error constant" of the servo. In gene.-al, It la con- 

venient to r«»"J arc tan x end cos (arc tan x) ■ 1/(1 ♦ x*)^ 
simultaneously fron a table of natural trigonometric functions. 

1/2 

A tabular procedure is reccor.ei.deii for obtaining the 
values of phase mai-fila Aid corresponding ratios / 0/k e /. For 
successive values of modul-tir.g frequency ra, fin i and enter in 
the table: 
0*. 0". 0. COP 0, /o"/,|o |, A(m), D(ra), f2woA(m) - a B(a)J, tan*, 
coscC   from C(p), mT, cos (arc tan raT) from the motor time constant T, 

then finally phase margin, ratio l\*/'-0\t ud / "0Aye/ in db - 
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For a carrier frequency of 60 cycles, that is w   ■ 2*60 • 377, 

the following table of valurs, used la the construction of the decibel- 

phase OH .-gin   ^tajruma in the next section, will be useful to the 
reader in constructing diat-rora for any acdltior.bl cases of C(p) 

In which tu: nay be intereetedl 

70» 

73* 

35. 

87' 

w 

-1— 
1.192 .643 

1.732 .500 

. 2.75 

f.67 

<*8«    H.M 

«rjp 

.342 

i 

o- 

IN 

Ä 

S.96 

8.66 

,3.75 

J fc> 
E    •'_ If B •: ,» 1    1 * 1 > .♦ 

o o 
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5. Proportional- Cerivetlv iVecuency-Phase Characteriftirs 

The iQtel proportional-derivative chsr&cteristic for » 

oarrler frequency servo 1B G(J(ö) - 1 ♦ JT.(u) - m ). It may he 

shown that if a modulated carrier voltage m(t) cos >> t ie impressed 

on this characteristic, the output la [n(t) ♦ T. m(t)]coe w t. 

The ratio T . of the c_>• .I'lcients of the- differentiated tnd pro- 

portional components Is caliod the "derivative time constant". 

The approximation tc the ideal proportional derivative 

characteristic which It is possible to obtain with the parallel "T" 

network 5s 
u+o_ 

G(J< »>-#-—d.lv   9 
1 ♦ J/ 

u ♦ ■_ 
"ST 

(8) 
(M ".> 

where the tine lag^car.rot ue larger than 1/u . 

It has been found experimentally that different servo 

setups require different values of 1 . for best stability; however 

T. Is not at all critical. Values of T.u in the range of S to SO 

have- been found usefvl. 

Ctrv«- (a) iri Fig. 7 Is the decibel-phase margin plot for 

a ai pie pro^jrticnal controller, thtt is, G(p) is Identically 1 

or a constant, so that the controller characteristic H(p) is the 

motor cnaructeristlc l/'(lp ♦ Dp. Coai.-jaring wltn Fig. 5, evidently 

even with low gains (k in the vicinity of 10 sec" ), there are 

peeks of large amplltuce at low frequencies. In an actual servo 

system, when- there are tins lags not included in carve (a) (aa 

for example a Fiuall time lee in the coupling circuits between stage» 

of a vacuum tube amplifier), as th« g.iln is increased, the servo 

output quickly will begin, to oscillate violently and continuously, 

with no Input; that is, the servo will be unstable. 
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Curve (b) in Hg. 7 is tue correspond.,; plot for the 

servo controller consisting st th«> ldeel proportional-derivative 

characteristic with T.W ■ 15, and the simplifiea motor of i3, with 
u o 

T » 0.2 second. This value of T If ap.>rcocimatoly the value for the 

Diehl lPfc-49-2 notor. Comparir.g v.ith Fig. 6, evidently the servo 

no* is very stable at all values of k . Tha't is, if k ■ 560 sec" ~55db, 

the frequency response Id /&.I is nearly flat from 0 to 20 cos or 

higher, and the output 9 of the servo i s * very faithful copy of 

the input 0., even though 0, nay be of 3uch a nature es to have com- 

ponents, of rathsr hit',h frtqutmcy. In particular the output for a 

step displacement of the input P. »ill also be v<ry nearly a step, 

and will have no overshoot. Tills is unlike the situation for the 

proportion!. 1 itrvo (with the sarr.e velocity error constant), where 

for a step inpi:t the output h_s «any overshoots ani only gradually 

settles down to the displacicont corresponding to the input displacement. 

Curve (c) Is the deoitel-phase irai-gln plot ?or the pro- 

1 ♦ JTd(« - w ) 
portionul-derivatlve chai seteristie C/(Jw) - . tt'4.*  . J*" witn 

time lag /'- O.fl/u , and T. uo • 15. Curve (d) is ths plot for the 

approximate proportj.onal-iisrivativt' characteristic (3), which may 

be obtained v.-ith the parallel "T" network, for the arme values of 

/and V 

In all curves jf Fig. 7, vie carrier phase is assumed 

to have the proper value Tor  the control winding of the motor. 

To examir.t; the effect of incorrect carrier phase, let us compare 

the right hand side of the equation in section 3, 

2 w   cos 0 cos mt - m sin 0 sin mt, 

with the output of the (e.c.) proportiatiBl*derivative characteristic 

(1 ♦ UJm) '.then cos at is applied, 

cos mt - a U sin mt 
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Ibua If the carrier phasa .13 '.neorrect, theri effectively another 
propcrtlcnal-r'.trivttive sharacterj     ie (1 ♦ OJi ) is In cascade 
»'.th the stabiltrin.» characteristic (1 ♦ TdJm)f Kith U tan 0/2w . o 
The jfa'n la reduced by the factor cos t, although the actual 
voltage on t*« no'-cr (ar-ft lta I-.citir.c tifrct) is not reduced.    Also 
the maximum available torqu« of the natcr, that In, the torque at 
saturation, is reduo*d by the factor cos 0.    If gain and maxien* 
torq'ie reduction by a factor of 0.5 Is tolerable, then as much as 
&)• phj.se shift ma;- be allowed, since cos 60* » 0.5.    For errors 
0 in carrier phase \p to 45* or 60*, Vu   is leas than 0.5 or 0.87. 
so for TC.'J>O;>5, the effect or. stability of (1 ♦ Ujm) Je comparatively 
quite irsigriiflcar.t. 

Th? high values of k   attainable vlth '.he parallel nT", 
and the flat frequency characteristic, rave bten verified experi- 
mentally in s si'ivo aetvy using £0 synchros and th* IHe/il J-PK-49-2 
motor.    (He had ic   ■ .'000 sec "   with satisfactory freedom from 
chaf.terj th* only ii:a_ti»t.i«:« on it   seems tc b.* backlash in the 
gear trainj 

Curve» (c) and (f) m Pi,:. 7 are declbel-phasf  aargin 
plots for Ihr- servo ?anti-oll-.-r tonal tilg of the »otor of section 3, 
and the par-:." lei "T" approximate projrortlor.al-derlvet'.ve characteristic, 
the characteristic t »wevar being tuned to trezj— clis «,,  ■ 2«70 and 
a, ■ 2*50, ir.r-tead of to the carrier frar.uency <u   ■ 2*60.    There 
Is then respectively a phase lag of it.S*, or a phase lead of 62.1*, 
at carrier ft* lency a .    Incluai-'.g tiia phase a;;ift,  the phase of 
the carrier s>   ".. .intrsl minding of the motcr- is ajsj;;d to b« 
correct (if rot, the previous remark on the «nail effact jf incorrect 
carrier pt.^c otlil applies, or»; foi  phase errors up to 65* th» 
inability Is not appreciably different from thji. indicated by curves 
(e) wd (f)).    It is evident frox tht aia^raj« that when th< parallel 

T* network Is tuned to a frequency as nuch as 10 eyries looer than 
».he 60 cycle carrier, the atubi.i.ity still is very satisfactory at high 
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val'j'o of k . However, whar tht parallel "T" network is tuned to 

t frequency 10 cycles hijgier than the 60 cycle carrier, even with 

the optimal setting of k (»bout 3000 aec ), there will be a peak 

In the region of 15-25 cps. of height greater than 2.    (for devia- 

tions of ♦, 8 cycle?, these conclusions also have beon verified ex- 

perimentally.) 

6. Effect of Phase Lag Network» on Stability 

Experimentally, It haa bien femd satisfactory to shift 

the phr.se of the carrier to obtain the proper phase at the control 

winding, by Inserting into the servo ceritrolltr a one or two-aection 

low pasa R-C filter preceding the prcportlanal-dcrlv. tlve parallel 

"T". (See Pc.-t IV, section 3.) Ikhcn thi3 Is üOP.*, the proportional- 

derivative chiimctcristic la multiplied by l/(Up ♦ l) or by l/(U.p ♦ l) 

(U.p * 1). The effect or. stability to be expected la indicated by 

curves (g) and (h) in Fij. 7. Curve (h) will be approached as Ü 

becomes very large, or &s one of U\, U„ approaches infinity and the 

other approaches zero. C'irves (g) end (h) indicate, for a t>>o-section 

filter to ■stta'.n say IOC* rhcie lag, that better results, as regards 

keeping the amplification of noise or jitter ar.o backlash chatter 

small, will be obtained by having tbe roots '.'," and U_" as unequal 

aa possible, than by having tlitm nearly eout»l. /lso, the high rate 

of decrease of phaae margin with respect to error frequency in the 

range 15 - 45 cps., in combination with other time lags in the system 

not included in curve (.;), may explain an observed tendency of the 

eervoa to oscillation at 30 cps. 
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?trt II 

Cnput - S, 

«2 *3 

Drsl/tn tVrwuIge for Parallel "7* Networks 

C 
II- 0- 
R, EL » Output 

1 
Tl" hh 
T2- R2C2 
T3" P3C3 
Sl" hC3 
S2- HCZ 
Parallel "T" Network tnd 
Determining Tine Constant» 

rig. s 

h " VC3' H2 " Vr3- R3 

The porallal "T" network 

ie a .y\  in Fig. 8.    Lrt ua 

define UM constants T. » RjC,, 

T„ • H„C,,  T„  - HgCg,  SX  » KjCg, 
"2U2* 

S2 ■ H2C3. 
3 " "5*3» -1 
Except for the Im- 

pedance level, which always 

aey be changed by aimple acale 

trsnsfojnr.tlon of the R'e and 

C'a, the parallel "T" is determined 

by tha five eonetanta T,, T„, Tg, 

Sj, .5-, for if theae const« its 

are knonn, and if any one of tha 

components, say for exanple C_, 

is arbitrarily apecified, then 

the other components are determined: 

W w 
1.   Transfer Charactn?J.atlc: In.vit and, Ortput Impedances 

The transfer characteristic of tha parallel "T" ia 

*2     TlT2T3p3 * yi(S£ * T3?p* * <T1 * Si>P * * 

'1     VeV   * fTl(S2 * V * VT1 * Sl * T3)Jp* * <T1 * Sl * T2 * S2 * Vp * X 

(1) 

The appropriate form *hlch thla la isrde to aseune In 
order to obtain the approximate p.-oportional-dtrivative characteristic 
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at carrier frequency u   is 

5 (»P.IKA^.^P.U ° (l.M^a,...,, 
- , & a _äü  ° (;,; 

2u 

«here in the second expression Ju has bten substituted for p, 

and T. ■ n/w ia the derivative tic* constant. £** m/u is the 
a    o o 

time lag. The second expression is obtained by multiplying 

numerator sr.d deuoninx-or of til« firat by nw /?p, and then factoring 

n/o out of the denominator. Th» c loice of the tine indeterminate U, 

the coefficient of p in Ur linear factor which cancels *n  the) 

numerator and denominator, doss net affect t.u transfer characteristic» 

(but it does affect the input and output i-i; »iiicet.,  as vill b« 

aeen.) If £. ■- £(t) sin u t, the aoproxiiration (v *  « )/2w ■ 1 ia 
X O 0 

valid "»hen th»; ■odulation E(t) does not have high freouency com- 
ponents of 1-trge a-n.nlitude. 

To realize thf above transfer char ctsristic. the de- 
termining constants of UM parallel "T" oust have tne following 
valuesi 

A* * B. U ♦ Ü*     g(nu» ♦ 2u ♦ n. 
T   a _ ±_ 

I. 

V'(*z     Bj 
T2 ' A* ♦ BjU " U" 

»rn -«r 

■"-, (nu'" ♦ 2u ♦ n) 
(3) 

'3   a     ,...(u 
O 

«,  - B.  ♦ U - t, • -*   -fi"""' * ai(l ; 2^?u * 4(1 - K}-n'fi 

- . . . . . il. - . f4(i - gj. m»jua * 2(i -atJi - m» 
°2     °2     31       D       2 ,jiuni (nu" ♦ 2u ♦ n) 

»here A» - l/w0
a, t>x - 2/r»>0 - 2/Td>-0*. B_, - 2/n»o - 2//u>0

a. 

u • Uu , and the gain g-« si/n . 
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Thr condition for non-nrgatlve S. ia tiiat u be in tile 
*      o      \ ._ 

interval wit.i end-points * ♦ - ,'l - a".    Thf condition for 
non-negative S_ io that u be in the interval irith end-points 
-n* + atir. ♦ n*  /T"~lü!r~ 
4n' '-"W- Urn3  •    *lfro'or# for reallzabllity, m «JL 

and u musi. lie in the- common portion of the tv.o intervals.    The 
possible values of u are indicated in Fig. 9.    The dotted left 
and right hand curves ere ■p>>rMOh«a asymptotically by respectively 
the right unu left boundaries of the r<-»ions for u, as ra approaches 1, 

r'or thp general ,!fcral.l»l "1", the input irapcaance, with 
the output open-circuit*-.!, is 

T1T2V3 f tTl(S2 * V * VT1 * Sl * V1-0' * f"l * Sl * T2 * S2 * TS)p * X 

1      (CjTgTg ♦ Gjl^Tj ♦ (^txT2)p3 ♦ fCjfTg ♦ T2 ♦ S2)  • C2(T3*T1*S1)]p" ♦ (C^C^CgJp 

(4) 

The impedance looking lack into th< output, with the input short- 
circuited,  i«: 

BgTgCS^ . T^p» ♦ [R3(SX * Tx * T2) «■ li2(S1 * Tx)]p + Rg * ^  

°     W7 • tV^ • V ♦ T2(Tl • Sx * T3)]p» ♦ (Tx ♦ JJ ♦ T2 ♦ S2 ♦ T3)p ♦ 1 

(6) 

Ttie impedances 2. anJ 2   may be expressed in terma of 
U and one of the parallel "T" constants,  say C: 

21(C3,U) - fV 
(!,p • D (r~y pa ♦ *J> ♦ i) 

r<t * fc) =7 * "J«p3 * (B2 - v(^ ♦ jy. <i. 5. Dp 
12       0 12 12 

(6) 
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T.(B    . U)pa ♦ [(B,  ♦ U)(X ♦ S_ Dto "J ♦ T_]p ♦ (1 ♦ 8JM a) 
(cE,u) - -—-± i £ 2. z   ... 8   q  

C^Uu 3(Up ♦ OC^p* ♦ B,n ♦ 1) 

(7) 

»hero T-, T,,, S^, S2 are <;iven in terns of U by formulae (3) above. 
From the expression for Z., it is eviue.it that as U approaches an 
end-point cf one of the cr'tical interv.-.is, so that S   or S_ 
approaches zrro, Z,  apcroacI.es 2ej-a.    Thus in order to avoid 
practicaLl;.  short-circuiting the source of the input, voltage, V 
should not be near one of the end-points, and also one should 
not choose a voltage ,rain g too near the upper bound IAJK • 

If it viere rieöired to make a rilicri.-iir.ate selection 
of U among the possible values, the buls raisht be to best matcli 
the angles BAU ratio of the Input ani output lmoedariceo Z. and 
Z    to the anglrs «nv rsitio of the source ?nn load impi dances to 
be used with the pi.ra.'lel "T" network.    Charts for this purpose 
could be prepared fro-i the expressions (t),  (7) for i.(C,,U) and 
z0(c3,u). 

Aft.r T,, U, and g are selected, the time constants 
T,, T_, T_, S,, f. an- detrrmined by the formulae fS).    The formulae 
in the next sections are obtained from (3) by inposing special 
conditions vhich fix tJM  value of u, or the values of u and the 

gain g. 

2.    Reversible Parallel "T" NetwarVs 

A parallel "T" proportional-derivative netvork will be 
called reversible if it is also a proportional-derivative network 
when the input, and output are lnt« rchanseii.    It is shown in Part VI 
that this renuirenent is equivalent to ^/C^ • Rj/Hg, or SjTg - Sgt^, 
anduVl. The derivative time constant 1    necessarily is the same 
in both directions, tut unless the parallel "1" is symmetric, 
the gains ana input ar.u output iaip^dances are different. 

! 
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The ttesiijn fcmolfta for the rmnlhU parallel "T" 
rroportlonal-derivatlve nett>or< ere as follows: 

Ti   i - !    ». 

g     ÖT (n ♦ 1) 

s   » I. tiLt ftlÜ-r fi) 7 ff»(n * 1? i 
1     uo 

l n(l - g) J 

S    . -1 [3Ü.Z K?(n * 1? - n(ffi* lj. (8) 

There T.w   « n and g Is the gain in the forward direction.    The 
gain g and n may he selected as desired; the gain g« in the reran* 
direction then may be seen to be 

„t . *("' + ?n ♦ 2) - [B ♦ 2) 
1       gCSn" • ?n • 2) - (a1 * 2n ♦ 2) (9) 

To express g in terms of g', it is necessary merely to inter- 
change g and g'. fie;. 13 shovs; tha values and relationship of 
tiie forward and revtrse gains g and g", for several values of 

T,u_ ■ n. d o 

If the parallfl'T'   is symmetric, th.it is Cg - C,  and 
R2 - Rj, or Sj^ » Tx and S2 - Tj, the gain 1» 

1 «- •• - v (10) 
n » 2 

3- Parallel "T" with arbitrary Condensers 

Let us assume that the values of the condensers C., 

C_, C_ in the parallel "T" ire known or specified, and determine 

the VSIUFS of K,, h-, K to realize any desired Td ■ n/w. 
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Elireinatirii: g a:ri u fron equttione (3), »e find 

Ri " "0 7c^ ♦~c3y 

p   - JE äl  

i 
R    - —■— 

(U) 

vhere r-fCj » Cg)/^, and a is a solution of 

0 (12) •-!§„..    .,,„.*§ 
-3 w3 

The g&in g It. giv^n by 

S    (*♦"> 
«  mu ♦ 2 (13) 

For ci " c2 " C3* th* "ositlve solutions for u are u - 2" 2 and ■ ■ 2/«- 

4. Parallel "T" »Uh Arbitrary Resistors 

If the resirtors in tl:e parallel "1" are arbitrarily specified, 
then to realize the proportional-derivative characteristic with TJI» « n, 

the value of condenser C^imstbe a solution of the fallowing equation: 

■A<«2 * VS* - nf V*2 *  *>V * =7 R2C3 + "H " ° 

The values of conc'cr.sers U, and C_ then are given by 

C,  - 1      h H..C.U! 1 3 3o illnu,o 

ciS VAVv 
The gain is given by 

2_ i        , -1 _ * JL-—_i * 2 
nu ft,C,     STOc?"     n 8"     "oVl l    * ""- "* ":? 
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For the case of eou,-.l reaiators, ii, « 8, ■ fi_ » fi, 
'he two piiitlvc eolations of the c.;cic are JiC„ • 2   *■' m 
*nd ,VC„ » 2/IKI> .    The 'il'.-ej of *.hT condensers eorroap Tiding o o 
to the firat. soluticn yre: 

i 
371 Du 

<ü - st <2 "V2 ♦ S 
C2'»t o  P '1/2 

•ft 
The incetsnainut   U In the gen»rsl transfer characteristic haa 
the value !l - 2     /«_•    He <w4-n is: 

1/7 
,     2    'O ♦ 4   

3-21- *:i ♦ 4 

The Input Impedance ie: 

1     (-6.2S K2 na - JAi - 2 j/2) *j(ai" ♦ föj ♦ 4) 

Fir the cuae of n * T.u>   ■ 15, the va.'ue of the input impedtnee 
ia Z± - (.0B32 - ,36J6j)H. 

S.    Civi;<rr Circuit« to Increase end Darreaa« T. 

Fig. 11 

Given • proportioiisl- 
derivetiv« characteristic 
Bfp) »lth derivative time 
constant T', a characteristic 
with wiy lower value of T. 
.-oy be attained with the 
circuit of Fig. 11, i.-auning 
a perfect voltage divider, 
that ia neglecting tht loading 
effect of the input imt^dtnee 
of ö(p) on the dlviuer. 
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(Actually tne fwuencVa of «dninun output and eero phase of 

B(p) will charge; the ömount of this shift may  be readily calculated; 
or for fixed divider values B(p) may be designed to  give exactly 
the desired char      ic in combination v.ith the divi.er.) 

In particular, T .ui - n may be taken to be ooin the formulae of 

the preceding sections, to obt.in a "resonant" parallel "T", and 

then with lultable divioer values any desired T. may be obtained. 

The transfer characteristic of a resonant parallel "T" 

is« 

« ♦ u 

i ♦ J/-3? (-- V 

If B(j(i>) Ir Fig. 11 is this transfer characteristic, assuming a 

perfect divider of ratio 1/n, the transfer characteristic of 

Fig. 11 Is 

k-l* j(n - US- 2a. H» 

1 • j/TtT-*<« 2u 
All 

ui ♦ ui 

h uo> 

1 ♦ J,/ -_-2(w - « ) 
2u> o 

»here Td • n/<«0. »hich is the seme as (3).    Although the gain 
for the combination of resonant "T" and divicsr is the same a« 
for the proportional-derivative parallel "I", the former has 

the disadvantage that the input impedance is lower for equivalent 
output impedances. 
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Giv«n a proportional-deriva- 
tiv« character! stic h(p), a character- 
istic kith any higher value of Td aay 
be obtained with the circuit of fig. 12. 
In this case there is no loading effect 
on the divluer, so it ia unnecessary to 

make corrective calculations as it is In the case of Fi<j. 11.   If 

b(p) 

Fig. 12 

f 
6 

i° 
-o 

B(p) - fl * jTd'    2u) 

then for fig. 12, 

 O  /..       ..   II    /   fn    ^    «   ,/ O fu-^i/n^jy-a,- <« - «o)], 

> , H - 1 ^ 
,1 * JTH 

»here Td » (a - i)// (n/ZT,' - 1), n - fiy/- l)/(TdAd' - 1) 

This is the same as (3) except triht the ;;ain is lower by the 
factor (n - l)/n.   If n <  Tj'/V. Td ia negative, and a servo 
using the circuit of Fig. 12 then naturally would be less stable 
than a proportion*» 1 6«?rvo. 

A selitise for increasing T., in which input and output 
have a ccft-aon terminal (»iiich Tiay be grounded), ia shown in Fig. 13. 

i H ' 
If ld' is tilt- derivative tin« 

constant of H\p), it nay be shown 
that the derivative time constant 

Fig. 13 1 ZO.-x» 

ü + K. 
V 
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»(here /*is ths amplification factor of the tube, r   ia its plat« 
resistance, and u - P(r    + R,)/[h(H,  ♦ r    » ft, ) ♦ ii,(r    ♦ k, )], 

p I» -L p k 1     P 1« 

(1-b) - (K » 4)^ ♦ itL) I [R(Bi * rp ♦ HL; * ^(^ * \)\. 

6.    N'imorical Valua for 60-cyclc Fan-llej. "V"a 
Following ia a table of values of R'e and C'a for 

various parallel "T" networks of the ty:>ea described in the 
precedi'.g section*, for e carrier frequency of 60 cyelea. 
The A'S a..d C'a are numbered as in Fig. 8. 

The "notch width" of a band-rejection network is de- 
fined au tne length of the frec.uijncy interval between the points 
at which the output i« \ß times tho silni/iium output.    A propor- 
tional-Qcrivntivc n-jt-rtoric -»ay fc» characterized as well by the 
notch width, as by tl.. d- rivative time constant Tj.    The notch 
widths in the folio»'- •:£ table ar:' for the iaenl proportional- 
derivativc c.'iaract3.-'ötlc [1 ♦ j T (w - u )]j they are only 
slight ly rlffirert frva t'-.e actual ones for the par .llel "T" 

networks.    Eviaently for Die ide'l cnaracterlstic at 60 cycles, 
the end points of the notch interval are at distances 

_L_. . 60 
rd 

Tne P.'e and C'a in the tables .ire in corresponding 
units, es for example ir.egohns ara microfarad».    As mentioned 
previously, a parallel "T" vith any desired different lmpedence 
level may b» obtained from the valves in the tabie by multiply- 
ing H'a by any constant and uividing C'a by the same constant. 
For a eairler frequency J' different from 60 cycles,  if f ■ 60a, 
divide either the h's or C's by a, divide T. by a, multiply notch 
width toj »; and Z^/Fj. and ZQ/R_ at   carrier frequency are unchanged. 

♦ jgjsr- " *   „ eps fron 60 c;'S where Td« 
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Symmetric FaralAel "T" NcUorKs, f   - 60 cpe. 

R2 - Rg - .002662 Cl- S"1- 000 

2.5 

Notch 
Interval cps 

♦24 

RjXlO3 

2.387 

ForAard 
C2   Gain 

1.U11     .P045 

Reverse 
Gain 

.2045 

Input                   g 
Impedance    Z.xlO 

1.667(1-1) 

Output                3 
Impedance Z xlO 

1.869(1-J) 

5 ♦12 1.356 1.4286 .i M< .1046 1.481(1-1) 1.465(1-J) 

7.5 ♦9 1.680 1.8790 .06934 .o ■•• . 1.425(1-J) 1.418(1-J) 

10 ♦6 1.591 1.6SA7 .05172 .05172 1.399(1-J) 1.395(1-J) 

is. *< 1.533 1.7647 - .05. 21 1.37S(1-J) 1.372(1-J) 

ao *:' 1.469 1.3182 .02562 .0?ftP2 1.361(1-i) 1.360(1-J) 

so *' 1.414 .01691 1.349(l-j) 1.349(1-J) 

•it'. ♦1.5 1.392 l^'vte • .01264 1.343(1-J) 1.343(l-j) 

BO ♦1.2 1.379 !.9231 .01« ' .01009 1.340(l-j) 1.340(1-J) 

60 ♦1.0 l.:;70 i. ->r>j,5 .0J8400 .003400 1.337(l-j) 1.337(1-J) 

oo [Resonant) 1.326 2.0000 1.326(1-J) 1.326(1-J) 

R2 • .01326, 

Rever3ib!e Parallel "T" Net  ..• r. 

- l.ooo «3  ■  • 
WS?, C.            *         *2000|                Wq 

Vo 
Notch 
Interval cps i^xlO3 

3.973 

F omard 
rln 

Reverse 
'Jain 

.3000 

Input                . 
Impedance Z.xlO 

7.200(1-J) 

Output                 _ 
Impedance Z xKT 

2.5 ♦24 .07395 1.808(1-J) 

E ♦12 2.094 .8571 .08743 .1628 6.889(1-j) 1.574(1-3) 

7.5 ♦r :.;• .9474 .02423 .1105 6.796(1-j) 1.487(1-J) 
13 >J 2.662 1.0OO0 .01786 .06417 6.752(1-J) 1.445(1-J) 

:: •J 2.505 1.0fU8 .01167 .05574 6.710(1-J) 1.404(1-J) 

20 l5 2.4M 1.0909 .003654 .04133 6.t39(i-j) 1.384(1-J) 

SO 12 2.367 1.1250 .005702 .02787 6.669(1-j) 1.364(1-J) 

«0 ♦1.5 2.311 1.1429 .004250 .02.390 6.660(1-J) l.SM(l-j) 
?o ♦1.2 2.298 1.1539 .003Ü87 .01671 6.654(l-j) 1.349(1-J) 
to ♦1.0 2.284 1.1613 .002815 .01392 6.650(l-j) 1.345(l-j) 

c (Resonant) 2.210 1.20J0 6.63l(l-j) 1.326(1-J) 
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Pc'-aUci »T» N,.., , 

t ■——»——....V(F 

c- * c- • 1.000 
_              ^ " .0037S1 c 
Notch LI  "2  *•» 
Interval 3 

 — ~i  V^10  Cain ,,ei8e Input 
  ~L"  ^^«nce 2 »m3 ?"tput a-"3  1#760   ^     ~— «|*° Impedance 2oXl03 

- ■(»..«**, >93/a 3>7si 

3'59   -174.19 i «a« , r 

•09456 I go».. __ -*••-33-1. 573 j 

■^  •«*» x.^ 

.02505  .o?.zn<    i ,,„ , , 
i-0S6  3.«7   07„        

l'»«-l.6*j 

1.004  B «03   .,, i-267-1.7l7j 
•-03 -^ia .01202 

-<* 9682 .or:?Pno i a*, , „ 

'*»* >•«*  .0080,4  W9^      37J 

1.250-X.768J 

Reverse 
Phase Shift 
at a) 

1-793-1.768j 

1.565-1.7^ 

1.469-1.768J 

l-««-X.768j 

*•364-1.768J 

1.337-1.768J 

1.3C6-X.768J 

I-393-1.768J 

1-286-1.768J 

1-279-1.768j 

1.250-X.76aj 

o 

-5.00* 

-1.84' 

- .95« 

- .57» 

- .27» 

- .16« 

- .06« 

- .04* 

- .02» 

- .01- 
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Fart III I 

The t>.o forma of the bridge "Tn 

r projMjrUonai-derivttive r.etworks, Tig. l*(a) 

t  end ('.'), «ay be obtained as special cases 

i of fie paral el "T" in Fig. 8, (a) by taking 

J  R, " °< and M  ^ taking C, - oo. In (b), 

S. of i'"it, 3 is changed to Fi_, R_ is changed 

j, to R., C- to C., C. to C , for convenience, 

| so that similar formulae will apply to both 
*o ta) an-i (b). 

The transfer characteristic is 

!k     TlV' * <T1 * Sl)p * l 

1    " W1 * tTl * K * *J* * * 
whe.-e Tj^ - RjC^ ?a  • RgCgj and S   - RjC3 in case (a), S, - RjC, in 
case (b). 

To re-11: ■   the proportional derivative characteristic 
{£), with <ieri    I .      use constant   ?d and lag.^, or gain g » ^/T,, 

'•-, T-   S, are given by the follo»ii*g formula«! 

3     V    7     V     V*d * * 
T 

1     2(4 - =i-)      2(-i - 1) 

T <;   _ f    2 _, _    i   1 __ i _     2 d   

d 
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For positive S,, f^.4/^'4 ♦ n"), where n - Tja  . For the parallel 

"?", the upper bound of g.iin Is 1/n. Thus for n greater than 2, 

the gains attainable Kith the brid^r "T" are considerably smaller 

than those which can bo obtained with the parallel "T". (Also, 

since the tine lag ß is emailer, the relative amplification at 

frequency 3d» , the predominant frequency of synchro "hash", Is 

greater for the bridge "T".) 

The following formulae in terms of arbitrary C,, C_ 

for caee (a), ar.d in terns of arbitrary h , B for ease (b), 

nay be more convenient. For case (a). 

"s " 5T (CT   *   C* 

n»(l ♦ 7*) ♦ 4 

For ense (b), 

C, - i - anc . v 

*t f) 

n»(l ♦ r2) ♦ 4 
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The fonulM for (b) *rc obtaiaed fro« those tor (a) bj inter- 
cha-igin? Rj vlt.h C^t lad fig with C3. 

Froa tis sbov« foj-aml; e, It la eleer that any bridge 
"T" 1B reversible, vlth the taae T. but different paine In the 
forward and rtvvrre directions, unless it ia ..>:; ..lilc, that 
la C, • C   In ca.'e (a), R, ■ R_ in case (b). 

2.    Input and Q/tsut Impedance»1 

For bridge "T" (a), the input iapedance (with the out- 
put cpen-circuited) la 

(J3P ♦ 1) 
h ' h * 1^?* ♦ (cx ♦ c3)P 

The output iapiöinct (with the input short-circuited) la 

R3t(s, 
Zo ■ W 

where S • R,C.. 

j. * Tj)p * 1]  

Fcr triage "T" (1-), t.-.e input Impedance (with the 

output open-circuited) la 

X      RgtT^P ♦  1) 

h " Cj> * (Tx  ♦ S1)p ♦ I 

where Sx - R-C^. The output liapidance (with tie input ahort- 

clrcuitea) is 

Z -sn 
R,T,p ♦ (R. ♦ R_) 

o " Va"'1 * (V* u * TPP"* x 

y. 
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3.   Formula? for Wlcr» j rifoe | 

The Wen Bridge proportional- 

dorivttive circuit is show» in Fijj. 16. 
The transfer characteristic is: 

Fig. 16 h " ?h * V TsV * {T3 * T4 * V p * x 

«here T«, = ?3C3, T4 W S4 R4<V 
The 

independent variables <->f the transfer characteristic nay be taken 

to be T3, T4, S4, and the divider ratio f» 
R^(\ * ty'    s°lvl«g 

4 
for TB, TA, SA in tenw of T.s»   - r\,/a   - m, and/0, we obtaini 

3 ■   ln m   J - w    lxn         n   '         J 
o o 

4 u ln ■     J     i l*n         ■     '       *J 

o o 

4   «o i i> 

- T4 - l/o«e, S4 - 2fn-l)1/2/o.on1/2.    The 
For the usual values of T.«   ■ n, the do 

For a given m aaif" , th* condition for readability is nfcfW(m ♦ f -l). 
From the form sjf the tranrfer ciiarfectcristic, the gain is fm/n.    For 
maximum jain,  /== ■ - n - [n(n-l)]1'2>n -[(n-0.6)8]1/2 - 0.6,    the 
radical vanishes, and T. > 
maximum gain is   2/°-l. 

maximum obtainable g?in is approximately l/4n, «hieb is one-half 
the gain of the symmetric parallel "1", one-fourth the upper bound 
of gains obtainable '.vlth the pa:allel "T". 

The derivative time constant T may be varied in the 
Wien Bridge by changing the divider ratio {- , without changing 
R3» Cs* R4* C4'    Soltir'i   tar T

a
w

0 ■ n, w» have 

n • wt 
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E 

Tlma es p d'.ersaacs to 1/8 «A*, n-os.'if f- 1/2 <-0S4n, the 
Wer Bridge is "reacsanff and as |° increases to 1, by the 
realiz-MUty condition, n decroat?t to • value not greater 
thar 1.    For a^y R_, CL, R., C. euch thftt T_T.ui* » .1, any 
deeired Ij may b<- obtained by t-kir.f f to be sufficiently 
a-aall.    Since 2/raw   • T_ • T   ♦ S., the coxloua tin» lag 
-/ » B/'J   (but rot eaxlaua gain) »ill b» obtained if T« ■ T. 
■ 1/w   and B- ar.d C_ are as ea-lx as possible.   For T_ • T. 
- _/.■„. the r--M**t-lllly condition ia n*J2/V.(54->   ♦ t)f 

Wg. 16 

A vacuum tube circuit similar 
to Fig. U nay be ured with the »ion Bridge 
in order to have a common input and output 
terminal (t.hich may be grounded). See Fig. 16. 

It -w> be ahoitn that the transfer characteristic iat 

^.^^■^y-iKv 
A", '~Vnr$^7rrrr-V] 

If the awplificfctlon f*«_MV<fla very large coap_red to F-^i 
«/'/(_- 0, then excojit for the gain factor, thie transfer 
characteristic is the sane a« the twiiftr characteristic for 
Fig. 15. 

4.    .Vumerical itelutra for britt/t 'V «Vetvorica 

The remarks on the tables of values for parallel *T" 
network, apply also to the folio*ing tables for .0-cycla Bridge 
"T" networks. 
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Vo 

2.5 

6 

7.6 

10 

15 

20 

30 

40 

60 

60 

100 

tyimetrieal 3ric.'c 

C, - C» ■ 

"T" Netnort» (a) 

1.000 
Notch 
Interval 
cpe RjXicf P^XIO"   Gain 

Input       ., 
Impedance Z.xlO 

Output      . 
Impedance Z xlO 

2.5 ♦ 24 1.0610 6.63 .24242    1.7079-2.135J 1.6076-2.0O9J 
5 1 la .6305 13.26 .07407      .9878-?.470J .9824-2.456J 
7.5 1   9 ,9006 19.89 .03433    .6838-2.564j .6830-2.561J 

10 ♦ 6 .2653 26.53 .01961    .6203-2.6J2J .6201-2.601J 
16 ♦    4 .1768 39.79 .00S8U. .350£-2.629J .3506-2.629J 
20 •    3 .1326 53.05 .004775  .2639-2.639J .2639-2.639J 
90 ♦   2 .03041 79.58 •00221V  .1764-2.647J .1764-2.647J 

40 ♦ 1.6 .06431 106.1 .001248  .1325-2.649J .1325-2.M9J 
60 ♦ 1.2 .05.-106 132.6 .0007994.1060-2.650J .1060-2.650J 

60 ♦ 1.0 .04',20 159.2 .0005652 0MMJOJ .08836-2.651J 
100 * 0.6 .02653 26S.■ . 0008000.06304-2 J652 J .05304-2.652J 

Bridge "T" Networks (a) 

Vo 

Notch 
Interval 
cpa HjXlO8 

cx - 1.000 

Rj,xl03 

, Cj - 2.600 

Forward Reverse     Input 
Gain        Cain      Impedance 

Output             3 
ZjXlO   Impedance Z xlO 

24 

M 
9 

S 

4 

3 

2 

1.5 

1.2 

1.0 

0.6 

.6062 

.3031 

.2120 

.1516 

.1010 

.07579 

.05052 

.03789 

.03031 

.02526 

.01516 

4.642 

9.2C» 

13.926 

18.57 

27.85 

37.14 

65.70 

74.27 

92. (.4 

111.4 

186.7 

.15456 

.04372 

.0.1991 

.01130 

.005054 

.002849 

.001268 

.3137 

.1026 

.C4834 

.02778 

.01254 

.007092 

.003165 

.0:37138 .0')1783 

.0004569 .001142 

.0003174 .0007930 

.0001143 .0002856 

1.5305-1.914J 

.9565-2.391J 

•6737-2.627J 

.5169-2.680J 

.3493-2.619J 

. 2634-2.634J 

.1763-2.644J 

.1324-2.648J 

.1060-2.649J 

.08835-2.650J 

.063O4-2.652J 

.7176- .8979J 

.4059-1.01SJ 

.2772-1.O40J 

.2098-1.049J 

.1408-1.056J 

.1068-1.068J 

.07064-1.0697J 

.05301-1.0603J 

.04242-1.06052J 

.03536-1.0607J 

.02122-1.0609J 

To obtain values for Bridge "T" (b), in the tables above Interchange R^ with Cy  and 

Hj with C3. 
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I 
Ka/Apftm Gj4r V.on Bringe KttnorK« 

^ - .002653,    CJJ - 1.000 

Vo 
5 

10 

16 

20 

30 

40 

SO 

60 

100 

;.  •• (■t'HU) in parallel t.ith t' 2   • R^R^R^R^ In berlea with Zo'. 

Ilotcii 
Inte-val cps. 

♦ 12 

♦ 6 ♦ - 

♦ 4 

♦ 3 

♦ 2 

♦ 1.6 

♦X.I 
♦ 1.0 

♦ 0.6 

ao  (rssonrnt) 

RgARj^) 

■ f • m 

.5279 

.5162 

.5086 

.5064 

.5042 

.5032 

.5025 

.5021 

.5013 

.r,ooo 

R^IO* 

4.7*5 

5.0.^ 

5.125 

5.171 

S.i-lf 

6.228 

5.252 

5.260 

5.273 

5.305 

.f.--; j 

.5270 

.5175 

.SUO 

.5036 

.5064 

.son 

.5042 

.5 :. f 

.50)0 

Gain 

.05672 

.03234 

.01724 

.01232 

.003476 

.006330 

.005050 

.004220 

.002512 

Z^xlO* 

5.024(1-J 

5.16?(1-J 

5.214(1-J 

5.237(1-J 

6.259(1-;} 

5.271(1-J 

6.277(1-J 

5.282(1-J 

5.291(1-J 

5.3J5(1-J 

1.2S2U-J) 

1.29K1-J) 

1.303(1-J) 

1.309(1-J) 

1.31S(1-J) 

1.318C1-J) 

1.319(1-J) 

1.320(l-j) 

1.322(1-J) 

1.326(l-j) 

Wien Bridge, Rg - .002653 * 2P-4, 

C4 - 2.0 ■ 2C'3, B - 0.8 

Won Bridge, R4 

5 .2331 

10 .21"4 

15 .21L3 

20 .2033 

30 .2055 

40 .2041 

SO .2033 

60 .2027 

100 .2016 

CO .2000 

.03810 

•017VJ 

.01L27 

.0083*3 

.005479 

.004011 

.O032r?. 

.00270? 

.001612 

1.0 2<V 
Vo   VjVV 

.006305 - 2RJ, 

- 0.6 

-t= Cain 

5 

10 

15 

20 

n 
40 

SO 

60 

100 

oo 

.5556 

.6263 

.6172 

.6128 

.5085 

.5063 

.6051 

.5042 

.5025 

.6000 

.05556 

.02632 

.01724 

.01282 

.008474 

.006329 

.306050 

.004201 

.002602 
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Part IV 

Method» of Qbtoixilnk R«o"j"ed .Carrier Phase Shift 

Aa mentioned in Part I, it is necessary that the 

phaa) of the carrier of the modulated error sigral applied 

to the control winding of the tv.o-p>iare ractor be 90* out of 

phaa» »ith the voltage on the fixed winding. All methods of 

obta.ining phase shift of the carrier* cau3e the frequency 

characteristic of the a.c. servo controller to become un- 

.*.'/!"::• trlcal about the carrier froqusney, and also affect the 

phase characteristic. This distortion of the frequer.cy-phase 

characteristics, and the question of its effect on servo per» 

forrwnee, would not arise in a case where it was feasible to 

shift, instead the ph- .-H of the voltage applied to the fixed 

winding. (Assuming the simplified meter, the effect of the 

distortion on stability and error in any case nay be determined 

by the method of Part I.) 

So far r.s obtaining the proportional-derivative effect 

on the modulation is concerned, the essential portion of the 

ti-anefer characteristic of the parallel *T" is the factor 

■*•>-(■ 
[1 ♦ JT. • V"-'-(u - 01 )] in the nvraerator. Accordingly, in 

the. following first section we investigate the phuse shift which 

can be obtained from the remaining portion of the parallel "T" 

transfer characteristic, preserving the proportional-derivative 

factor in the numerator. 

1. Phass Shift at w In Terms of Independent Constanta in the Parallel "T" 

Let the numerator and Uor.ominator of the parallel "I" 

transfer characteristic [(1), Pa.-t II] be multiplied by na> /2p, 

and let p - ju. Then in order that the mincrator consist of 

the proportional-derivative characteristic 

in ♦ Cll 

ft * J*„ "(<"> - *>„)]• multlp] led by a linear factor (UJu ♦ l), d     m   *_     ~o' 
the fallowing conditions must be satisfied by the fundamental 
time constants! 
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VST3 

o 

(1) 

(2) 

(3) 

Suppose that three conditions are satisfied. Then m may 

consider T and T. as independent variables, T_, S. and S. 

aa dependent variables: T- * u/u T,T? from (1), and then 

S. and S, may be expressed in teraa of T, T. from (?) and 

(3). For positive S and S. . wc see that T,, TL oust be 

restricted to lie in the region I^io?nu/(n ♦ 2u), T a>0^.(2 ♦ nu)/n. 

given by: 

In terms of T.u ,  T^w,  u, the phase shift 0 at u is 

tan 0 
Cua ♦ Dt« • §Ü ♦ «)] ♦ u (1 ♦ *) 

(4) 

where a - T^, a - ■Y**Jia*t n ■ ^"o*    ^h"8 if ^i^c'^--^' 
the phase shift is a lead; and if T.TJO *?*I*, it is a laf. 
If I.Tj' ■ u*, then not enly is there zero phase shift at 
'■■ , but also it cay be verified th«t the factor (Up • 1) of 
the numerator is also a factor cf the denominator, sc that 
the transfer characteristic is of the form (2), Part II. 
The gain at w   is given by: 

?a(ua ♦ 1)1/2 

f(?a ♦ n» ♦ n ♦ 2u)a ♦ (2au ♦ nu ♦ 2» ♦ «mi)*] VT 

2a 
2(a ♦ u) ♦ n(l ♦ u") in case x ■ ua 

Let us examine the expression (4) for tan 0 to 
determine the maximum amount of phase shift which can be 

obtained.   The expression: 

u' - .  
K(u" ♦ 1) ♦ u(l ♦ SJ 
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ia a canotonlc fi-nctior. of u; it3 value increases from -z/K at 

u ■ 0 to 1/K a» u-»oo. Thercforr the tangent of the angle of 
1        2 

phase lad.  cannot be greater than ■ ■ iT  ■ ■ ■ —** . The 

tangent of the angle of phase lag cannot be greater than 

[• • §(1 • ■)] '! • H D] 4 
Thus for -' .a» • n « If., the upper bound of possible phase shift 

Is less then 7.6*. Actually, the bounds as found by calculation, 

for the case of equal condensers, »ore 3.8* la •,  0.5* lead. 

It nay ba verified that equations (1), (2), (3) ar* 

lnrariaxt when the Input and output of the parallel "T" are 

reversed, that is, whan ii-f'\  end Cl*C;j- *hey ar* *lao 1»* 

variant when one of the individual "!"'• of the tv«o "T"'a In 

parallel is reversed, that is, when either H^IL, or C-STC,. 

Thua any proportional-derivative ;erallel "T" is reversible, 

without changing 1 ,, ar.d the individual "T"'s likewis« are re- 

versible, to within the practically negligible amount of phase 

ahift of the carrier. 

2. Load Impedance and Series Inaut Imp-dance 

Though the intrinsic phase shift obtainable In the 

parallel "T", together with the proper proportional-derivative 

characteristic for ucably high values of 1  ,  ia very small, an 

appreciable phase shift it the carrier frequency nay be obtained 

(1) by loading the output of the parallel "T", or (2) by inserting 

a roaistor or other impedance In series with the input to the 

parallel "T". A third method is to Insert a one or two stage R-C 

or C-R phase-lag or phase-lead network either preceding or 

following the proportional-derivative pai-allel "T*. (nth any of 

the three methods, there 1B of course an accompanying effect an 

the gain-phase margin diagram, v.hieh may be calculated aa in Part I.) 
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In this section we coraider (l) «na (2). It the 
input impedance la the parallel "T" is A-JB, and the source 

of E. has series impedance Z, Fig. 17, the phase shift la 

*[(A-JB)/(A»Z-jB)] 
-IAA*/

1
«- 

Parallal 

Fig. 17 

h 

Fig. 18 

Thus if 

Z is resistive, the phase shift 

approaches a lag of arc tan B/A 
as Z-*oo{  and if Z is inductive, 

a phase lag up to 90* ♦ are tan 
B/A may be obcained. 

If a load impedance ?L ia connected 

to the output of the parallel "T", 

by Thever.in's theorem the circuit 

is equivalent to Fig. 18, where) 

B(p) is the parallel "7" transfer 

characteristic. If the output 

impedance ia Z - C-JD, the phase 

6 ****** 

shift is ZL/(C-jO a ZL). Thua if 

Zr la resistive, the phase shift 

approaches a lead of arc tan D/C 

aa Z,-*■()} and lf^-Z^ • 9^-0, a phase lead up to 8* are tan D/C 

may be obtained by taking Z, to be sufficiently small. 

Since the gain of the transfer characteristic ia 

small, the effects of aeries input impedance and load Impedance 

are nearly independent, and the total phase shift with both 

ia approximately equal to the sum of the phaaa shifts which 

would be caused by each separately. Thua for example if Z la 

a large resistance, and ZL a large capacity, a total phaaa lag 

of approximately < 2^  ♦ (90* -<Z  ) may ba obtained. 

If series input impedance 
Z and load impedance Z, are connected 

to a transfer characteristic B(p), 

Fig. 19, it may be shown that the 

resulting transfer characteriatlc lai 

B(p) h 
-o 

Fly.. 19 
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i- ! jel 

where «22 » 2   ♦ 2,  ft(p)]* Is the output t-apedance with the 
input open-circuited. 

llpirca 20 and 21 sho» the effect of a load resistor 

on the parallel "T" transfer characteristic, for the case of 
equal cendenanrs, «1th T u» 15 and 30. 

S.   Fonrulae for Phase-iaj: Networks 

Let the load on the phase- 
lng network at carrier frequency u 
be rapleied by on equivalent resistor 
R ani condenser C in parallel, as in 
Fig. 22.    The capacity C is included 
in C • tho source importance Zg, if 
purely resistive, is Included in P.. 
(A procedure for dealing »lth the 
care «here Zg is complex in indicated 
later.)   The transfer characteristic 1st 

Ki " ^Vo"" * fHoTl * fi(To * si*Tl,lp*h*he*h 

»here Tp - RoC0t T^ » RJCJ.    Thus the angle of phase lag through 
the network iai 

0 • arc tan -0F*<«0 • hK * VR
0 • «J 

R ♦ R    ♦ R,  - K* T,<u ■" o        i. o  1 c 

Let tan 0 - - k.   Ther the 

S - 

In 1st 

R 

♦ (RTJ^8 - I - Ro - RjHl + k*)1/2 

«here the * sign corresponds to 0.>9O#, the - sign to 0-^90*. 
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Suppcse that k, R, C , C, »re given.    Then the 
following formula« dateraine R , ft, for acxlarim g&in. 

e(l-kb)cJlo
a ♦ [b(m ♦ 1) ♦ c(n ♦ nr-kbn) ♦ k(l + m)JH    ♦ n(b*cR)*k(R*n) - 0 

R. ■ «B    * n x o 
N 

where b • w0RC0, c - C «. , a - (b* ♦ l)/f(b* * 1) ♦ tcK], 
n - R/[(b* ♦ 1) ♦ bcR], 

Tf k, R, C , C   are £lvf-i, the following formulae 
dnterftir e K , ?_   *or s iieeified ga In g: 

c(l-:cb)Ro
2 - c(l-kb)ARo - kB - (k ♦ b)A - 0 

«1 ' A-Ko 

whare A - R [(kb - l)s
-1 U«ks)"1/2 ♦ kb - 1 - k]/(b ♦ k ♦ 1 - kb). 

In ctee Zj i» cooplcx, 1st 2g ♦ R'  * x ♦ Jy.    Then 
the yoltuge aouroe £, vith inppdancc x ♦ Jy,  it frecuency u, 
la equivalent to a souii-a (Tp ♦ J)iL with rejitttnce R , 
paralleled by a (poaitive or nrg&tive) «.pteity C., «here 

x - R4/(l + T4»w
a), y * -R4T4o/(l ♦ T^u»*), T4 - B4C4, cr 

\- x < ys/x, T4» - -y/x. 

4 7 > * e<juivrl.<«nt to^fr4p»l)E,   » C   y 

—cr L 
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• Thus to compute the phase aim » ... h 

- ca «.^riea * th, Lit« o^i; ""*** for h> 
1th re8p...ct to F   is t > *' " ** PhaBe la* to El l8 0 . erc tw Md 

Consider the t«n.fw characteristic 

5s? ♦ V(ffp~rx 
The phase lag j) „r »hl_ . ^ ie „hi,  , wrtcp c;nracteri8Uc at ^^ 

rf 2(?Tt- 
0 » sic tsr. 

o 
16. 23 i, . ^^ oi th- 

*• «*» H *» 60. to 1T0-, J  ,£,   2T ? " ** 
corresponding values of -. in   ' ^ ' *    ls » Sraph of 
*-e value« ar, al/   . v "<> " * fUilCti™ ^^ - >7 ar*  alio tabulated bci0*    („ , ' 
th« d.aign 0f phase Jfcg „^^' ta ««-1« for. for 

Tho t«MT«r cha^cteriatie 
ft* th. tvo-section pha.e lng network 

J, L** »o lo^d reeiator. ft,. 2S,  itI 

I 

fl«. 2S 

^"V^T- 

where T,  » fi p     in       „ „ i   Vr \, ■ HOCO, h . ^   rne lnput ia[jfiance 

1      0.1-u1 ♦ I« i ji if  4V ♦ <*. ♦ yj- 
Th« output lmpedinct (with ♦ .,„ • 

2 !3f«I? ♦ XUlput 6Uort-circuit°^ *• 
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If the condensers C, C, are specified, the following formula« 

lir-.e 

iV2 

give the tho solutions for P. , B   to reall".« any desired v*and TJ 

£T*T fS" - 1- (C/CJJ 

:; 
£T * T[g* - 1 - (C ft )}V2 

 B *  
o 

These solutions are tabulated below, together with the inpedences 
Z. and 2 , for several sets of values for C , C.. X o ox 

If a load resistor R Is *>.*?"_' to Fig. 25, as in section 
3, the transfer characteristic is: 

£. R/(R ♦ Ro ♦ Hx) 

f[ " T^-H/CB+H^J ♦" [R0Ti ♦ rr(T^$1»T~7Jp/'(R#VR1; ♦ i 

Thus T end<? becone T' ena <?', where T'j - [R/(R*R *R )J^%, 
2i?T' - fR^ * t£nJ/(B*B *fi,).   If T»)  and <?• are calculated, 
the new phase shift nay be determined from Fig. 23, and the new 
gain is R/(R + R   ♦ P.) tiircs the value corresponding to <?• and 
?' In Fig. 24.   Or, If UM output lapedanse Z   of the phase lag 
network is at hand, the ehuig« if phasr- due to any load Impedance 
may be easily calculated. 
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63« ■:• :.) '.:• 

rx| T 91 K 1 T . i. ' P. T -z_x__ R , T <rx R .  . 

0.05; .030115 .00229 .501 i .  ' 1 " .00363 ! .34i .000369 .00733 .177 . 00265 . 0531 l.oac 
0.1 .000228 .00223 .504 ,000358 . »0368 J .348 . 7 : .00700 .187 . 00265 , 0265 .05 
0.? .0CC446 .00223 .000631! .00341 ! .366! .0J1198 .00599 .213 . 00266 0133 .1 
o.s .000613 .00216 .532| .00 >9B2 i .00317  .393 .001513 .00506 • ?F8 . 00265 00834 .15 
0.4 .<>-•■>*?* .00-07 .554 .001173 ! .00290 : .425 .001730 .00433 .302 . 00265; 00663 .2 
0.5 .000939 .00193 .531 .ooirsr ■ .00270  .462 .001877 1 .00375 .348  . 00265 00531 .25 
0.6 .0 .-.  , .00183 .611 .001491 j .00249 .501 .001985 .00331 .395  . 00265 0044? .3 
0.7 .ooizn .00179 .643 .COlf.10 .X3230 .1 2 .002067 .00?95 •4'2 . 00265 -or/-- .35 
0.3 .001357 .00170 .677 .001707 I .00213 .' (4 .002132 .00267 .490 . 00265 .00332 .4     «t 
0.9 .001450 .00161 .712 .001739 .03199 .627 .002133 .00213 .538 . 00265 .00296 .45 
0.9C .001492 .30157 .7311 .00182-' .30192 .649 .002235 .00232 .563 . O026F .00279 .175 

1C »• 110*                 120*           130» 

r1 
T <?T R T Ct A T Ct ■ T CT £ 

0.05 .019077 .33154 .00f4| ,0bÜ7J' .77694 .Oil'- .061C70 1.2274 .C<V94 .089106 1.78209 .0X57 
0.1 .010054 .10054 .0131 .019666 .19606 .006/ .030856 .:'0356 .0337 .044670 .44670 .0023 
0.2 .005875 .02933 .044 .03. 3331 .05167 .024 ,016760 .07380 I .015 .022568 .11234 .0090 
0.3 .C046"t' .015'5 .035 . 00730t' .0:!46S .OH, .010357  .03M9 .032 .015298 .06099 .020 
0.4 .004063 .01017 .128 .C0600C* .01! 00 .033 . 08481 .02x22 .051 .011728 .02932 .035 
O.S .003743 .OOTO .174 .005212 .01042  .120 .007114 .01423 .081 .009633 .01927 .053 
0.6 .003544 •00J91 .221 .004711 .&>73S  .159 .006233 .01039 .111 .XV^VC .01378 .074 
0.7 .003^.>4 .00486 .269 .004369 .00624 .210 : .005626 .00304 .143 .007320 .01046 .097 
0.» .003301 .00413 .317 .00-1123 .00515 .242 i .305135 .OOS-43 .177 .006626 .0.328 .123 
0.9 .003223 .00353 .31)5 .003934 .004S7 .235 1 .004853 .00539 .213 .306099 .00678 .163 
0.95 .002l<-J .003:.c .339 .00.1857 .00406 .307 .^«04716 .0049b .231 .005332 .00619 .lb- 

L40» ico»           ito*       170» 

r1 
T <?T T c* . * T C1 R T CT   j« 

o.or. .1265) 2.5300 .00034 .13279 3.6769 • 0001< i  .2:1804 6.76080 .00307 3l .60169 L2.0:-4 .000019 
0.1 .063334 .63334 .0013 .091963 .91963 .0007. 2 .145803 1.45803 .00031 .30038 2 3.0038J .300?" 
0.2 .031033 .15917 .0054 .23343 .0029 .072105 .30053 .0013 .16047 6, .762?S .00031 
0.3 .021403 ..07134 .012 .03085? .10286 .0064 .04872« .16; 43 . XV? .10035 6 .3345; .00069 
0.4 .016239 .04060 .021 .■•*. .05319 .011 .0.56193 .39050 .0050 .07530 8 .18327 .0012 
0.5 .013173 .02630 .032 .013752 .03750 .013 .0?904.r .06309 .0078 .06028 8 .12066 .3019 
0.6 .01116? .01361 .046 .015787 .02631 .025 .024292 • 0-1W9 .or.2 .050,-8 3 .08333 .0027 
0.7 .009753 .01393 . .1 .013642 .01949 .034 .02110? .03)23 .^150 .&•,. 14 .' .C616! .0067 
•0.3 .003711 .01089 .078 .012063 .01509 .044 .018384 .32293 .020 .03779 3 .34724 .0349 
0.9 .007914 .00879 .097 .0103:3 .312« .055 .016430 .01326 .025 .03363 8 .0373«. 1.0062 
0.95 .007533 .00703 .107 . ."•'•■-. i .0130T 

1 
.061 .015783 .01662 .027 .03189 i .J. :*■ ' .0069 
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Critical Valuta 

60» 73* 80« 90» 
T T ST •' T C* * 1 1—1    J _£"T j * T AT  J ft 
.953 .001415 

r .roi.c7 .733 ,001327 .00192 .651 j . 02: /• .00231 .564 .00266 .00278 1.477 
.913 .001461 .00160 .718 .001798 .00197 .663 .002139 .('3240 .545 .00265 .00291 .456 
,316 .001373 .00168 .683 .001722 .00211 .591 .002141 .00262 .493 .00265 .33325 .408 

:70V .001259 .00178 .645 .001618 .00229 .545 ,002072 .00293 .446 .00265 .00375 .354 

.677 .001099 .00190 .604 .001468 .00253 .492 ,001963 .00340 .384 .00265 .00469 .239 
.40' .000843 .002J7 .556 ,001139 .00291 .423 .031744 .00427 .."lit .00265 .00680 .204 

,302 .030651 .00216 .532 ,000956 .00317 .. • ,001622 .00505 .259 -0,;tf .00830 .151 

100» no» 120# 130» 

r* T en A _I _ „ *, T <?T x, T «"T * 
.953 .003188 .00334 .391 ,003852 .00104 .333 .004707 .00494 .233 .0.15868 .00615 .165 
.913 .003214 .00352 .371 .003912 . »429 .291 ,004316 .00523 .218 .036041 .00662 .154 
.316 .00S286 .00403 .324 ,004086 i >■ .249 ,005124 .00628 .183 .006529 .00800 .127 
.707 .003395 .00480 .272 ,004349 .00cl5 .:03 .005590 .J0V91 .145 .007264 .01027 .099 

.577 ,003.rS4 .00621 .210 ,001:306 .00533 .150 ,0064« .01109 .104 .008534 .01478 .069 

.408 .004035 .00983 .132 ,005918 .01450 .056 ,0083if .02044 .056 .011514 .02820 .039 

.302 .004624 .01524 .035 .007060 .02-141 .051 .0x0309 .03585 .03. .015225 .05050 .020 

• 140» 150* 160» 170» 

r1 
T £*T r r fT Qj T ZT ft T « « 

.95: .007561 .00793 .108 ,01032 .01032 .0613 ,01679 .01650 .0275 ,03176 .0333 .00091 
,913 .007825 .01857 .099 ,01072 .01174 ,0.:65 .01640 .01796 .02526 ,03317 .0363 .00634 

.316 .003565 .01049 .081 .01185 .01451 .0457 .01824 .02234 .02031 .03704 .0454 .00508 

.707 .019669 . U367 .062 .01362 . :V./ .0 47 .02095 .02962 .01531 ,04271 .0604 .00381 

.577 .01x559 .02)02 .043 .01635 .02831 .0234 .02552 .04420 .01026 ,05226 .0905 1 .00254 

,408 .015923 .03902 •or:? .32. 'i. .05639 .0x19 .03590 .03793 .00516 ,07379 .1308 * .00127 

.302 .021299 .07064 .012 .03070 .10133 .0065 .04849 .16031 .00282 .09986 .3312 .00070 
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cx - 1, 

C1 
0, c 1.0       60» .   * 

0.05 

o.c 

•o.a 

0.3 

0.4 

0.5 

0.6 

0.7 

R.xl03! H HO3 

2.292 
0 

2.269 
.0115 

2.i?9 j 
.0456 

; 2.058  i 
.1020' 

0 
4.5-J4 

.0229 
■J." : 

.0911 
4.369 

.2040 
4.13.6 

ZjjtlO 

-,.'? 

,cx - 1. 

1.S90 
• J305 

.3609 
3.779 

1.6M 
. 2907 

.8814 
3.379 

1.438 
.4422 

.8843 
2.376 

1.021 
.7637 

1.8*7 
2.043 

,88? 1.730 

. a. 
o 

2.293-11.32' 
1.968-11.92« 

2.296-11.321 
1.967-11.524 

2.254-11.307 
l.?62-ii.31t 

2.205-11.23V 
1.952-11.302 

2.144-i1.261 
1.910-U.233 

2.073-11. Til 
1.924-U.26J 

2.007-11.209 
1.909-11.254 

1.924-11.190 
1.902-11.190 

1.910-11.192 

K*°* 
.:r72-i.f«' >   3.' ;• 

1.150-11.939,  .v)C96 

.5C6H.C0C[3.562 
1.165-11.934 l .013 

.621-11.017 »•33« 
1.17111.968.    -572 

.67411.042J 3.022 
1.194 "11.9421    -i*3 

.743-H.03J2.67* 
1.223-11.901    .2* 

.842-11.138. 2.305 
1.2*0-11.044    .398 

R xlf/' o 

.'.»,3-11.2? 
1.268-11.75 t- 
1.149-11.422? 1.313 
1.231-11.1T63.I i. 987 

1.194-11.491i|-".-1« 

-'. 1.0 •■.v 

■'.r 
-: 

o.os 

0.1 

0.2 

-0.3 

0.4 

0.5 

0.6 

0.7 

2-1/2 

R^IO31 K xJO 
o  

7.748 
,0099 

6.968 
-.■.-• 

?.eo8 

4.321 
.239 

3.948 
.332 

3,202 
.548 

7.530 
.790 

1.684 
;.?66 

1.465 

.01« 
14.696 

.07C- 
13.930 

,24.« 
11.735 

.473 
9.642 

.763 
7.897 

J..096 
6.404 

1.559 
5.061 

2.532 
3.368 

2.931 

ZjXlO" 

7.331-11. 
1.266-11. 

7.013-li, 
1.297-11, 

6.024-il. 
1.412-11, 

5.:;98-lL 
1.552-11, 

4.344-11. 
1.698-li. 

3.732-11. 
1.853-11. 

J. x.O o 

313 .235-11.2841 
32f. .* 61-12. 563 

230 .202-11.293; 
S20 .436-12.566 

192 .348-11.3I.'J 
303 .565-12.516 

,111 .460-11.34' 
.276 .664-12.5!-; 

08i 5.84-11.399 
23i .771-12.'.? 

007 .714-11.47- 
1« .8?5-12.3S< 

985   .853-11.53, 
132   .985-12.26' 

2.608-1 .97S 1.025-11.83. 
2.34)-11.039 1.057Tl2.02q| 

2.464-11. Olfc 1.051-11.92 

2.233-1 
2.024-11 

F^xlO" 

•2.990 
.117 

>6.3c7 
.133 

.2.991 
.309 

8.420 
.420 

6.047 
.534 

4.529 
.731 

3.379 
1.»? 

-.163 
;.627 

;,24i 

. ■' 

7.024 

.1441 
■'   76 

. :vfc4 
6.044 

,5U7 
5. .543 

.'908 
4.1^9 

1.173 
3.307 

1.975 
;,.6?r. 

2. ."33 

90« 

R xlO' o 

ZjXlO* 

3,627-11.325 
1.896-11.826 
3.536-11.314 
J.900-11.321 

3.435-11.234 
1.921-11.308 

3.229-11.240 
1.954-11.290 

3.005-11.192 
2.054-11.286 

2.735-11.159 
2.065-11.229 

2.564-11.126 
2.072-11.187 

2.299-il.llO 
2.131-11.130 

2.?32-11.118 

ZjXlO" 

.223 
3. •■.>.?:■ 

.266 
52.734 

.618 
25.9-J2 

.340 
16.839 

1.167 
12.098 

1.562 
9. )53 

2.083 
6.757 

3.255 
4.325 

i 

o 

.435 41.174 

.859 "12.340 

.44441.177 

.366-12.337 

.497 11.196 

.905-12.218 

.57111.225 

.95812.286 

.675-11.260 
1.040-12.215 

.787-11,342 
1.088-1.'. 170 

,922 41.447 
1,148 42.066 

1,107 41.674 
1.167 41,839 

1.143 41.755 

Z xlO*5 

o  

-r2.95 -11.163 
.133-Ü.325 

26.46 -1  .339 
.266-11.321 

13.09 -1 .762 
.531-11.300 

8.626-1  .683 
.793-11.267 

6.325-1 .696 
1.J70-11.22C 

4.J82-i .719 
1.355-11.157 

3.330-1  .752 
1.686-11.074 

.845 

.923 

*.376      3.751 

2.753-i 
2.276-1 

2.501-1  .384 

.116-11. 

.117-12. 

.132-11. 

.132-12. 

.302-11. 

.302-12. 

.400-11. 

.400-12, 

.532-11. 

.M3-12, 

.666-11, 

.666-12, 

.796-11, 
.796-12 

.929-11 

.928 -42 

310 
311 

333 
646 

357 
622 

389 
589 

443 
,536 

,521 
,457 

.6t9 

.340 

.896 

.083 
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2.877-11.871 

4.740-13.815 
861-117.874 

6.028-i4.723 
l."/366*il6.983 

7.509-15.939 
lS.203-il'v77£ 

9.437-17.355 
12,3o'0-iia328 

U.136-ÜOJD71 
J2.044-Ul.6l6 

6.59 
014 

6.49 
.018 

6.13 
.073 

5.62 
.14 

.08 

.24 

4.54 
.36 

.02 

.51 

J.51 
.67 

2.99 
88 

2.41 
1.21 

. 89 
'■■■) 

2.893-11.871 J2.041-UJ.239 1.74 

.15 
72.45 

.20 
71.40 

.81 
67.39 

1.58 
61.82 

2.68 
55.92 

4.01 
40.99 

5.56 
44.24 

7.38 
33.62 

9.69 
32.91 

13.34 
26.46 

17.57 
20.83 

6.606-12.417 
1.752-11.477 

6.521-12.390 
1.760-11.478 

6.247-12.337 
1.798-11.484 

5.863-12.250 
1.862-11.497 

6.459-12.159 
2.041-11.567 

5.059-12.085 
2.025-11.523 

4.670-12.0J5 
2.129-U.539 
4.293-11.928 
2.252-11.559 

3.917-11.852 
2.409-11.535 

3.486-11.771 
2.637-11.621 

3.124-11.704 
2.914-11.667 

19.16   3.016-11.686 

90* 

ZixJL0 Z xlO" 
0  

R1xl03 ft xlOv 

0 
Z1xlO" 

.9U-12.175 
8.627-123.384 

.966-12.189 
8.659-123.366 

1.509-12.384 
9.058-123.179 

2.205-12.658 
9.546-122.833 

3.181-12.099 
10.196-122.442 

4.327-1?.706 
10.892-i21.836 

5.603-14.502 
11.659*121.045 
6.991-i5.540 

12.250-120.000 

8.544-16.963 
12.773-118,564 

10.505-19.265 
13.026-116.282 

11.957-111.862 
12.644-113.673 

12.302-112.747 

Z xlO" o 

0.05 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

0.95 
i.i -v* 

13.41 
.0093 

12.69 
.035 

10.77 
.12 

8.97 
.23 

7.51 
.37 

6.31 
.60 

5.35 
.67 

4.50 
.86 

3.75 
l.U 
2.94 
1.49 

tm 
2.10 

.10 
147.50 

.39 
139.61 

1.33 
118.47 

2.57 
98.63 

4.04 
82.56 

5.54 
69.46 
7.39 

58.81 
9.45 

49.55 
12.20 
41.20 
16.29 
32.31 

23.15 

13.42-12.383 
.955-11.366 

12.75-12.328 
.932-11.368 

503-12.355 
4.62lTi2f.710 

.767-12.403 
4.862-125601 

10.95-12.163 \L 618-12.593 
1.062-11.376 SJ6» 4.25.466 

9.269-12.01J 
1.181-11.33; 

7.902 -U. 894 
1.308-11.389 

6.309*11.787 
1.454-11.399 
5.905-11.713 
1.6U-11.407 
5.137-11.644 
1.79611.413 
4.428-11.5<äy 
2.021-11.423 
3.694-11.532 
2.363-11.446 

2W-H:l?o 
2.944-11.480 

2.726 42.933 
6.604.125029 

4J302-13.430 
7.759-124.636 

96.39 
.16 

48.05 
.13 

23.87 
.31 

15.66 
.41 

11.49 
.56 

5.238-14.062 
3.727-123.993 
6^65-14.918 
9-847-123.J12 
8.063-16.079 
10.884 tZL#6 
9.662-17.6» 
U894-i20.:82 
11.350 -110.176 
12.692-417.883 

12.688-114.051 

8.93 
.72 

7.14 
.90 

5.78 
1.11 
4.66 
1.38 
3.57 
1.80 

i'tt 
2.53 

1.32 
1060.3 

1.46 
528.54 

3.45 
262.56 

4.55 
172.25 

6.16 
126.44 

7.97 
98.23 
9.87 

78.52 
12.20 
63.60 
15.18 
51.22 
19.78 
39.22 

mi 
27.82 

96.26-12.177 
.073-U.324 

48.11-11.204 
.147-11.3271 

23.78-11.406 
.294-11.324^ 

15.69-11.<24 
.448-11.324 

U. 54-11.218 
.610-11.321 

8.976-11 
.782-11 

7.213-11 
.975-11 

5.864-11 
1.193-11 
4.744-11 
1.477-11 
3.671-11 
1.909-11 

SrfffcH 

198-12.440 
597-126.49 

324-12.478 
296-126.46 

.096-12.724 

.060-126.21 

,030-13.032 
,994-125.90 
,338-i3.531 
,340-125.41 

.226 

.316 

.220 
312] 
226| 
301 

.234( 

.296 

.244 
283 

6.702-K.221 
6.659-124.71 
7.972-15.104 
7.994-123.83 
7.302-16.292 
?.314-122.64 
Ü65-17.926 
L0J65-J.21.35 
U. 97-110.50 
U. 97-118.44 

m 
2.650-11.263| JS! 5-114.4 



l.o, r f,.l       100" «11-44C 

RjJtlO* 

693.24 
.47 

102.30 
.50 

62.82 
.60 

27.38 
.71 

17.64 
.35 

12.62 
1.02 

9.55 
1.20 

7.42 
1.42 

5.80 
1.71 

4.33 
2.18 

3.31 
2.79 

0.05 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

0.95 

1 

C^ - 1.0,   c0 

RxlO 
O 

.l-1^ 3. 

5.20 
7625.60 

5.64 
2005.30 

6.59 
581.01 

7.82 
301.18 

9.38 
194.02 

11.17 
138.83 

13.20 
105.00 

15.58 
81.62 

18.85 
63.75 

23.93 
47.62 

30.74 
36.46 

33.44 

0.1 

R xlC o 

ÜJXIO" ;. xlO o 

651.2*158.64 
-.453-11.32E 

170.5+114.36 
-.430-11.323 

48.79*13.222 
-.337-11.314 

24.97»11.109 
-.214-11.302 

15.81+1.261 
-.071-U.288 

■JJi6-i2.357 
.022425.71 

4.447-12.405 
.«6-J25.66 

5.237-12.604 
L265-J2E.47 

62» 42.934 
2.279-425.14 

7.287-1S.421 
3.5.8-124.65 

RjXlO 

11.08 -i. 176   »394 -14X184 
.092-11.270 

3.204-1.445 
.281-11.250 

6.231-1.624 
.503-11.224 

4.690-1.776 
.799-11.190 

3.323-1.912 
1.266 -41.137 

2.356-^.1.014 
1.858-11.069 

2.097-U.043 

120» 

4.923-123.991 

9.471-14.966 
6.265423.12 

10.4646.093 
7.687-421.93 

11.4 947.684 
9.209-120.39 

^2.27-00.18 
10.91417.90 

12.39-41ÄJ4 
12.03-415.0: 

12.28414X15 

.97 

356.58 
.98 

92.90 
.95 

43.64 
1.14 

26.02 
1.26 

17.54 
1.40 

12.68 
1.59 

9.52 
1.82 

7.23 
2.13 

5.28 
2.66 

4.00 
3.38 

3.67 

RxlC o 

10.70 
15503.10 

10.80 
3922.40 

10.95 
1022.20 

12.54 
430.06 

13.84 
286.16 

15.44 
192.96 

17.48 
139.62 

20.02 
104.78 

23.47 
79.53 

29.27 
58.13 

37.14 
44.06 

40.40 

ZjXlO" 

1077.6*1224.6 
-.961-11.325 

272.1+156.31 
-.949-U.323 

71.11+114.52 
-.899-11.312 

31.88+16.635 
-.822-11.296 

18.42+12.822 
-.721-11.274 

11.95+11.471 
-.596-11.247 

8.215+1.677 
-.443-11.213 

5.789+1.161 
-.251-11.169 

4.022-1.217 
.009-11.110 

2.515-1.545 
.440-11.011 

1.512 J..768 
1.013.1.880 

Z xlO o  

1.249-1.827 

,x!0 
z 

Z xlO 
o KjXlO' R xlO  o 

130' 

3 Z±xlO 

7.803-12.152 
.040-123.42 

7.848-12.196 
.123-123.37 

8.240-12.351 
.251-123.20 

8.838-12.681 
1.483-122.89 

9.467-13.122 
2.446-122.45 

10.12-1?.717 
3.493-121.85 

10. 83-14. ni 
4.812-121.06 

11.47-15.556 
6.210-120.02 

12.01-16.995 
7.762-118.68 

12.24-19.274 
9.691-116.31 

11.84-111.88 
11.21-113.70 

11.55-112.79 

Z xlO3 

o  

0.06 

0.1 

0.2 

0.3 

0.4 

0.6 

0.6 

0.7 

0.8 

0.9 

0.95 

1.1' ■1/2 

2230.10 
1.54 

559.47 
1.55 

141.68 
1.59 

64.13 
1.67 

36.80 
1.78 

23.95 
1.92 

16.78 
2.11 

12.27 
2.35 
9.10 
2.69 
b.52 
3.28 
4.89 

2l *'U 2
   4.49 

16.90 
(24531.10 

17.00 
ol.r4.20 

17.53 
1558.50 

18.38 
705.42 
19.62 

404.78 
21.15 

263.45 
23.16 

184.64 
25.83 

134.97 
29.54 

100.06 
36.10 
71.70 
45.26 
53.83 
49.37 

1112.2+1480.8 20.4641.839 
•1.529-11.325 J064 419.90 

277.9*1119.8 10.48-11.376 
.136-119.86 1.5213-11.0» 

68.76+129.1 fa** -12 J029 
-1.493-11.312 

29.93+112.36 
■1.456-11.291 

3237.95 
2.22 

809.95 
2.24 

■     „202.88 
.423J19.7ini 2.28 

J0.904J.237 
.986-119.45 

16.25+i6.405ßl.23-i2.665 
-l.393-il.263j L733-1I9.08 
9.862+13.645 H.53-13.173 

-1.321-11.234 2.621-U3.5? 
6.278*12.091 11.82-1?. 8<5 

-1.221-11.190 
4.005+11.104 

-I.O9O-11.132 
2.413-1.414 
-.905-11.050 

3.741-117.90 
12,06-14.737 

4.990417^)2 
lli.13-i5.9f-4 

6.467 41£.7T 
1.107-1.160 (11.83-17.839 
-.583-1.907 
.277-1.525 

-.133-1.707 
.054.1.624 

8.369-113.3^ 
10.92-110. 03 
10.01-111.64 
tt. 57-110.87 

90.36 
2.35 

50.85 
2.46 

32.43 
2.61 

22.26 
.79 

15.96 
3.05 

11.62 
3.43 

*.B 
c.u 
6.15 
S.R9 

24. 0 
55617.40 

24.60 
8909.40 

25.10 
2231.70 

25.87 
993.93 
27.05 

659.35 
28.66 

356.74 
30.68 

244.92 
33.60 

175.60 
37.74 

127.86 
45.43 
90.17 
56.63 
67.17 
61.54 

568.8+1802.6 
-2.225-11.325 

138.9+1193.2 
-2.223-11.323 

32.92+148.22 
-2.215-11,312 

13.29+120.54 
-2.202-11.293 
6.368+U0.77 

-2.182-11.265 
3.134+16.565 

-2.155-11.228 
1.401+13.729 

-2.119-11.178 
.276+12.152 

-2.069-41.109 
-.481*11.083 

-1.995-11.008 
-1.103*1.218 
-1.843.1.658 
-1.484-1.310 
-1.666-1.557 
-1.581-1.443 

11.81-11.454 
.041-115.59 

11.87-11.483 
.083-115.56 

11.92-11.602 
.302-115.44 

ll.90-il.804 
.681-115.24 

12.03-12.098 
1.267-114.94 

12.08-12.499 
2.032-114.65 

12.03-13.022 
2.803-114.02 

11.95-13.722 
3.874-113.33 

11.64-147673 
6.182-112.37 

9.779-17.924 
8.766-19.128 
9.775-18.527 



cl- i.o, cc • O.J.      140» - ?ll-4*r 

-1 RjXiO5 R xlO3 

0 
ZjXlO3          J ZQX103         Jj HjXlC8! R xlO3 

0 
ZjXlO3             j Z9xl03 

0.05 «96.84 34.80 - 8JO.2+11130.6 a.27-rxc*f.i.76 BO 60 -3341.3*11442.3 10.67-1.660 
3.16 50565.20 -3.162-11.32! Jta? 411991   4.69 73466.40 -4.596-11.325 .024-16.682 

\     0.1 1143.35 34.90 ■ ■217.2*1290.6 U45-1106S667.45 50.70 -336.0+1359.1 10.418-1.672 
3.17 12631.90 -3.164-11.3*; A^B-il0.97l   4.61 18341.90 -4.603-11.323 .0363-16.668 

0.2 286.17 35.50 -52.50*163.07 UL87-1U49 3*14.39 51.30 -209.5+187.37 10.369-1.723 
3.23 3147.90 -3.172-11.312 .ÄV-Ü1Ä »   4.6c 4558.30 -4.629-11.311 .161-16.617 

0.3 126.42 36.20 -29.82 »130..r.'   J..7b-CL.291 ».82.27 rr.?.S -93.43+137.14 10.271-1.809 
3.29 1390.60 -3.186-11.29.' .436-110.7*       4.75 2004.90 -4.673-11.292 .353-16.532 

. 0.4 70.41 37.48 -14.79+115.31 11.69H.4<9 |p0.92 53.73 -52.75*119.66 10.123-1.935 
3.41 774.52 -3.205-11.264 .929-110.54»   4.88 1110.10 -4.740-11.263 .634-16.407 

0.5 44.36 39.19 -10.27*13.890 11.56-11.780 0 63.12 55.66 -33.87+111.44 9.890-11.104 
3.56 488.01 -3.232-11.224 L439-il0.2<! 5.06 694.34 -4.834-11.222 .999-16.237 

'0.6 30.07 41.45 -7.770*15.39? ll.32-d2J.49 42.51 53.61 -23.52*16.903 9.657-11.332 
3.77 330.75 -3.269-11.17C 2J02-19.89C 5.33 467.59 -4.957-11.163 1.538-16.029 

0.7 21.26 44.70 -6.249+13.221 U.O0~.iÄ639 29.75 62.58 -15.33*13.313 9.."21-11.626 
•:.06 233.90 -3.320.11.094 2,92*19-401 5.69 327.22 -5.123-il.121 2.133-16.720 

0.8 15.29 49.66 -5.224*11.731 10.5113.314 21.18 63.82 -12.89+12.310 8.654-12.034 
4.51 163.14 -3.396.-1.9/3 4.028-13.735 6.26 232.98 -5.434-1.957 2.930-15.314 

0.9 10.63 53.37 -4.428*1.577 9.55814.377 14.58 30.77 -9.608*1.881 7.660-13.024 
S.35 116.93 -3.539-1.761 5.612 -17.66£ 7.34 160.43 -5.986-1.714 4.211-14.666 

0.96 7.87 73.00 -3.962-1.118 a251i5.S99 10.75 99.72 -7.687+1.036 6.473-13.418 
1—.  6.64 36.60 -3.754-1.432 7.25216.443 9.07 118.28 -6.845-1.335 5.597-13.932 

1.1"J /2| 7.21 79.30 -3.850-1.287 7.77016.025 9.84 108.23 -7.232-1.163 033113.673 
cx- i.o, co - 0.1   160» 170+ 

.   -1 J^jclO5 
3 

R xlO*5 

0 
2.xlO3            iz xlO3 

1                         1  0 
^xlO3 ft xlO3 

o Z±xl03 Z XlO3 

O 

.0.05 10466.97 79.30 - 7965.5+H693.3 fJUHM 21864.76 167.60 -21485.0*12153.7 4.203-1.138 
7.21 115136.70 -7.205-11.325 JWr-iZ£29 14.33 240512.40 -15.05-U.325 .00594-1.869 

0.1 2643.65 80.15 -2029.6+1426.2 Z704-1.263 5455.50 165.90 -5302.5+1516.7 •1.116-1.140 
7.29 29080.20 -7.308-11.323 .T23M3217 16.03 60010.50 -15.08-11.323 .010-1.863 

0.2 648.21 80.30 -494.7*1102.3 7.716-1.332 1352.75 167.40 -1272.0+111Ü.2 4.080-1.149 
7.30 7130.30 -7.329-il.311 J09-d3J.99 15.22 14880.20 -15.21-11.311 .0462-1.860 

0.3 287.83 82.50 218.2+143.70 7.5794.. 416 592.77 169.90 -558.0*148.09 4.022-1.169 
7.50 3166.10 -7.362 11.292 .22213142 15.44 6520.50 -15.42-il.292 .106-1.843 

0.4 156.95 83.54 -121.2+122.95 7.513-1^83 362.52 173.70 -307.8*125.31 3.9971.190 
7.59 1726.50 -7.499-11.262 .408-13.099 15.79 3591.70 -15.75-11.262 .1961.835 

0.5 97.78 86.28 -83.92+114.76 7Ä3-1Ä5 202.95 179.10 -191.6+U4.75 3.827-1.195 
7.84 1075.50 -7.695-11.221 .649-i2XU£ 16.23 2232.50 -16.21-11.220 .3151.814 

" 0.6 65.41 90.25 -51.53+18.137 7.067-1.672 135.40 186.79 -128.1+18,966 3.6781.222 
3.20 719.55 -7.969-11.162 .975-12.911 

1     16.98 1489.40 -16.86-11.160 .473-1.787 

.°-7 46.14 97.03 -37.11*14.949 6.635-1.797 |     94.70 197.83 -89.36+15.442 3J061.269 
8.82 507.57 -8.475-11.077 UJ8812.711 17.98 1034.30 -17.82-11.073 .677-1.762 

0.8 32.26 104.7a -26.31+12.764 bZS'iUXX 66.31 215.38 -63,25+13.066 3.206-1.307 
9.53 354.82 -8.934-i. 946 1.970-12,576 19.63 729.42 -19.32-1.937 .9621.703 

0.9 22.08 122.32 -18.55+11.105 ii n mi r     45.20 250.41 -43.39+11.^66 2.773-1.385 
11.12 242.37 -10.20-1.646 ^855-12.26 9    22.76 497.19 -22.31-1.664   | 1.410-1.625 

0.96 
16.40 152.Of -14.29+1.152 4.4 561.L.636 33.12 307.12 -32.54+1.223   i 2.''70-1.474 

1—, 13.82 130.3f -12.32-1.264 .".792-11. 87 7    27.92 364.28 -27.16-1.222   | 1.9JUJ-1.536 

1.1" ̂ IS.OO 165.0J -13.22-1.073 4.122-11.756 30.28 333.10 -29.38-1.018 1 2.098-1.606 

i 



cx - o.i, co - 

RjXiO5 

0.05 

0.1 

0.2 

0.3 

1 

4.14 
.019 

4.03 
.12 

3.54 
.51 

2.16 
1.77 

.1-^.96 

1.0 

Rx 3' o 

£0» 70* 

.0 1 
4.5 

.U 
4.43 

.56 
3.90 

1.94 
2.38 

2.16 

ZjXlO 

4.170-12.408 
4.456-12.667 

4.156-12.403 
4.408-12.647 

4.102-12.309 
4.295-X2.556 

4.060-12.387 
4.035-12.412 

4.071^12.398 

Z xlO" 
0 •v10' 

1.058-11.3061 
1.163-11.988/ 

1.134-11.8151 
1.233-11.985) 

1.390-11.8271 
1.470--U.966, 

1.318-11.8871 
1.335-11.910 

6.56 
053 

16.32 
,18 

5.42 
.78 

3.17 
2.59 

R xlO3 

a 

.058 
7.20 

.20 
6.96 

.86 
5.96 

2.85 
3.49 

^xlO" 

6.642-12.407 
6.774-13.029 

6.521-12.390 
6.689-12.974 

6.250-12.372 
6.650-12.885 

5.920-12.360 
5.938-12.411 

Z xlO" o  

1.830-11.89712.38        3.17        5.923-12.383 

.823-12.136 

.898-i2.340 

.932-12.145 
1.004-12.336 

1.388-12.157 
1.444-i2.315 

2.068-12.222 
2.077-12.214 

2.085-12.234 

fLXiO*' 

1.0 

R XlO" 
_H  

KJ« 90* 

0.05 

.0.1 

0.2 

0.3 

13.33 
.090 

12.37 
.36 

9.52 
1.37 

5.06 
4.14 

urv*\ 4 
C.  - 0.1,    c 1 o 

59 

.10 
14.66 

.40 
13.60 

1.51 
10.47 

4.55 
5.67 

,xlO° Z xlO" 

13.42-12.388 
11.66-14.578 

12.75-12.330 
11.31-14.279 

10.96-12.30sl 
10.26-13.431(1.609-12.542 

9.227 -12.284J2.63? -i2.442 

■- 

.5001-12.341 ?£..»! 

' 

.540-12.671 

,756-12.346 
,791-12.566 

,581-12.368 

xlO' a 

9.174-i2.4xi 

5.05 9.131-12.342 2.659-iP.454  3.00 
1.0      100* 

2645-12.467 

,74 

46.82 
.36 

a .10 
-'.08 

■.■■'. 

7.23 

R xlO' 

-1 R.X10 P xlO o 
ZjXlO" Z xlOw 

o  
1^x10" 

.31 
105.39 

i.50 
51.50 

3.38 
23.22 

7.96 
9.72 

3.80 
110' 

I xlO o 

Z.xlO" 

96.38-11.338 
6.867-112.40 

43.10-11.236 
11.72-110.34 

23.79-11.378 
14.7o-15.875 

14.96-i2.041 
14.47-12.410 

Z xlO o 

.731- 

.734. 

1.325- 
1.322. 

2.681- 
2.689- 

3.980- 
3.975- 

12.417 
12.651 

12.418 
i2.646 

•12.441 
■12.622 

•12.521 
■12.543 

14.66-12.211    4.000-12.532 

Zixl0" Z xlO o 

0.05 

0.1 

0.2 

0.3 

689.06 
4.65 

177.63 
5.17 

46.69 
6.73 

15.45 
L_  12.64 

l.l"1/2j 13.94 

5.11 
757.97 

5.69 
195.39 

7.40 
51.36 

13.90 
17.00 

15.34 

652.3+i59.74   4.05?-12.3 42  U01.35 
-3.675-113.154.026-12. OR       9.45 

170.0*113.88 14.461-12,243    347.45 
-tf 21-112.64   U.420-12.563      10.12 

47.94*12.48.'{f;.286-A2.?71      32.13 
8.98t-19.17o]5.257-i2.546l   11.82 

24.15-11.417l~6.309-li^47l   24.63 
18.32-12.41." 6.309-12.47JJ   20.15 

19.82-11.891 6.327-Ü458J   22.19 

10.39 
.541.49 

11.13 
332.19 

13.00 
90.34 

22.17 
27.09 

24.41 

1039.3*1232.3 
-9.210-13.16 

268.8*154.12 
-7.810^112.32 

65.68*111.07 
-1.027-110.51 

20.54-1.453 
15.92-12.411 

18.16-11.418 

7.509-12.139 
7.437-12.349 

7.904-12.144 
7.832-12.344 

8.338-12.165 
8.281-12.324 

8.979-12.236 
8.968-19.256 

9.134-12.239 
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0.1,    C   - 1.0    120» 

0.05 

0.1 

0.2 

0.3 

1.1 

V 
-1 

K.xlO" 

2214.24 
14.94  2435.66 

545.14 
15.33 

125.24 
13.03 

36.19 
29.61 

•1/2 
32.59 

0.1.    co 

R,xl0: 

ft xlO3 

o 

16.44 

0.05 

0.1 

0.2 

0.3 

1.1 

V 
-1 

4569.19 
30.81  5026.11 

1113.94 
32.59 

252.98 
36.42 

71.34 
58.37 

•1/2 64.22 

17.47 
."9v.r;: 

19.83 
137.77 

32.57 
39.81 

35.85 

' 1.0 

R XlO  o 

ZjXitr v. xlO" o  

U42.9*i60.5.7 
-15.11-1)3.18 

270.2*ill4.8 
-14.40-112.85 

59.55n23.23 
-10.62-ilO.97 

K.xlO' 

10.078-11325 
9.971-UiXB 

L3.47 

10.527-41.831 739.20 
1O.427-4Z0DS 

10.*2-41JMS|179.37. 
ia686-11.93J25.S2 

10.39*1.561  Ü1.122-Ü-909 
4.882-i2.4lÜ.U.112-'ll.927 

7.5494.961 |iU25-iL91ß 

21.69   3540.32 

22.93 

50.99 
41.72 

45.90 

R XlO" 
0   . , 

I •'./' 

Z^O" 

:' s.36 

25.28 
863.1;. 

28.4.} 
197.28 

45.89 
56.10 

50.50 

609.4*1835.3 
-22.Id-113.17 

126.7*1133.3 
-21.9b-112.36 

19.31*137.13 
-20.62-111.16 

-8.532*11.406 
-12.11-12.414 

2 no 
V) 

11.456-11.444 
11.338-11.584 

11.914-11.448 
11.801-11.582 

12.042-11.462 
11.954-11.668 

12.224-11.609 
12.211-11.623 

■10.39-1.605        12.222-11.516 

140» 

Z xlO3 

ISO« 

37. SM 

0.1.   co 

Rj^xlO1 

35.85 
1230.33 

40.06 
278.28 

64.21 
78.47 

70.64 

1.0 

Z xlO 
£.  

749.7*11200.; 
-U.66-1U.X1 

•228.2*1274.3 
-21.89-112.4; 11.732 41.134 

-63.82+150.68 U.952 -U.050 
-32.62-ill.2£ H.864-11.125 

-3C.03+12.034 12.02L-fl.033 
-34.75-12.407 12.C08-ll.O3e 

0.05 

0.1 

0.2 

0.3 

10404.03 
70.16 11444 

2575.94 
75.03 

£73.02 
82.49 

162.C 
132.9C 

l.l_1Ml46.19 

R xlO 
o 

-35.29-1.351 

160» 

Lxl)' 

R.xiO 
\ 

11.4OT-Uai7li633.60 
11.33941X51 44.86 

U^94-fl.Od(l624.74 
47.32 

366.33 
C2.73 

02.86 
84.16 

R xlOv 

o 
.xlO" Z xlO" 

o  

77.17 
.43 

32.53 
2833.53 

90.74 
630.32 

146.19 
178.67 

160.31 

u.a?"j-i! 

Z xlO" 

on.   34 

as£j| 92 67 

49.34 
7302.46 

52.05 
1737.21 

58.00 
402.96 

92.57 
113.15 

•3339.8*11534 
-46.36-113.2! 

-035.5*1335.9 
-46.82-112.87 

-206.8*162.47 
-50.10-111.31 

-75.97*12.463 
-66.66-12.413 

101.83 

170* 

•70.87-1.182 

10.095-1.656 
9.99?-1.714 

10.44c-i.667 
10.3*0-1.714 

10.466-1.663 
10.388-1.708 

10.481-1.683 
10.472-1.689 

10.475-1.686 

8095 
-72 

1992 
-79 

457 
-80 

-142 
-119 

,9+11823.9 
,42-113.17 

.4+1392.7 

.28-112.631 

.1*17123 

.79-111.33 

.3*12.738 

.7-12.411 

-131.8-1.076 

7.544-1348 
7.467-U77 

7.7514.WS 
7.678-! .372 

7.824-1.354 
7.766-1.37F 

7.738 -1.357 
7.730-1.3L0 

7.WJ-1353 

HjXlO* 

21733, 
146. 

5315. 
154, 

1195, 
172, 

334, 
273, 

301.07 

K xlO 
o 

ZtxlOw 2 xlO" 

161.40 121023, 
23906.60]-151, 

169.71 
5846.73 

139.35 
1315.41 

301.07 
367.97 

331.18 

•5023, 
-154, 

■1136, 
-171, 

-325 
-268, 

3*12011.5 
4-113.17 

8*1434.0 
7-112.88 

0*176.99 
3-111.35 

5*12.397 
0-12.411 

?93.9-1.063 

3.987-1.139 
3.942-1.146 

4.106-1.141 
4.067-1.148 

4.120-1.142 
4.089-1.147 

4.103-1.144 
4.104-1.145 

4.107-1.145 

I 

I 
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S. Overall Transfer Characteristic for Bridge "T» ana Phaee Lag 

ci=K 

Network 

"31 
1 

Paralleip 
■T" or I 

Bridge I 

from the form of the 

input ana output Impedances of 

the briete "T" and of the parallel 

■T", it TOL.y be seen that the 

essential proportional-derivative 

numerator factor, 

f»."V ♦ 2{nwJ" 

Kl«. 26 

-j'h ♦ u, is 
preserveü in the overall transfer 

characteristic for either of the 

phase-lag circuits of Fig. 26. 

This is true also for the methods 

of series input impedance or load 

imnedance. In eittur case of Fig. 26, and for non-inductive series 

input or load impedances, the overall proportional derivative character- 

istic is not very seriously disturbed since it is known that the 

denominator of th* transfer charact»ri?tic for any hC network can 

have no complex roots. For tue riarallel "T", the transfer characteristic 

for either circuit of Fitf. 26 will be of the form: 

(i) 

where C, >1 and % »1, For the bridge "T", the transfer characteristic 

»ill be of th. •am« form with »3 - u"4 » 0. 

»hen two networ« are connected in cascade, as for example 

the arallel "T" and phase iag n<tvor*s in Fig. 26, there illl be 

no phase shift due to the connection of the output of the first 

network to the input of the second, If the an^l* of the output Im- 

nedance of the first network is ecuul to the angle of the input 

impedance of the secona. This of course does not mean that the 
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overall transfer characteristic is the product of a constant 

gain ^ 1 and the separate transfer characteristics for each 

network. In fact if B(p), B'(p) are the separate transfer 

Characteristics for eac'i of the t»o netv;or*s, Fig. 27, the 

overall transfer characteristic ia: 

£ B(p) H B'(p) 
—C. 

Fig. 27 

■* %     i » 322-     rBfBn«ü_    Tall' ♦ Z )   B(p'B {P'   (2> 

where «11, ssll» are t,e separate input impended, and z22 ■ I    ♦ «11 [B(p)]" 

is the impedance lcukiiirf Into the output of the first network »ith the 

input open-circuit'!!.    Thir- follows from the transfer chariot* ristic 

of Fig. 19, »here t ■ 0; or invnedlattfly by Thevenln'a theortm. 

> *»i—~~«2j—j.—'.~-___o lor the combination of phase 

S. C, i    C J= if ^« £ l»fe' network anc bridge "T" as in Hi. 28, 

T T Vi  o the transfer characteristic is: 

Fig.    28 ■     p ♦ 1 

Ap    ♦ Bp   ♦ Cp   + Dp + 1 
'3) 

where 

•oTl 
fc,   " (1) 

- , (T0 * V  ♦   2»3» , Tl(Fo/R2 * *> 
v. 

2'?T    . 2T2 

o o 
R,C«ü " * o o 

2(T   ♦ S,  ♦ I )      (R /R. 
C -  2_-i L ♦ —£_£-. 

1) 

*'-.T (2$T-^) 

it o o 
» T2 ♦ 

K_«i 0 1 -   o 

2T* 

*Wh 

¥rt 
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(T    ♦ S, *T,) 
2(R   . R^       j>_ 

?(2<fT - T.)      - 
=  O(ST * —• ♦ -£~     ' 

9        ¥oTOo ""o 

The transfer characteristic B(p; of the phase lag network is: 

B(P) - Tapj ♦ 2 4fp ♦ i" v;pVT7T7~s1*TT1ip~rr 

»hare !, ■«.C..I    • K C , S, ■ k.C .    The transfer characteristic 
X 1-0 OOJ. x o 

B«(p) of the bridge "T" is: 

ism8 ♦ -£-n ^ M«P 

E'(p) 
r.l,, T2T3p8 ♦ (T2 * S2)p ♦ 1 

"TfT* S, ♦ Tjp 3Zi ♦ .i- p ,  !       W   ♦ (T2 ♦ S2 . T3;p ♦ 1 

»here T2 - R2C2, Tg - Mfyt 32 * R&. 

The transfer characteristic (3) is of ♦.he form (1) *ith 
U    - U   - 0.    Tne Jtnomitu tor son. lots of a product of four linear 

3        * 
factors: 

(UjV • 2'>YJlP + 1)<D
2V * 2 %V * X) 

o o o 

(The phase lag 0j at w0 cie to a linear ffcetor Cj-P ♦ l) i»  **»«> 
by Un 0. -/V..)    Si:ice there are several conbinations of products 

of pairs*of th* lir.ear factor», Ur €v «j, ?2 ol course are not 
unique for s...cifled *,B,C,D.    The relations bet»., en V^V^.^y^ 

and A.B.C.C are: 

A - h*f 

B « W-p£f^2 * ^0 
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The procedure no* «ill be indebted for answering the 

following t»o question* S (1) G'.ven a bridge "T", and a phase 

lag nctv.ork either detereined experimentally or designed by UM 
method of a previous section t,o ^ive the appropriate carrier phase 

shift, what are the values of U^, «5^, 'J2'^
? ^    C1"e" " bridge 

"T", what should be the values of the components of a phase lag 

network in or.er to realize a specified set of values of Ü., U , 

<^, <%, or A,U,C,D? 

To tnawer (l), the vhlues of A,B,C,D may be calculated 

by the above formulae, and the roots for x (pA>0) of the eouatlon 

O        O        O ♦ I*i x +1*0 o 

found by numerical methods. fti3h of the four quantities-^ in the 

factored form of the denominator th« r. is given by M.  • -1/x., »here 

x, is one of thf routs. The effect of the phase lag netvork on 

stability of the briage "T" servo then My be determined by referring 

to Fig. 29 in the next section. 

To answer (2), we aolvs the second of the above sets of 

expressions for A,ii,C,D for T, •?, S2 - R2C0, T - R.C, in terns of 

A,B,C,D. Since the bridge "T" is given, R_ is knovn, and S- 

determines C • fornul.ie for the i a ligtl of an unloaded phase lag 

network to realize rjny  », 4-'h. r bean given in section 3; from the 

formula for K,, it follows that the ratio r ■ C /C, may j-e found 

from T, by solving the quadratic eouation: 

TjV ♦ (2Txa - aSW, ♦ T2)r ♦ (T* - 2«?'^ ♦ T •) - 0. 

The values of C an'1 r determine ^,; and R is given by the fomula 

of section 3 for HQ in teras of #, T.r, and C . Thus if T,^, S-, 

T, to realize a given set of A,I!,C,D are knov.n, the phase lag net- 

work conponeuts R,, R , C,, C i.re determined. 

The solutions for T, W,  £,• Ti ** teriis of A,b,C,D are 

as follows: 
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T - u) A o 
1/2 

i^iss root of   a C   ♦ b* ♦ c = 0, 

vhere 

• ■tf^-s-"» 

C" • 

b . [ISTOU ♦ 16TB1 , 2TC«(4 . £ . n)] 
1BU a mn u     n     m o o 

4u 
e - [2(C")a - B-C"D" - —VC"J 

U° s 
-i, - T8.    D» - D - -2- , B» - B - 22L: 

O 0 0 
ZTVu 

s SSI ♦ -23— 
*2 " (2C'u    - nD»)C'w ■!''''« 

o o 
where 

C  - C" 4fT 
row o 

U« . 2^-t 

6.    Multi-section Phase Uijj Mt-t^orka.    Gain-Ph.;-e Margin riagrairs 

The transfer characteristic for 

an n-re Colon h-C phase lag network followed 

I     eg-    Y     cnT 

.'!',   28a 

Bridge   3. 
"T"oij    E by a briüge "T", or for a bridge "T" followed 

*  by an n-section phase lag netwonc,  is of the 

form: 

feral* ;i 

S"W -S-p ♦ i 
ll'jl 

El " (U1P • UC'JjP ♦ D-"(Unp ♦ l)(Txp ♦ l)(T2p I 1) 

I 

Excluding the prouer proportionai-certvative factor (u "2pa ♦ 2p/nu    ♦ 1) 

(noi /2p), the phase la/? at any freeuency w of the 

of the transfer characteristic 1B: 

ining portion 

0 ■ Xarc tan UJU ♦ arc tan T,<i> ♦ are tan T.u - 90*. 

Clearly, as u-*co, 0    (n ♦ 1)90*, so that for a phase lag 0   at 
u , it is best to keep trie nuiiter of section!» n an smalL as possible, 
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In order to minimize the change of ;>haae v.ith frequency in the 
vicinity of <•: - M .    Tne frequency characteristic, on the other 
hand, is moat fiat, and the gain is largest, v.hen the number 
of sections is large.   For n ft-C sections of equal time constant, 
•a n-*oo, the transfer characteristic l/(Tp/n ♦ 1) —»exp(-Tp). 
Thus the limiting frequency characteristic Is   Jexp(-JwT)l ■ 1 
and the limiting phase lag is 0 « wT. 

The gain-phase margin diagrams in Fig. 2% together 
with thf- If and £   curves of Fig. £, she* the effect on error 
and stability of various rcethods of obtaining 90* phase lag, 
for a servo using the simplified motor with time constant 
T ■ 0.2 second.    Curve (a) is the decibel-phase nargin plot 
for the proportional-derivative .arallcl "T" transfer characteristic 

fa v 
.-1 

-1 ♦ 2p/n<un ♦ l)/(un *p   ♦ 2&>n   p ♦ 1), »here n - TM   - 15, 
<5» m"* ■ 2.0.    (This is trie auue aa curve (d) in Me. 7.h Curve 

(b) is the decibel-phase margin plot for 0(jw) » 1 ♦ JT. 

(For curves (a) and (b) the fixed phase excitation is 90* out of 
phase with the carrier; for curves (c) through (i) the fixed phase 
excitation is in phase r.ith the carrier applied to ü(jw).)   Curve (c) 
is the plot for G(Jcu) - [1 ♦ JT . H« *0)b -jwU where U - «/2u» "d     2u 
This corresponds to a 90* phaac lag netnoric having a very large 
number of sections and gain nearly 1.   Curve (d) ir th* plot for 

■ ♦ m «1 ♦ 01 
C(» - fl ♦ JTd   jg ■ (a) - «o)jJj ; curve (,) for [1 * J^-j^-2^)]/ 

fl ♦ i^~-^-2(<^>0)liu - («0"V • 2p/ru0 ♦ l)/(<uo"V ♦ 2<?o«0"1p ♦ l)ju>. 

The latter characteristic Is approached by a single-section R-C network 
as its :ih.-s»< lag approaches 90* and its gain apuroadies 0.   Curves (?) 

and (i) are the plots for G(JUJ) - (o»0"apJ ♦ 2p/na»0 ♦ l)/(wo"apa ♦ Z^ia" p 

where G - 2.0 for (f),^- 1.0 for (i)j and curves (g) and (h) for 
1>\ 

G(» 
(oi. ap" • 2p/nw   ♦ 1) 

(Uap* ♦ 2^ UlP ♦ l)(U|p* ♦ 2$-2Ü2P • 1) 
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FIGURE 29 
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*>«•• VV, - 2.682. 0^o - .373,   « 

U ui 1 o 
-1/2 ,1/2 

1 " >2 - 2.0 for (g), md 

3     ' ~. Upo ■ 3"*    .   *\m %' JUO for (h).    The first 
factor produces 60* phase lag, and the second factor 120* phase 
lag so that with the numerator lead of 90*, the net phase lag 
is 90*. 
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Part V 

latooBsg BMMtoasa&g iss. Etatüsj "T"- Siiagg "T"« and Baag £M ügisgfltt 

In this part formulae arc given for the variation« (1) 

of parallel "T" resonant frequency u , (2)  of derivative tiff* 

constant Td (or, equlvalently, of notch width 1/«T.), (3) of 

phase shift at carrier frequency, (4) of input and output im- 

pedance, in terms of the variations of the individual components 

of the networks from their correct values. From these formula« 

are derived percentage tolerances for the components. Gain« 

phase margin diagrams are given to sho» the effect of varying 

T., and of incorrect resonant frequency « . The effect jf in« 

correct carrier phase has been discussed In Part I. 

1. Variation of Resonant Frequency u>   of Parallel "T" Network 

For any parallel "T", the numerator of the transfer 

Characteristic is cf the form: 

(_Hp ♦ lH-iwp* ♦ -3-p ♦ 1) 
'ttj^  '*a»,w  nw,*^   ' 

for some w,, u, and n. As in section 1, Part IV, the relations 

between tiiese quantities and the parallel "T" constants are! 

a-5 - TlT2T3 - a 

JTKI • f») - ix(sa ♦ v . b 
(1) 

JjC* ♦ «) - C»x ♦ V - c 

•Umlnating u and n, we obtain: 

a*x   - acx* + bx - 1 - 0 
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where x - «".    If 4. - dRj/R, E^ - dCj/Cj, we have 

da - a(Aj ♦ A2 ♦ Ag ♦ c2 ♦ e2 ♦ eg) 

db - b^ ♦ T^ ♦ TJTJA, ♦ Htx ♦ c3) 

"c " <*i ♦ Vl * V3 

and 

Qdx - Aif(ex" - 2axa)a - bx ♦ acx*J 

♦ A2f(cx" - 2ax3)a - xS^] 

♦ Agf(cx» - 2ax3)a - xTjTg] 

♦ e.[(cxB - 2ax3)a - bx ♦ ax'T.J 

♦ e2f(cx" - 2ax3)aJ 

♦ e3f(cx* - 2ax )a - bx ♦ ax S^ 

where Q  - (3aax* - 2acx ♦ b). 

For the parallel "T" »ith equal eondenaera, section 3, 
Part II, TA - $x  - (2/n ♦ u)/2wo, t2  - S2 - l/uo(2/n ♦ u), 
T. » 1/uw. Substituting these values and a», ■ u in the ex- 
pression for dx, we obtain: 

For fairly large n, this is approximately: 

Ow 

o 

For fl£ tolerance on re-wmmnt frequency « of the parallel "T" 

n 'V 
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f 

with ecua.1 condensers, ttkjr.g A, ■ A_ » A, » A and e. » e, • e, 

.05 - 36 ♦ 10e/4 ♦ r _/2. Therefore In order to insure that ft> 
«£ O 

will fall in the r*ng* 2*57 to 2*63 (see curves (b) ami (c), 

Pig. a0), the appropriate tolnrn-cs on the parallel "T" com- 

ponent* are » O.S3# for !<,, h,, 1,. + 0.67?f for C., C_, and 

♦ 1.6755 for C . Uniform .olerance of + 1^ will insure that 

the reaonent frequency will foil *itldn a band of ♦ 6Jf from 

the correct value. 

2. Variation of Notch fcidth of Parallel "T" Transfer Characteristic 

.The notcr. wiath is 1/*T>. * y/2«, where y - 2/T.. 

Eliminating w, and u from the nlutions (1), we obtain: 

y(b-ay)3 - c(b-ay) ♦ * » 0. 

Differentiating, »e h,-.vt: 

My • A1[2ays(b-aj )-acy -  a * b(2aya - 2by ♦ c) ♦ (b-ay)c] 

♦ A2[2ay"(b-ay) - acy - a ♦ TjS2(2ay" - 2by ♦ c)] 

♦ A5[2ay?fb-ay) - acy - t. • T^^ay8 - 2by ♦ o)] 

♦ e1[2aya(b-ay)-acy - a ♦ b(2aya - 2by ♦ c) ♦ (b-ay)T,] 

♦ e2[2ay*(b-ay) - acy - a] 

♦ e,[2aya(b-ay) - acy ~ a ♦ b(2ay* - 2by ♦ c) ♦ (b-ay)S,] 

■her* H - b* ♦ ac - 4aby ♦ 3a*ya. 

For the parallel "T" »ith equal condensers, the ex- 
pression for Rdy becomes: 

For fairly large n, this is approximately« 

• 

au-w 



.**,.*.'. :-*.■!«**** 
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Therefore if all components of the parallel "T" are correct 
within * It,  dy/w will not exceed 7 >?./6 ' 1.6sf> in numerical 
value. That is, the notch width viii be within ♦ 1.65$ of 
the carrier frequency of its correct value. For 60 cycle 
carrier frequency and * 1% tolerances, the variation in notch 

width cannot exceed .0165 x 60 » 0.99 cps. (For TjU - IS, 

the notch width then would be (8 ♦ .99) cps.; for T.u - 30, 

(4 ♦ .99)cps.) 

Fig. 31 ehowa the effect of variation of T. (and also 
the effect of variation of motor time constant T). 

3. Variation of Phase Shift at Carrier Frequency 

0 • arc tan 

The phase shift at carrier frequency u Is 

bu0
a - 1 (b ♦ T2T3 ♦ T2«)wo* - 1 

arc tan 
o   o (c ♦ T2 ♦ S2 ♦ T3)<ü0 

For fairly large n, for small variations of the parts from their 
correct values, tne major part of th«. variation of 0 is the 

variation of the first teni; the second term ia practically 

constant and equal to arc tan U. Accordingly for simplicity 
we calculate only the variation of the first term. Let the 
first term be denoted by J^ . Then we have: 

A"d tanf- Aj_[w0(e - a <»o
8)] 

♦ V"*Vl»a - a * aTlTg«,o»)] 

♦ V"o'^lTS * a * a Tl52uo8)l 

♦ ■ll"o(Ml"o* " ""o* * V1 

* c2[-0
3(b«0' 

♦ «3r«o(bTiuoa •." • sl>] 
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where A - (cuo - euo ). For the parallel "T" with equal con- 

densers, 

d tan? . _a(Äi . ^ . (s + ^ , (M ♦ J^(ei ♦ ^ , a^, 

and arc tan V * arc tan 2"1'2 = 35.26*.    Since tan 45.26» - 1.0094 

and tan 25.26» * .4/20, the ca-oltionB for phare shift within 
♦ 10* are d tan^*' .3023 and - .23Clsd tan^. Thus in case 
n " TJD « 15, the appropriate tolerances are ♦ .67Jt, - ,52# 

for i^, R2; + .611?, -  •*& for R_;  ♦ .ttf, - .40Jf for C , Cy, 

* 1.34#, - 1.05*2, for C2; or ä unifo:m tolerance of ♦ .65)S, 

- .51!» on all parts. 

For the sjnnietric parallel "I*, the corresponding 

condition* ere - .0572^.1.433 A.^ * 1.31l(A2 ♦ Ag) ♦ 2.055(e1 ♦ e3) ♦ e2 

for - 10* *~ 0, 
and .66ÄJ ♦ 1.397 (i2 ♦ A ) + 1.2^7 (r^ * e3) ♦ c^.04   for   0-t* 10», 

which requires a uniform tolerance of ♦ ,58<, - .66$ on all parts. 
(For n different thai 15, trie tolerance« should be multiplied by 
approximately 15/n.) 

Fir the resonant syir.r.rti-ic parallel "T" with perfect 
divider, the conditions are: 

-45.7^ - 54.16A2 - 5?.3Aj - 59.2^ - 33.72e2 - 60.2ej-s-l.72 for - 10*.c 0, 

22.4^ ♦ 40.3A;, ♦ 40.9&3 + 36.7^ ♦ 30.3e2 ♦ 36.1e3-tl.2 for'0^1O', 

whir', requires th? cane urifoiu tjlersncc of ♦ .58!t, - .56?f on all 

parts. 

For the symmetric bridge "T", the corresponding conditions are: 

- .0235<fA^ ♦ *x  ♦ 43 ♦ Eg«£.0235 for -10».<-0«=1O«, 

which requires a uniform tolerance of * .595t on all parts.    (For n 
different than 15, multiply tolerances by 15/n.) 
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For the general brijge "1", if 0 is the phase shift 

at carrier frequency, 

nr tan 0 --(^ ♦ ex ♦ Aj ♦ c3)~^ 

*fr r) 

where r ■ (Cj * C
3V

C1   ^Ri»Ci'VC3 •re a8 *" FiS« !*(*)> 
Part III) C   io the condenser on the input side). 

For the bridge "T" w»th values as in Fig. 32, T.w   - 11, 
and the cotidUlone for pluse shift at 6o cycles within ,♦ 10* are» 

-0.32 < a, ♦ f, ♦ Og ♦ Ej-^0.32, 

which require;: _♦ 0.ß# tolc.-an'-t on all parts, or for example 

♦1.5* tolerance on C's if the I'.'e are held to within +0.1JE. 
The input impedance at 60 cycle i in k is Z. - 4.24 • 26.16J. 
The fractional change of this impedance as a function of the 

vari&ti'Xia of the components 
204.4k 

¥ 
Input   0.1 ufd i      0.2! 

II.370k 
r IS ufj. Output 

Fig. 32 

~ - (0.0211 ♦ 0.0896j)A. 

-(0.607 ► 0.41« J)&g 

-(0.927 ♦ 0.n7J)e. - (0.669 ♦ 0.209J)c«. 

For calculation it a phase iBg r.et-.v. .-',< to -.rrcede this bridge "T", 

the input inpeddnce at 60 cycles :ed Ly an equivalent parallel 
condenser C » 0.099 ufc. aid resistor H - 0.149 megohm.    A network to 
give 120» phase l.g and a gain of 0.203 to the bring* "T" input is as 

follows:   input resistor h   • 4.767k,ft   » 27.2K, input condenser 
C- ■ 1.0 ufcl., output ccnJtnser C' ■ 0.1 ufd.    For this phase lag 

network, the to.'.erance requirements for phase shift of -120* correct 
to within ♦ 5* are: 

0.168- •0.29A ♦ 0.8S A   ♦ 0.89.X, ♦ 0.91e    ♦ 0.95eo, 0 Z O & 

0.24A ♦ 0.43A0 ♦ 0.46^ ♦ 0.47c ♦ 0.51e2 <e.0.121 
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where C    » C  ♦ C, »CVC  ,  A 

pedanue of '■ al,  Z 

and 

dZ     d?. 
Z   "F 

Tio'dT 
" (1 * iV) 

AR/R.    If Z is the im- 

H/(T.(i) ♦ 1), where T - RC, 

ja« 

- - 4.i5A - 5.4EE -  .9<J6J(A ♦ r), 

Fron thla and the above expression for AZ./Z,, assuming O.cVjo 

tolerance on the bridge ;,T" oonponents, it follows that 

(AC/Co) - (a - 4.45b)/l,99, A - (6.45b - a), where a and b 

In percent may h-ve any values in the intervals 

-.607 - b *" ♦ .507, -1.327 * a * » 1.327. Thus AC/C cannot o 
exceed 1.8*5 In numerical value, and A cannot exceed 4,09?'. 

Cfres« arethtbojinds when i wl b vary independently in the ex- 

pressions for AC/C. and A » AR/R; we do not pause for closer 

examination of the «xpresjions and of the conditions for phase 

lag of 120* ♦ 5*, to determine the actual bounds.) Substituting 

(AC/C ) • 1.8*5 and A » 4.095» in the conditions for phase lag 

of 120* _*. 5*, *e obt.:in the folloiinj; toleranc*. conditions on 

the components of the phase lat network! 

-.140*0.3EA3 ♦ C.39A2 ♦ 0.457c1 ♦ 0.95e2 

0.43A ♦ 0.46A- ♦ 0.236c« ♦ 0.51s_*£.103 . 
o      2 2 

These conditions require a uniform toleroi.ee of -4.45*5, «6.33*2 

on R , R„, C-, C'} or for example if U, R_ are held to within 

0.1*1, the appropriate tolerances on C, C_ are respect-', vely 

-15.1*o, »21,6*o and -7.27*5, ♦ 10.0*5. Tims if the bridge »T» 

components are held to ♦_ 0.675, to insure phase shift through 

the bridge "T" within ♦ 10», '.hsse tolerances on the phase lag 

network components will insure that the phase lag through the 

network preceding the brlage "1" is 120* ♦_ 5*. 
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Part VX 

Analysis of the Parallel "T" .Network 

In this final part trie raethoJ «111 be indicated by 

means of rhich the forntlae of Part II were derived. 

1. Transfor Characteristic yy' Input u«i  Output Impedances 

It Is convenient to transform each nT" (or ■¥") of 

the parallel "T" to its equivalent "*r 'or "A") of impedances. 

The formulae for transformation from A to Y, and from Y. to A, 

V—2 p2   1^    /o2   (8ee Fig. 33), are as follows: 

2 

(a)   V "«• 33 W    3   Z,Z. %  <b> 

"l " z, ♦ z_ ♦ z„ 
21*2 + Va * z2l3 

Vi 
H * Z2 * h 

V2 * V» * Va 

*s    z, ♦ z„ ♦ z. zl- 
V2 

4 !iV«A 

These formulae are vrell-knowi. :"  unfamiliar to the reader, 

they may be establish»! easily by a si.iple application of 

Kirchoff"s laws. 

In the parallel "T" as in Fig. 8, let *,' ■ R-, 

V " V V " 1/C2p; V " 1/C1P' *Z*  " X/Ctf'  V " V 
Then s.fter the trana- 

formation of each nT" to 

T its equivalent "«", the fTTv     I  f n 
ilVJV    1*1 E2 V 

m„ini 

Z3 

W 

E_ parallel "T" network becomes 
I   the network shown in Fig. 34(a), 

Networks Eeulvalent to the Parallel "T" Network 

Fig. 34 
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For Je » 1, 2, 3, let Z.   be the impedance of th* psr<iLU-l 
combination of Z^' and 7. ».    Then it my be seen that 

"7 

►   i  

where the time conetsn» are as previously defined, aim a ■• 1 ♦ Hj/JL, 

The Impedance looking ba.c!c into the- output, with the 
input short-circuiteJ, (formula (S), Pert II), is the parallel 
combination of '/';„ anrt Z, t 

Zo " T3p(Txp ♦"lT(T2j> ♦ a) ♦ fT2p. ♦ l)ffsx - Tx)p ♦ lj 

 *3 {T2(SX ♦ T^p* * ffl^ * Tx) * T2]p * a)  

The input impedance »1th the «■•*— 
-1"" * «Tl • 

The input impedance »1th the output open-circuited, 
(formula (4), Part II),  is the parallel combination of Z_ and 

f ClT2T3*C2TlT3*C3TlT2)p3*f W W*C2< WS1> &* <VVS>P 

The input impedance »ith any lo*d similarly may be caicuated ae 
the parallel combination of 2_ and (Z3 ♦ 2.) where Z, ia the 
parallel combination of Z.  end the load. 

The transfer characteristic (formula (l), Part II) ie: 
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Vzx 
TlT2TSp3 * T1(S2 * VF* * (T1 * Sl)p * 1 

T1T2T3P    +  * WV * T2T3 * T2(TX * V]p* * (WVWP * 1 
(1) 

2. DeterminaMon of Constants to Reali/e the Proportional- 
Deri raV.ve Characteristic 

The transfer characteristic laay be written in factored 

fen» as follows: 

(?) 

where UJAJ* - U2*2" * TiT2T3'    T* obtain a proportional-deri- 
vative netv.ork at frequency <•. , we take U.  » U_ » U, A.  - A_ « A • l/»a» 
Then if we let 3.  - 2/T.u ", B., - 2/,«*u> ', divide numerator and x no       /. o 
denominator of (2) by B.p//,  anO replace p by Ju, we obtain   th« 
characteristics 

Q)«IJ 

E2    ^i*JTd-5T<"-»o> 
*L'r* 

WHO 

■J>« 
:si 

i*J/-35s(«—0)       i * J^d^^o* 

To aolve for the constants in the paral ..el "T" net- 

work which will give a transfer characteristic of the fam (3), 
we compare (2) with (l). 
Ke thur obtain: 

T1T2T3 " **U (a) 

WV " A* * Blü    (b) 

T
l * Sl " Bl * U <c) 

T2(T3 . Tx ♦ Sx) - (Ba - B1}0      (d) 

T2 ♦ S2 ♦ T3 - B2 - B1 (•) 
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Substituting from (a), (b), (e) into (d) and (a), we obtain 

Tl T2 " V*'    Then fron  W» T3 " A"/U' SubBtitutin« tho value 
of Tg In (5) and (b), we are able to solve for T« and 3_. 

Then Ta » U'/T^, and we solve (e) for Sy   Collecting results, 
we obtain '.he group of formulae (3) of Part II. 

3. Proportional-Derivative Chtracterletlc with Phase Shift 
of Carrier 

If T (ü - n ia quite small 6.n the vicinity of 2 or 31 
a o 

the upper bound arc tan 2/n will permit a useful amount of 

Intrinsic phase shift. To obtain the proportional-derivative 

effect an the modulation, »ith phase shift of the carrier, 

the parallel "I" transfer characteristic should have the form: 

-..♦„: 

(• w-«0) 

with <C t 1, where as before A - l/n>o, Bx - 2/T^*, B2 « 2/^^' 

Comparing the above transfer characteristic with the 

parallel nT" characteristic ( 1), we havei 

T1T2T3 AaU 

T1(S2 * V " A* * B1U 

T
l * Sl " Bl * U 

fi^u ♦ *»(,<:» - 1) 

T2 * S2 * T3 • - 1)U *{B2 - B1)l 

Solving for Tj, T,,, Tg, 5^ S2, we obtain the following formulae 

for determination of the constants In the parallel "T" network 

to give the phase-shifting proportional-derivative characteristic: 
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fl, (A* ♦ S,'J ♦ Ua) 

1 " f(B2 - HjB1 - A'V~a - 1)] ♦ (B2 - i>1)(l - ^"8)u „ (^'» . i)Ua 

A4(^ * - l)+ A»[B2( C-» - p+5^ - 1)]U * fBx(<'aB2-B1)-A3(^'a-l)3U» 

A8U f[(B2-B1)BI-Aa(^a-l)3*(Bz-b1 )(1- ^">)n*fy:'3-l)U»j  

3     A4(«a-l)*AafB2K
a.l)*B1(X.a-l)]U ♦  rE1(<"aB2-B1)-Aa(^-a-l)]Ua 

Sx - BA ♦ 0 - Tj 

5, - (~ "• . 1)U ♦ (B2 - B1) - T2 - T3 . 

Since, as was observed in preceding parts, the numerator 
of the parallel "T" transfer characteristic is invariant under 
reversal of Input and output, kiien • ph;>se-shifting proportionnl- 
derivatlve parallel "1" is reversed, it is still a phase-shifting 
proportional-derivative parallel "T" »ith the same Td, but in 
general »ith a different gain and phase-shift.. 

A. Sobczyx 
December     1, 1945 
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The methods by means of which the design formulas for parallel "T" networks were derived are lndtcated. 
The transfer characteristic and output and Input .impedances are developed from an application of Kir­
chhoff' s laws. The determination of conslants to realize the proportional-derivative characteristic Is 
accomplished by solving slmullaneous equations. The numerator of the parallel "T" transfer character­
Istic is Invariant under reversal of input and output, !When a phase-shifting proportional-derivative parallel 
• T" Is reversed, hut the gain and phase -shifts vary., 
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